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Abstract
The high-energy behavior of N = 4 SYM elastic amplitudes at strong coupling is studied by
means of the AdS/CFT correspondence. For massless gluon-gluon scattering, we consider
the amplitude found by Alday and Maldacena using a minimal surface in AdS5 momentum
space. For elastic scattering of massive quarks, we reconsider the eikonal method proposed
by Janik and one of the authors of this paper, where the relevant minimal surface is a
“generalized helicoid” in hyperbolic space (“Euclidean AdS5 ”), from which the physical
amplitude is obtained after an appropriate analytic continuation. Exploiting a conformal
transformation, we are able to show that the quark-quark amplitude is dominated by
the same cusp contribution already found in the gluon-gluon case. Both amplitudes are
shown to be of Regge type at high energy, with the same logarithmic Regge trajectory, in
agreement with the expected universality property of Regge amplitudes. The subleading
constant term in the trajectory is known for gluon-gluon scattering, but it is regularizationscheme dependent. Hence, the full content of Regge universality remains an open problem.
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1. Introduction
The AdS/CFT correspondence [1] is a powerful non-perturbative tool, which has been
exploited in the study of a variety of problems in N = 4 supersymmetric Yang-Mills theory
(SYM) at strong coupling. In recent years, a lot of work has been done regarding scattering
amplitudes. In Refs. [2,3], Alday and Maldacena have shown how to obtain the n-gluon
scattering amplitude in N = 4 SYM in this framework, by ﬁnding a minimal surface,
corresponding to a classical string solution, with polygonal boundary in AdS5 × S 5 . In
particular, they have solved analytically the minimal surface problem in the four-gluon
case [2], so obtaining a fully analytic expression for the gluon-gluon elastic scattering
amplitude. Their method has been extended to quark-quark scattering in Ref. [4].
A diﬀerent method to compute scattering amplitudes through the AdS/CFT correspondence had been previously proposed in Refs. [5–7], in order to evaluate the high-energy
scattering amplitude for massive particles playing the role of external quarks. This method
is based on the eikonal approximation and the Wilson-line formalism for high-energy amplitudes [8–11], and on analytic continuation to Euclidean space [12–15]. In this case, the
scattering amplitude is obtained from the area of a minimal surface in Euclidean AdS5
(i.e., hyperbolic space), whose boundaries are two straight lines, corresponding to the trajectories of the quarks in the eikonal approximation. The relevant minimal surface thus
corresponds to a “generalized helicoid” [6] in the AdS background, characterized by the
impact-parameter distance between the quarks and by the opening angle θ of the boundary. After analytic continuation, one obtains the impact-parameter amplitude at given
high enough rapidity χ. However, the expressions obtained in [6] were not complete, suffering from the lack of knowledge on the exact analytic form of the “generalized helicoid”.
One goal of the present paper is to go further in the eikonal approach, in order to go
beyond the approximations made in [6], and so obtain a more reﬁned result.
One major interest of the eikonal method is that it can be extended to non-conformal
backgrounds [6,7,16], corresponding to generic non-conformal gauge ﬁeld theories, where
using general features of gauge/gravity duality it leads in this case to Regge amplitudes
with linear trajectory. One of our aims in the present study is to look for Regge behavior
of amplitudes in the conformal case of N = 4 SYM by using this method.
The high-energy behavior of scattering amplitudes has been analyzed for a long time
in terms of Regge amplitudes, both from the phenomenological and the theoretical point of
view (see e.g. Ref. [17]). Indeed, the Regge behavior is a remarkable property of Yang-Mills
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theories in the perturbative regime. However, the issue of Regge behavior of high-energy
amplitudes at strong coupling requires diﬀerent tools, and the AdS/CFT correspondence
seems to be well suited for this purpose. One of the key properties expected for the Regge
amplitudes is the universality of the Regge trajectory: focusing on the case of vacuumquantum-numbers exchange, this means that all elastic amplitudes at high energy are
expected to contain the same factor sα(t) , where α(t) is the common Regge trajectory. Our
main aim is thus to analyze the high-energy behavior of scattering amplitudes, using the
two above-mentioned methods, and discuss the issue of universality of Regge amplitudes
in N = 4 SYM at strong coupling. This will be useful also to check the compatibility of
the two methods, which are based on very diﬀerent constructions.
The plan of the paper is the following. In Section 2, we give a brief review of the
two methods for approaching the high-energy behavior of N = 4 SYM amplitudes, namely
the Alday-Maldacena one for massless gluons of Ref. [2], and the eikonal approach one for
massive “quarks” of Ref. [6]. In Section 3, we investigate in detail the minimal surface
related to gluon-gluon scattering. In particular, the IR boundary of this solution is analyzed, together with the UV boundary of a corresponding solution in Euclidean AdS5 ,
generated by analytic continuation. In Section 4, we investigate the high-energy domain of
the gluon-gluon scattering amplitude, both in the momentum and in the impact-parameter
representation, and show that in this domain the amplitude is of Regge type. In Section
5, we study the minimal surface problem in Euclidean AdS5 relevant to quark-quark scattering in the eikonal method in a new way, which allows us to go beyond the preliminary
results of Ref. [6]. In particular, we show that the amplitude is of Regge type, and we
obtain the leading behavior of the Regge trajectory, which we show to be in agreement
with the trajectory obtained with the other method. Finally, Section 6 is devoted to conclusions and outlook, and in Appendix A we brieﬂy outline the possible extension of the
eikonal approach to gluon-gluon scattering.

