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We study the quantum dynamics of a supersymmetric squashed three-sphere by dimensionally reducing (to
one timelike dimension) the action of D = 4 simple supergravity for an SO(3)-homogeneous (Bianchi IX)
cosmological model. The quantization of the homogeneous gravitino field leads to a 64-dimensional fermionic
Hilbert space. The algebra of the supersymmetry constraints and of the Hamiltonian one is found to close. One
finds that the quantum Hamiltonian is built from operators that generate a 64-dimensional representation of
the (infinite-dimensional) maximally compact sub-algebra of the rank-3 hyperbolic Kac-Moody algebra AE3 .
Some exponentials of these operators generate a spinorial extension of the Weyl group of AE3 which describe
(in the small wavelength limit) the chaotic quantum evolution of the universe near the cosmological singularity.
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One of the key challenges of gravitational physics is to
understand the fate of space-time at spacelike (cosmological) singularities, such as the big bang singularity that gave
birth to our universe. A novel way of attacking this problem has been suggested a few years ago via a conjectured
correspondence between various supergravity theories and
the dynamics of a spinning massless particle on an infinitedimensional Kac-Moody coset space [1–4]. Evidence for such
a supergravity/Kac-Moody link emerged through the study à
la Belinskii-Khalatnikov-Lifshitz (BKL) [5] of the structure
of cosmological singularities in string theory and supergravity, in spacetime dimensions 4 ≤ D ≤ 11 [6–8]. For instance, the well-known BKL oscillatory behavior [5] of the diagonal components of a generic, inhomogeneous Einsteinian
metric in D = 4 was found to be equivalent to a billiard motion within the Weyl chamber of the rank-3 hyperbolic KacMoody algebra AE3 [7]. Similarly, the generic BKL-like dynamics of the bosonic sector of maximal supergravity (considered either in D = 11, or, after dimensional reduction, in
4 ≤ D ≤ 10) leads to a chaotic billiard motion within the
Weyl chamber of the rank-10 hyperbolic Kac-Moody algebra
E10 [6]. The hidden rôle of E10 in the dynamics of maximal supergravity was confirmed to higher-approximations (up
to the third level) in the gradient expansion ∂x ≪ ∂T of its
bosonic sector [1]. In addition, the study of the fermionic
sector of supergravity theories has exhibited a related rôle
of Kac-Moody algebras. At leading order in the gradient
expansion of the gravitino field ψµ , the dynamics of ψµ at
each spatial point was found to be given by parallel transport
with respect to a (bosonic-induced) connection Q taking values within the “compact” sub-algebra of the corresponding
bosonic Kac-Moody algebra: say K(AE3 ) for D = 4 simple supergravity and K(E10 ) for maximal supergravity [2–4].
However, the latter works considered only the terms linear in
the gravitino, and, moreover, treated ψµ as a “classical” (i.e.
Grassman-valued) fermionic field.
The aim of this communication is to clarify the occurrence of hidden Kac-Moody structures in simple supergravity,
within a setting which goes beyond previous work both by being fully quantum, and by taking completely into account the
crucial nonlinearities in the fermions that allow supergravity
to exist. On the other hand, our framework will simplify the

cosmological dynamics by working within a supersymmetric
minisuperspace model, namely a Bianchi IX one. Though
the quantum theory of supersymmetric minisuperspace models has attracted the interest of many authors [9–13] , we shall
give here, for the first time, a complete description of all the
physical states of the supersymmetric Bianchi IX model.
Our formalism is a generalization of the formalism we used
in Ref. [14] to study the quantum dynamics of Einstein-Dirac
Bianchi universes. It differs from the formalisms used in previous works [15, 16] in describing the gravity degrees of freedom entirely in terms of the metric components gµν . We use
the symmetry properties of Bianchi models to uniquely determine a specific vielbein hα̂µ (with gµν = ηα̂β̂ hα̂µ hβ̂ ν ) as a
local function of gµν . In other words, we gauge-fix from the
start the six extra degrees of freedom contained in hα̂µ that
could describe arbitrary local Lorentz rotations. This gaugefixing of the local SO(3, 1) gauge symmetry eliminates the
need of the usual formalisms [15, 16] to impose the six local
Lorentz constraints Jα̂β̂ ≈ 0.
We start from the metric describing a time-dependent,
SO(3)-homogeneous triaxially squashed 3-sphere,
gµν dxµ dxν = − N 2 (t)dt2

