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BIG PICARD THEOREM AND ALGEBRAIC HYPERBOLICITY FOR
VARIETIES ADMITTING A VARIATION OF HODGE STRUCTURES

YA DENG

ABSTRACT. For a complex smooth log pair (Y, D), if the quasi-projective manifold U =
Y — D admits a complex polarized variation of Hodge structures with local unipotent
monodromies around D or admits an integral polarized variation of Hodge structures,
whose period map is quasi-finite, then we prove that (Y, D) is algebraically hyperbolic
in the sense of Demailly, and that the generalized big Picard theorem holds for U: any
holomorphic map f : A — {0} — U from the punctured unit disk to U extends to a
holomorphic map of the unit disk A into Y. This result generalizes a recent work by
Bakker-Brunebarbe-Tsimerman, in which they proved that if the monodromy group
of the above variation of Hodge structures is arithmetic, then U is Borel hyperbolic:
any holomorphic map from a quasi-projective variety to U is algebraic.
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0. INTRODUCTION

0.1. Main results. The classical big Picard theorem says that any holomorphic map
from the punctured disk A* into P! which omits three points can be extended to a
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holomorphic map A — P!, where A denotes the unit disk. Therefore, we introduce a
new notation of hyperbolicity which generalizes the big Picard theorem.

Definition 0.1 (Picard hyperbolicity). A quasi-projective variety U is Picard hyperbolic
if for some (thus any) projective compactification Y of U, any holomorphic map f :
A" — U extends to a holomorphic map f : A — X.

Picard hyperbolic varieties fascinate the author a lot because of the recent interest-
ing work [JK18b] by Javanpeykar-Kucharczyk on the algebraicity of analytic maps.
In [JK18b, Definition 1.1], they introduce a new notion of hyperbolicity: a quasi-
projective variety U is Borel hyperbolic if any holomorphic map from a quasi-projective
variety to U is necessarily algebraic. In [JK18b, Corollary 3.11] they prove that a Picard
hyperbolic variety is Borel hyperbolic. We refer the readers to [JK18b, §1] for their mo-
tivation on the Borel hyperbolicity. By A. Borel [Bor72] and Kobayashi-Ochiai [KO71],
it has long been known to us that the quotients of bounded symmetric domains by tor-
sion free arithmetic groups are hyperbolically embedded into their Baily-Borel-Satake
compactification, and thus they are Picard hyperbolic (see [Kob98, Theorem 6.1.3]). An
analogue of bounded symmetric domains is the rich theory of period domain, which
was first introduced by Griffiths [Gri68a] and was later systematically studied by him
in the seminal work [Gri68b, Gri70a, Gri70b]. Griffiths further conjectured that the im-
age of a ‘period map’ is algebraic and that the period map is algebraic. In [JK18b, §1.1]
Javanpeykar-Kucharczyk formulated an inspiring variant of Griffiths’ conjecture as
follows.

Conjecture 0.2 (Griffiths, Javanpeykar-Kucharczyk). An algebraic variety U which
admits a quasi-finite period map U — Z)/F is Borel hyperbolic.

Unlike Hermitian symmetric spaces, except the classical cases (abelian varieties, and

K3 type), the quotient of period domain D/r in Conjecture 0.2 is never an algebraic
variety, and the global monodromy groups I is not arithmetic in general. However, it
is still expected and conjectured by Griffiths that there is a ‘partial compactification’

for D/r analogous to the Baily-Borel-Satake compactification in the sense of [Gri70b,

Conjecture 9.2] or [GGLR17, Conjecture 1.2.2]. For a period map p : U — D/r, in
[GGLR17] Green-Griffiths-Lazza-Robles constructed Hodge theoretic completion for
the image p(U) when dim p(U) = 1, 2.

In a recent remarkable work [BBT18], Bakker-Brunebarbe-Tsimerman proved (among
others) that a variety (or more generally Deligne-Mumford stacks) admitting a quasi-
finite Rapexp-period map is Borel hyperbolic. Since they applied the tools from o-
minimal structures, they have to assume that the monodromy group of variation of
Hodge structures they studied are arithmetic. In this paper, we extend their theorem
to the Picard hyperbolicity, and we also remove their arithmeticity condition for mon-
odromy groups. The first result is the following.

Theorem A. Let Y be a complex projective manifold and let D be a simple normal cross-
ing divisor on Y. Assume that there is a complex polarized variation of Hodge structures
over U := Y — D with local unipotent monodromies around D whose period map is quasi-
finite (i.e. every fiber is a finite set). Then U is both algebraically hyperbolic, and Picard
hyperbolic. In particular, U is Borel hyperbolic.

We refer the reader to § 1.1 for complex polarized variation of Hodge structures (C-
PVHS for short), and to Definition 3.1 for the definition of algebraic hyperbolicity. As
a consequence of Theorem A, we obtain the following result for varieties admitting an
integral variation of Hodge structures, which in particular confirms Conjecture 0.2.
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Theorem B. Let U be a quasi-projective manifold and let (V,V, F*,Q) be an integral
polarized variation of Hodge structures over U, whose period map is quasi-finite. Then U
is both algebraically hyperbolic and Picard hyperbolic. In particular, U is Borel hyperbolic.

Let us mention that when the monodromy group of polarized variation of Hodge
structures (V,V,F®,Q) in Theorem B is assumed to be arithmetic, Borel hyperbol-
icity of the quasi-projective manifold U in Theorem B has been proven in [BBT18,
Corollary 7.1]. Our proofs of Theorems A and B are based on complex analytic and
Hodge theoretic methods, and it does not use the delicate o-minimal geometry in
[PS08,PS09, BKT18, BBT18]. Let us also mention that using Mochizuki’s norm esti-
mate for tame harmonic bundles in [Moc07] instead of the estimate for Hodge norms
in [CKS86], we can even remove the assumption of ‘unipotent monodromies around
D’ in Theorem A. However, it will make the paper more involved and we shall work
on it in another paper.

0.2. Main strategy.

0.2.1. Why not Hodge metric? Let Y be a projective manifold and let D be a simple
normal crossing divisor on Y. Assume that there is a complex polarized variation of
Hodge structures (V,V,F*,Q) on U = Y — D. Then there is a natural holomorphic
map, so-called period map, p : U — D/F where D is the period domain associated
to (V,V,F®,Q) (see [CMSP17] or [KKMT11, §4.3] for the definition) and I is the mon-
odromy group. The period domain O admits a canonical (I'-invariant) hermitian met-
ric hp, and by Griffiths-Schmid [GS69] its holomorphic sectional curvatures along hor-
izontal directions are bounded from above by a negative constant. One can thus easily
show the Kobayashi hyperbolicity of U if p is immersive everywhere. Indeed, since
p is tangent to the horizontal subbundle of Ty by the Griffiths transversality, one can
pull back the metric hy to U by p and by the curvature decreasing property, the holo-
morphic sectional curvature of the hermitian (moreover Kahler) metric hy := p*hp on
U is also bounded from above by a negative constant. This Kahler metric hy is quite
useful in proving that the log cotangent bundle Qy(log D) is big and that (Y, D) is of
log general type in the work [Zuo000,Bru18,BC17]. However, such metric hy is not suf-
ficient to prove the Picard hyperbolicity of U since hy might degenerate in a bad way
near the boundary D and thus its curvature behavior near D is unclear to us. To the
best of our knowledge, it should be quite difficult to prove that U is Picard hyperbolic
or algebraically hyperbolic without knowing the precise information of hy near D.

