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SL(2,Z)-INVARIANCE AND D-INSTANTON
CONTRIBUTIONS TO THE DSR?* INTERACTION
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ABSTRACT. The modular invariant coefficient of the D®R* interaction
in the low energy expansion of type IIB string theory has been conjec-
tured to be a solution of an inhomogeneous Laplace eigenvalue equa-
tion, obtained by considering the toroidal compactification of two-loop
Feynman diagrams of eleven-dimensional supergravity. In this paper
we determine its exact SL(2,Z)-invariant solution f(2) as a function of
the complex modulus, Q = x + iy, satisfying an appropriate moderate

growth condition as y — oo (the weak coupling limit). The solution is

2minx

presented as a Fourier series with modes ﬁl(y)e , where the mode

coefficients, ﬁl(y) are bilinear in K-Bessel functions. Invariance un-
der SL(2,7) requires these modes to satisfy the nontrivial boundary
condition fn(y) = O(y™?) for small y, which uniquely determines the
solution. The large-y expansion of f(€2) contains the known perturba-
tive (power-behaved) terms, together with precisely-determined expo-
nentially decreasing contributions that have the form expected of D-
instantons, anti-D-instantons and D-instanton/anti-D-instanton pairs.
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1. INTRODUCTION

The low energy expansion of string theory has a rich dependence on
the moduli, or scalar fields, that parameterize the coset space G(R)/K(R),
where G is the duality group and K its maximal compact subgroup. In this
paper we will be concerned with the simplest nontrivial example, type 1IB
superstring theory in D = 10 space-time dimensions, in which G = SL(2)
and K = SO(2). Duality invariance of the theory implies that the IIB
scattering amplitudes should transform covariantly under the discrete arith-
metic subgroup, G(Z) = SL(2,7Z). This implies that the coefficients of the
terms at any order in the low energy expansion of the amplitude are modular
functions, which restricts their dependence on the moduli.

Terms of sufficiently low dimension in the effective action preserve a frac-
tion of the 32 supercharges, i.e., they are BPS interactions. Such interactions
have particularly simple moduli-dependent coefficients. The lowest-order
terms that contribute to the four-particle amplitude, beyond the Einstein—
Hilbert action, are the 1-BPS and 1-BPS interactions of order R* and DR*,
where R* denotes four powers of the Riemann curvature tensor with the six-
teen indices contracted by a standard sixteen-index tensor [1, appendix 9.A]
that will not concern us here. These interactions have coefficients given by
non-holomorphic Eisenstein series, E% (©) and E% (€2), respectively (we refer
to (2.3) for a definition of these series). Here Q = z + iy is the complex
modulus and y~! = gp is the type IIB string coupling.

It is the coefficient of the next term, the 1-BPS interaction DSR*, that
is the subject of this paper. This interaction enters into the type IIB string
frame low energy effective action in the form

eﬁ/dl% —det G104y~ £(Q) DSR* (1.1)

where G(19) is the ten-dimensional string frame metric, £ is the string length
scale and we have suppressed an overall numerical coefficient. The factor of
y~1 cancels when G(19) is rescaled in a manner that converts the expression
to the Einstein frame, in which SL(2,Z) duality should be manifest. The
coefficient f(€2) is a modular function that was conjectured in [2] to be the

solution of an inhomogeneous Laplace eigenvalue equation!

2
(Aa-12)7(Q) = —(2¢3)E3()) (1.2)

where Aq = 12 (63 + 83) The basis of this conjecture was an implementa-
tion of the duality that relates M-theory compactified on a torus to type 1IB
string theory compactified on a circle [5-7]. More precisely, the procedure
used in [2] was to evaluate the terms of order D® R* in two-loop four-graviton
supergravity amplitude compactified on a two-torus to nine dimensions. The

'n reference [2], f(Q2) was denoted by £
papers on this subject, such as [3] and [4].

1L it has also been denoted by £ 1) in earlier
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complex structure of the torus, {2, translates into the complex coupling con-
stant of the type IIB string theory while the torus volume, V, is proportional
to an inverse power of the radius of the string theory circle, rp.

However, the analysis of the solution of (1.2) in [2] was incomplete in
several respects. Although the power-behaved terms in the large-y expansion
of f(2) were determined in [2], a general analysis of the solution including
the non power-behaved parts of the solution was missing. The objective of
this paper is to develop such an analysis. Furthermore, since (1.2) is the
simplest of the more general inhomogeneous eigenvalue equations that arise
at higher orders in the low energy expansion [8], such an analysis should be
of more general significance.

The layout of this paper is as follows. The detailed solution of (1.2) is
given in section 2. Our procedure is to consider the inhomogeneous second
order differential equations satisfied by the mode coefficients of the Fourier
series

Q) = D faly) e, (1.3)

This requires the imposition of appropriate boundary conditions on ]?n(y)
at y — oo and y — 0. The y — oo condition (the weak coupling limit) is
determined by the moderate growth condition? requiring that

Q) = o), (1.4)
which corresponds to tree-level behaviour of the D R* interaction in string

perturbation theory. The y — 0 condition (the strong coupling limit), which
is much less obvious, requires

Faly) = O(y™). (1.5)
We will see that this condition follows from a subtle relation between the
weak coupling limit condition and SL(2,7Z) invariance. These boundary con-
ditions pin down the solution completely (with no arbitrary undetermined
coefficients) and we are able to determine the exact solution for f,(y) for all
n.
The solution has the form

Faly) = 600 f() + anvyK;(2nlnly) (1.6)
> Y M, (alnly) Ki@alnly) K;j(2xlnaly)

ni+ne=n 4,57=0,1
(n1,n2) #(0,0)
where «;, are constants and M, ,,,(z) are quadratic polynomials in z and
1/z. The K-Bessel functions must be replaced by an appropriate limit when
either n, ni, or ny vanishes; see section 2.2 for complete details. The first
term in (1.6), which contributes only to the n = 0 mode, has the form

2In the present context, this condition means that for any yo > 0 there exists some
constant C' > 0 such that |f(z + iy)| < Cy® for all y > yo.
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f(y) = agy® + a1y + agy~", which corresponds to the sum of perturbative
contributions up to genus-two. One additional power behaved term arises
n (1.6) from the n = 0 contribution lim,_. an\/@K%(Qﬂmy) = By73,
where (3 is a constant. This corresponds to a genus-three contribution in
string perturbation theory. The coefficients ag, a1, a2, and 3 were deter-
mined by somewhat different means in [2].

The large-y behaviour of the K-Bessel functions in (1.6) gives a rich
spectrum of exponentially decreasing terms that may be interpreted as D-
instanton effects in string theory®. It is particularly notable that there are
instanton/anti-instanton terms in the large-y expansion. For example, the
zero mode, ﬁ), contains a sum of an infinite series of exponentially sup-
pressed terms of the form Y2 _, ¢y, e~ 4mmly where the coefficients c,, are
easily deduced from the large-y limit of (1.6) as we will also describe in
section 2.

In section 3 we will discuss how the information in the solution of (1.2)
makes contact with string theory. In particular, the small coupling (equiva-
lently, large-y) expansion of the solution obtained in section 2 contains a rich
array of instanton and anti-instanton contributions. One of the main new
observations in this paper is that these conspire to ensure that the strong
coupling (y — 0) limits of the Fourier modes satisfy the appropriate small-y
boundary condition. This appears somewhat analogous to the manner in
which instanton effects conspire to ensure the absence of a singularity in
three-dimensional N' = 4 supersymmetric Yang—Mills theory in the work of
Seiberg—Witten [9].