(1)

+ gab (t)(τ a (x) + N a (t)dt)(τ b (x) + N b (t)dt) ,

where the left-invariant one-forms τ a (x) = τia (x) dxi
(which only depend on spatial coordinates xi ) satisfy dτ a =
1
a
b
c
2 C bc τ ∧ τ with the usual SO(3) structure constants
C abc = εabc . We then parametrize the metric gab (t) in terms
of three diagonal degrees of freedom β a (t), a = 1, 2, 3 and of
the three Euler angles ϕa (t) describing the orthogonal matrix
S âb (ϕc ) entering the Gauss decomposition of the symmetric
P
a
matrix g: gbc = a e−2β S âb S âc . From these data, we then
uniquely specify a vielbein coframe θα̂ = hα̂µ dxµ as θ0̂ =
P
a
N (t)dt, θâ = b e−β (t) S âb (ϕc (t))(τ b (x) + N b (t)dt). The
corresponding (time-dependent, SO(3)-homogeneous) gravitino field is described by its 16 vielbein components ψα̂A (t),
where α̂ = 0, 1, 2, 3 is a four vector index linked to θα̂ , and
where A = 1, 2, 3, 4 denotes a Majorana spinor index. Following previous work, it is convenient to replace ψα̂A (t) by
1/4 A
the rescaledgravitino field ΨA
ψα̂ where g 1/4 =
α̂ (t) := g
1 0
0
1
2
3
exp − 2 β (with β := β + β + β ). This eliminates the

2
couplings ∼ β̇ ψ in the action. Inserting these definitions in
the supergravity action L [17, 18], and passing to its Hamiltonian version, in terms of the bosonic momenta πa ≡ ∂ L/∂ β̇ a
and pwa = ∂ L/∂ wa (where w1 , w2 , w3 denote the three independent angular velocity components ∼ ϕ̇a of the timedependent rotation matrix S : (ṠS −1 )â b̂ = εâb̂ĉ wĉ ) leads
to an Hamiltonian action of the form (we use units where
c = ~ = 1 and 8π G = V3 = 16π 2 , so as to absorb the
volume V3 of the 3-sphere, of curvature 1/4, corresponding to
β a = 0)
1
Ψ̄â γ â0̂b̂ Ψ̇b̂
2
+ Ψ̄′0̂ S − Ñ H − N a Ha .

LH = πa β̇ a + pwa wa +

(2)

Here, we suppressed the spinor indices on Ψ or γ, Ψ̄ :=
√
iΨT γ0̂ denotes a Majorana conjugate and Ñ ≡ N/ g =
0
N exp β . We use a Majorana (i.e. real) representation of the
four Dirac gamma matrices γ α̂ (satisfying γ α̂ γ β̂ + γ β̂ γ α̂ =
2 η α̂β̂ ); see e.g. Eq. (4.6) in [14]. Ψ′0̂ denotes the combination Ψ′0̂ := Ψ0̂ − γ0̂ γ â Ψâ . Eq. (2) exhibits the presence of
three types of Lagrange multipliers appearing linearly in the
action : Ψ̄′A
(linked to local supersymmetry), Ñ (linked to
0̂
time reparametrizations) and N a (linked to spatial diffeomorphisms). Their variations lead to three types of corresponding
constraints: the four supersymmetry constraints SA ≈ 0, the
Hamiltonian constraint H ≈ 0, and the diffeomorphism constraints Ha ≈ 0.
We quantize the constrained dynamics, Eq. (2), by
first reading off the (anti)commutation relations among the
bosonic (fermionic) variables β a , πa , ϕa , pϕa ∼ pwa (ΨA
â )
from the kinetic terms in (2). The quantization of the bosonic
variables is conveniently done in a Schrödinger-like representation with the wave function of the universe taken as a function of the three logarithmic scale factors β a and the three
Euler angles ϕa . Then π̂a = −i ∂/∂ β a , p̂ϕa = −i ∂/∂ ϕa ,
together with the natural ordering of the p̂wa ’s as differential
operators on the SO(3) space (see [14]). The quantization
of the gravitino operators Ψ̂A
by introducing the
â is simplified
P
new gravitino variables [19] Φ̂aA := B γ âAB Ψ̂B
â (no summation on â), whose quantization conditions read
Φ̂aA Φ̂bB + Φ̂bB Φ̂aA = Gab δAB .