0.2.2. A Finsler metric on the compactification. The recent works [LSZ19,Den19] on the
Borel and Picard hyperbolicity of moduli of polarized manifolds by Lu, Sun, Zuo and
the author motivated us to prove Theorem A. An important tool (amongs others) in
these works, is a particular Higgs bundle constructed by Viehweg-Zuo [VZ02,VZ03]
(later developed by Popa el al. [PS17, PTW18] using mixed Hodge modules), which
contains a globally positive line bundle over the compactification Y rather than U.
This positive line bundle originates from Kawamata’s deep work [Kaw85] on the Iitaka
conjecture: for an algebraic fiber space f : X — Y between projective manifolds
whose geometric generic fiber admits a good minimal model, det f.(mKx/y) is big for
m > 0 if f has maximal variation. In an ingenious way, Viehweg-Zuo [VZ02, VZ03]
applied Viehweg’s fiber product and cyclic cover tricks to transfer Kawamata’s posi-
tivity det f.(mKx/y) to their Higgs bundles.

We first note that in the case that there is a C-PVHS (V, V, F*, Q) over Y — D where
(Y, D) is a log pair, one also has a strictly positive line bundle on U if the period map
is generically immersive, which was constructed by Griffiths in [Gri70a] half century
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ago! Based on the work [CKS86,Kas85] on the asymptotic estimate for Hodge metrics
at infinity, Bakker-Brunebarbe-Tsimerman [BBT18] showed that this Griffiths line bun-
dle extends to a big line bundle Lg,; over Y if the monodromies of (V, V, F®, Q) around
D are unipotent (see Lemma 1.4). As we will see later, the Griffiths line bundle plays
a similar role as the Kawamata positivity described above. Indeed, based on the above
C-PVHS (V, V, F*, Q) we construct a Higgs bundle (E, 0) = (®p1g=-mEP?, ®p1g=mbpq) on
the log pair (Y, D) so that the Griffiths line bundle Lg;; is contained in some higher stage
EPo® of E. This Higgs bundle shares some similarities with the Viehweg-Zuo Higgs
bundle in [VZ02,VZ03] (see Remark 1.6). Inspired by our previous work [Den18b] on
the proof of Viehweg-Zuo’s conjecture on Brody hyperbolicity of moduli of polarized
manifolds, in Theorem 1.8 we show that (E, 0) still enjoys a ‘partially’ infinitesimal
Torelli property. This enables us construct a negatively curved, and generically posi-
tively definite Finsler metric on U, in a similar vein as [Den18a, Den19].

Theorem C (=Theorem 1.5+Theorem 2.6). Let Y be a projective manifold and let D be
a simple normal crossing divisor on Y. Assume that there is a complex polarized variation
of Hodge structures over Y — D with local unipotent monodromies around D, whose period
map is generically immersive. Then there are a Finsler metric h (see Definition 2.1) on
Ty (—log D) which is positively definite on a dense Zariski open set U° of Y — D, and a
smooth Kdhler form w on'Y such that for any holomorphic mapy : C — U from an open
set C c C toU, one has

(0.2.1) V-13dlog |y’ (D)} > y"w.

Let us mention that, though we only construct (possibly degenerate) Finsler met-
ric over Ty(—log D), it follows from (0.2.1) that we know exactly the behavior of its
curvature near the boundary D since w is a smooth Kahler form over Y. The proof
of Theorem A is then based on Theorem C and the following criteria for big Picard
theorem established in the appendix whose proof is Nevanlinna theoretic.

Theorem D. LetY be a projective manifold and let D be a simple normal crossing divisor
onY. Let f : A* — Y — D be a holomorphic map. Assume that there is a (possibly
degenerate) Finsler metric h of Ty (—log D) such that |f’(t)|i # 0, and

(0.2.2) %V—_la:?log IO > ffw

for some smooth Kdhler metric w on'Y. Then f extends to a holomorphic map]_c A > Y.

0.3. Acknowledgments. Iwould like to thank Professors Junyan Cao, Ariyan Javan-
peykar and Emmanuel Ullmo for discussions. I specially thank Professor Ariyan Javan-
peykar for his interests and various comments on this paper. This work is supported
by IHES.

1. CONSTRUCTION OF SPECIAL HIGGS BUNDLES

1.1. Preliminary on complex variation of Hodge structures. A log pair (Y,D)
consists of a smooth projective manifold and a simple normal crossing divisor D, and
such log pair (Y, D) is called a log-compactification of the quasi-projective manifold
Y-D.

Definition 1.1. A Higgs bundle on a log pair (Y, D) is a pair (E, 0) consisting of a
holomorphic vector bundle E on Y and an Oy-linear map

0:E— E®Qy(logD)
so that 8 A 6 = 0. Such 0 is called Higgs field.
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Following Simpson [Sim88], a complex polarized variation of Hodge structures of
weight m over U = Y — D is a C*-vector bundle V = 4=,V and a flat connection
V satisfying Griffiths’ transversality condition.

(1.1.1) V VP — ACL(yPHLaTY) g AL(VPD) @ AN (VPRI

and such that a polarization exists; this is a sesquilinear form Q(e, ®) over V, hermitian
symmetric or antisymmetric as m is even or odd, invariant under V, such that the
Hodge decomposition V = 4= V"7 is orthogonal and such that

h:= (V=1)P"9Q(e,0) > 0

on VP4,
Let us decompose V into operators of (1,0) and (0, 1)

V=V +V’
and thus V” induces a complex structure on V. We define a filtration
PPV =yPligVPiilg...evm

and by (1.1.1) FPV is invariant under V”. Hence FPV can be equipped with the complex
structure inherited from (V, V"), and the filtration

F*:V=FV>FV>..5F">F"YV={0}

is called the Hodge filtration. Such data (V, V, F®, Q) is called a complex polarized vari-
ation of Hodge structures (C-PVHS for short) on U.
Note that the flat connection V in (1.1.1) induces an Oy-linear map

Npq : FPV/FPT'V — (FFT'VFPV) © Q.

Let us denote by F := @,(FFV/FP*'V) and n = @,1,4. Then (F,n) is a Higgs bundle
onU.

We say the C-PVHS (V, V, F*, Q) on U has unipotent monodromies around D if local
monodromies around D of the local system on U induced by the flat bundle (V, V) are
all unipotent.