For completeness, we will present several alternative procedures for de-
termining the solution to (1.2) in three appendices. In appendix A, we will
make the SL(2,Z) properties of (1.2) explicit by expressing the solution as
a series of the form

1@ = B5(Q) + Y (dety) P F(19), (L.7)
yeS

with S = {1\ {(mi nl) € Ma(Z)NGLT(2,R)| ged(my,n1) = ged(ma, n2) =
1} (which is the set of 2 x 2 matrices with integer entries and co-prime rows
modulo an overall sign). The function F(2) depends only on the ratio of
the real and imaginary parts of {2, and satisfies a second order inhomoge-
neous ordinary differential equation given in (A.5). The convergence of the
sum over the images of F(2) under SL(2,7Z) transformations is obtained
only if one imposes suitable boundary conditions in the limits z/y — 0 and

3The terminology is motivated by the fact that large-y behaviour proportional to
e2mimtn2)y =2 (In1l+n2Dy ig characteristic of contributions of D-instantons and anti-D-
instantons, although the precise form of such contributions has not been obtained by
explicit D-instanton calculations.
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x/y — 00.* The Fourier modes of the SL(2, Z)-invariant expression (1.7) are
considered in ag\pendix A.2, where we give an alternative expression of the
Fourier modes fy,(y) of f(2) in terms of integrals. We have not succeeded
in directly computing those integrals, but their values are of course deter-
mined by the analysis of section 2. Furthermore, the convergence properties
of these integrals again leads to the y — 0 boundary condition that was
deduced by general arguments in section 2.

In appendix B we will describe how the solution may be obtained in a
manner suggested by Schmid’s work on automorphic distributions of Eisen-
stein series [10,11]. This gives yet another formula for fn(y) in lemma B.12.
In appendix C we will comment on the solution using the Rolcke-Selberg
spectral expansion. This leads to a complete solution of (1.2), but one
which seems to be very difficult to use in practice (at least for the nonzero
Fourier modes) since it involves properties of unknown cusp forms.

2. FOURIER MODES OF THE INHOMOGENEOUS LAPLACE EQUATION

2.1. Fourier modes and boundary conditions. We will now consider
(1.2) in terms of the Fourier modes of both sides. We write the Fourier
expansion of the solution as

fla+iy) = Y faly) ™ (2.1)
nez
and the Fourier expansion of the source term as
S(x+iy) = —4¢(3)2 B3z + iy)? = ) Saly) ™. (2.2)
nez

The latter are determined by the standard Fourier expansion of the non-
holomorphic Eisenstein series,

Batiy) = s Y 0

S

— Z fn,s(y) eQﬂinx 7

y 2s
2K(25) | ol @) AP T 2
(2.3)
where the zero mode consists of two power behaved terms,
VAT(s—3)C(@s 1)
Fosly) = vy° + 2 y e, 2.4
W T (2s) 24
and the non-zero modes are proportional to K-Bessel functions,
Fr,s(y) 2T [nf*~2 (In))vy K,_1(2m|n|y) #0 (2.5)
= 2 .
n,s y F(S)C(QS) n 0-1—28 n \/y 5_% T™n y Y n

(see [12, §1.6]).

We are grateful to Don Zagier for describing the solution satisfying the appropriate
boundary conditions, as well as for discussions concerning the relevance of this solution.
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Since the Laplace operator Ag commutes with all group translations, the
differential equation (1.2) can be equivalently stated as the simultaneous
differential equations

(y28§_ 12_4772 2 2) fn( ) = S’ﬂ(y)v n e Z7 (26)

for each Fourier mode of (2.1). We will determine the solution for each value
of n in the form

) = ) + flw), (2.7)

where j/”f(y) is a particular solution to the equation and ]/“Z{(y) is a solution
of the homogenous equation which is chosen in order that the solution ﬁl(y)
satisfies appropriate boundary conditions.

We now need to consider these boundary conditions. The large y (meaning
weak string coupling) growth condition (1.4) on f(z+iy) carries over to each
fourier coefficient ﬁ](y), thus

ﬁl(y) = O(y®) for large y. (2.8)

In fact modes with n # 0 will be shown to decay like a constant times
yem exp(—27|n|y) in this limit, with values of e,, that will be discussed later.
In addition to this boundary condition on each ﬁl(y) for large y, there is
also a condition for small y which is in fact a consequence of (2.8) together
with the SL(2,Z)-invariance of f(€). It is given by the following lemma.

Lemma 2.9. If h(x + iy) is an SL(2,Z)-invariant function on the upper
half plane satisfying the large-y growth condition h(z+iy) = O(y®) for some
s > 1, then each Fourier mode h (y) = fo x +iy)e 2"y of h satisfies

the bound hn(y) = O(y'~*) for small y. In particular, the small-y boundary
condition for any mode number n is

faly) = O@™). (2.10)

Proof. Note the inequality Fg(x + iy) > y® for s > 1, which comes from
dropping all terms with ¢ # 0 in the definition (2.3). By assumption, the
large-y bound states that there is a constant C' > 0 such that |h(z + iy)| <
Cy® for any x + iy in F, the standard fundamental domain for SL(2,Z).
It follows that |h(z + iy)| < CEs(x + iy) in F, and hence, by automorphy,
everywhere in the upper-half plane. This, together with the fact that Eq(x+
iy) > 0, implies

~ 1 s—1 .
lhn(y)] < CTJC Ey(z+iy)de = C <y i V(s —5)¢(2s — 1) 1_S>_

I'(s)¢(2s)
(2.11)

Therefore hy(y) = O(y'=*) as y — 0. In the particular case h = f and
s = 3, the bound (1.4) then implies (2.10). O
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The conditions (2.8) and (2.10) specify a unique solution to (2.6). To be
explicit, we observe that the solution space of the corresponding homoge-
neous differential equation

(y202 — 12 —an’n®yH)f = 0 (2.12)
consists of the two-dimensional space

{fi = ayyI;(2ninly) + by/y Kz (2minly)|a,be C}, n # 0,

or {]%H = ay' + by~3|a,b € C}, n =0,
(2.13)
where the modified Bessel functions of the third kind are defined by
Ki(y) = JEPe™ (2.14)
and  Ir(y) = 5= (P(-y)e’ +Py)e”), (2.15)

with P(y) = 1+ g + ;—2 + 1172 The unique expression (2.7) that satisfies
the boundary conditions in the two dimensional solution space to (2.6), for
n # 0, can be deduced by noting the following asymptotic behaviour of
Bessel functions. In the y — oo limit the relevant functions behave as

e—2m(nly .
VY K7po(2mnly) = W(1+O(§))
. (2.16)
_ € 1
and  \/yl72(27[nly) = 27T‘n|1/2( +0(32))

so only the K7/, solution satisfies the boundary condition, which means
that @ = 0 in (2.13). The coefficient b of the solution to the inhomogeneous
equation is then determined by noting the y — 0 asymptotics

15 3
VY Krpp(2minly) = - + O() (2.17)
/ 16|n|%7r3y3 8|n|%7ry

and imposing the condition (2.10) for small y, which requires the y 3 term
in (2.17) to cancel with a similar term in the particular solution fF(y).
The situation for n = 0 is of course simpler and again has a = 0, and b
determined by asymptotics at the origin.