(3)

Here Gab is the inverse
of thePmetric in β-space Gab defined
P
by Gab β̇ a β̇ b ≡ (β̇ a )2 − ( β̇ a )2 . The metric Gab (which
also defines the kinetic term of the β’s), has signature − + +
and plays a crucial rôle in our problem. The fermionic quantization conditions (3) amount to saying that the 3 × 4 = 12 redefined gravitino operators Φ̂aA constitute a Clifford algebra in
a 12-dimensional space [with signature (+8 , −4 )]. The quantization of the gravitino field is then obtained by representing
the twelve Φ’s as 64 × 64 “gamma matrices” which act on a
64-dimensional “spinorial” wave function of the universe, say
Ψ(β a , ϕa ). The constraints associated to the Lagrange multipliers in Eq. (2) are then imposed à la Dirac as conditions on
the state Ψ:
ŜA Ψ = 0 ,

Ĥ Ψ = 0 ,

Ĥa Ψ = 0 .

(4)

As in the spin- 21 case [14], we find that the three diffeomorphism constraints are equivalent to requiring p̂wa Ψ(β, ϕ) =
0, i.e. that the wave function Ψ does not depend on the
three Euler angles ϕa . As the ϕ’s do not appear in the other
constraints, we are left with finding a spinorial wave function Ψ(β a ) satisfying the four supersymmetry constraints together with the Hamiltonian one. This raises the usual issue
of whether, starting from the classical expressions for SA and
H, one can define an ordering such that their quantum versions ŜA , Ĥ satisfy an algebra which consistently closes so
as to allow for the existence of states satisfying Eqs. (4). One
of the crucial results of our work is that we have explicitly
verified that this is the case.
Specifically, requiring that the “real” (i.e. Majorana) classical SA be quantized so as to satisfy the same hermiticity
†
condition, say ŜA
= ŜA , than the Φ̂ operators they are built
a
from (Φ̂a†
A = Φ̂A ), determines a unique ordering, of the form
ŜA = −

1 X −2β a 5 a
1X
π̂a ΦaA +
e
(γ Φ )A
2 a
2 a

(5)

1
coth β12 (Ŝ12 (γ 1̂2̂ Φ̂12 )A + (γ 1̂2̂ Φ̂12 )A Ŝ12 )
8
1 cubic
cubic †
+ ŜA
),
+ cyclic(123) + (ŜA
2
−

where γ 5 := γ 0̂1̂2̂3̂ , β12 := β 1 − β 2 , Φ̂12 := Φ̂1 − Φ̂2 ,

1 ¯ 3 0̂1̂2̂ 1
¯
[(Φ̂ γ (Φ̂ + Φ̂2 )) + (Φ̂1 γ 0̂1̂2̂ Φ̂1 )
2
¯
¯
+ (Φ̂2 γ 0̂1̂2̂ Φ̂2 ) − (Φ̂1 γ 0̂1̂2̂ Φ̂2 )] ,

Ŝ12 (Φ̂) =

cubic
ŜA
=

(6)