For two C-PVHS (V3, V1, F*V;, Q1) and (Va, Vg, F*V,, Q2) of weight my and m; over
Y — D, one can define their tensor product, which is still C-PVHS with weight m; +
my. Moreover, if they both have unipotent monodromies around D, so is their tensor
product.

Remark 1.2. 1t is well-known that C-PVHS are quite close to real variation of Hodge
structures (R-PVHS for short, see [CKS86] for a previse definition). Indeed, one can
obtain a R-PVHS by adding the C-PVHS with its conjugate. In particular, the estimate
of Hodge metric at infinity of a R-PVHS in [CKS86] also holds true for C-PVHS.

For a C-PVHS (V,V, F*, Q) defined over U = Y — D with unipotent monodromies
around D, there is a canonical way to extend it to a Higgs bundle over the log pair
(Y,D). By Deligne, V has a locally free extension V to Y such that V extends to a
logarithmic connection

V:V = VeQy(logD)

with nilpotent residues. For each p we set

FV.=LFVAV
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where 1 : U <= Y is the inclusive map. By Schmid’s nilpotent orbit theorem [Sch73],
both F'V and the graded term = I_JPV/ﬁpHV are locally free, and V induces an
Opy-linear map

Mg I F e Qy(log D).
Hence the pair
(1.1.2) (F.7) = (@pegemF " @prgmmilpg)
is a Higgs bundle on the log pair (Y, D), which extends (F, n) defined over U.

Definition 1.3. We say that Higgs bundle (F,7) over (Y, D) in (1.1.2) is canonically
induced by the C-PVHS (V,V, F*, Q).

1.2. Griffiths line bundle. For the C-PVHS (V,V, F®,Q) defined over U as above,
in [Gri70a], Griffiths constructed a line bundle Lg,; on U, which he called the canonical
bundle of (V,V,F*®,Q). In [BBT18, Lemma 6.4] Bakker-Brunebarbe-Tsimerman proved
that the Griffiths line bundle indeed extends to a big line bundle on Y.

Lemma 1.4 ( [BBT18, Lemma 6.4]). Let (Y, D) be a log pair. Let (V,V,F*, Q) be a C-
PVHS of weight m over Y — D with unipotent monodromies around D, whose period map
is generically immersive. Then the Griffiths line bundle

Lon = (det F™)®m @ (det F" ") D g ... @ detF" '

is a big and nef line bundle on Y. Here (@p+q:mfp’q, Dp+g=mllpg) is the Higgs bundle on
(Y, D) canonically induced by (V,V, F®, Q) defined in Definition 1.3.
1.3. Special Higgs bundles induced by C-PVHS. Let (Y, D) be alog pair. Let (V, V, F*, Q)
be a C-PVHS of weight m over Y — D with unipotent monodromies around D, whose
period map is generically immersive. Let (F,7) be the Higgs bundle over the log pair
(Y, D) canonically induced by (V,V, F*, Q) defined in Definition 1.3. Let us denote by
rp =rank FP9 and r :== mry, + (m = D)rpm_y + - - + 711,
We define a new Higgs bundle (E, 0) on (Y, D) by setting (E, 6) := (F, 7)®". Precisely,
E = l_*"®r, and

0=71® - 01+1®701®---®1+---+1®--- 0 117.
— S— —

(r—1)—tuple (r—2)—tuple (r—1)—tuple
We have the (Hodge) decomposition
E = ®pyg-rmE™?

with
(1.3.1) EP =@, ippgrigeoF @ @F "
Hence

6 : EP9 — EP-19*1 @ Oy (log D).
One can easily show that (E, 0) is canonically induced by the C-PVHS (V,V, F*,Q)®"

in the sense of Definition 1.3. Note that the tensor product (V, V, F*, Q)®" has weight
m - r, and also has unipotent monodromies around D.

Note that det 74 = AnF"? ¢ (Fp’q)@l’ c F°'? Hence
Lon == (det F)®me(det FT )M V. . .@detF " c (F")®mng...@F " e C E

Moreover, by (1.3.1), one has
Loy € EP
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with Py = rpm? + -y (m = 1) + - +ry, and Py + Qo = rm.
In summary, we construct a special Higgs bundle on the log pair (Y, D) as follows.

Theorem 1.5. Let (Y, D) be a log pair. Let (V,V, F®,Q) be a C-PVHS over Y — D with
unipotent monodromies around D, whose period map is generically immersive. Then there
is a Higgs bundle (E, 0) = (®p+q=E, 0) on the log pair (Y, D) satisfying the following
conditions.

(i) The Higgs field 0 satisfies
6 : EM — EPL9*1 ® Qy(log D)

(ii) (E,0) is canonically induced (in the sense of Definition 1.3) by some C-PVHS over
Y — D of weight ¢ with unipotent monodromies around D.

(iii) There is a big and nef line bundle L over Y such that L C EP*% for some py + qo =
L. m|

Remark 1.6. The interested readers can compare the Higgs bundle in Theorem 1.5 with
the Viehweg-Zuo Higgs bundle in [VZ02,VZ03] (see also [PTW18]). Loosely speaking,
a Viehweg-Zuo Higgs bundle for a log pair (Y, D) is a Higgs bundle (E = @,44-mE", 0)
over (Y,D + S) induced by some (geometric) Z-PVHS defined over a Zariski open set
of Y — (DUS), where S is another divisor on Y so that D + S is simple normal crossing.
The extra data is that there is a sub-Higgs sheaf (F = @p44=nF9, 1) C (E, 0) such that
the first stage F™ is a big line bundle, and

n: FP9 — FP7L9*1 @ Qy(log D).

As we explained in § 0.2.2, the positivity F*° comes in a sophisticated way from the
Kawamata’s big line bundle det f.(mKx,y) where f : X — Y is some algebraic fiber
space between projective manifolds. For our Higgs bundle (E = ®,44=nE9, 0) over the
log pair (Y, D) in Theorem 1.5, the global positivity is the Griffiths line bundle which
is contained in some intermediate stage EP*% of (E = @p4¢=-mEP, 0).

1.4. Iterating Higgs fields. Let (E = ®,,4-E, 0) be a Higgs bundle on a log pair
(Y, D) satisfying the three conditions in Theorem 1.5. We apply ideas by Viehweg-
Zuo [VZ02,VZ03] to iterate Higgs fields.

