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Abstract. In this work we explain some new applications of Infinite Combinatorics to
Quantum Physics. We investigate the use of the theory of graphons in non-perturbative
Quantum Field Theory and Deformation Quantization which lead us to discover some new
interrelationships between these fundamental topics. In one direction, we study Dyson–
Schwinger equations in the context of the graph function theory of sparse graphs which enables us to analyze non-perturbative parameters of strongly coupled Quantum Field Theories
via cut-distance compact topological regions of Feynman diagrams, Kontsevich’s ?-product
and other new mathematical settings. In another direction, we initiate a theory of graph function representations for Kontsevich admissible graphs to formulate a new topological Hopf
algebraic formalism for the study of these graphs which brings some new useful mathematical tools to relate Deformation Quantization program with non-perturbative renormalization
program in Quantum Field Theory models.
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1. Introduction
The research achievements of this work focus on some new applications of the theory of
analytic graphs known as graphons, which has been initiated and studied in Infinite Combinatorics, to some fundamental topics in Quantum Physics namely, Quantum Field Theory
and Deformation Quantization. Recent research achievements in Mathematical Physics clarified the appearance of a deep relation between the Connes–Kreimer Hopf algebraic approach
to the BPHZ perturbative renormalization process of Feynman diagrams and the Kontsevich’s ?-product deformation machinery in a graphical calculus setting. In this work we aim
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to build some new mathematical tools which are useful to relate non-perturbative topological Hopf algebraic renormalization of Dyson–Schwinger equations with the foundations of
Kontsevich’s Deformation Quantization formalism.
R
In Quantum Field Theory, the integral equations such as G = 1 + Iγ G (with respect to
some integral kernel Iγ ) are obtained by the fixed point equations for Green’s functions with
the general form
Z
Z Z
Z Z Z
(1.1)
G = 1 + Iγ +
Iγ Iγ +
Iγ Iγ Iγ + ...
in a given (strongly coupled) physical theory Φ. These fixed point equations are known as
Dyson–Schwinger equations and their solutions can be presented as formal power series in
running coupling constants. Therefore they could provide fundamental information for the
characterization of non-perturbative situations of gauge field theories on the basis of the
strength of running coupling constants. Thanks to the Connes–Kreimer approach to perturbative renormalization, these recursive equations have been reformulated in the language
of Hochschild cohomology
of (commutative) bialgebras where we need to work on the chain
L
complexes such as ( n≥0 Cn , b) derived from the Connes–Kreimer renormalization Hopf algebra of Feynman diagrams HFG (Φ). For each n, Cn is the vector space generated by linear
maps from HFG (Φ) to HFG (Φ)⊗n while the coboundary operator b is defined in terms of
the renormalization coproduct ∆FG such that the degree one homogeneous linear endomorphism Bγ+ (known as the grafting operator) is the corresponding Hochschild one-cocycle with
respect to a given (1PI) primitive Feynman diagram γ. [1, 9, 40, 41, 42]
Dyson–Schwinger equations in physical theories with the vanishing β-function (such as
Conformal Field Theories) can be studied under a linear setting where Hopf subalgebras
generated by solutions of these equations are cocommutative. In physical theories with
non-zero β-functions such as (low energy) QCD, QFT-models with multi-flavors or theories
beyond Standard Model, we need to deal with much more complicated version versions of
these equations namely, (non-linear) Dyson–Schwinger equations. Asymptotic freedom property in high energy QCD is useful to study these equations under higher order perturbation
theory while in low energy QCD the behavior of the physical system can only be understood
under a non-perturbative regime. The Hopf algebraic version of these equations has been
applied to study them in the context of some geometric objects encoded by some objects of
the Connes–Marcolli universal category of flat equi-singular vector bundles where at the end
of the day, we can analyze non-perturbative counterterms and other non-perturbative parameters derived from the BPHZ renormalization of Dyson–Schwinger equations via systems
of differential equations together with (ir-)regular singularities. Thanks to this geometric
treatment and the Manin renormalization Hopf algebra of Halting problem, the complexity
of non-perturbative computations in (systems) of Dyson–Schwinger equations has also been
considered. In addition, under an algebraic combinatorial setting, a new class of noncommutative differential calculi has been formulated which characterize quantum integrable systems
in non-perturbative parts of gauge field theories. This noncommutative geometric approach
has been developed recently to build a new class of spectral triples which encode fundamental
geometric information of non-perturbative quantum motions. [10, 22, 24, 27, 28, 32, 37, 38, 39]
Having no complete control on solutions of Dyson–Schwinger equations in strong running
coupling constants (which include infinite formal expansions of Feynman diagrams together
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with increasing powers of running coupling constants) is the most difficult challenge in Theoretical and Mathematical Physics. The renormalization of these expansions could generate
infinite number of counterterms which should be added to the original Lagrangian of the physical theory and therefore non-perturbative quantum field theories are non-renormalizable in
this context. Lattice models, numerical methods, higher order perturbation techniques, theory of instantons and AdS/CFT correspondence are incapable for a complete analysis of real
time dynamical processes in strongly coupled systems. In a separate setting, recently, a new
application of Infinite Combinatorics to Quantum Field Theory has been discovered which
enables us to use graph functions for the analysis of the behavior of sequences of Feynman
diagrams and infinite formal expansions of Feynman diagrams which contribute to Green’s
functions. Real time dynamical process can be encoded by components or terms of these
sequences such that the application of the topology of graphons to these models enable us
to provide an accurate mathematical formalism for the real time study of Dyson–Schwinger
equations. Graphons, which give us a new view for the study of limits of sequences of Feynman diagrams, can be useful to compute non-perturbative parameters in terms of the renormalization of a particular class of graph functions (for sparse graphs) and some new other
mathematical structures. As we know edge densities in increasing sequences of sparse graphs
converge to zero where by rescaling the density matrix in terms of a non-zero function of the
number of vertices we can determine asymptotic behavior of those graphs. This technique
is useful for us when we want to describe the unique solution of a given Dyson–Schwinger
equation as the limit of the sequence of its partial sums (as linear combinations of decorated
sparse graphs) which converges to a non-zero graph function. The main achievement is to interpret solutions of Dyson–Schwinger equations as boundary objects of a compact topological
space of finite graphs where thanks to the Connes–Kreimer Hopf algebraic renormalization,
an algebraic non-perturbative renormalization program for Dyson–Schwinger equations have
already been formulated. These new tools could lead us to bring some alternative advanced
mathematical modelings for the study of the phenomenology of non-perturbative situations
of Quantum Field Theories with strong running coupling constants. [32, 33, 34, 35]
In this work we explain the graphon model approach to Dyson–Schwinger equations to show
the impact of these analytic graphs in the mathematical formulation of a non-perturbative
renormalization program. We show that the non-perturbative parameters derived from this
renormalization program can be also interpreted via Baker–Campbell–Hausdorff quantization
formula and Kontsevich’s ?-product.
In Quantum Physics, Deformation Quantization gives the required mathematical model
for the description of quantum systems under Dirac’s correspondence principle on the basis of quantizing the space of observables on a fixed Poisson manifold via defining a new
associative multiplication as a deformation of pointwise multiplication in the direction of
the Poisson structure. The Kontsevich approach has provided a universal local deformation
quantization for any open domain U ⊂ Rd in the context of a graphical representation for
bidifferential operators where we have the star product on C ∞ (U) with the following Taylor
series presentation
(1.2)

∞
X
~ X
f ?α g :=
ωK BK,α (f, g)
n!
1
n=0
K∈Gn,2

4

ALI SHOJAEI-FARD

such that α is the Poisson structure of the configuration space, the interior sum is over all
Kontsevich admissible graphs of degree one with n internal and two boundary vertices, BK,α
are bidifferential operators and coefficients ωK are weights which satisfy the cocycle equation.
Kontsevich admissible graphs, which are in an one to one correspondence with bidifferential
operators, are useful tools in working on graphical calculus for derivations. We can rewrite
the star product (1.2) as the following way
X
X
(1.3)
f ?α g =
~|K| ωK BK,α (f, g), Bn,α (f, g) :=
BK,α (f, g)
K∈g• (Rd )