1 X ¯ 0̂
1X ¯
(Ψ̂0′ γ 0̂ Ψ̂â ) (γ 0̂ Ψ̂â )A −
(Ψ̂â γ Ψ̂b̂ ) (γ â Ψ̂b̂ )A
4 a
8
a,b

1X ¯
+
(Ψ̂0′ γ â Ψb̂ )((γ â Ψb̂ )A + (γ b̂ Ψâ )A ) ,
8
a,b

P
with Ψ̂0′ := γ0̂ a γ â Ψ̂â . We then proved that this unique,
hermitian ordering of ŜA defines a corresponding unique ordering of the quantum Hamiltonian Ĥ such that the four
ŜA ’s satisfy a (super)algebra of the form ŜA ŜB + ŜB ŜA =
P
1
ˆ
4 i C L̂C
AB (β) SC + 2 ĤδAB . Such an algebra (with ŜC
C
on the right of L̂AB ), further implies that the commutator
[ŜA , Ĥ] closes on the ŜA ’s and Ĥ, and is nicely compatible
with the Dirac quantization of the constraints. We found the
following explicit form of Ĥ (here written after elimination of
the angles ϕa ’s)
2 Ĥ = Gab (π̂a + i Aa )(π̂b + i Ab ) + µ̂2 + Ŵ (β) ,

(7)

where π̂a = −i ∂a (with ∂a := ∂/∂β a ), and the “vector potential” Aa is a pure gradient: Aa = ∂a ln F with
3 0
F = e 4 β (sinh β12 sinh β23 sinh β31 )−1/8 . We separated
the “potential term” in the Wheeler-DeWitt-(WDW)-type
equation (7) into two parts: (i) the β-independent operator
µ̂2 , which plays the rôle of a spin-dependent “squared-mass”

3
operator in the Klein-Gordon-like equation (7), and (ii) the βdependent (and spin-dependent) operator Ŵ (β) whose meaning will be discussed next. Note that, as the vector potential
Aa in equation (7) is a pure gradient, Aa = ∂a ln F , it can
be eliminated, without changing the other terms, by working
with the rescaled wave function Ψ′ (β) = F (β)−1 Ψ(β), i.e.
2 F −1 Ĥ(F Ψ′ ) = (Gab π̂a π̂b + µ̂2 + Ŵ (β))Ψ′ .
One of the main results of this work concerns the KacMoody structures hidden in the (exact) quantum Hamiltonian (7). First, let us recall that the wave function of
the universe Ψ(β) is (in view of Eq. (3)) a 64-component
spinor of Spin(8, 4) which depends on the three logarithmic scale factors β 1 , β 2 , β 3 . In other words, supergravity describes a Bianchi IX universe as a relativistic spinning particle moving in β-space. The spinorial wave function Ψ(β) must satisfy four
 separate Dirac-like equations
ŜA Ψ = + 2i ΦaA ∂a + . . . Ψ = 0 (where the ΦaA ’s are four
separate triplets of 64 × 64 gamma matrices). As shown
above, these first-order Dirac-like equations imply that Ψ necessarily satisfy the second-order,
 Klein-Gordon-like equation
ĤΨ = − 21 Gab ∂a ∂b + . . . Ψ = 0. The first basic KacMoody feature hidden in this dynamics of the universe is the
fact that the (Lorentzian-signature) metric Gab defining the kinetic term of the “β-particle” is the metric in the Cartan subalgebra of the hyperbolic Kac-Moody algebra AE3 [7]. Next,
we find that the potential term Ŵ (β) in Eq. (7) is naturally
decomposed into three different pieces which all carry a deep
Kac-Moody meaning. Namely, we have
spin
Ŵ (β) = Wgbos (β) + Ŵgspin (β) + Ŵsym
(β) .

(8)

Here,
2
3
1 −4β 1
e
− e−2(β +β ) + cyclic123
(9)
2
is the well-known bosonic potential describing the usual dynamics of Bianchi IX oscillations [5, 20]. Its Kac-Moody
meaning is that it is constructed from Toda-like exponential potentials ∼ e−2αab (β) involving the following six linear
forms in the β’s: αgab (β) := β a + β b , a, b = 1, 2, 3. These
six linear forms coincide with the six roots of AE3 located
at level ℓ = 1 (“gravitational walls”, linked to the level-1
AE3 “dual-graviton” coset field φab = φba of Ref. [8]). The
purely bosonic (spin-independent) potential Wgbos (β) is accompanied, in supergravity, by a spin-dependent complementary piece of the form

Wgbos (β) =

Ŵgspin (β, Φ̂) = e

−αg11 (β)

+e

−αg33 (β)

Jˆ11 (Φ̂) + e
Jˆ33 (Φ̂) .