Since 0 : EP9 — EP~14*1 @ Qy(log D), one can iterate 6 by k-times to obtain

EPodo 5 EPo~La0tl @ Oy (log D) — - - - — EPTROH @ @Ky (log D)
Since 6 A 6 = 0, the above morphism factors through
EPrd — pPRaott @ Sym*Qy (log D)
Since L is a subsheaf of EP*%_ it induces
L — EPrkaotk @ SymkQy (log D)
which is equivalent to a morphism
(1.4.1) 7 : Sym* Ty (— log D) — L™ @ EPo—kaotk

The readers might be worried that all 7, might be trivial so that the above construction
will be meaningless. In the next subsection, we will show that this indeed cannot
happen.
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1.5. An infinitesimal Torelli-type theorem. We first follow ideas in [VZ03, §7] to
give some “proper” metric on the special Higgs bundle (E, 0) constructed in Theo-
rem 1.5. A more general result for Z-PVHS with quasi-unipotent monodromies are
obtained by Popa-Taji-Wu [PTW18].

Let (E = ®p4+¢q=¢EP9, ) be a Higgs bundle on a log pair (Y, D) satisfying the three
conditions in Theorem 1.5. Write the simple normal crossing divisor D = Dy + -+ +
Dy. Let fp, € H(Y,Oy(D;)) be the canonical section defining D;. We fix a smooth
hermitian metrics gp, on Oy(D;). After rescaling gp,, we assume that | fp, lgp, < 1 for
i=1,...,k. Set

k
rp = | [(~logfoil3,)-
i=1

Let g be a singular hermitian metric with analytic singularities of the big and nef line
bundle L such that g is smooth on Y \ B, (L) where B, (L) is the augmented base locus
of L, and the curvature current \/—_1®g (L) > w for some smooth Kahler form w on Y.
For a € N, define

hL =4g- (FD)a
The following proposition is a variant of [VZ03, §7] (see also [PTW18, §3] for a more
general statement).

Proposition 1.7. When a > 0, after rescaling fp,, there exists a continuous, positively
definite hermitian form w, on Ty (—log D) such that

(i) the curvature form
V=104, (L)v, = 15’ - @ajuyy V=10p,(L) > @

where w is a smooth Kéhler metricon'Y, and Uy := Y \ (D U B4(L)).

(ii) The singular hermitian metric h := hzl ® hpod on L™ ® E is locally bounded on Y,
and smooth outside D U B, (L), where hyoq is the Hodge metric for the Higgs bundle
(E, 0)|y. Moreover, h vanishes on D U B, (L).

(iii) The singular hermitian metricrjh on L' ® E is also locally bounded on'Y and van-
ishes on D. O

Let us explain the idea of the proof for Proposition 1.7. Proposition 1.7.(i) follows
from an easy computation. Recall that local monodromies around D of the local system
induced by C-PVHS (E, )|y are assumed to be unipotent. By the deep work by Cattani-
Kaplan-Schmid [CKS86] (see also [VZ03, Claim 7.8]) on the estimate of Hodge metrics,
we know that the Hodge norms for local sections of E have at most logarithmic growth
near D, which can be controlled by r,* if « > 0.

Now let us prove the following result which is a variant of [Den18b, Theorem C].
It in particular answers the question in last subsection, and this result is crucial in

constructing negatively curved Finsler metric over Ty (—log D) in Theorem C.

Theorem 1.8 (Infinitesimal Torelli-type property). The morphism 7 : Ty(—log D) —
L™ @ EPo~L90%! defined in (1.4.1) is always generically injective.

The proof is almost the same at that of [Den18b, Theorem C]. We provide it here
for completeness sake.

Proof of Theorem 1.8. By Theorem 1.5.(iii), the inclusion L C EP>% induces a global
section s € H°(Y, L™! ® EPo®), which is generically non-vanishing over U = Y — D. Set

(15.1) Uy ={yeY—(DUB.(L)) |s(y) # 0}
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which is a non-empty Zariski open set of U. Since the Hodge metric hy.q is a direct
sum of metrics h, on EP9, the metric h for L7 ! ® E is a direct sum of metrics hzl - hy
on L™! ® EP4, which is smooth over Uy := Y — (D UB,(L)). Let us denote D’ to be the
(1,0)-part of its Chern connection over U;, and © to be its curvature form. Then by
the Griffiths curvature formula of Hodge bundles (see [CMSP17, p. 363]), over U, we
have

©=-0r ® T+1® ®hPo (Epo’qo)
= =0, ® 1= 1@ (65,4 A Opoge) = 1® (Opgrrgo-1 A Oy iy g0 1)
(1.5.2) =-0p; @1- 9;0,% A Opogo = Opyt1.go-1 A 0;0+1,q0—1

where we set
ep,q = O|ppa : EP4 — EPLatl g Qy(logD)
and
0pg=1®0,,: L@ EPY — L1 @ EPF719"1 @ Qy(log D)

and define é;,q to be the adjoint of ép,q with respect to the metric ;' - h. Hence over
U; one has

— {\/—_19(3),3}h V=1{D’s, s}y A {s,D’s}, V—1{D’s,D’s},,
—V-100log |s|,21 = NE + N - e
h h h

< {V—l@(s),s}h
Isly
thanks to Cauchy-Schwarz inequality
V=1|s|? - {D’s,D’s}p, > V-1{D’s,s}p A {s,D's}y.
Putting (1.5.2) to (1.5.3), over U; one has
_ { ‘_1920,% A ePO’CIO(s)’ s}h

(1.5.3)

V-10r,, — V-13dlog |s|,21 <

13
3 {\/—_19po+1,qo—1 A 9;0“,(10_1(3),3}}1
sl
_ V—_l{épo,qo(s),épo,qo(s)}h . {9;0+1’q0_1(s), 0;0“’%_1(5)}}!
s, %
(154) V{00 (9). O (9)},
. ) sl

where QNPOJqO(s) € H'(Y,L! ® EP~49*! @ Qy(log D)). By Proposition 1.7.(ii), one has
|s|,21(y) = 0 for any y € D U B,(L). Therefore, there exists y, € Uy so that |s|fl(y0) >
|s|fl(y) for any y € U,. Hence |s|}21(y0) > 0, and by (1.5.1), yo € U;. Since |s|fl is
smooth over Uy, Y—-19dlog |s|Z is semi-negative at yy by the maximal principle. By
Proposition 1.7.(i), V=1@y, is strictly positive at yo. By (1.5.4) and |s|}21(y0) > 0, we
conclude that V-1 {Népo,qo (s), épo,qo(s)} , 1s strictly positive at yo. In particular, for any
non-zero & € Ty, Op, q4,(s) (&) # 0. For

1 : Ty(=log D) — L™! @ EPo~1dot!
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in (1.4.1), over U it is defined by 71(£) := 0,4, (s)(£), which is thus injective at y, € U.
Hence 1 is generically injective. The theorem is thus proved. ]

2. CONSTRUCTION OF NEGATIVELY CURVED FINSLER METRIC
We first introduce the definition of Finsler metric.

Definition 2.1 (Finsler metric). Let E be a holomorphic vector bundle on a complex
manifold X. A Finsler metric on E is a real non-negative continuous function h : E —
[0, +o0[ such that

h(av) = |alh(v)
for any a € Cand v € E. The metric h is positively definite at a subset U C X if h(v) > 0
for any nonzero v € E, and any x € U.