In order to analyze the particular solutions of (2.6) we need first to discuss
the Fourier modes of the source term, which can be conveniently broken into
a sum of products of Fourier modes of the nonholomorphic Eisenstein series
given in (2.4) and (2.5),

Sn(y) = Z Sn1na (Y) - (2.18)

ni,ng €Z
ni+ne=n

The sy, n, are naturally divided into the following classes:
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e When n; =no =0,

3 _1
so0(y) = —(2¢(3)y2 +4¢(2)y72)%. (2.19)
e When either ny =0 and ng =n#0or ng =0 and ny =n # 0,

727 g, @rinly)

I
(2.20)
where oa(|n|) = 3 4, k%, the sum being over positive divisors.
e When n; # 0 and ng # 0,
o2(|n1) oa(|nal)
|n1n2|

sno(y) = son(y) = —8m(2¢(3)y* + 4¢(2))

Snlynz(y) = _647723/

K1(27|n1|y) K1(2w|naly) . (2.21)

In parallel with (2.18), it will be useful to express fn(y) as the sum

@) = > Fum®), (2.22)
ni+ne =n
where
(42 02— 12 — dx2(n1 + 1)) FrraW) = swoma(y).  (223)

The space of solutions to this equation is again two dimensional and ob-
viously shares the same homogeneous solutions given in (2.13) with n =
ny + ne. There is an obvious ambiguity breaking apart (2.6) into a sum
of differential equations (2.23): a homogeneous solution could be simul-

taneously added to one ﬁlhn? and subtracted from another fn/l b where
n} + nb = ni + ng, without affecting the overall sum (2.22). To avoid this
ambiguity, we shall insist that each fnl,n? satisfies the same growth condi-
tions as f,(y),

fn ) = 0O y3)  for y large,
f 2 () ( )2 (2.24)

frama(y) = Oy °) for y small.

As before, such solutions are unique and have the form
fnl,nz (y) = frﬁ,ng (y) + Qnyny \/3?K7/2(27r|n1 + n2’y) ) (2‘25)
for any values of n; and ns, where fflm is a particular solution satisfy-

ing the large-y bound O(y?) and u, », is the coefficient of the homoge-
neous solution, which will be determined by the small-y boundary condition
fm,nz (y) = O(y_2)'

We will now determine the explicit solutions for various choices of the
integers (n1,mn2). These give rise to the following sectors:

(i) n1 =ng = 0;
ii) n1 =0,n2 # 0 or ny # 0,n9 = 0;

)
(iii) ning > 0;
(iv) ning < 0;

v) ny,ng # 0 and n =ny +ng = 0.

<
(
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The last case is a special case of (iv) but merits separate discussion.

2.2. Solutions of the equations in distinct sectors of n; and ns.
(1) ny =ng = 0

In this case the source term, s (y), is given by the power behaved terms
in (2.19) and it is easy to see that the solution to (2.23) is

R 2
Faty = KE 5, 40O, 2y

(2.26)

Furthermore, apg = 0 and ﬁ]p(@/) = Jﬁo?o(y).
The complete zero mode, fo(y) is given by the sum of fo,o(y) and the

terms of the form fnh_nl (y) that arise in case (v), and will be discussed in
section 2.3.

(ii) n1 =0,n2 #0 or ny #0,n2 =0

It is easy to verify by substitution that (2.23) with source term (2.20) has
a particular solution given by

fPoy) = f)

8aoa(|n
= S22 (aBatminby) Kol2elnly) + abolalul s 2xlnl). - (227

where the coefficients are given by

Po(z) = = (90¢(3) —n*nt +92%¢(3)) (2.28)

(90¢(3) — n*n? + 542%((3)) . (2.29)

1

z

1
and QLO(Z) 2

Note that the expression (2.27) respects the symmetries

ﬁuﬂm(y) = f—m,—nz(y) = ﬁlz,nl(y)' (2'30)

Since ﬁf,o(y) ~ —4”2('"')g’i£4‘904(3)) y~3 as y — 0, the coefficient a, o of the

second term in (2.25) must be taken to be

64 oo (|n|) (n27* —90¢(3
o = on = o2(Im)) ( ﬂ5 (®) (2.31)
135|nl2 7

in order that complete solution satisfies the boundary condition (2.24) at
the origin.
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Thus the full solution (2.25) given by

Faoly) = fonly) =

) (q2,0<7r|n|y>Ko<2w|n|y> n qk,o<w|n|y>m<2w|n|y>)
135 \n\2 T 2
behaves as
~ ~ 7T2U
Faol) = ) = A o) @)

in the y — 0 limit. In the large-y limit the solution behaves as

Frow) = Touly) = ¢ x (40a(lnl) [n| 72 ¢(3)y% +0(1)).
(2.34)
where the exponential suppression has a form characteristic of a charge-n D-
instanton and the other factors are associated with the instanton measure.
This will be commented upon further in section 3.

(iii) ning > 0 and (iv) ning < 0 with n; +ng # 0

Let sgn(z) denote the sign function and H(x) = H%n(r) denote the
Heavyside function. It is easy to check that an explicit particular solu-
tion to (2.23) with source given by (2.21) is given by the bilinear sum in Ky
and K7 Bessel functions

Loy =

327r02(|n1| g9 ’TLQ’

Y @l o (rlna + naly) Ki(2m|na|y) K (2mlnaly),

3 |n1n2| |TL1 +TL2|5 ij=0.1

(2.35)

where the matrix coefficients are given by the expressions

qmm2 (z) = sgn(ning) (—4zning (n% + n% — 6n1n2) — % ninz(ny — n2)2),
(2.36)

@ty (2) = (H(nang) + H(—ning) sgn(ny) sgn(ng + ng))

x (—n1 (13ning — 65n1n3 + nf + 19n3) + 2 nin3(ny —ng)), (2.37)

qnhw(z) = (H(ning2) + H(—ning) sgn(ng) sgn(ni + ns))
x (—n2 (13n3n1 — 65n9n] + nj3 + 1971:;’) + = 30 ngn2(ng —ny1)), (2.38)
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and

‘J?lﬁlm (z2) = —4znns (ni +n3 — 6niny)
_ l4niny — 94nin3 + 14ninf + nj + nj
z

(2.39)

Imposing the small-y boundary condition on fmm (y) in (2.25) requires
128 7 03 (|ma) o2(|n2))
45n2n3 ny + n2|%

— 80n3n2 — 80n2n3 + 60n2n2(n; — ny) 1og(|%|)), (2.40)

Qnyny, = sgn(ng+ng) (n‘;’ + ng + 15n‘11n2 + 157117“/21

and the resulting y — 0 behaviour of (2.25) is given by

8o (|n1]) o2(|nal)

frima(y) = 02 ndy + O(1). (2.41)
In sector (iii), where |n1 +n2| = [n1|+|n2|, the y — oo behaviour of (2.25)
has the instantonic form
ﬁll na (y) = 6_27T|”1+"2|y ( Oy ny .
7 2|TL1 + n2|§

_ 64 72 02(|n1|) 0’2(|712|) n% + n% — 6ning
3 |n1n2|% (nl + n2)4

In sector (iv), where |n| = |n; +n2| < |n1| + |n2| a qualitatively new feature
is that there are an infinite number of values of n; and ne having a fixed
value of n = nj +n9. Because of this, the y — oo limit is very different from
the large-y limit for the nyns > 0 case in (2.42) since the particular solu-
tion contains terms that decrease exponentially relative to BPS D-instanton
terms. Explicitly, when niny < 0 the large-y behaviour is given by

ﬁllﬂm (y) = Qnino \/§K7/2(27r|n1 + n2|y)
_ p2n(lml+inal)y <Uz(lml)02(lnzl) N O(y_3)>

5
[n1nz|2 y?

+ O(y*l)) . (2.42)

— e rmtmaly _Omma g 4 -1y
2|ny + nol?

_ en(mltnzhy <02(|n1|)052(|n2|) + o).
Ininal|2 y2
(2.43)
The second term in either expression can be more exponentially damped
than the first term as nji or ns increases with n = ny + ny held fixed.

(v) ni,ne 0 withn=ny +n2 =0

This is a special case of (iv) and the particular solution can now be ob-
tained by carefully considering the limit no = —nj + € with € — 0 in (2.35).
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Superficially, the presence of the |n; + na| = factor there suggests that this
limit gives a badly divergent result. However, there are massive cancela-
tions caused by properties of the K-Bessel functions and the resulting limit
simplifies to be

327 oo (|n1)?