K∈gn (Rd )

such that g• (Rd ) contains all Kontsevich admissible graphs with finite orders while gn (Rd )
contains those graphs of order n. The main challenge is to determine the weights ωK to obtain
an associative product where analytic and combinatorial techniques have been considered to
deal with it. Kontsevich admissible graphs can be visualized by nodes and geodesics in
a closed disk under some conditions. We can characterize these graphs via two integers
namely, the number of internal vertices decorated by polyvector fields in terms of the action
of a bidifferential operator (which maps a graph and a set of compatible polyvector fields
to a multidifferential operator) and the number of boundary vertices decorated by smooth
functions. Thanks to this class of graphs, the existence of a morphism between the differential
graded Lie algebra of the deformation complex of the associative algebra of smooth functions
on Rd and the Chevalley–Eilenberg differential graded Lie algebra of linear homomorphisms
between polyvector fields and polydifferential operators has been approved. [17, 18, 19, 20,
21, 30]
In this setting, some interesting interconnections between (universal) Kontsevich’s Deformation Quantization ([18, 21]) and the Hopf–Birkhoff factorization in the Connes–Kreimer
approach to perturbative Quantum Field Theory ([1, 9, 42]) have been discovered where the
Connes–Kreimer BPHZ Hopf algebraic perturbative renormalization has been reformulated
on the basis of the Baker–Campbell–Hausdorff formula and the Kontsevich’s bidifferential
symplectic operator for quantum deformations. It is shown that the Hopf–Birkhoff factorization of each Feynman rules character can be interpreted as a deformation of the pointwise
multiplication of some exponential functions via the Kontsevich’s ?-product in the direction
of the linear Poisson bracket. [19, 31]
In this work we explain a new theory of graph functions for Kontsevich admissible graphs
to build an infinite version of these graphs which can be encoded by boundary objects of
a compact topological Hopf algebra structure on the space of finite Kontsevich admissible
graphs. This new Hopf algebraic formalism enables us to study Deformation Quantization
in the context of the Connes–Marcolli universal category of flat equi-singular vector bunldes.
In addition, it leads us to suggest a non-local generalization for Kontsevich’s Deformation
Quantization which can work at the level of infinite dimensional manifolds. Furthermore,
we formulate the Kontsevich’s ?-product for a class of noncommutative associative unital
algebras derived from solutions of Dyson–Schwinger equations and their renormalization
procedure.
Generally speaking, passing from Classical Mechanics to Quantum Mechanics can be described mathematically on the basis of changing the geometry and the logic. In Classical
Mechanics we have manifolds, groups and points together with the category of sets as fundamental tools for the analysis of classical systems. Points in a topological space together with
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some additional structures (such as Poisson brackets, symplectic forms, ...) determine a space
of states. Then each physical quantity has its value and each proposition of the form A ∈ M,
represented in terms of some Borel subsets of the state space, has a truth-value true or false.
The Borel subsets of the state space form a natural Boolean σ-algebra which means that the
Logic of classical systems is Boolean. In Quantum Mechanics we have Hilbert spaces, operators, noncommutative (Hopf) algebras and homomorphisms. The Kochen–Specker Theorem
tells us that there is no state space of a quantum system analogous to the classical state
space where physical quantities are represented as real-valued functions on the hypothetical
state space of a quantum system. This Theorem informs us that such a space does not exist
and it is impossible to assign values to all physical quantities at once and therefore it is
also impossible to assign true or false values to all propositions. However Birkhoff and von
Neumann built the foundations of an instrumentalist approach to Quantum Logic ([2]) where
upon measurement of the physical quantity A, we can find the result belong to M with a
determined probability. In their approach, pure states are represented by unit vectors in one
particular Hilbert space and propositions with the general form A ∈ M are represented by
projection operators on this Hilbert space. These projections form a non-distributive lattice.
Non-distributive property, dependence on measurement tools and the use of real numbers
(as continuum) are the most fundamental problems of this instrumentalist approach and
its generalizations [8]. Thanks to modern categorical approaches to foundations of logics,
Quantum Logic has been rebuilt in terms of a topos of presheaves on the base category of
observables where we can reconstruct physical theories on the basis of search for a suitable
representation in a topos of a certain formal language. The base category of this topos model
is the category of von Neumann subalgebras of B(H). In this setting, the first order logic
(or propositional calculus) enables us to logically evaluate propositions with the general form
”the physical quantity such as A in a given physical system has a value in the subset M of
real numbers.” The key step is to find what truth-values such propositions have in a given
state of the system and how the truth-value changes with the state in time. This topos
model for the analysis of quantum systems, which has been developed by Isham, Doring
and Butterfield [8, 13, 14, 15, 16], can also provide higher-order logics for these systems.
However this topos model does not recognize the intrinsic difference between Quantum Mechanics and (non-perturbative) Quantum Field Theory and we need to pass from this topos
model to other models which are capable to recover real time processes in strongly coupled
systems with infinite degrees of freedom. Thanks to the graphon representation model for
Dyson–Schwinger equations, an alternative topos model for the logically analysis of (strongly
coupled) gauge field theories has been offered such that this new topos model (named it
as non-perturbative topos) is capable to show the impact of the strength of running couplings in changing the logical evaluation procedure of physical quantities. This new topos
model can provide the logical notion for the understanding of non-locality and other intrinsic
foundations of non-perturbative regions of physical systems [34].
In this work we address this new topos model and then we provide a new modification of
this topos model which works for Kontsevich’s Deformation Quantization.
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2. From sparse graphs to graphons
In Infinite Combinatorics, graphons, which were introduced and developed as graph limits
of sequences of weighted finite (dense or sparse) graphs, posets, etc, have been applied in
several topics such as Graph Theory, Statistics, Machine Learning and Computer Science.
These analytic objects are useful for the study of extremely large graphs or networks in terms
of functional modelings, statistical estimation and random graph models. [4, 5, 6, 7, 25, 26]
In addition, the space of graphons together with additional topological and geometric
structures on it have already provided some useful mathematical tools for the study of nonperturbative behavior of strongly coupled quantum systems. [12, 34, 35, 36]
A (bi)graphon can be introduced as a generalization of an edge weighted graph with a
continuum of vertices or as the convergent limit of a sequence of weighted finite graphs. We
can describe these analytic graphs in terms of real valued (symmetric) measurable functions
on Ω×Ω for a given probability space (Ω, µΩ ) where the graphon space is the quotient space of
all these (symmetric) (Lebesgue) measurable functions with respect to an equivalence relation
which identifies almost everywhere equal graphons. Bigraphons are graphons without the
symmetric property and they can be useful for us whenever we want to rebuild any Feynman
diagram in terms of the combinatorial information of its pixel picture presentation or other
labeled graphon models.
Suppose Ω be a separable atomless probability space with the probability measure µΩ .
Set W [0,1] as the topological space of all bounded (symmetric) measurable functions from
Ω × Ω to [0, 1] (up to almost everywhere equal as the equivalence relation) with respect to
the semi-norm
Z
(2.1)
kW kcut := supA×B⊂Ω×Ω |
W (x, y)dµΩ (x)dµΩ (y)|
A×B

with the corresponding metric
(2.2)

dcut (V, W ) := inf ρ,σ kV ρ − W σ kcut

known as cut-distance metric. The infimum in (2.2) is with respect to all measure-preserving
bijections of Ω such that V ρ (x, y) := V (ρ(x), ρ(y)), W σ (x, y) := W (σ(x), σ(y)) are versions
of the graphons V, W obtained by the adjacency matrix of a graph in which the vertices are
reordered. It is called relabling process.
Lemma 2.1. For any sequence {Wn }n≥1 of labeled graphons there exists a subsequence
{Wni }i≥1 and a labeled graphon W such that dcut (Wni , W ) converges to 0 when n tends to
infinity. [25, 26]
Relabeling process generates weakly isomorphic graphons and in fact, it defines an equivalence relation ≈ on the space of labeled graphons. Set [W ] (called unlabeled graphon class)
as the class of all labeled graphons V which are weakly isomorphic to W . In other words,
V ∈ [W ], iff there exist measure-preserving maps σ, τ such that V σ = W τ almost everywhere.
Therefore an unlabeled graphon is a representative of an equivalence class of graphons modulo
relabeling.
[0,1]