We shall mention that our definition is a bit different from that in [Kob98, Chap-
ter 2, §3], which requires convexity, and the Finsler metric therein can be upper-semi
continuous.

Let (E = ®p4+¢q=¢EP9, 0) be a Higgs bundle on a log pair (Y, D) satisfying the three
conditions in Theorem 1.5. We adopt the same notations as those in Theorem 1.5
and § 1.5 throughout this section. Let us denote by n the largest non-negative number
for k so that 7 in (1.4.1) is not trivial. By Theorem 1.8, n > 0. Following [Den18a, §3.4]
we construct Finsler metrics Fy, ..., F, on Ty(—log D) as follows. By (1.4.1), for each
k =1,...,n, there exists

Tp : Sykay(— log D) — Ll @ EPo—kdotk

Then it follows from Proposition 1.7.(ii) that the (Finsler) metric h on L™! @ EPo~qo*k
induces a Finsler metric Fi on Ty (- log D) defined as follows: for any e € Ty(—1log D)y,

(2.0.1) Fe(e) = h(m(e®9))*

Let C c C be any open set of C. For any holomorphic mapy : C —» U :=Y — D, one
has

(2.0.2) dy : Te —» y'Ty — y*Ty(-log D).

We denote by 9; := % the canonical vector fields in C c C, o9; := % its conjugate. The
Finsler metric F; induces a continuous Hermitian pseudo-metric on C, defined by

(2.0.3) Y F2 = V=1Gy(t)dt A dE.

2
Hence Gy (t) = |7 (dy(at)®k)|§, where 7y is defined in (1.4.1).
By Theorem 1.8, there is a Zariski open set U° of U such that U° N B, (L) = &, and
71 is injective at any point of U°. We now fix any holomorphic map y : C — U with
y(C)NU°® # &. By Proposition 1.7.(ii), the metric h for L™! ® E is smooth and positively
definite over U — B, (L). Hence G;(t) # 0. Let C° be an (non-empty) open set of C
whose complement C \ C° is a discrete set so that
e The image y(C°) c U°.
e For every k = 1,...,n, either G¢(t) = 0 on C° or G¢(t) > 0 for any t € C°.
e y/(t) # 0 for any t € C°, namely y|c- : C° — U is immersive everywhere.
By the definition of Gi(t), if G¢(t) = 0 for some k > 1, then Tk(ﬁg‘pk} = 0 where 7 is
defined in (1.4.1). Note that one has Tkﬂ(a?(kﬂ)) = é(rk(a;@k))(at), where

6=1,-1®0:L'®E > L' ® E® Qy(log D)
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We thus conclude that Gi,;(t) = 0. Hence it exists 1 < m < n so that the set {k |
Gi(t) > 0overC°} ={1,...,m},and G,(t) =0 forall £ =m+1,...,n. From now on,
all the computations are made over C° if not specified.

Using the same computations in the proof of [Denl8a, Proposition 3.12], we have
following curvature formula.

Theorem 2.2. Fork =1,...,m, over C° one has
(92 lo G1 - G2 .
(2.0.4) Tgf > @pp, (01, 0;) — G—j if k=1,
9 log Gg 1 - Gl[z IF} .
(205) W > E(®L’hL(at, (9t) + Gk—l — GZ lf k> 1.
k-1 k

Here we make the convention that Gp.1 = 0 and % = 0. We also write 9; (resp. 0;) for
dy(;) (resp. dy(0;)) abusively, where dy is defined in (2.0.2). m|

Let us mention that in [Den18a, eq. (3.3.58)] we drop the term @y, p, (9;, 9;) in (2.0.5),
though it can be easily seen from the proof of [Den18a, Lemma 3.9].

We will follows ideas in [Den18a, §3.4] (inspired by [TY15, BPW17, Sch17]) to in-
troduce a new Finsler metric F on Ty (— log D) by taking convex sum in the following
form

(2.0.6) Fi=q| > kexFL.
k=1

where a3, ..., a, € R" are some constants which will be fixed later.
For the above y : C — U with y(C) NU° # &, we write

Y F? = V=1H(t)dt A df.
Then
(2.0.7) H(t) = Z k.G (1),
k=1

where Gy is defined in (2.0.3). Recall that for k = 1,...,m, G¢(t) > 0 for any ¢t € C°.
We first recall a computational lemma by Schumacher.

Lemma 2.3 ( [Sch17, Lemma 17]). Let &j > 0 and G; be positive real numbers for
j=1,...,n. Then

i1 .
$ 0% 0
(4 - - —_—
J ~j—1 J-1 ]—2)
Jj=2 Gj—l Gj—l
_ i—1 2
> 1 0{? 2 0‘:11:% 2 S 0{}_1 0{; 2
(208) > 5 - ?Gl + - Gn + ? - IS G]
2 n ]':2 (x] 0(j+1

O

Now we are ready to compute the curvature of the Finsler metric F based on Theo-
rem 2.2.

Theorem 2.4. Fix a smooth Kdhler metric w on Y. There exist universal constants 0 <
a1 < ...<ayandd > 0, such that foranyy : C — U =Y — D with C an open set of C
and y(C) NU° # &, one has

(2.0.9) V=18alog |y’ (t)|% = 6y*w
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Proof. By Theorem 1.8 and the assumption that y(C) N U°® # &, G1(¢) # 0. We first
recall a result in [Den18a, Lemma 3.11], and we write its proof here for it is crucial in
what follows.

Claim 2.5. There is a universal constant ¢y > 0 (i.e. it does not depend on y) so that
OLp, (01, 0) = coGi(t) forallt € C.

Proof of Claim 2.5. Indeed, by Proposition 1.7.(i), it suffices to prove that
19 v (rptoa)

3 = C0

|71 (dy(a)];

for some ¢y > 0, where w, is a positively definite Hermitian metric on Ty(—log D).
Note that

(2.0.10)

2
|atly*(r52.wa) B | tl)/ (r o ) |at (w )
@@l 1ol Al

where 7] (rzD - h) is a Finsler metric (indeed continuous pseudo hermitian metric) on
Ty (—log D) by Proposition 1.7.(iii). Since Y is compact, there exists a constant ¢y > 0
such that

Wq = cori"(rlz) - h).
Hence (2.0.10) holds for any y : C — U with y(C) N U° # @. The claim is proved. O

By [Sch12, Lemma 8],

n > jaiGiV—19dlog G;
_ , j=1J%jGj 8Yj
(2.0.11) \/—1aalog(z ja;Gj) = Yo
Jj=1 !
Putting (2.0.4) and (2.0.5) to (2.0.11), and making the convention that g = 0, we obtain
k+1 k+1 n
#logH(t) 1 ( , T G Gk+1 2= %Gy -
— 2 =~ Gy + a )+ — ® 9, 0,
pre: gl Z Kk Gt Gl;: o) i Ly (9, 0t)
j+1 J