2. Two-body elastic scattering via the AdS/CFT correspondence
2.1. Gluon-gluon scattering in the Alday-Maldacena approach
The gluon four-point scattering amplitude in N = 4 SYM has been evaluated in Ref. [2],
making use of the AdS/CFT correspondence, by computing the area of a corresponding
minimal surface. In the dual gravity theory, which is deﬁned in AdS5 × S 5 , the gluongluon scattering amplitude is mapped into the scattering amplitude of four open strings.
2

In turn, the string amplitude is obtained by determining a minimal surface, corresponding
to a classical string solution for the Nambu-Goto action. This minimal surface lives in the
AdS5 background,

)
R2 (
ηµν dxµ dxν + dz 2 ,
(2.1)
2
z
= diag(−1, 1, 1, 1). We call this background the position space.
ds2 =

where µ = 0, 1, 2, 3 and ηµν

The idea of Ref. [2] is to ﬁnd the minimal surface in momentum space, rather than directly
in the position space. The momentum space (y µ , r) is obtained from the position space
(xµ , z) by means of the T-duality transformation,
∂m y µ = i

R2
mn ∂n xµ ,
z2

(2.2)

and the resulting metric is given by
)
R2
R2 (
ds2 = 2 ηµν dy µ dy ν + dr2 , r ≡
.
(2.3)
r
z
In the momentum space, the boundary of the minimal surface corresponding to the fourgluon amplitude (i.e. to two-body scattering) is given by the closed sequence of four lightlike segments ∆yiµ . The boundary conditions in the position space, i.e., that the vertexoperator insertion point xi carries the momentum ki of the corresponding open string,
translates into the condition ∆yi = 2πki . In the same way, the gluon n-point amplitude
is obtained from the minimal surface having as boundary a closed sequence of n light-like
segments [3]. The sequences are closed because of momentum conservation. The light-like
segments lie at r = rIR = R2 /zIR , where zIR is the ﬁfth coordinate in position space of
the D-brane on which the open strings end. Such a D-brane acts as a regulator for the IR
divergencies of the gluon-gluon scattering amplitude, which has to be removed by sending
zIR → ∞, i.e., rIR → 0, at the end of the calculation. It is however more convenient to
ﬁnd the minimal surface directly at rIR = 0, which requires to trade rIR for a diﬀerent IR
regulator when evaluating the area of the surface.
The solution obtained in Ref. [2] for the minimal surface relevant to the gluon fourpoint scattering amplitude reads in momentum space
√
α 1 + β 2 sinh u1 sinh u2
y0 =
cosh u1 cosh u2 + β sinh u1 sinh u2
α sinh u1 cosh u2
y1 =
cosh u1 cosh u2 + β sinh u1 sinh u2
α cosh u1 sinh u2
y2 =
cosh u1 cosh u2 + β sinh u1 sinh u2
y3 = 0 ,
α
r=
cosh u1 cosh u2 + β sinh u1 sinh u2
3

,

(2.4a)

,

(2.4b)

,

(2.4c)
(2.4d)

.