Theorem 2.2. The quotient space W≈
compact Hausdorff metric space. [25, 26]

with respect to weakly isomorphic relation is a
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Pixel picture presentations generated by finite simple graphs are the most fundamental
examples of graphons. The theory of graphons developed for dense graphs very fast and
then it has been also developed for the study of sparse graphs under density approximation
methods, different rescaling measure spaces and other metric spaces such as Lp . The edge
densities of convergent sequences of sparse graphs tend to zero density graphs (which is almost everywhere the same as the 0-graphon) whenever the number of vertices goes to infinity.
If we want to obtain non-zero graphons from these sequences, then we can work on rescaled
or stretched versions of the canonical graphons which is closely related to changing the scale
of the density matrix (by a function of the number of vertices) which in no longer goes to
zero. The application of these methods shows that sequences of sparse graphs without dense
spots can converge to graphons with respect to the cut-distance metric after rescaling. In
this setting, it is possible to characterize sequences of sparse graphs on the basis of their asymptotic densities and their limiting graphons. Therefore two graphs with different densities
may still have similar structure. [3, 4, 5, 6, 7]
Graphons are the key tools for the study of infinite graphs via the theory of random graphs.
A simple random graph G(n, p) is defined by taking n nodes and then connecting any two
of them with the probability p under an independent decision about each pair. Assigning
different probabilities enable us to build different random graph models. For example, the
n 
uniform random graph is the result of inserting m edges in such a way that all possible (m2 )
choices are equally likely. We can use a given graph function as a functional which assigns a
probability value to add an edge for building a random graph.
Lemma 2.3. Each simple (finite) graph generates a random graph.
Proof. For a given simple graph G, we need to consider its graphon representation [WG ]
which is determined by using the adjacency matrix and pixel picture presentation. The
simple random graph R(G) can be defined in terms of adding an edge with probability
equals to its weight which is given by WG . Now for a finite subset Sn := {s1 , ..., sn } in [0, 1],
build a new weighted graph G(S, WG ) with n vertices such that the edge si sj has the weight
WG (si , sj ). The graph
(2.3)

R(n, WG ) := R(G(Sn , WG ))

is a simple random graph model.



The probability of the graph G with the vertex set [n] and the edge set E(G) is obtained
by integrating over all possible choices of x1 , ..., xn ∈ [n] and the chosen graphon function
model. In other words,
Z
Y
Y
Y
(2.4)
PW (G) :=
W (xi , xj )
[1 − W (xi , xj )]
dxi .
[0,1]n (i,j)∈E(G)

(i,j)∈E(G)
/

i∈[n]

In general, a random graph model is a sequence of random variables R1 , R2 , ... such that for
each n, Rn could be a graph with vertex set [n] such that its distribution is invariant under
relabeling of the vertices. In other words, isomorphic graphs have the same probability. In
graphon model, the distribution over graphs is determined by graph functions and therefore
a graphon W can be seen as the weight matrix of an infinite graph with the unit interval as
the vertex set while W (x, y) informs the weight of the edge between x, y.
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3. A graphon model approach to Dyson–Schwinger equations
A single Feynman diagram presents a finite number of possible interactions among virtual
or elementary particles where its on-shell part obeys the mass-energy equation and conservation of momenta while its off-shell part obeys no special rules or measurements. Feynman
rules allow us to associate an ill-defined iterated integral to each Feynman diagram. Infinite
formal expansions of Feynman diagrams (as polynomials with respect to running coupling
constants) are capable to encode all possible interactions among virtual and elementary particles in a physical theory. These expansions, which derived originally from Green’s functions,
can be studied on the basis of the self-similar nature of Green’s functions and their fixed
point equations known as Dyson–Schwinger equations. The Connes–Kreimer renormalizaL
(n)
tion Hopf algebra HFG (Φ) =
n≥0 HFG (Φ) of Feynman diagrams of a given gauge field
theory Φ is a connected graded commutative non-cocommutative Hopf algebra such that for
(n)
each n, HFG (Φ) is the vector space of divergent 1PI n-loop Feynman diagrams and products
of Feynman diagrams with the overall loop number n. It is also possible to apply another
graduation parameter on Feynman diagrams with respect to the number of internal edges to
obtain a finite type graded structure on Feynman diagrams. [1, 9, 40, 42]
Lemma 3.1. For a fixed probability space (Ω, µΩ ), we can identify a unique unlabeled graphon
class with respect to each Feynman diagram Γ in a physical theory Φ.
Proof. For simplicity we work on the closed interval [0, 1] as the Lebesgue measure space.
The renormalization Hopf algebra HFG (Φ) can be embedded in the Connes–Kreimer Hopf
algebra HCK of non-planar rooted trees via applying decorations on trees. These decorations
encode some fundamental information of the physical theory Φ such as types of particles
and interactions [1, 9]. For each Feynman diagram Γ, set tΓ as its corresponding non-planar
decorated rooted tree in HCK (Φ). We can build the unlabeled graphon class [WΓ ] in terms
of the pixel picture presentation of the finite simple weighted graph tΓ . If V (tΓ ) as the set of
all vertices in the tree has n elements, then divide the measure space [0, 1] into subintervals
Ii = [ i−1
, i ). The boxes Ii × Ij are in one to one correspondence with the boxes in the
n n
pixel picture presentation of tΓ . Define the labeled graphon WΓ (x, y) = 1 for (x, y) ∈ Ii × Ij
whenever there exists an edge between vertices vi , vj in tΓ and define WΓ (x, y) = 0 whenever
there is no edge between vi and vj in tΓ .

We name WΓ as the Feynman graphon corresponding to Γ ∈ HFG (Φ) on the probability
Φ
space (Ω, µΩ ). The vector space Sgraphon
generated by all this type of graphons can be
equipped with the renormalization Hopf algebraic structure. [34, 35]
Thanks to Feynman graphons, a sequence Γ1 , Γ2 , ... of Feynman diagrams is convergent iff
the corresponding sequence WΓ1 , WΓ2 , ... of Feynman graphons is cut-distance convergent to a
graphon W∞ when n tends to infinity. We use the notation Γ∞ for the infinite graph with the
corresponding graph function model W∞ . In other words, WΓ∞ ∈ [W∞ ] and W∞ ∈ [WΓ∞ ].
We call this type of graphs ”large Feynman diagrams”.
Dyson–Schwinger equations are the main tools in dealing with infinite formal expansions
of Feynman diagrams. The Connes–Kreimer renormalization Hopf algebra is useful to reformulate Dyson–Schwinger equations in (strongly coupled) physical theories as recursive
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equations in Hochschild Cohomology Theory such that as the result, recently we have formulated a new non-perturbative renormalization program for these equations in the language
of Noncommutative Geometry and graphons. [1, 24, 32, 40, 41, 42]
Primitive (1PI) Feynman diagrams such as γ can determine a particular class of Hochschild
one cocycles Bγ+ with respect to the coboundary operator b defined on the basis of the Kreimer
renormalization coproduct such that we have
< Γ1 ⊗ ... ⊗ Γn+1 , bT (Γ) >:=< bρT (Γ1 , ..., Γn+1 ), Γ >, ρT (Γ1 , ..., Γn ) := T t (Γ1 ⊗ ... ⊗ Γn )
(3.1)

i.e. < ρT (Γ1 , ..., Γj Γj+1 , ..., Γn+1 ), Γ >=< Γ1 ⊗ ... ⊗ Γn+1 , ∆j (T (Γ)) > .