= 1( Y (a G a % )+ZZ:10CI<GI<® (0, 9;)
== J T T %1 j—Z) Lhy (01, O

H\Z' 6l G H

_ -1 j+2

208 1 1a; , 15 aj—l ;+ L

2 gl =32%% EZ(F_ ,+1)G1 5 ~n20n

2 j=2 Y j+1
k1 %Gk
T@)L ny (O, Or)
_ -1 j+2 _

Claim 2.5 1 1% 1 aj._l o 1 0{”_1

> H( (c 0——)G2 22(%‘ ;+1)G;+Eg__;cg)

j=2 & X *n

11 _
+ E(Ealcl + ; axGr)®p p, (0, )

One can take a; = 1, and choose the further ; > @;_; inductively so that

2 o aj+2
(2.0.12) - — >0, —=- >0 Vj=2..,n—-1

a aj‘— aj+1

2 j j+1
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Hence

& log H(t) 1
otot H

1 1 _@on 1 _
(GG + Z axGr)OLp, (9, 01) = —Opp, (9, 9)
k=2 n
over C°. By Proposition 1.7.(i), this implies that
_ — 1
(2.0.13) V-1ddlog |y'|? = V-1ddlog H(t) > ;y*\/—l@L,hL > 5y w

over C° for some positive constant §, which does not depend on y. Since |y’ (1) |§ is
continuous and locally bounded from above over C, by the extension theorem of sub-
harmonic function, (2.0.13) holds over the whole C. Since ¢y > 0 is a constant which
does not depend on y, so are ay, . . ., a, by (2.0.12). The theorem is thus proved. O

In summary of results in this subsection, we obtain the following theorem.

Theorem 2.6. Let (E = ®14-¢EP, 0) be a Higgs bundle on a log pair (Y, D) satisfying
the three conditions in Theorem 1.5. Then there are a Finsler metric h on Ty (—log D)
which is positively definite on a dense Zariski open set U° of U := Y — D, and a smooth
Kadhler form « on'Y such that for any holomorphic mapy : C — U from any open subset
C of C withy(C) NU° # &, one has

(2.0.14) V-1d0log|y'|} > y*w.

3. B1G PICARD THEOREM AND ALGEBRAIC HYPERBOLICITY

3.1. Definition of algebraic hyperbolicity. Algebraic hyperbolicity for a compact
complex manifold X was introduced by Demailly in [Dem97a, Definition 2.2], and he
proved in [Dem97a, Theorem 2.1] that X is algebraically hyperbolic if it is Kobayashi
hyperbolicity. The notion of algebraic hyperbolicity was generalized to log pairs by
Chen [Che04].

Definition 3.1 (Algebraic hyperbolicity). Let (X, D) be a log pair. For any reduced
irreducible curve C C X such that C ¢ X, we denote by ix(C, D) the number of distinct
points in the set v=' (D), where v : C — C is the normalization of C. The log pair (X, D)
is algebraically hyperbolic if there is a smooth Kihler metric w on X such that

Zg(é) -2+i(C,D) > deg,C := /w
C
for all curves C C X as above.

Note that 2g(C)—2+i(C, D) depends only on the complement X —D. Hence the above
notion of hyperbolicity also makes sense for quasi-projective manifolds: we say that a
quasi-projective manifold U is algebraically hyperbolic if it has a log compactification
(X, D) which is algebraically hyperbolic.

However, unlike Demailly’s theorem, it is unclear to us that Kobayashi hyperbolicity
or Picard hyperbolicity of X — D will imply the algebraic hyperbolicity of (X, D). In
[PR07] Pacienza-Rousseau proved that if X — D is hyperbolically embedded into X, the
log pair (X, D) (and thus X — D) is algebraically hyperbolic.
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3.2. Proofs of main results. In this subsection, we will combine Theorem D with
Theorem C to prove main results in this paper.

Proof of Theorem A. By Theorem C, there exist finite log pairs {(Xj, D;) }i=o... N so that

(1) There are morphisms p; : X; — Y with pi_l(D) = D;, so that each y; : X; —
1i(X;) is a birational morphism, and X, = Y with po = 1.

(2) There are smooth Finsler metrics h; for Ty, (— log D;) which is positively definite
over a Zariski open set U of U; := X; — D;.

(3) pilue : U7 — pi(UY) is an isomorphism.

(4) There are smooth Kéhler metrics w; on X; such that for any curve y : C — Uj;
with C an open set of C and y(C) N U; # 0, one has

(3.2.1) V-199logly'l} = y*wi.

(5) Foranyi € {0, ..., N}, either y1;(U;) — i (UY) is zero dimensional, or there exists
I c{0,...,N} so that
Hi(Ui) = pi(U7) € Ujerp; (X))

Let us explain how to construct these log pairs. By the assumption, there is a C-PVHS
(V,V,F*,Q) on Y — D with the period map quasi-finite, which is thus generically im-
mersive. We then apply Theorem C to construct a Finsler metric on Ty (- log D) which
is positively definite over some Zariski open set U° of U = Y—D with the desired curva-
ture property (2.0.14). Set Xo = Y, o = Tand U; = U°. Let Zy, ..., Z, be all irreducible
varieties of Y — U° which are not components of D. Then Z, U... U Z,, > U \ U°. For
each i, we take a desingularization y; : X; — Z; so that D; := 7' (D) is a simple normal
crossing divisor in X;. For the C-PVHS ;' (V,V, F*, Q) on U; = X; — D; by pulling-back
(V,V,F*, Q) via , its period map is generically immersive, and it also has unipotent
monodromies around D;. We then apply Theorem C to construct the desired Finsler
metrics in Item 4 for Tx,(—log D;). We iterate this construction, and since each step
the dimension of X; is strictly decreased, this algorithm stops after finite steps.

(i) We will first prove that U is Picard hyperbolic. Fix any holomorphic map f : A* —
U.If f(A*) N Uy # <, then by Theorem D and Item 4, we conclude that f extends to
a holomorphic map ]_” A —> Xy =Y.

Assume now f(A*) N pp(Uy) = @. By Item 5, there exists Iy C {0,..., N} so that

F(A") C po(Up) = po(Uy) C Ujer (X))

Since y1j(X;) are all irreducible, there exists k € I so that f(A*) C p(Xk). Note that
Uy = y;l(U). Hence f(A*) € ue(Uy). If f(A") N pe(U) # @, by Item 3 f(A”) is
not contained in the exceptional set of y;. Hence f can be lift to f; : A* — Uk so
that y o fy = f and fi(A*) NU; # &. By Theorem D and Item 4 again we conclude

that fi extends to a holomorphic map f, : A — Xj. Hence pi o f} extends f. If
F(A) 0 e (UY) = &, we apply Item 5 to iterate the above arguments and after finite
steps there exists X; so that f(A*) C p;(U;) and f(A*) N p;(US) # &. By Item 3, f can
be lifted to f; : A* — U; so that p; o f; = f and f;(A*) N U # &. By Theorem D and
Item 4 again, f; extends to the origin, and so is f. We prove the Picard hyperbolicity
of U=Y -D.