−αg22 (β)

Jˆ22 (Φ̂)
(10)

This involves the three dominant (gravitational) Kac-Moody
roots αg11 (β) = 2β 1 , etc. each one being coupled to an operator that is quadratic in the gravitino variables, namely (modulo cyclic permutations)
¯ 1 1̂2̂3̂
¯ 2 1̂2̂3̂ 3
1 ˆ
ˆ
Jˆ11 (Φ̂) = [ Φ
γ (4Φ̂1 + Φ̂2 + Φ̂3 )+ Φ
γ Φ̂ ] . (11)
2
The third contribution to Ŵ (β) involves the three level-0 Kacsym
1
2
2
Moody roots αsym
12 (β) := β − β ≡ β12 , α23 (β) := β −

β 3 , αsym
:= β 3 − β 1 (“symmetry walls”); each one being
31
coupled to an operator that is quartic in the Φ̂’s, namely
spin
Ŵsym
(β) =

1 (Ŝ12 (Φ̂))2 − 1
+ cyclic123 ,
2 sinh2 αsym
12 (β)

(12)

where the spinor operators Ŝ12 (Φ̂), whose squares enter
Eq. (12), are exactly those defined in Eq. (6) above, which
entered the Ŝ’s.
A truly remarkable fact, which clearly shows the hidden rôle of Kac-Moody structures in supergravity, is that
the operators entering Ĥ as (spin-dependent) basic blocks,
Ŝ12 , Ŝ23 , Ŝ31 , Jˆ11 , Jˆ22 , Jˆ33 generate (via commutators) a
Lie-algebra which is a 64-dimensional representation of
the (infinite-dimensional) “maximally compact” sub-algebra,
K(AE3 ), of AE3 . Indeed, the Ŝ’s generate the (ℓ = 0)
sub-algebra SO(3) of K(AE3 ) ([Ŝ12 , Ŝ23 ] = +i Ŝ31 , etc.),
while we have checked that the gravitational generator Jˆ11
can be identified with the crucial level-1 Lie-algebra element
denoted Jα∗ = Eα∗ − E−α∗ in Ref. [19]. More precisely, we
found that the generators Ŝab (a < b), and Jˆab (with, e.g.,
Jˆ12 := − 2i [Ŝ12 , Jˆ11 ], etc.) are second-quantized versions
of the (first-quantized) level-0 and level-1 K(AE3 ) generators defining the 12 dimensional vector-spinor representation
of K(AE3 ) [2, 3, 19]. [This means that their quantum commutators with the gravitino operators Ψ̂A
â reproduce the Lie(ℓ=1)
(ℓ=0)
algebra-bracket actions of J[ab] and J(ab) on a “classical”
vector-spinor gravitino ΨA
â .]
Finally, let us consider the β-independent, operator-valued
squared-mass contribution µ̂2 to the Hamiltonian (7). This
term gathers many complicated, quartic-in-fermions contributions (including the infamous ψ 4 terms in the original, secondorder supergravity action). However, at the end of the day two
remarkable (Kac-Moody-related) facts emerge: (i) µ̂2 belongs
to the center of the algebra generated by the K(AE3 ) generators Ŝab , Jˆab (i.e. it commutes with all of them), and (ii) the
quartic operator µ̂2 can be expressed in terms of the square of
a very simple operator (which also commutes with Ŝab , Jˆab ),
namely, we find
µ̂2 =

1 7 2
− Ĉ
2 8 F

(13)