This coboundary operator, which can be rewritten by
(3.2)

bT (Γ) := (id ⊗ T )∆FG (Γ) +

n
X
(−1)j ∆j (T (Γ)) + (−1)n+1 T (Γ) ⊗ I,
j=1

contributes to the reformulation of fixed point equations of Green’s functions. For a given
family {γn }n≥1 of primitive (1PI) Feynman diagrams, it is possible to reformulate a class of
Dyson–Schwinger equations via the combinatorial equation
X
(3.3)
X(c(g)) = I +
(c(g))n ωn Bγ+n (X n+1 )
n≥1

as a recursive equation in HFG (Φ)[c(g)] with respect to any running coupling constant c(g)
as a function of the bare coupling constant g. The unique solution of this equation has a
general form
X
(3.4)
X(c(g)) =
(c(g))n Xn
n≥0

such that for each n ≥ 1, Xn is a graph in HFG (Φ) and X0 is the empty graph. Each Xn is a
symbol for those Feynman diagrams which contribute to the order n of the (non-)perturbative
expansion of the Dyson–Schwinger equation (3.3). It is possible to build each Xn under a
recursive Hochschild machinery in terms of graphs Xj with lower orders. In other words, for
each n ≥ 1, we have
(3.5)

Xn =

n
X
j=1

ωj Bγ+j (

X

Xk1 ...Xkj+1 ).

k1 +...+kj+1 =n−j, ki ≥0

The renormalization Hopf algebra is not enough to encode the infinite object X(c(g)) under
strong couplings and for this reason a new topological enrichment of HFG (Φ) has been defined
such that the resulting compact topological Hopf algebra can recover solutions of Dyson–
Schwinger equations as objects of the boundary region [35]. The collection {Xn }n≥0 provides
generators for a free commutative graded connected Hopf subalgebra such that the behavior
of running couplings (controlled by the β-function of the physical theory) could change its
(non-)cocommutativity. It can be seen that the amount of c(g) has a direct influence on
the behavior of the formal expansion X(c(g)) such that for small enough running couplings,
this expansion can be studied by higher order perturbation theory. In physical theories
with vanishing β function, we need only deal with linear Dyson–Schwinger equations which
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generate cocommutative Hopf subalgebras however in physical theories with non-zero βfunctions, we need to deal with non-linear Dyson–Schwinger equations which generate noncocommutative Hopf subalgebras [1, 22, 23, 24]. We use the notation HDSE for this type of
Hopf subalgebras.
Theorem 3.2. Thanks to the compactness of the space of graphons, we can interpret the
unique solution of each Dyson–Schwinger equation DSE as the cut-distance convergent limit
of a sequence of random graphs associated to those Feynman diagrams which contribute to
the equation DSE.
Proof. The representation of Feynman diagrams via the space of graphons is the key tool to
study Dyson–Schwinger equations in the context of random graph models. Thanks to the
n-adic metric,
M (k)
(3.6)
dadic (Γ1 , Γ2 ) := 2−val(Γ1 −Γ2 ) , val(Γ) := Max{n ∈ N : Γ ∈
HFG (Φ)}
k≥n

on Feynman diagrams in HFG (Φ), we can build a sequence of random graphs with respect to
the sequence {Ym }m≥1 of partial sums
(3.7)

Ym := I + X1 + ... + Xki + ... + Xkj + ... + Xm

of the given equation DSE. A decorated version of the Connes–Kreimer Hopf algebra of nonplanar rooted trees provides a universal toy model for the Hopf algebra HDSE which allows
us to represent finite formal expansions Ym of Feynman diagrams via linear combinations of
decorated rooted trees [1, 9]. We build our model based on the rooted tree representation of
these partial sums. For each m, the random graph Rm is given by using vertices of the rooted
tree tYm which is embedded into the closed interval (via a poset embedding ρm ) such that with
the probability dadic (Γki , Γkj ) there exists an edge between vi and vj whenever ρ−1
m (vi ) ∈ Xki
(v
)
∈
X
in
the
partial
sum
Y
.
The
cut-distance
convergent
limit
of
the
sequence
and ρ−1
j
kj
m
m
{Rm }m≥1 when m tends to infinity is the non-zero Feynman graphon WX corresponding to
the unique solution X of DSE.

The next step is to explicitly identify graphon classes corresponding to solutions of Dyson–
Schwinger equations and for this purpose we need to apply rescaling methods in the theory
of graphons.
Theorem 3.3. For a fixed probability space (Ω, µΩ ), we can identify a unique unlabeled
graphon class with respect to each Dyson–Schwinger equation DSE in a (strongly coupled)
gauge field theory Φ.
Proof. For simplicity we work on the closed interval [0, 1] as the Lebesgue measure space. Theorem 3.2 and Proposition 4.6 in [35] tell us that for a given combinatorial Dyson–Schwinger
equation DSE with the unique solution X and the corresponding sequence {Ym }m≥1 of its
partial sums, the sequence {Ym }m≥1 is cut-distance convergent to X. In other words, the
sequence {WYm }m≥1 is convergent to WX with respect to the cut-distance topology. The
density of the sparse graph X is almost zero while by rescaling of the probability space or
renormalizing the graphon models, we can remove this problem and obtain a non-zero unlabeled graphon class [WX ]. In the rest of the proof we build this non-zero Feynman graphon.
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The n-adic metric (3.6) defines a new function Fadic,X on the set V (X) of all vertices of X
as follows
(3.8)

Fadic,X : V (X) × V (X) → R,

(vi , vj ) 7−→ dadic (Yi0 , Yj0 )

such that
(3.9)

i0 := Min{s : vi ∈ Ys },

j0 := Min{t : vj ∈ Yt }.

The value Fadic,X (vi , vj ) can be seen as the weight of the edge vi vj in the large Feynman
diagram X. In addition, for every vertex vi ∈ V (X) define
wi := dadic (Yi0 , I) ∈ [0, 1]
P
as the weight of vi . Finite expansions an := 1≤k≤n wk (for each n ≥ 1) determine subintervals In := [an−1 , an ) for each n which define a partition for the closed interval [0, 1].
The non-zero Feynman graphon class [WX ] corresponding to the large Feynman diagram
X can be defined by graph functions with the general form
(3.10)

(3.11)

WX : [0, 1] × [0, 1] → [0, 1], WX (x, y) := dadic (Yi0 , Yj0 )

whenever (x, y) ∈ Ii0 × Ij0 .



Remark 3.4. It is also possible to build other non-zero Feynman graphons with respect to
solutions of Dyson–Schiwnger equations in terms of changing the measure, the probability
space or rescaling methods.
Corollary 3.5. We can describe the unique solution X of a given Dyson–Schwinger equation
DSE as a sequence of random graphs or non-zero graphons which lead us to characterize the
original equation DSE in terms of its asymptotic densities or limiting graphons.
Corollary 3.6. The Connes–Kreimer renormalization Hopf algebra HFG (Φ) can be topologically completed with respect to the cut-distance topology. The distance between Feynman
diagrams can be determined by their corresponding Feynman graphons. In other words,
(3.12)

d(Γ1 , Γ2 ) := dcut (WΓ1 , WΓ2 ).

cut
The resulting compact topological Hopf algebra (denoted by HFG
(Φ)) involves all Feynman
diagrams and solutions of Dyson–Schwinger equations under different running couplings c(g)
in the physical theory Φ.

Thanks to Theorems 3.2, 3.3 and Corollary 3.6, it is now possible to introduce a distance
between Dyson–Schwinger equations. For given equations DSE1 and DSE2 , define
(3.13)

d(DSE1 , DSE2 ) := dcut (WXDSE1 , WXDSE2 ) = limm→∞ dcut (WYm (DSE1 ) , WYm (DSE2 ) ).

Theorem 3.7. There exists a non-perturbative generalization of the Connes–Kreimer BPHZ
Hopf algebraic renormalization which works on the unique solution of a given Dyson–Schwinger
equation in a (strongly coupled) gauge field theory Φ.
Φ
Proof. The dual of the free commutative connected graded Hopf algebra Sgraphon
of FeynΦ
man graphons is the complex infinite dimensional pro-unipotent Lie group Ggraphon (C). Set
∗
Loop(GΦ
graphon (C), µ) as the space of loops γµ on the infinitesimal punctured disk ∆ around
∗
the origin in the complex plane with values in GΦ
graphon (C). The disk ∆ is determined by the
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dimensional regularization parameter. These loops can encode unrenormalized regularized
characters which act on Feynman graphons. The Hopf–Birkhoff factorization (γ− , γ+ ) gives
us the factorization (φ̃− , φ̃+ ) for the character φ̃ such that φ̃z is defined via the corresponding
Feynman rules character. For each finite Feynman diagram Γ, we have
φ̃z (WΓ ) := φz (Γ).