(ii) Let us prove the algebraic hyperbolicity of U. Fix any reduced and irreducible
curve C C Y with C ¢ D. By the above arguments, there exists i € {0,..., N} so that
C C pi(X;) and C N (U?) # @. Let C; C X; be the strict transform of C under ;. By
Item 3 h;|c, is not identically equal to zero.
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Denote by v; : C; — C; C X; the normalization of C;, and set P; := (gi ov;)) 1(D) =
vi_l(D,-). One has
dvi : Tz (= log Pi) — viTx,(~log D;)
which induces a (non-trivial) pseudo hermitian metric hi = vih; over Te, (—logP;). By
(3.2.1), the curvature current

\/__1

Ot (K (log P) = vie
Hence
~ V-1
29(C;) - 2+i(C,D) = / 01K, (log Pr)) > / Vi
éi 21 i ' éi

Fix a Kahler metric wy on Y. Then there is a constant ¢; > 0 so that w; > & wy. We
thus have

29(C;) —2+i(C,D) > Ei/ (pi o vi)*wy = & deg,, C,
Ci

,,,,,

that for any reduced and irreducible curve C C Y with C ¢ D, one has
29(C) = 2+i(C,D) > edeg, C

where C — C is its normalization. This shows the algebraic hyperbolicity of U.

The proof of the theorem is accomplished. ]

To prove Theorem B, we need the following fact on Picard and algebraic hyperbol-
icity.

Lemma 3.2. Let U be a quasi-projective manifold and let p : U — U be a finite étale
cover. Then if U is Picard hyperbolic or algebraically hyperbolic, so is U.

Proof. Let us take log-compactifications (X, D) and (Y, E) for U and U respectively, so
that p extends to a morphism p : X — Y withp~'(E) = D.

(i) Assume now U is Picard hyperbolic. For any holomorphic map f : A* — U, we
claim that there is a finite covering
TN — A

z> Z"

so that there is a holomorphic map f : A" — U with

ALy a

b

AL
Indeed, fix any based point zo € A* with x; := f(2¢). Pick any yo € p~'(x;). Then
either f,(m1(A* z9)) is a finite group or fi (7 (A% zp)) N p*(ﬂl(ff, Yo)) 2 {0} since
p*(ﬂl(ff, Yo)) is a subgroup of 1(U, xo) with finite index. Let y € m(A*z0) =~ Z
be a generator. Then f.(y") C p.(m(U,yo)) for some n € Zs,. Therefore, (f o
7). (m1 (A%, z9)) C ps (nl(U, Yo) ), which implies that the lift f of f o for the covering
map p exists.
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Since U is Picard hyperbolic, f extends to a holomorphic map f : A — X. The

composition p o f extends f o . Since & extends to amap 7 : A — A, we thus has
lim f(2) =p © f(0).
By the Riemann extension theorem, f extends to the origin holomorphically.

(ii) Assume that (X, D) is algebraically hyperbolic. Fix smooth Kahler metrics wx and
wy on X and Y so that ﬁ*wy < wx. Then there is a constant ¢ > 0 such that for any
reduced and irreducible curve C ¢ X with C ¢ D, one has

2g(C) —=2+i(C,D) > edeg, C

where C — C is its normalization.

Take any reduced and irreducible curve C C Y with C ¢ E. Then there is a reduced
and irreducible curve C’ of X so that p(C’) = C. Let v : C—-Candv :C - C
be their normalization respectively, which induces a (possibly ramified) covering map
7 :C" — C so that

é/ v’ C/
o ]
C Y s
Set P := v"1(E) and Q := (v/)"Y(D). Then 7° : ¢’ = Q — C — P is an unramified
covering map. By Riemann-Hurwitz formula one has
~ 1 .
29(C) = 2+i(C,E) = ——(29(C") - 2+i(C’, D))
degm

&

> deg, C' >

T degm

deg 7
Hence (Y, E) is also algebraically hyperbolic, and so is U.
The lemma is proved. O

Note that in [JK18a, Proposition 5.2.(1)], Javanpeykar-Kamenova proved that if X —
Y is an finite morphism of projective varieties over an algebraically closed field of
characteristic zero, then Y is algebraically hyperbolic provided that X is algebraically
hyperbolic.

We now show how to reduce Theorem B to Theorem A by applying Lemma 3.2.

Proof of Theorem B. Let (Y, D) be a log-compactification of U. Since there is a Z-PVHS
(V,V,F*,Q) on U, by a theorem of A. Borel, its local monodromies around D is quasi-
unipotent. By [Brul8, §3.2], there is a finite étale cover p : U — U and a log-
compactification (X, E) of U so that p*(V,V,F*, Q) has unipotent monodromies around
E. Since the period map of (V,V,F® Q) is assumed to be quasi-finite, so is that of
p*(V,V,F*, Q). By Theorem A, we know that U is both Picard hyperbolic and alge-
braically hyperbolic, and it follows immediately from Lemma 3.2 that the same holds
for U. ]

We end this section with the following remark.

Remark 3.3. Let (E, 6) be the Higgs bundle on a log pair (Y, D) as that in Theorem 2.6.
One can also use the idea by Viehweg-Zuo [VZ02] in constructing their Viehweg-Zuo
sheaf (based on the negativity of kernels of Higgs fields by Zuo [Zuo00]) to prove
a weaker result than Theorem 2.6: for any holomorphic map y : C — U from any
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open subset C of C with y(C) NU° # &, there exists a Finsler metric h¢ of Ty (—log D)
(depending on C) and a Kahler metric wc for Y (also depending on C) so that |y’ () |ﬁ £0
and

V-1d0log |y’|flC >y wc.

It follows from our proof of Theorem A that one can also combine Theorem D with this
weaker result to prove Theorem A. We prefer to stating and proving the more general
result Theorem C since we expect that it should have further applications.

APPENDIX A. CRITERIA FOR BIG PICARD THEOREM

Since [Den19] will not be published, in this appendix we provide the proof of The-
orem D using Nevanlinna theory for completeness sake. We first begin with some
preliminary in Nevannlina theory.

A.1. Preliminary in Nevannlina theory. Let D* := {t € C | |t| > 1}, and D :=

D* U co. Then via the map z +— % D* is isomorphic to the punctured unit disk A*

and D is isomorphic to the unit disk A. Therefore, for any holomorphic map f from
the punctured disk A* into a projective variety Y, f extends to the origin if and only if
f (%) : D" — Y extends to the infinity.