¯
where ĈF := 12 Gab Φ̂a γ 1̂2̂3̂ Φ̂b . As we shall discuss next,
ĈF is related to the fermion number operator N̂F by ĈF ≡
N̂F − 3.
So far we have presented some of the main formal results about our new way of quantizing the supersymmetric
squashed three-sphere, and their relation to Kac-Moody structures. In addition, we succeeded in controlling in detail the
space of solutions of this model. Let us briefly sketch our results. To do so (and to connect our results to previous, partial
results on the same model), it is useful to combine the (hermitian) operators Φ̂aA into fermionic annihilation and creation
a
a
operators; ba+ = Φ̂a1 + i Φ̂a2 , ba− = Φ̂a3 − i Φ̂a4 , ba†
+ = Φ̂1 − i Φ̂2 ,
a†
ab
a b†
a
a
b− = Φ̂3 + i Φ̂4 , which satisfy {bσ , bσ′ } = 2 G δσσ′ .
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The 64 states of Spin(8, 4) can then be constructed from the
empty state |0i− (annihilated by the six baσ ’s) by acting with
a certain number of ba†
σ operators. Actually, N̂F = ĈF + 3
counts this number of b† operators. N̂F commutes with Ĥ
(though not with Ŝ) and solutions can be searched for at each
fermionic level. We found the following results for the complete space of solutions, say V (NF ) , of ŜA Ψ = 0 at level
(0)
NF (i.e. N̂F Ψ = NF Ψ): V (0) = V1 is one-dimensional;
(1)
(2)
(2)
V (1) = V2 is two-dimensional; V (2) = V3 ⊕ V1,∞2 is
(2)

the direct sum of a three-dimensional space V3 and of an
(2)
infinite-dimensional space V1,∞2 parametrized by one constant and two (complex) functions of two (real) variables;
(3)
(3)
V (3) = V2,∞2 ⊕ V2,∞2 is the direct sum of two infinitedimensional spaces, each one of which involves as free data
two parameters and two functions of two variables. Moreover,
when 4 ≤ NF ≤ 6, there is a duality under which V (NF )
is one-to-one mapped to V (6−NF ) . Our results significantly
differ from the conclusions of previous works. [One should,
however, keep in mind that our quantization scheme is somewhat different from the ones used before.] The most striking disagreement is that all previous authors [9–13] agreed
on the inexistence of solutions when NF is odd, while we
proved the existence of solutions for NF = 1, 3 and 5. For instance at NF = 1P
we found a two-dimensional space of solutions of the form σ,a Cσ fa (β) ba†
σ |0− i, (σ = ±) where we
could compute the explicit form of the three functions fa (β).
Even at NF = 2 and 4, where we partially confirm the claim
of [11, 12] about the existence of solutions parametrized by
the same amount of initial data as a Klein-Gordon (or WDW)
equation, we found extra, discrete solutions. Moreover, at
NF = 0 and 6, where our results qualitatively agree with
previous ones, we find some significant differences coming
from our treatment of the diffeomorphism constraint. E.g. the
unique “ground state” at NF = 0 reads

Ψ(0) = exp − 47 β 0 (sinh β12 sinh β23 sinh β31 )3/8

P
exp − 21 a exp(−2 β a ) |0i− ,
which differs from previous results, notably by the effect of
sinh βab factors vanishing on the three symmetry walls.
Finally, our results allow us to qualitatively describe the
structure of the general solution (belonging to the infinitedimensional pieces of V (2) , V (3) and V (4) ) near a cosmological singularity. First, in the intermediate asymptotics where
β 0 = β 1 + β 2 + β 3 (which measures the cologarithm of
the volume of the universe) is large but not too large, we
can qualitatively describe the evolution of the state Ψ(β) as
a quantum fermionic billiard. The spinning β-particle undergoes a sequence of quantum reflections on the gravita-
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of the form exp −i 2 ε̂αab Ŝαab for symmetry walls (with


ε̂2αab = 1), and exp −i π2 Jˆaa for the dominant gravitational walls. This exhibits again a Kac-Moody structure: the
(small-wavelength) quantum reflections generate a spinorial
extension of the Weyl group of AE3 . On the other hand, in
the asymptotic regime where β 0 → +∞ (i.e. formally, for
infinitely small volumes) the qualitative dynamics might become essentially monitored by the sign of the eigenvalues of
the squared-mass operator µ̂2 . Indeed, in this limit the billiard walls become more and more separated, so that the βparticle spends more and more “β 0 -time” far from the walls,
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