P
fn1,fn1 (y) 315 |n1|3

>° v (rlnaly) Ki(2mlmaly) K (2nlnaly)

i,j=0,1
- (2.44)
where the coefficient matrix, "7, has components
r90(z) = z(—5122" +482* — 15)
rOlz) = r0z) = — (1282 41227 + 15) (2.45)
rtl(z) = 271 (51225 + 162" + 3327 — 15) .
The solution of the homogeneous equation solution can also be obtained by
setting ng = —n1 + € in oy, n, and considering the limit € — 0, which leads
to
: 8 aa(|m)?
o, B Oy ng /Y K72 (270 + moly) - = 2 b 72y (2.46)
In order to verify that the full solution
n P 8 o2 (|m)?
o P 2 1
fro (W) = foy—n () + W (2.47)
satisfies the y = 0 boundary condition, we also note that for small y
2 8oa(ln1])® | 8oa(|nal)?
P 2 1
= - o(1). 2.48
fnl,fnl (y) 21 n? ’/T2 y3 5n11y + ( ) ( )

Therefore, it follows from (2.47) that at small y the full solution for the
(n1, —m1) mode is

= 8 aa(|n1))?
_ —_ O(1 2.49
fnh nl(y) 5|n1|4y + ( )’ ( )
and at large y it is
a ~ 8oa(jml)? iy (O2(|na])? 3
fri—mi(y) = Mnbmzys € (|n1|5y2 +O(y )). (2.50)

Note that the power behaved term proportional to 1/ y3 was uncovered by
a different method in [2] and is interpreted as a genus-three contribution
to the amplitude in string theory perturbation theory. The exponentially
decaying term is characteristic of the contribution of a charge-(ny,—ny) D-
instanton/anti D-instanton pair.
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2.3. The complete expression for each Fourier mode, f,(y).

Having determined the expressions for ﬁll,nz (y) we shall now study the
n-th mode f,(y), which we recall was given in (2.22) as the sum of fmm (y)
over n and ny with n1+ng = n. We first note that by (2.26) and the explicit
formulas for each ﬁn,m given in section 2.2, the SL(2,Z)-invariant function
f(Q) — @Eg(()) is O(y) for y large. Applying lemma 2.9, we conclude

that its Fourier coefficients f,(y) — 2<(33)2.7-'n73(y) obey the bound O(y~¢) for
any fixed positive real number ¢ > 0. Using formulas (2.4) and (2.5), this
gives the asymptotic statement

- 945 ((3)% o_5(|n|) 1

fn(y) = A 75 ? + O(y_a)v (2‘51>

again for any fixed £ > 0. In the case n = 0, 0_5(|n|) should be interpreted
as ((5). The error term can be slightly improved using the Kronecker limit
formula, though this will not be important for our purposes. Note that
even though each term in (2.22) satisfies the small-y bound O(y~1!), their
aggregate sum diverges like y~2 in (2.51).

The constant term: The n = 0 mode is given by

foly) = Jooly Z Fremy ( (2.52)
n17#£0
The sum of the second term in (2.47) over all nonzero integers n; is

oa(m)® 16 ((6)¢(4)*¢(2) _ 4¢(6)
2” SZ m6 Co2iwRyd ((8) = e 059

where we have used the Ramanujan identity

2 oy(m) oy (m ) ¢(r—t)C(r—t)C(r—t—t
> mov(m) _ (o)< szff_t_)f;)( Lo es

As a result of this and (2.26), we can write the complete solution for the
zero mode as
z 2¢(3)° 5, 4¢(2)¢B) IO

foly) = —5=y + —2——y +
3 3 Y s

(2.55)
where the expression for f’ni_n(y) is given in (2.44) and is exponentially
suppressed as y — 0o. The behaviour as y — 0 is more subtle since the sum
in (2.22) does not commute with the small-y limit, and was given above in
(2.51). A finer asymptotic expansion can be obtained using Mellin transform
methods.
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The non-zero Fourier modes: Modes with n # 0 get contributions from
the sectors labelled (ii), (iii) and (iv), so that,

~ ~

n—1
fnly) = me(y) + fO,n(y) + Z Jrnin—m (y) + 2 Z Jrin—ni(Y) -

ny=1 ni>n+1

(2.56)

It is first important to verify that the last sum is convergent. This involves an
estimate of the behaviour of its terms as |n1| — oo, which arises in case (iv).
The K;(2m|ni|y)K;(2m|n — ni|y) terms in the n; sum (coming from (2.35)
are exponentially suppressed as |n1| gets large. Furthermore, for fixed n, an
analysis of formula (2.40) shows that ay, ,—n, = O(n;°®) as ny — co. Thus
the terms coming from the homogeneous solutions cu, n,+/YK7/2(27|n1 +
naly) also converge because the sum Y 7y nop, is finite.
The leading behaviour in the weak coupling limit y — oo has the form

~

faly) = e (8723'!}? <<3>y1/2+0<1>), (2.57)

which is dominated by the behaviour of };70 and J/{Ln- The behaviour for
small y was given in (2.51). It is also possible to study these asymptotics
using the explicit formulas for fm’m given in section 2.2, or from an analysis
of (A.44) (which gives an alternative description of the terms in (2.56)). See
also formula (B.13), which gives yet another formula for f,(y).

3. DISCUSSION AND CONNECTIONS WITH STRING THEORY

The motivation for considering the differential equation (1.2) from [2]
was based on considering the compactification of the two-loop Feynman
diagrams of the four-graviton amplitude of eleven-dimensional supergravity
on T2, in the zero-volume limit, V — 0. The first non-leading term in the
low-energy expansion of this amplitude was argued in [2] to give the effective
type IIB string theory interaction f(Q) DSR*, with f(Q) satisfying (1.2). In
this paper we have determined the exact solution for all the Fourier modes
fn(y) from (1.3).

The zero mode fy(y) (2.55) possesses four terms that are power behaved
in y that were originally discussed in detail in [2]. The coefficients of these
powers are rational numbers multiplying products of zeta values. The values
of these coefficients should agree with explicit perturbative string theory cal-
culations up to genus three. The genus zero and genus one string results were
known to agree at the time of publication of [2]. The genus-two contribution
has been related [13] to the integral of an invariant introduced in [14, 15],
which has also recently been evaluated [16] and agrees with the genus-two
term (the y~! term in (2.55)). The genus-three part (the y~3 contribution
in (2.55)) agrees precisely with the prediction for that term in the type ITA
theory, that arises from the expansion of the one-loop eleven-dimensional
supergravity amplitude compactified on a circle [17]. Furthermore, a recent
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genus-three string theory calculation [18] also precisely reproduces this y =3

contribution. N

In solving for the modes f,(y), it was important to understand the nature
of the boundary conditions at y = oo and y = 0. Although the condition
at large y (the weak coupling regime) is simply that no term can be more
singular than 3, which is the power corresponding to tree-level perturbation
theory, the condition at y = 0 is more subtle. We showed in lemma 2.9 that
the necessary condition is that fn(y) = O(y~?) in the limit y — 0, which fol-
lows as consequence of SL(2,7Z) invariance together with the y — oo bound,
ﬁl(y) = O(y3). This is a highly non-trivial condition, in that it implies
that the infinite series of terms that manifests itself as a series of exponen-
tially decreasing D-instanton and anti D-instanton contributions at large y,
simultaneously conspires to cancel a singular term in fn(y) at small y. This
bears some similarity to the behaviour of the metric on the Coulomb branch
of three-dimensional A = 4 supersymmetric SU(2) Yang-Mills theory with
no flavour fields in Seiberg-Witten theory [9] (see also [19]). In that case,
the expansion of the moduli space metric at large values of the Higgs field
also gets contributions from an infinite series of exponentially suppressed
terms [20], but the solution can be uniquely determined by requiring the
Coulomb branch metric to be non-singular at the origin®.