(3.14)

For each large Feynman diagram X as the solution of a given Dyson–Schwinger equation
DSE, φ̃z (WX ) is defined as the cut-distance convergent limit of the sequence {φ̃z (WYm )}m≥0
such that for each m ≥ 0, WYm is the Feynman graphon corresponding to the partial sum
Ym of X.
Applying these new regularized Feynman rules characters allows us to make the new sequence {SRφ̃ ms (WYm )}m≥1 of Feynman graphons which is convergent with respect to the cutdistance topology and we have
SRφ̃ ms (WX )

=

limm→∞ SRφ̃ ms (WYm )

= limm→∞

m
X

SRφ̃ ms (WXi )

i=1

(3.15)

m
X φ̃
X
SRms (Wγ )φ̃(WXi /γ ))).
= limm→∞
(−Rms (φ̃(WXi ) − Rms (
i=1

The Feynman graphon SRφ̃ ms (WX ) determines the non-perturbative counterterms generated
by the non-perturbative BPHZ renormalization of X.
In addition, we can also make the sequence {SRφ̃ ms ∗ φ̃(WYm )}m≥1 of Feynman graphons
which is cut-distance convergent and we have
(3.16)

SRφ̃ ms

∗ φ̃(WX ) =

limm→∞ SRφ̃ ms

∗ φ̃(WYm ) = limm→∞

m
X

SRφ̃ ms ∗ φ̃(WXi ).

i=1

SRφ̃ ms ∗ φ̃(WX ) determines the corresponding renormalized values generated by the nonperturbative BPHZ renormalization of X.

Corollary 3.8. The universal Connes–Marcolli category E CM of flat equi-singular vector bundles ([10]) encodes the geometric information of the non-perturbative renormalization group
corresponding to the non-perturbative BPHZ renormalization of large Feynman diagrams.
Φ
Proof. We consider the category Egraphon
of flat equi-singular GΦ
graphon (C)-connections on the
regularization bundle. This category is equivalent to the category RepGΦ,∗
of finite dimengraphon

Φ,∗
sional representations of the affine group scheme Ggraphon
. The universality of the category
CM
E , which is a neutral Tannakian category and equivalent to the category RepU∗ , is applied
Φ
to recover Egraphon
as a subcategory. Therefore we can obtain graded representations

(3.17)

η : U(C) −→ GΦ
graphon (C)

such that the composition map η ◦ rg (for rg : Ga → U) encapsulates our non-perturbative
renormalization group in terms of objects of the category E CM .
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The Isham–Doring topos approach does not recognize the impact of the strength of running
couplings in strongly coupled physical systems in the logical foundations of physical theories. Thanks to our new graphon model approach, cut-distance topological Hopf subalgebras
generated by solutions of Dyson–Schwinger equations can be applied for the construction
of a new topos model (named as non-perturbative topos) for the logical analysis of nonperturbative parts of strongly coupled gauge field theories. Objects of the base category
of the non-perturbative topos allow us to logically evaluate propositions about topological
regions of Feynman diagrams which contribute to Dyson–Schwinger equations in a given
physical theory under different running couplings in real time process. This new topos model
enables us to logically recognize any change in physical systems during time process in terms
of changing the amount of running couplings. Representations in the non-perturbative topos
model can be applied to modify it for the description of higher-order logics in different gauge
field theories. This new topos model can lead us to understand better the non-locality of
non-perturbative regions. [34]
Theorem 3.9. There exists a topos which encodes the logical information about cut-distance
topological regions of Feynman diagrams which contribute to fixed point equations of Green’s
functions in a given (strongly coupled) gauge field theory Φ.
Proof. The non-perturbative topos Tnon,g
is the topos of presheaves on a new base category
Φ
CΦnon,g . Objects of this base category are cut-distance compact topological Hopf subalgebras
cut
generated by solutions of Dyson–Schwinger equations under different running couHDSE(c(g))
plings c(g) (with respect to the bare coupling constant g). The subobject classifier of this
topos, which has a natural Heyting algebraic structure, enables us to evaluate truth-values
propositions about topological regions of Feynman diagrams which contribute to Dyson–
Schwinger equations [34]. The structures of the spectral presheaf, the outer presheaf and
other logical properties of this topos have been discussed in another submitted work by the
author where this topos model has also been generalized for physical theories with multiple
bare coupling constants.

4. A graphon model approach to Kontsevich’s Deformation Quantization
In this section, we explain a new graph function representation model for Kontsevich admissible graphs to build a new Hopf algebraic formalism which can be topologically enriched
to recover an infinite version of these graphs. We then use these Kontsevich graphons to
formulate a new generalization of the Kontsevich’s ?-product. We apply the Hopf algebra of
Kontsevich admissible graphs to address the foundations of a differential Galois theory and a
topos model for Kontsevich’s Deformation Quantization. We also show that non-perturbative
parameters generated by Theorem 3.7 can be computed via the Kontsevich’s ?-product. Finally, we give a modified version of the Kontsevich’s ?-product on a class of noncommutative
differential calculi originated from renormalization of Dyson–Schwinger equations.
Definition 4.1. A Kontsevich admissible graph is a simple oriented graph (with no multiple
edges or self-loops) which contains two classes of totally ordered disjoint sets of vertices called
internal vertices and boundary vertices (or leaves). There is also a total order on the set of
all edges. It is possible to present each Kontsevich graph via nodes and geodesics in a closed
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disk such that internal vertices are points inside the disk and boundary vertices are points
on the boundary region of the disk.
The graphical calculus works on Kontsevich admissible graphs to encode actions of polydifferential operators on smooth functions defined on Rd . The number of internal vertices
presents the number of polyvector fields and the number of boundary vertices presents the
number of smooth functions. Set gp,q (Rd ) as the collection of all Kontsevich admissible graphs
such as K which has q internal vertices while
− |E(K)| − 1 = p and suppose g•,• (Rd )
S |V (K)|
be the bigraded vector space generated by p,q≥0 gp,q (Rd ). A normal subgraph G of K is a
full subgraph such that the quotient graph H = K/G is a graph in g•,• (Rd ). It is possible
to rebuild the admissible graph K as an extension of H by G via inserting the subgraph G
inside H with respect to the types of vertices. The notation G ,→ K  H is used to present
the normal subgraph and the extension process. The original graph K can be rebuilt by the
insertion of the graph G into a vertex of the quotient graph H. The type of the vertex of G
which is inserted into determines the type of the extension. [17, 18, 20]
Lemma 4.2. For a fixed probability space (Ω, µΩ ), we can identify a unique unlabeled graphon
class with respect to the combinatorial information of each Kontsevich admissible graph in
g•,• (Rd ).
Proof. For simplicity we work on the closed interval [0, 1] as the Lebesgue measure space.
For each graph K with n number of internal vertices v1 , ..., vn and m number of boundary
vertices vn+1 , ..., vn+m , we can build its corresponding pixel picture presentation by dividing
the unit square into n + m small squares or boxes Ii × Ij , 1 ≤ i, j ≤ n + m. The box Ii × Ij
is black or white whether there is an edge between corresponding vertices or not. Define the
labeled graphon VK (x, y) = 1 for (x, y) ∈ Ii × Ij whenever there is an edge (or geodesic)
between the vertices vi and vj and otherwise define VK (x, y) = 0.