Let (X, w) be a compact Kéhler manifold, and y : D* — X be a holomorphic map.
Fix any rg > 1. Write D, := {z € C | ry < |z| < r}. The order function is defined by

"dr .
T, (1) ::/ —/ Y o.
ro T DT

As is well-known, the asymptotic behavior of T, ,(r) as r — oo characterizes whether
y can be extended over the oo (see e.g. [Dem97b, 2.11. Cas «local »] or [NW 14, Remark
4.7.4.(ii)]).

Lemma A.1. T, ,(r) = O(logr) ifand only ify is extended holomorphically overco. 0O

We first recall two useful formulas (the second one is the Jensen formula in [Nog81,
eq. (1.1)]).
Lemma A.2. Writelog® x := max(logx, 0).

N N N N
(A.1.1) log+(z x;) < Zlog+ x; +logN, log* l_[xi < Z:logJr x; forx; > 0.
im1 =1 i=1 i1

1 rdr _ 1 2 0 1 2r 0
(A.1.2) — — V-190v = — o(re’”)dd — — v(roe')do
TS, T Jp, 21 Jo 27 Jo

1 2 _ )
1A V=1(8 - 9)v(rpe®)do

27
1 2 0
= — v(re"”)dd + O(logr)
21 0
for all functions v so that V—13dv exists as measures (e.g. v is the difference of two
subharmonic functions). ]
The following lemma is well-known to experts (see e.g. [Dem97b, Lemme 1.6]).

Lemma A.3. Let X be a projective manifold equipped with a hermitian metric w and let
u : X — P! be a rational function. Then for any holomorphic map y : D* — X, one has

(A.1.3) Tyuoy,wps (1) < CT, 0 (r) + O(1)
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where wrs is the Fubini-Study metric for P'. O
The following logarithmic derivative lemma is crucial in the proof of Theorem D.

Lemma A.4 ( [NW14, Lemma 4.2.9.(i)], [Dem97b, 3.4. Cas local]). Letu : D* — P! be
any meromorphic function. Then for any k > 1, we have

1 2 (1) 0
(A.1.4) — / log+|Lr,e)|d0 < C(log" Tyuys (r) +logr) |
21 Jo u(ret?)

for some constant C > 0 which does not depend on r. Here the symbol || means that the
inequality holds outside a Borel subset of (rg, +00) of finite Lebesgue measure. ]
We need the lemma by E. Borel.
Lemma A.5 ([NW14, Lemma 1.2.1]). Let ¢(r) > 0(r > ry = 0) be a monotone increas-
ing function. For every § > 0,
d 1+6
(A.15) 7.8 < () I
r
O

A.2. Proof of Theorem D. The ideas we used here mainly follow from that by Siu-
Yeung [SY96] and Ru-Wong [RW95] on the vanishing of pullback of jet differential on
entire curves.

Proof of Theorem D. We take a finite affine covering {U, } 4e; of X and rational functions
(Xq15 - - - » Xgn) on X which are holomorphic on Uy, so that

dxg1 A+ ANdxgn, #0 on Uy,
DNU, = (xa,s(a)+1 “++ Xgn = 0)

Hence

0 7} 0 0

(A.Z.l) (eals cees ean) = ( > Xa,s(a)+1

0xg1 X as(a) X 5(a)+1 T

is a basis for Tx(—1log D)|y,. Write
(fal(t), .- 'afan(t)) = (Xq1 of,....Xan Of)

so that f,; : D* — P! is a meromorphic function over D* for any « and j. With respect
to the trivialization of Tx (- log D) induced by the basis (A.2.1), f’(t) can be written as

f,(t) = ﬁ.;1(t)ea1 +-- +f0;s(a) (t)eas(a) + (logﬁz,s(a)+l)’(t)ea,s(a)+1 +-0t (logfan),(t)ean

over U,. Let {py }qer be a partition of unity subordinated to {Uy }qer.
Since h is Finsler metric for Tx(—log D) which is continuous and locally bounded
from above by Definition 2.1, and I is a finite set, there is a constant C > 0 so that

s(a) n

(A22) peof-IFOF<C( Y peof-IfMF+ Y Idogfu) (M) VieD:
j=1

i=s(a)+1
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for any a. Hence

o= [ [ poS [ [V ateg £

(A12) 1 %7 0
< Py log |f'(re")|,d6 + O(logr)
s

0

1 2 .
< oo [ tog Ylpae £/ (re a0 + Ollog)
21 0 P

(A.1.1) 1 2 .
< Z—/ log* |paof-f'(re’g)|hd0+0(logr)
= 27T 0

(A.2.2)+H(A.1.1) 1 1 2 .
SN Y 5n [ o g e ide

a i=s(a)+1
s(a)
+ZZ / log" |pa o f - f1;(re'®)|d6 + O(logr)
a j=1
(A%A) G Z Z (log™ Ty, wps (r) +1ogr)
a i=s(a)+1
s(a) |
005 [ g beo £ e a0+ 0Cog) |
a j=1
(A.2.3)
" s(a)
<" Colog Ty (1) +logr) + 3 > o / log" |pa o f - f1,(re)ld0 |1

a j=1

Here C; and C, are two positive constants which do not depend on r.

Claim A.6. Foranya € [ and any j € {1,...,s(«)}, one has
1 o + ’ i0 +

(A.2.4) o log™ [pa o f - fo;(re”)|d6 < C3(log™ Ty, (r) +logr) + O(1) ||
T Jo

for a positive constant C3 which does not depend onr.
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Proof of Claim A.6. The proof of the claim is borrowed from [NW14, eq.(4.7.2)]. Pick
C > 0 so that pZV—1dx,; A d%yj < Cow. Write f*w = Y—-1B(t)dt A df. Then

1 2 , ; 1 2 , ;
= [0t eo - a0 = - [ togt (ot o f1- 11 (e a0
T Jo 4r 0
1 27 ) 1 27 .
< —/ log* B(re')do + 0(1) < —/ log(1+ B(re'?))do + 0(1)
4 0 4r 0
< Log(1+ 2 /ZHB( 9)40) + 0(1) = ~ log(1 + — d/ Bdrd6) + O(1)
=lo — re =-lo — rBdr
-2 & 21 Jo 2 & 27rdr Jp,

1 1 d )
= Elog(l'l‘ﬁa‘/ﬂ)lrf 0))+O(1)

(A15) 1 1
<7 Jogt+ ([ foreow |
r Jp,

_Log+ (g 1 0(1) |
) o8 2 dr fkl

(A15) 1 rd
< Slog(1+ —(Tro () ) +0(1) |

< 4log" Ty, (r) + 8logr+0(1) |
Here we pick 0 < § < 1 and the last inequality follows. The claim is proved. m]

Putting (A.2.4) to (A.2.3), one obtains
Tfo(r) < C(log* T (r) +logr) + O(1) ||

for some positive constant C. Hence Ty, (r) = O(logr). We apply Lemma A.1 to
conclude that f extends to the oo. m|
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