The expressions for the Fourier modes contain detailed information con-
cerning the instanton-like contributions that decrease exponentially at large
y. Such terms that have the form expected of contributions arising from D-
instantons, anti D-instantons and D-instanton/anti D-instanton pairs. This
is explicit in the large-y limits given in (2.44) for the terms contributing to
]?o(y) and in (2.34), (2.42) and (2.43) for the terms contributing to ﬁ(y)
In particular, (2.50) shows that the constant term, fo(y), has an infinite
series of exponentially decreasing terms in the large-y limit, which have
exponential factors e 4"l¥ that have the form which would arise from a
D-instanton/anti D-instanton pair with charges n and —n. Furthermore,
the measure contains the square of the divisor sum oy(|n|),
o2(Inl)* 1

6—47I'I’I"L|y 5 -

THER (3.1)
Since the measure for a single charge-n D-instanton contains a single power
of a divisor sum, this is another indication that terms of this form in
]/”E)(y) might be identified with D-instanton/anti D-instanton pairs. Such
instanton/anti-instanton terms should break all supersymmetries, giving rise

to extra fermionic zero modes. Soaking these up should ought to account

5It has been suggested that the series of exponentially suppressed terms might be
interpreted as instanton/anti-instanton contributions [21]. However, the identification of
the radial coordinate in the Atiyah-Hitchin metric with the corresponding scalar vacuum
expectation value in the explicit semi-classical solution is ambiguous. Owing to the high
degree of supersymmetry in our case, it is not possible to redefine the modular parameter
Q without losing SL(2,Z) invariance, so this ambiguity is not present.
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for the fact that they are suppressed by the factor of 1/y? in (3.1), although
we have not determined such factors in the measure from an explicit D-
instanton calculation. N N

The exponentially suppressed terms that contribute to f, o and fo, with
n # 0 might be interpreted as contributions of single charge-n D-instantons
or charge-n anti D-instantons with a measure that can be read off from (2.34),

e—27Inly (W ¢(3) y'/? 4 O(l)) , (3.2)

5/2

which has a factor of y°/# relative to (3.1). Likewise, the large-y contribution

to fn(y) with n = ny + ny and sign(ny) = sign(ng), obtained in (2.42) has
the form

e~ 2mmEn2ly 6 (10 |) 9 (|ng|) % (function of ny,ng), (3.3)

which has a power of y°.

It would be desirable to understand the particular powers of y in the
prefactors of (3.1), (3.2) and (3.3) in terms of the zero modes associated with
supersymmetry breaking, but we have not understood this in a systematic
manner.

In any case, given the non-standard application of M-theory /string theory
duality that motivated (1.2), we would like to determine whether this equa-
tion accurately describes the coefficient of the DS R* interaction beyond the
checks outlined above. Further motivation for this equation and its general-
isation to higher-rank duality groups was obtained in [22-24] in considering
properties of the low energy effective action of type II string theory in lower
dimensions obtained by toroidal compactification to dimension D. In these
cases the coefficient of the D-dimensional DSR? interaction, f(P), is a func-
tion of the moduli associated with the F11_p(Z) duality groqu. Equation
(1.2) then generalises to an inhomogeneous Laplace eigenvalue equation [3]

A _ 614 = D)(D —6
D—2

2
>> f(D):_<géD)> +120¢(3) 6p—6,0, (3.4)

where AP)is the laplacian on the homogeneous space and ES(D) is the max-
imal parabolic Langlands Eisenstein series attached to the parabolic associ-
ated with the first node of the Dynkin diagram (which is the coefficient of
the R* interaction in D dimensions). The constant terms in various para-
bolic subgroups were analysed to a certain extent for the cases with D > 6
in [22,23] and for D = 3 in [3], and agreed with expectations based on pertur-
bative string theory calculations. This has also been extended to the cases
of D =1 and 2 in [25]. The analysis of the non-zero Fourier modes presents
new challenges that extends the considerations of [4], which considered the
maximal parabolic Langlands Eisenstein series that arise as coefficients of
the R* and D*R* interactions. The four dimensional version of (3.4) has

6Recall that the duality groups of rank < 8 are specific real split forms of SL(2,Z),
SL(3,Z) x SL(2,Z), SL(5,Z), Spin(5,5,7), E¢(Z), E7(Z), Es(Z).
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also received support from consideration of the soft scalar limits of N' = 8
supergravity amplitudes in four dimensions [26] .

Since the natural region of validity of perturbative supergravity is V > 3,
it is not obvious why the M-theory argument that leads to f(€2) should
be a good approximation to the exact answer. However, in common with
analogous duality arguments for BPS quantities, the fact that the DSR* in-
teraction is {-BPS seems to justify what would otherwise be an outrageous
continuation in V. In considering higher order interactions in the low energy
expansion there is no reason, based on our current understanding, for ex-
pecting such a continuation from large to small V to be valid. Nevertheless,
it might be of interest to analyze the structure of the compactified Feynman
diagrams of eleven-dimensional supergravity further, if only to find inspi-
ration for the possible mathematical structure of higher order terms. The
paper [8] contains a detailed discussion of higher order corrections to the
low energy expansion, that arise by expanding the two-loop four-graviton
amplitude of eleven-dimensional supergravity to higher orders beyond the
DSR* interaction studied in this paper. This does not yield any contribu-
tions that survive the rp — oo limit to D = 10 dimensions, but does give
contributions that may be useful at finite values of rp (i.e., in the D = 9
type IIB theory). Even though the analysis in [8] is not the complete story,
the equations that emerge from the higher order expansion of the two-loop
amplitude suggest that (1.2) is a specially simple example of a more general
set of equations for the higher-order coefficients.
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APPENDICES: OTHER METHODS TO SOLVE THE INHOMOGENEOUS
LAPLACE EQUATION (1.2)

In the following three appendices we will briefly describe other approaches
to constructing solutions to (1.2). None of them is completely satisfactory,
though each reveals different information about the solution; further variants
of these might be useful in studying the D% R* coefficient in lower dimensions
(equivalently, for higher rank groups).
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APPENDIX A. THE SOLUTION AS A POINCARE SERIES

The procedure used to determine the solutions for ]/”;L(y) in section 2
has the drawback that the modularity properties of the complete solution
f(£2) in (1.3) are obscured in the mode-by-mode analysis. In particular, the
values of the coefficients oy, n, in (2.25) were determined only by invoking
a boundary condition at y = 0. This appendix presents a solution for f(2)
in terms of a Poincaré series that makes both the SL(2,Z)-invariance and
growth conditions of each ﬁllm (y) manifest. The results of this section
should be viewed as complementary to those of section 2, where the modes
were expressed very explicitly in terms of products of K-Bessel functions
(whereas here they will be given in terms of integrals).