We name VK as the labeled Kontsevich graphon corresponding to the graph K ∈ g•,• (Rd )
on the probability space (Ω, µΩ ). The class [VK ] collects all weakly isomorphic graphons with
Kont
respect to different relabeling. Set Sgraphon
(Rd ) as the vector space generated by this type of
graphons.
A sequence K1 , K2 , ... of finite Kontsevich admissible graphs is convergent iff the corresponding sequence VK1 , VK2 , ... of Kontsevich graphons is cut-distance convergent to a
graphon V∞ when n tends to infinity. We use the notation K∞ for the Kontsevich admissible
graph with the corresponding graph function model V∞ and call it ”large Kontsevich graph”.
In other words, VK∞ ∈ [V∞ ] and V∞ ∈ [VK∞ ]. It is important to apply rescaling methods to
ignore 0-graphon as the convergent limit of these sparse type graphs.
Remark 4.3. The large Kontsevich graph K∞ generated by the information of the graphon
V∞ might contain infinite number of internal or boundary vertices or infinite number of edges.
The renormalization Hopf algebra HFG (Φ) has a Lie algebraic source in terms of the insertion operator on Feynman diagrams. The insertion operator can be described by Hochschild–
Kontsevich products •, ◦. These products, which are defined on the space g•,• (Rd ) in terms
of internal and external extensions of Kontsevich admissible graphs, are given by H • G :=
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G,→KH, internal ±K and H ◦ G :=
G,→KH, boundary ±K which are (0, −1) degree and bigraded products, respectively. We have the quotient graph K/G = H which is the result of
shrinking the normal subgraph G. [9, 18, 19]
We can equip the bigraded vector space g•,• (Rd ) with the cut-distance topology to obtain
•,•
a new topological vector space presented by gcut
(Rd ).
It is now possible to extend products •, ◦ to the level of large Kontsevich graphs which
will be useful to extend the insertion operator to the level of large Feynman diagrams and
cut
find the Lie algebraic origin of the topological Hopf algebra HFG
(Φ).

Lemma 4.4. The products •, ◦ are well-defined on large Kontsevich graphs.
Proof. Suppose {Kn }n≥0 be a sequence of Kontsevich admissible graphs which is convergent
to the large Kontsevich graph K∞ and {Gn }n≥0 be another sequence of Kontsevich admissible
graphs such that for each n, Gn is a normal subgraph of Kn . Suppose the sequence {Gn }n≥0 is
convergent to the large Kontsevich graph G∞ . We can consider a new sequence {Hn }n≥0 :=
{Kn /Gn }n≥0 of quotient graphs which is cut-distance convergent to the large Kontsevich
graph H∞ . Thanks to Kontsevich graphon representations VK∞ , VG∞ and VK∞ /G∞ , we can
show that VH∞ ∈ [VK∞ /G∞ ] and therefore H∞ = K∞ /G∞ . Now for each n, we can define
X
X
(4.1)
Hn • Gn =
±Kn , Hn ◦ Gn =
±Kn ,
Gn ,→Kn Hn , internal

Gn ,→Kn Hn , boundary

which lead us to define H∞ • G∞ as the cut-distance convergent limit of the sequence {Hn •
Gn }n≥0 and define H∞ ◦ G∞ as the cut-distance convergent limit of the sequence {Hn ◦
Gn }n≥0 .

One important note is that H∞ • G∞ or H∞ ◦ G∞ might have infinite terms in their series
where thanks to the compactness of the topology of graphons, these infinite series can be
•,•
interpreted as objects in the boundary of the space gcut
(Rd ).
d
Theorem 4.5. There exists a graded Hopf algebra structure on g•,•
cut (R ) which is compatible
with normal subgraphs and cut-distance topology.

Proof. For a given Kontsevich admissible graph K, define
X
(4.2)
∆(K) = I ⊗ K + K ⊗ I +
G ⊗ K/G
G

such that the sum is over all normal subgraphs of K and I is the empty graph. Terms in the
above formal expansion are in the one to one correspondence with all possible internal and
boundary extensions of normal subgraphs of the original graph K. The bigraded property of
d
g•,•
cut (R ) allows us to define a new grading structure
M p,q
(4.3)
gncut (Rd ) :=
gcut (Rd )
p+q=n

S
and then formulate g•cut (Rd ) as the graded vector space generated by n≥0 gncut (Rd ) and
equipped with the cut-distance topology. Thanks to this graduation parameter, we can
obtain the required antipode recursively and achieve the promising Hopf algebra structure.
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Kontsevich graphons (i.e. Lemma 4.2) are useful to topologically complete this Hopf
Kont
(Rd ) corresponding to a finite graph K,
algebra. For any Kontsevich graphon VK ∈ Sgraphon
define
X
(4.4)
∆(VK ) = VI ⊗ VK + VK ⊗ VI +
VG ⊗ VK/G
such that VI is the 0-graphon and the sum is controlled by Kontsevich graphons associated
to normal subgraphs of the original graph K under internal and external extensions. For
any large Kontsevich graph K∞ with the corresponding Kontsevich graphon VK∞ as the cutdistance convergent limit of the sequence {Kn }n≥0 of finite Kontsevich admissible graphs,
apply this coproduct to define ∆(VK∞ ) as the cut-distance convergent limit of the sequence
{∆(VKn )}n≥0 . Thanks to the graduation parameter and using the same idea, we can also
define the antipode for large Kontsevich graphs. In addition, the compactness of the cutdistance topology shows us that the defined coproduct and antipode (as linear operators) are
bounded which means that they are continuous operators.
cut
(Rd ) for the resulting topological Hopf algebra of Kontsevich
We use the notation HKont
admissible graphs corresponding to Deformation Quantization program in C ∞ (Rd ) which is
generated by g•cut (Rd ) at the vector space level. It is a graded connected free commutative
non-cocommutative Hopf algebra. The correspondences K 7→ VK and {Kn }n≥0 7→ VK∞ make
Kont
cut
(Rd ) and Sgraphon
(Rd ).

Hopf algebraic homomorphism between Hopf algebras HKont
Remark 4.6. The distance between Kontsevich admissible graphs K1 , K2 can be defined by
their corresponding Kontsevich graphons. In other words,
(4.5)

d(K1 , K2 ) := dcut (VK1 , VK2 ).

The cocycle equation in Deformation Quantization informs us the existence of a fundamental relation between the Kreimer renormalization coproduct on Feynman diagrams (which
decomposes each Feynman diagram based on disjoint unions of (1PI) divergent Feynman subdiagrams) and normal subgraphs of Kontsevich admissible graphs [18, 19, 30]. Therefore the
Connes–Kreimer Hopf algebra of non-planar rooted trees (equipped with a particular class
Kont
cut
(Rd ).
of decorations) can provide a universal model for Hopf algebras HKont
(Rd ) and Sgraphon
Lemma 4.7. (i) A sequence of Kontsevich admissible graphs is convergent if it is a cutdistance Cauchy sequence.
(ii) Each large Kontsevich graph K∞ determines a cut-distance convergent sequence of
finite random graphs.
Proof. (i) It is a direct result of the definition.
(ii) Let VK∞ be the corresponding Kontsevich graphon. For each n, we can define a finite
random graph G(Sn , VK∞ ) which contains n nodes Sn := {s1 , ..., sn } in [0, 1] such that the
existence of an edge between si and sj is determined by the probability VK∞ (si , sj ). Thanks
to [25, 35], the sequence {R(n, VK∞ )}n≥1 (such that R(n, VK∞ ) := R(G(Sn , VK∞ )) is cutdistance convergent to VK∞ .

Corollary 4.8. The non-perturbative parameters generated by Theorem 3.7 can be reformulated in terms of the Kontsevich’s ?-product.
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Proof. Thanks to Lemma 3.1, Theorem 3.7 and Section 6 in [31], Kontsevich graphons in the
sequences {SRφ̃ ms (WYm )}m≥1 and {SRφ̃ ms ∗ φ̃(WYm )}m≥1 can be rewritten in terms of the Baker–
Campbell–Hausdorff formula for the Hausdorff series. This enables us to view the Hopf–
Birkhoff factorization SRφ̃ ms ∗ φ̃ = φ̃+ via the deformation star product SRφ̃ ms ? φ̃ of the pointwise
multiplication of the exponential functions SRφ̃ ms and φ̃. Now thanks to Theorem 4.5, SRφ̃ ms ?
φ̃(WX ) can be determined as the convergent limit of the sequence {SRφ̃ ms ? φ̃(WYm )}m≥1 .



d
It is possible to equip g•,•
cut (R ) with the Lie algebra structure defined by the commutator
[., .]◦ which gives us the degree (1, 0) differential operator d1 on large Kontsevich graphs.
d
We can also extend the Kontsevich’s vertical differential operator on g•,•
cut (R ) to define the
differential operator d2 on large Kontsevich graphs. For a given large Kontsevich graph
K∞ corresponding to the Kontsevich graphon [VK∞ ], the (0, 1) degree differential operator
d2 (K∞ ) is defined as the cut-distance
P convergent limit of the sequence {d2 (Kn )}n≥0 such
that for each n, we have d2 (Kn ) := e,→Ln Kn , internal ±Ln = Kn • e which is expanding the
internal vertices of Kn by the insertion of an additional edge.

Corollary 4.9. The cut-distance topological space of Kontsevich graphons can be equipped
with the Hochschild–Kontsevich differential graded Lie algebra structure.
Proof. We work on the graded topological vector space g•cut (Rd ) such that the differential
d
operators d1 , d2 commute on the total complex g•,•
cut (R ). Therefore d := d1 ± d2 is a total
differential operator which is compatible with the graded Lie bracket [., .]◦ . Thanks to Lemma
4.4, we can lift the differential operators d1 , d2 onto the level of Kontsevich graphons. We
have
(4.6)

VK • VL := VK•L , VK ◦ VL := VK◦L , d1 (VK ) := Vd1 (K) , d2 (VK ) := Vd2 (K) .


Thanks to the built Hopf algebraic formalism, it is now possible to give a new geometric
description for Deformation Quantization in the context of differential systems and RiemannHilbert correspondence. This alternative geometric setting improves our knowledge about the
relation between Connes–Kreimer–Marcolli approach to perturbative Quantum Field Theory
and Kontsevich’s Deformation Quantization.
Theorem 4.10. The collection of all Kontsevich admissible graphs which contribute to Deformation Quantization in C ∞ (Rd ) determines a subcategory of the Connes–Marcolli universal
category E CM .
Proof. We work on the graded connected free commutative Hopf algebra HKont (Rd ) and consider the category of flat equi-singular GKont,Rd (C)-connections on the regularization bundle
such that the complex Lie group GKont,Rd (C) is the space of characters of HKont (Rd ). This
category is equivalent to the category RepG∗
of finite dimensional representations of the
Kont,Rd
∗
affine group scheme GKont,Rd . Now thanks to the universal property of the neutral Tannakian
category E CM of flat equi-singular vector bundles with respect to commutative Hopf algebras
([10]), we can embed RepG∗
inside E CM to identify the subcategory EKont,Rd on the basis
d
Kont,R

of a new class of graded representations such as ν : U(C) −→ GKont,Rd which encode flat
equi-singular GKont,Rd (C)-connections.
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Thanks to Kontsevich graphons, it is possible to build a new topos model (originated from
non-perturbative topos) which encodes the logical foundations of (non-)local Kontsevich’s
Deformation Quantization.
Theorem 4.11. The non-perturbative topos provides a topos model which can evaluate logical
propositions about Kontsevich admissible graphs and large Kontsevich graphs which contribute
to Deformation Quantization in C ∞ (Rd ).
Proof. We need to change the base category of the non-perturbative topos in the way that
it could recover Kontsevich admissible graphs. For this purpose we define the base category
non
cut
d
CKont,R
d as the category which contains HKont (R ) and its all topological Hopf subalgebras as
non
objects. Then we can build Tnon
as the topos of presheaves on CKont,R
d . The subobject
Kont,Rd
non
classifier of TKont,Rd , which has the Heyting algebraic structure, can evaluate logical propositions about compact cut-distance topological regions of Kontsevich admissible graphs and
also large Kontsevich graphs which live in the boundary regions.

In the final step of this section, we are going to apply this graphon model to formulate the
Kontsevich’s deformation star product in a non-perturbative setting.
For a given Poisson structure α, the Kontsevich star product (1.2) with the general form
f ?α g := P (α)(f ⊗ g) is an associative product on C ∞ (Rd )[[~]] as a deformation quantization of the commutative pointwise product with respect to α [21]. For finite dimensional
configuration spaces, the Poisson tensor is a section of the vector bundle Λ2 (T (M )) which
defines a skew-symmetric form on each contangent space Tm∗ (M ). For infinite dimensional
configuration spaces, it is possible to define the Poisson structure on a unital subalgebra
of C ∞ (M ) (or the class of admissible differentials) with respect to the given locally convex
manifold M . [17, 29]
Thanks to Kontsevich graphons, it is now possible to define the star product deformation
for the level of infinite dimensional configuration spaces (such as R∞ ) which are equipped
with weak Poisson structures.
Lemma 4.12. The Kontsevich’s ?-product is well-defined for R∞ .
Proof. We present locally the (weak) Poisson structure α in an open subset U of R∞ via the
infinite formal expansion
∞
X
(4.7)
α=
αij (x)∂i ∧ ∂j
i,j=1

with respect to local coordinates x1 , x2 , .... Kontsevich graphons are useful to describe the
space of polydifferential operators which act on real valued smooth functions on R∞ . For
each n, let P(x1 ,...,xn ) be the orthogonal projection map which projects the points (x1 , x2 , ...)
in R∞ into the n-dimensional subspace generated by the components (x1 , ..., xn ). For each
f ∈ C ∞ (U), we can identify f(x1 ,...,xn ) as the smooth function on an open subspace of Rn such
that
(4.8)

f = f(x1 ,...,xn ) ◦ P(x1 ,...,xn ) .

Thanks to Remark 4.6, for each f, g ∈ C ∞ (U), define f ?α g as the cut-distance convergent
limit of the sequence {f(x1 ,...,xn ) ?Pni,j=1 αij (x)∂i ∧∂j g(x1 ,...,xn ) }n≥0 .
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Corollary 4.13. The Kontsevich’s ?-product is well-defined for the topological Hopf algebra
cut
HKont
(Rd ).
Proof. The unital noncommutative associative convolution algebra (L(HKont (Rd ), C), ∗) contains the Lie algebra LieKont,Rd (C) of the complex Lie group GKont,Rd (C) of characters. This
Lie algebra is generated by infinitesimal characters (or complex derivations) ZK indexed by
Kontsevich admissible graphs K and defined by ZK (L) = δKL . The exponential map
X Z ∗n
K
(4.9)
LieKont,Rd (C) → GKont,Rd (C), exp∗ (ZK ) =
n!
n≥0
gives the bijection between this Lie algebra and its Lie group. Thanks to the associative
property of the convolution product, we can consider the commutator [., .]∗ (with respect to
the convolution product ∗) as the Poisson structure on L(HKont (Rd ), C) such that infinitesimal
characters ZK can be considered as Hamiltonian derivations.
We can modify Kontsevich admissible graphs for the space of (infinitesimal) characters and
polyderivations defined with respect to the exponential map exp∗ . Internal vertices are symbols for polyvector fields. Boundary vertices are symbols for characters. The multiplication
of m characters is represented by the graph with no internal vertices and m boundary vertices. The identification of m-vector fields with polyderivations is represented by the graph
with one internal vertex, m boundary vertices and m edges.
Thanks to the graduation parameter of the Hopf algebra of (large) Kontsevich admissible
graphs, for each character φ, define φ(n) as its projection into the subalgebra generated by
(n)
HKont (Rd ). Now define the star product φ?[.,.]∗ ψ on the space of characters as the cut-distance
convergent limit of the sequence {φ(n) ?[.,.]∗ ψ(n) }n≥0 .
In addition, for a given large Kontsevich graph K∞ as the convergent limit of the sequence
(n)
K1 , K2 , ... of finite Kontsevich admissible graphs such that for each n, Kn ∈ HKont (Rd ), we
have
(4.10)

φ ?[.,.]∗ ψ(K∞ ) = φ ?[.,.]∗ ψ(limn→∞ Kn ) = limn→∞ φ(n) ?[.,.]∗ ψ(n) (Kn ).

cut
(Rd ).
This extends the star product ?[.,.]∗ on the topological Hopf algebra HKont