A.1. Sum over translates of one-dimensional solution. Squaring the
definition of F3/, given in (2.3), we write

E3 ()7 = > Im(mQ)*?Im (120)%?
V1,72 € Doo\I'
= E3(Q) + > Im ()2 Im (1292)%? (A.1)
71772 €L\l
= E3(Q) + ) (dety) P T(y9),
yeES
where I' = SL(2,Z), Too = {(F' 11) € SL(2,2)}, S = {1\ {(mi i) €
My(Z) N GL*(2,R)|ged(mq,n1) = ged(mz, ng) = 1}, and

TQ) = T@+iy) = o), o = @+ (A2)
Indeed, this can easily be seen using the calculations
Re Q) ming + monixz + minox + mlmg(xQ + y2) (A.3)
Im~vQ y det~y ’

and

((nina + maniz + mingx + mima(z® + y*))? + (y det 7)2)_3/2

= (|miz +ni*jmoz + n2\2)_3/2 . (A4

We shall use the fact that 7 (x + iy) only depends on the single parameter
+ to construct a solution to (1.2) from (A.1).
Consider the differential equation

(CZL <(1 +u?) dd> - 12) hu) = —o(u), (A.5)

u

where the differential operator on the lefthand side corresponds to Ag — 12
acting on functions of the ratio u = 5
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Lemma A.6. The function”

74 44u? 4+ 40u* 16 (4 5 9N, —1 >
— — | = +5u" +u@+5u”)tan™ " (u A7
WirnT: 5\ 3 ( ) (u) ) (A7)

is the unique smooth, even function satisfying both (A.5) and the decay con-
dition h(u) ~ ﬁ as u — Foo. It furthermore extends to a holomorphic

h(u) =

function on C — {iv||v| > 1}, with jump discontinuities along these branch
cuts given by

lim h(u+iv) — lim h(u+iv) =

u—07t u—0~
% v (5112 - 3) - 740”3;‘%”1%7 , v>1 (A8)
% v (51)2 — 3) + 740”11/7%”12” , v<-—1. .
With h(u) as defined in (A.7), define
F(Q) = Flz+iy) = 4¢B3)*A(}) (A.9)

so that (A — 12)F = —4¢(3)?7. Appealing to the expression (A.1), the
general solution to (1.2) among automorphic functions having polynomial
growth has the form

£ = EOEyQ) + Y (detr) PF(HQ) + a Eo(Q), a € C. (A.10)
yeS

Note that h is bounded by a constant multiple of o, and so F' is bounded
by a constant multiple of 7. Thus the absolute convergence of the sum
(A.10) follows from that of (A.1). This argument furthermore shows that
the vy-sum is O(y3) as y — oo; since E3(Q) satisfies the same bound, this
implies the coefficient

a = 0 (A.11)

in order for (1.4) to hold. Thus (A.10) simplifies to

2
F) = 2R EQ) + Y (dety) PF(0) (A.12)
yES
as a result.
Consider the function

G((Mm), Q) = [ming — nymy| PP (ZAgEM) (A.13)

7 The first term of the solution (A.7) (which solves (A.5)) was essentially obtained
in [2], but in that reference the second term (which solves the homogeneous version of
(A.5)) was instead a function of the two variables z and y rather than only of their
ratio. The combination of terms in (A.7), which was pointed out to us by Don Zagier,
has asymptotic behaviour that guarantees convergence of the sums that arise in (A.10),
whereas the expression used in [2] leads to a divergent result.
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For Q fixed, it has the well-defined limit 2(3)° LG along the singular
3 ‘mgQ-‘rng‘

set mings — nime = 0, which we shall take as its defining value there. Thus

(A.12) can be rewritten as

@) = > é((mans),9), (A.14)
(m1,n1),(ma,n2) € (ZXZ)' |+
where
(Zxz)/+ = {(0,1)}U{(c,d)|c>0,gcd(c,d) =1}. (A.15)

We shall later derive expressions for the Fourier modes of (A.12) in terms
of the Fourier transform of h,

h(r) = /h(u)e_%"“du
R
10 4 (3r*% +5
= 2 (== +1)Ko2nlr|) + 7(7rr )K1(27T|7“|)
22 3|3 (A.16)
— ——=K:2xr|), r # 0,
T LU
~ 1
h(0) = =.

6

This computation may be performed in a variety of ways: shifting the contour
of integration and wrapping around the the branch cuts, using properties
(A.8); explicitly computing the Fourier transform h(u)(1 + u?)~* for Re s
large, and then analytically continuing to s = 0; or taking the Fourier trans-
form of the differential equation (A.5), and explicitly solving the resulting
differential equation subject to the constraints that h is continuous and has
rapid decay.

A.2. Fourier coefficients via a term-by-term analysis. Returning to
the expression (A.14), we break the sum into pieces defined by

f) = 29Q) + %) + =VQ) + =H(Q), (A.17)
where
2
200) = p((31).0) = Xy (A18)
) = 3 > o)), (A9)
ma =1gcd(ng,ma)=1
SOQ) = Y Yoo (B, (A.20)
m1=1ged(n1,m1)=1
and

o oo

U = Y Y YT YT (). 9). (A2l

m1 =1ged(n1,m1) =1m2=1ged(na,ma) =1
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The contribution of these terms to the Fourier modes, ﬁl(y), will be de-
scribed in the rest of this appendix. In sections A.2.1 and A.2.2 we will
derive Fourier expansions

Q) = 2@ = Y SmTER(Y), (A.22)
nez
and
s = Y Y ST gl ®), (A.23)
n1€Z no €L

respectively. The Fourier modes S0 () and S5 (y) are related to the ﬁll’nz
of section 2.1 by the formulas

fooly) = =20Q) + 2501 (w) + Sw),
Fao®) = fonly) = S + Sholy), n£0, (A24)
and  fum(y) = b)), ning # 0.
Writing (2.26) as foo(y) = J5.0(4) + Jo.0 () + Js.0 (4), where J{3(y) is pro-
portional to y®>~2", we see that
flw = o) = X8 (A.25)

A.2.1. Poisson summation for X% and 21°. We will now apply Poisson
summation to (A.19) to put it in the form (A.25). First, reindexing the sum
shows

Eo’l(Q) = Z Z Z ¢ ((T/(L)2 n2+1rm2) ’Q)

m2:1n2€(Z/TfLQZ)* re’z

— Z > Z ((max + ng 4+ rmg +imay) ') (A.26)

m2=1ng € (Z/maZ)* TGZ

_ Z Z Z <m2x+n2+rm2>.

m
m2:1n2€(Z/m2Z)* re’ 2y

The sum over ngy ranges over all residue classes of integers modulo my that
are coprime to ms. Applying Poisson summation to the inner sum,

Zh<m2x+n2+rm2) Z/ _Qmmh<m2x+n2+rm2> i
Yy

may

rez nez
mozr+ng ~
= Z 2T yh(ny), (A.27)
neZ
we obtain

o0 2
Pl = Y 4C(i’;) S SR yhny) . (A28)

ne € (Z/ng)* nez
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The no-sum can be written in terms of the Ramanujan sum

ma2

ng
ema(n) = e, (A.29)
(m;?r;%:l
which satisfies the identity
S em() _ oralinl )
m ¢(r)

mo=1
When applied in the r = 3 case to (A.28), this results in the expression
20N Q) = SYQ) = 4¢B3)D ] ¥ o y(|n|) yh(ny),  (A.31)
nez

which has the form (A.25). Formula (A.30) also applies when n = 0 provided
we use the convention that o_2(0) = ((2). Since h(0) = 1/6 by (A.16), it
follows that the n = 0 term in (A.31) gives the total contribution

S0y + S5 = @<y = i3 (A.32)

to ﬁ),o(y), which is the second term on the right hand side of (2.26). Fur-
thermore,

S0My) = 4¢(B3)oa(nl)yh(ny) for n #£ 0. (A.33)

A.2.2. Poisson summation for X1, In order to produce the Fourier se-
ries (A.23), we perform a double Poisson summation on the definition of
Y11 in (A.21) to obtain the formula

21,1 (Q)

-y Y Yy Y Y.

m1=1ny €(Z/m1Z)* r1 €ELZm2=1ng € (Z/m2Z)* r2€ZL

_ m1 ni1+rim —27Ti(’f7,17“1+ﬁ27”2)
- 2 : 2 : / mz n2+7“2m2) 7Q) € dry dry .