Remark 4.14. For any large Kontsevich graph K∞ as the convergent limit of the sequence
{Kn }n≥0 , there exists an infinitesimal character ZK∞ which can be added as a new generator
to the Lie algebra LieKont,Rd (C) to provide a topological enrichment of this Lie algebra with
respect to the cut-distance topology.
In [38] a new class of noncommutative differential calculi has been built with respect to
the BPHZ renormalization of Dyson–Schwinger equations. They are equipped with a family
of Poisson structures originated from renormalization or regularization schemes.
Consider a given Dyson–Schwinger equation DSE(c(g)) in a strongly coupled gauge field
theory Φ with the corresponding non-cocommutative Hopf subalgebra HDSE(c(g)) . The renormalization program given by Theorem 3.7 is on the basis of dimensional regularization (with
the regularization algebra Adr of Laurent series with finite pole parts) and minimal subtraction (with the renormalization map Rms : Adr → Adr which projects each series into its
pole parts). We can deform the convolution algebra L(HDSE(c(g)) , Adr ) of linear maps by the
Rota–Baxter algebra (Adr , Rms ). For this purpose we first lift the map Rms onto the space
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L(HDSE(c(g)) , Adr ) (presented by R(φ) := Rms ◦ φ) and then for each real number λ we define
a class of Nijenhuis maps on L(HDSE(c(g)) , Adr ) given by
(4.11)

Rλ := R − λR̃ s.t. R̃ := Id − R.

These Nijenhuis maps enable us to define a new class of noncommutative associative products
on L(HDSE(c(g)) , Adr ) given by
(4.12)

φ1 ◦λ φ2 := Rλ (φ1 ) ∗ φ2 + φ1 ∗ Rλ (φ2 ) − Rλ (φ1 ∗ φ2 ).

The commutator with respect to these products can be given by the relation
(4.13)

[φ1 , φ2 ]λ := [Rλ (φ1 ), φ2 ] + [φ1 , Rλ (φ2 )] − Rλ [φ1 , φ2 ]
DSE(c(g))

which leads us to define new Lie algebraic structures. We use the notation Cλ
for
this class of noncommutative associative unital deformed (Lie) algebras. Thanks to the
Dubois-Violette approach to noncommutative differential geometry via Hamiltonian derivaDSE(c(g))
tions ([11]), we can build a class of differential graded Lie algebras (Ω• (Cλ
), dλ ) such
that their corresponding noncommutative deRham complexes could determine Poisson structures {., .}λ and related noncommutative symplectic geometries [34, 38]. If we use Kontsevich
graphons, then we can define the Kontsevich’s ?-product with respect to deformed Poisson
structures {., .}λ which can be defined weakly on the space L(HDSE(c(g)) , Adr ).
Corollary 4.15. For a given Dyson–Schwinger equation DSE(c(g)) in a strongly coupled
physical theory, the Kontsevich’s ?-product is well-defined for the topological Hopf algebra
cut
.
HDSE(c(g))
Proof. Consider the subspace ∂charλ HDSE(c(g)) of the noncommutative associative unital deDSE(c(g))
formed algebra Cλ
which is the Lie algebra of infinitesimal characters or derivations
into Adr . Objects of this Lie algebra are linear maps in L(HDSE(c(g)) , Adr ) which obeys the
Leibniz rule with respect to the deformed product ◦λ . This space is generated by infinitesimal characters ZΓ indexed by graphs Γ ∈ HDSE(c(g)) and defined by ZΓ (Γ0 ) := δΓ,Γ0 . The
exponential map
X Z ◦λ n
◦λ
(4.14)
∂charλ HDSE(c(g)) −→ charλ HDSE(c(g)) , exp (Z) :=
n!
n≥0
gives the bijection between this Lie algebra and its corresponding Lie group. The associative
DSE(c(g))
property of the algebra Cλ
shows that the commutator [., .]λ (with respect to the
DSE(c(g))
product ◦λ ) is the Poisson structure on Cλ
such that infinitesimal characters ZΓ can
be considered as Hamiltonian derivations.
Thanks to the cut-distance topological completion of the graded Hopf algebra HDSE(c(g)) ,
cut
namely, HDSE(c(g))
, we can now formulate the star product φ ?[.,.]λ ψ on the space of characters
of the Hopf algebra HDSE(c(g)) . For each character φ ∈ charλ HDSE(c(g)) , define φ(n) as the
projection of the character φ into the subalgebra generated by the generators X1 , ..., Xn
of the unique solution of the equation DSE with the corresponding infinitesimal characters
ZX1 , ..., ZXn . For each φ, ψ ∈ charλ HDSE(c(g)) , define φ ?[.,.]λ ψ as the cut-distance convergent
limit of the sequence {φ(n) ?[.,.]λ ψ(n) }n≥0 . For the large Feynman diagram X (as the unique
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solution of DSE) which is cut-distance convergent limit of the sequence {Ym }m≥0 of its partial
sums, we have
(4.15)

φ ?[.,.]λ ψ(X) = φ ?[.,.]λ ψ(limm→∞ Ym ) = limm→∞ φ(m) ?[.,.]λ ψ(m) (Ym ).


Corollary 4.16. For a given Dyson–Schwinger equation DSE(c(g)) in a strongly coupled
physical theory, the Kontsevich’s ?-product is well-defined in the differential graded Lie algebra
DSE(c(g))
(Ω• (Cλ
), dλ ).
Proof. Thanks to [38], the symplectic structure generated by noncommutative deRham comDSE(c(g))
plex on the space of Hamiltonian derivations of Cλ
could determine the required PoisDSE(c(g))
son structure {., .}λ . The graduation parameter enables us to define ?{.,.}λ on Ω• (Cλ
)
DSE(c(g))
n
as the cut-distance convergent limit of star products on the components Ω (Cλ
). 
5. Conclusion
This research work was trying to show some new applications of graphon models to fundamental topics in Quantum Physics. On the one hand, Feynman graphons have been
concerned to describe a non-perturbative topological Hopf algebraic renormalization program for solutions of Dyson–Schwinger equations. On the other hand, Kontsevich graphons
have been introduced to obtain a new topological Hopf algebraic formalism for the study
of Kontsevich’s ?-product in a non-local setting. On the third hand, these graphon models have been applied to show some new interconnections between Kontsevich’s Deformation
Quantization and Hopf algebraic approach to Quantum Field Theory under perturbative and
non-perturbative settings.
Generally speaking, we can classify non-perturbative quantum physical systems in terms of
the behavior of running coupling constants which can be encoded by β-functions. In one class
we have physical theories with negative β-functions such as high energy QCD, in another
class we have physical theories with zero β-function such as Conformal Field Theory and
in other class we have physical theories with positive β-functions such as low energy QCD,
gauge field theories beyond Standard Model with multi-flavors. Dyson–Schwinger equations
in physical theories with zero β-function can be reduced to linear versions such that lattice models, Borel resummation, large N limits, numerical methods, theory of instantons
and AdS/CFT correspondence are useful tools in dealing with these equations to compute
physical parameters. However these methods can not provide a complete understanding
of Dyson–Schwinger equations under strong running coupling constants in physical theories
with non-zero β-functions. The Hopf algebraic approach to Quantum Field Theory together
with graphon models enable us to reformulate Dyson–Schwinger equations in the context
of new mathematical settings where now we can describe these non-perturbative equations
as objects of the boundary of a compact topological space of finite graphs. This graphon
model approach gives us the opportunity to compute non-perturbative parameters generated
by renormalization of Dyson–Schwinger equations under new algebraic and geometric settings. In addition, it provides a new topos model for the analysis of the logical differences in
non-perturbative physical systems under changing running coupling constants during time
process. Furthermore, graph function theory of sparse graphs has been applied to formulate
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a new Hopf algebraic formalism for Kontsevich’s Deformation Quantization program which
already led us to find some new interrelationships between this fundamental theory in Quantum Physics and mathematical foundations of non-perturbative Quantum Field Theory. The
achievements of this research effort can also be useful to present a non-local generalization
of Kontsevich’s Deformation Quantization program.
Acknowledgement. The author is grateful to Institut des Hautes Etudes Scientifiques
for the support and hospitality.
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