mi,m2=1 n; € Z/mlz)*
ng € (Z/maZ)*

ﬁ1,ﬁ2 <Y/
(A.34)
The integral is given by
/ (ml(yc+z'y)+(n1+r1m1)) e—27ri(ﬁ1r1+ﬁ27"2) drl er .
R? ma(z+iy)+(na+rama) |m1(n2 + Tgmg) _ mg(nl 4 r1m1)|3

(A.35)
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With the change of variables r{ — r{ —x— 2L ro +— rg—x — 22 thls integral
becomes

2m ((n1+n2)x+n1 erng 22 )

_ -3 m1(r1+iy) —2mi(n1r1+nars)
></]R2 [mama(ra — )| F (G ) € ' dry dry

2m ((n1+”2)$+”1 mll +ﬁ2%22) y_l \m1m2]_3

ro+1

/ Py — 1y |73 F (L) o= 2mi(uyritioyra) gy dry - (A.36)

after changing variables 1 +— yr; and ro — yre. After applying (A.30)
twice, we can write (A.34) in the form (A.23) with mode coefficients given
by

~ 4 A X o
E}{ll,ﬁg(y) = ;0_2(\711!)0_2(|n2|)I(n1,n2;y) (A.37)
where
1 F(mt) - A
I(hy,nosy) = / ratis o=2milfnyritioyre) gr dr, . (A.38
(f1, fogs y) 10302 S o — 1P 1dra. ( )
Using
F() = 4¢B3)?h(P2E, (A.39)
this can be rewritten as
h(riratl o R
I(ﬁly ﬁ2§ y) = / Lﬁ; e—27r2(n1y'r1+n2y'r2) d7‘1 dT’Q . (A.40)
r2 |12 — 71|

Lemma A.41. The integral (A.40) is absolutely convergent. Consequently,
Z(n1,No;y) is bounded in y and the Fourier modes (A.37) are O(y~1).

Proof. Since the exponential has modulus 1 and h > 0, it suffices to show
the convergence of Z(0,0;y). Recalling that h(u) is bounded by a constant
multiple of o(u) = (u? + 1)~%/2, this reduces to the convergence of the
integral

[ e =l 0 Gy iy

/2(14—7"%)3/2(1—1-7"%)3/2 dridry, (A.42)
R
which is of course finite. O

In fact, we know from (A.37) and (2.26) that

S, 3 4¢(4
S = Soerzooy - e - .
so that Z(0,0;y) = 2/5 (this can also be verified by numerical integration).
Equations (A.32)-(A.33) show that S0'(y) = O(y) for small y, and so
(A.24) and lemma A.41 imply that the modes f,, », are at most O(1/y)
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for small values of y. Nevertheless, the y — 0 limit of this expression is
more singular than 1/y because the n-th Fourier coefficient f,(y) includes
the sum

-~ 4
Y7 fumem @) = = Y oallml)oa(ln—m|) I(n,n—ni;y).
n1 #0,n Y n1 #0,n
(A.44)

Indeed, in (2.51) the y — 0 behaviour of this expression was shown to be
proportional to a constant multiple of 1/y2.

APPENDIX B. POINCARE SERIES AND EISENSTEIN AUTOMORPHIC
DISTRIBUTIONS

We now return to the sum over ~ in (A.12),

Z (dety) 2 F(y9Q), (B.1)

yeS

where we recall that S = {£1}\{(2 n2) € Mo(Z)NGLT(2,R)| ged(my,ny) =
ged(ma, n2) = 1}. We begin with some comments about the structure of the
set S. Suppose [mn] € Z? is a vector with d = ged(m,n). Then d divides
[mn]y for any integral 2 x 2 matrix . Consequently, if v € SL(2,Z) then

ged([mn]) = ged([mn]y). If v has the form v = ( 2 b) € SL(2,Z) and

—mso d
mems) € S, then (mint)y = (%) 1) for some relatively prime integers
p1,p2 € Z, where p1 = ming — nimeo > 0. Thus

S = {("F)vIp >0,p2 € (Z/pZ)",y €T} (B.2)

parameterizes elements of S via I' = PSL(2,Z).
In light of (B.2), (B.1) becomes

Y (dety)PR(Q) = > Y S P F(R ).

v€eS p1=1py € (Z/p17)* v € PSL(2,Z)
(B.3)

By virtue of its definition in (A.9), F ((#! (1)) Q) = F(p1Q) = F(Q) and so
(B.3) can be written as

S OY Y e ((inp)e)

p1=1ps € (Z/p1Z)* v€ PSL(2,Z)

= >t > P24y = ) 2(19), (B4

2¢Q v €Two\T v €T\l

where

Q) = > pPF(E+Q). (B.5)
peo
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Thus (B.4) writes the sum (B.1) as a sum of left translates of ® over I',\T,
the type of the sum that the terminology “Poincaré series” is traditionally
reserved for.

A standard double coset decomposition for I'so\I'/T's, and application of
Poisson summation (see [27,28]) to the last expression in (B.4) gives

D (dety)PF(Q) = 2(Q) +

yeS
Z Z Z e2min(z+d/c) / e~ 2minT (I)(% — m) dr. (B.6)

c=1de(Z/cL)* neZ R
To compute this integral, we use the following Fourier expansion of ®:

Lemma B.7. In terms of the function h from (A.9),

Bx+iy) = 4¢B3) Y oa(ln]) ™™ yh(ny), (B.8)
nez

where h(-) was computed in (A.16) and o_s(|n|) = 2dn d=2 is to be inter-
preted as ((2) when n = 0.

Proof. Writing the rationals in (B.5) as an integer plus a rational in the
interval [0, 1) we have that

Sx+iy) = Y p’ Y, Y F(Btrtntiy)

p1=1 p2 € (Z/p1Z)* nEL
o0

- Yut Y X [FEserurine
p1=1 p2 € (Z/p1Z)* n€L R

s ) , P2 .
— Z pl_s Z Z 627‘1’7,71(37"!‘1)1) / F(u _|_ Zy) 67271’2’!7,’& du
R

p1=1  py€(Z/p1Z)*n€Z

0
_ § :e2mnx § :p1—3 § : e27rmp2/;01

nez p1=1 p2 € (Z/p1Z)*
x 4¢(3)* / h(Y) e 2™ gy,
g Y
(B.9)
after applying Poisson summation and (A.9). The lemma now follows from
(A.30). O

After inserting (B.8), the integral in (B.6) becomes

—2minr 2mi " —2mi 2(7;” 2) y 7 my
4¢(3) Re E o_o(|lm|)e crity (2 157) h(cz(,aﬂ/z))dr-
mEeEZ

(B.10)
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In terms of the Kloosterman sum S(a,b;c) := 3 c(7/02)- €((az + br—1)/c),
the second term on the righthand side of (B.6) equals

¢(3) Z Y T y(jm]) S(m,nsc)

c=1mmnez
*2m'<m“+%)
x /6 c?(r?+y?)
R

The Fourier coefficient of the Fourier mode x +— e(nz) of (B.1) can thus be
read off from this and (B.6); combining with (A.12) proves the following

h( dr. (B.11)

=it Maerim)

Lemma B.12. The Fourier modes ﬁb(y) from (1.3) are given as the sums

) = ZE0F.0y) + 4¢B3) 0 a(|nl) yh(ny) +

—2mir n—l—L ~
4¢(3) Z o—a2(|m[)S(m,n; C)/Re ( C2(r2+y2)>cz(riy+y2)h(cz(:ﬂw))d?“,
c>0
meZ

(B.13)
where Fp s(y) is defined in (2.4)-(2.5).

Remark: The function ®(x + iy) can be interpreted in terms of Schmid’s
automorphic Eisenstein distribution as

O(x+iy) = 4((3)/H{Tz(u+x)h(g)du, (B.14)
where

Tu) = Y ¢ buspyy = D ou(In]) e (B.15)
P,qEL nez
q>0

is the automorphic distribution corresponding to the Eisenstein series E, 1
(see [11, §4]). It can be alternatively be thought of as a distributional limit
of values of Ey,+1(x+iy) as y — 0 [10]. Integrals such as (B.14) represent the
embedding of a vectors (playing the role of h) in the line model of a principal
series representation of SL(2,R), into spaces of automorphic functions. Thus
® can itself be naturally viewed as an automorphic function. Furthermore,
identity (B.8) is an immediate consequence of (B.15).

APPENDIX C. SOLUTION AS EXPRESSED VIA SPECTRAL THEORY

We shall now present the spectral expansion of the solution f to (1.2).
Though we shall not directly link it to the expression (B.13), there is in fact
a famous connection between Kloosterman sums and the spectral theory of
automorphic forms (see, for example, [27,29]).

A significant complication here is that the source term —(2¢ (3)E%)2 in

(1.2) is not integrable over the automorphic quotient, hence a divergent
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contribution must be subtracted from it. However, it is striking that the
corresponding source term is integrable for D5, Eg, F7, and Eg [3,4].
Consider L?(T'\H), with the inner product

(fi, fa) = /F\Hf1(93+iy)f2($+iy)dz;@- (C.1)

The Rolcke-Selberg spectral expansion theorem states that any function
H € L*(I'\H) can be expanded as

o)

Hz) = S (H, 65 65(9) + —

— H EHE;(Q)ds, C.2
> Tt o BIE@) s, (€2

where the ¢; are an orthonormal basis for the discrete spectrum satisfying

(A +Xj)¢; = 0 for some eigenvalue \;j > 0 (¢g is the constant \/%, whereas

the ¢; for j > 1 are Maass cusp forms).
Consider the inhomogeneous differential equation

(A-12)F = —E32/2, F automorphic under I, (C.3)

which differs from (1.2) by the constant multiple 4¢(3)2. The polynomially-
bounded solutions to its homogeneous analog

(A—12)F = 0 (C.4)

which are automorphic under I" are all scalar multiples of the Eisenstein se-
ries E,, which we recall grows like y* as y — 0o. Because of the growth con-
dition (1.4), the solution f to (1.2) is 4¢(3)? times the unique I'-automorphic
solution F(x + iy) to (C.3) which grows by at most O(y?) in the cusp.

For large values of y, the Eisenstein series Es(x + iy) is asymptotic to its

constant term Fp o(y) = y*+¢(2s—1)y' = given in (2.4), where c(s) = ¢£&%

and £(s) = m%/2I'(s/2)¢(s). Thus the righthand side of (C.3) is asymptotic
to —y>—2¢(2)y—c(2)?y~! as y — oco. The automorphic function Fy, defined
as the constant term in the Laurent expansion

E, = ﬁ + By + (s—l)E1 + O((s—1)%) (C.5)
of s at s =1, is asymptotic to y as y — oo. Therefore
H := —Ej, + Es + 2¢(2)E1 = O(log(y)) (C.6)

and is in particular in L?(I'\H). Applying the spectral expansion (C.2), we
see that

PRI R o L) T =9 B g )ds.
jzo)\j—l—12 4mi JRe s=1/2 (s —1) — 12
(C.7)
Since H is square integrable and since the coefficients on the righthand
side of (C.7) are each smaller than their respective counterparts in (C.2),
Parseval’s theorem shows that (A — 12)7'H is also in L?(I'\H).
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Applying A to both sides of (C.5) and comparing constant terms in s at
s = 1 results in the differential equation AFE; = % Since AFE3 = 6E3, we
conclude

. = (H,¢;
o= RO+ 2BE@+ ) - 3 5 6)
=0
1 (H, Es)
05 o) T €

is the unique solution to (C.3) which is O(y3) for large y.

The solution (C.8) can be explicated by computing the inner products
(H,¢;) and (H, Eg). For j > 1 the former are more complicated and can be
computed in terms the L-functions of the Maass forms ¢; using the Rankin-
Selberg unfolding method. However, since the Maass forms themselves are
quite mysterious, this is of dubious direct utility. The Maass forms are char-
acterized by having zero constant term. This indicates that the nonconstant
Fourier modes of the solution to (1.2) are difficult to directly compute using
the spectral expansion.

At the same time, the inner products (H, ¢o) and (H, Es) can be computed
very explicitly, and together give an alternative derivation of the constant
Fourier mode (2.55) of the solution to (1.2). The rest of this appendix
indicates how these computations are carried out.

Let Fo = {z +iylz € [-3,3],2° + y*> > 1,y < C} denote the points
in the standard fundamental domain F for SL(2,Z) having imaginary part
bounded by C. Let A¢ be the truncation operator on automorphic functions
which subtracts the constant term at points in the I'-translates of F — F¢:

o bty — [Fé(u+iy)du, y € F—Fe,
(ACH)(x +iy) = { et i)~y olur i v €7 =For oy

(this formula defines A“¢ on the fundamental domain F; its value elsewhere
is determined by automorphy).
The Maass-Selberg relations state that

Csl+§fl S1—S2 S2—S1

_ 255 — 1 251 — 1
81+?2—1+C( 52 )81—§+C( °1 )82—81

01—51—5

<ACE517E52> =

+c(2s1 —1)c(253 — 1) (C.10)

— 81— 82
Since AYEy, decays rapidly in the cusp, this inner product differs from
Jre Eleiﬂ% by an additive term of size o(1) as C' — oo.

Since H is square-integrable its inner product with FEj/ ; converges,
though the inner products of its three constituent terms in (C.6) do not.
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Write

. 2 dr d
(H, Brjopa) = — lim . E5(QE;_;,(Q) =" +

. dzdy . - dz dy
le;o . ES(Q)Eéfit(Q) 2 T2 c(2) Clgnoo . 11 (Q)E%ﬂt(g) 2
(C.11)

Since the compensating o(1) terms disappear in the C' — oo limit, E; /o
can be replaced with ACE; /2—it in each of the above integrals. The second
integral on the righthand side can then be directly handled by (C.10), while
the third integral requires simply taking the constant term in the Laurent
expansion of both sides at so = 1.

However, the integral involving E 3 (2)2E,(z) is more subtle since standard

regularization techniques (such as Zagier’s method [30]) do not directly ap-
ply. This is because if we unfold the fastest growing series, Es, there still
2

remains the product Es E1_,,, which has size on the order of y2. Zagier’s
2 2

method first truncates Es by subtracting a term of size y3/2, and what re-
2

mains decays only like y~1/2; this is not enough to get integrability. Instead

we play a similar game as in (C.6) by using other Eisenstein series which
match those growth rates, and rewrite the first integral on the righthand
side of (C.11) as

/ E§/2(Q)E%—it(ﬂ) digy =
Fo

Ey3()[Baa(Q)Ey_iy() = Er-ie(Q) = 6(3 — it) B (2)] 45

Fc
+ E3(Q) By (Q) v 4 oL —it) B39(Q) Eapip(Q) %52
Fo 2 Y Fc Y
(C.12)

The advantage of this rearrangement is that the bracketed expression on
the righthand side grows at most like O(logy), and so Zagier’s truncation
applies. The last two integrals can be estimated using the Maass-Selberg
relations (C.10).

Finally, the inner product (H, ¢g) can be also computed using these tech-
niques (using the fact it the residue of Es at s = 1 is a constant function),
though an important simplification occurs because ¢g is constant: namely,
the truncated integral of E§ /2¢0 = ?Eg s2E3/5 can be computed using the

Maass-Selberg relations (C.10).
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