(2.4e)

The parameters α, β are related to the Mandelstam variables1 s, t as
−s (2π)2 =

8α2
,
(1 − β)2

−t (2π)2 =

8α2
.
(1 + β)2

(2.5)

By the use of the T-dual transformation (2.2), the minimal surface (2.4) is mapped back
into the position space as
iR2 √
1 + β 2 (cosh2 u2 − cosh2 u1 ) .
2α [
(
)]
iR2 u2
1
u1
1
=
+ sinh 2u2 + β − + sinh 2u1 ,
α 2
4
2
4
[
(
)]
iR2
u1
1
1
u2
=
− − sinh 2u1 + β
− sinh 2u2 ,
α
2
4
2
4
= 0,
R2
=
(cosh u1 cosh u2 + β sinh u1 sinh u2 ) .
α

x0 =

(2.6a)

x1

(2.6b)

x2
x3
z

(2.6c)
(2.6d)
(2.6e)

Substituting the minimal surface solution (2.4) into the Nambu-Goto action, the
gluon-gluon scattering amplitude is evaluated as
√ (
[
)2
]
λ
s
gluon
iS
A
= e = exp 2iSdiv (s) + 2iSdiv (t) +
log
+ C̃ ,
8π
t
√
√
1 1
λµ2
λµ2
1 1
iSdiv (p) = − 2
−
(1
−
log
2)
, (p = s, t)
 2π (−p)
 4π
(−p)

(2.7)
(2.8)

where C̃ is a constant that is irrelevant to our purposes. Here λ is the ’t Hooft coupling
√
√
2 N = R2 /α0 , and we have adopted units where α0 = 1. Dimensional
deﬁned by λ ≡ gYM
c
regularization has been employed in order to obtain a ﬁnite result for the area of the
minimal surface, by going to D = 4 − 2 dimensions (with  < 0). This requires the
introduction of an IR cutoﬀ scale µ, having dimensions of mass, to account for the mass
dimension of the D-dimensional coupling. Note that expression (2.7) agrees with the BDS
ansätz [18] in the strong coupling limit.
1

The Mandelstam variables are deﬁned here by
− s = (k1 + k2 )2 = 2k1µ k2 µ ,

−t = (k1 + k4 )2 = 2k1µ k4 µ ,

− u = (k1 + k3 )2 = 2k1µ k3 µ = s + t .
Note that the physical scattering region that we are considering here is s, t < 0 and u > 0, which
is called the “u-channel” in the literature. Moreover, in the Regge region one has u  1 and t
ﬁxed, so that −s ∼ u.
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2.2. Quark-quark scattering in the eikonal approach
Let us recall now some relevant elements of the derivation of the quark-quark elastic
scattering amplitude in the high-energy domain, in the framework of the AdS/CFT correspondence, following the eikonal approach of Ref. [6]. The starting point is the formulation
of high-energy elastic scattering amplitudes, at ﬁxed and small momentum transfer,2 in
terms of the correlation function Aqq = hW1 W2 i of two Wilson lines [8–11]. The relevant Wilson lines W1,2 run along inﬁnite light-like straight lines, at transverse separation
b, and are taken in the representation appropriate for the particles under consideration.
We will be interested in the scattering of massive quarks (antiquarks) in the fundamental
(anti-fundamental) representation, which we use as external probes of N = 4 SYM. Such
correlation functions yield the impact-parameter representation for the scattering amplitudes in the s-channel, up to a normalization factor which is independent of the energy
and of the impact-parameter [8], and which removes UV divergencies.3 This approach
essentially amounts to consider the eikonal approximation for the elastic amplitude, which
is expected to be valid in the Regge kinematic region for N = 4 SYM (as well as for QCD).
In order to regularize IR divergencies, the Wilson lines are cut at some proper time ±T ,
and moved slightly away from the light-cone. In this way, they correspond to the classical
trajectories of two massive quarks, which form a ﬁnite hyperbolic angle χ, related to the
center-of-mass total energy squared s as χ ∼ log(s/M 2 ) at high energy. Here T acts as an
IR regulator, which has to be removed by taking the limit T → ∞, while the quark mass
M is irrelevant in the large χ region.
It has been shown that the Minkowskian Wilson line correlation functions Aqq (χ, b, T )
can be reconstructed from the correlation function Aqq
E (θ, b, T ) of two corresponding Euclidean Wilson lines, by means of analytic continuation [12–15]. The relevant Euclidean
Wilson lines run along straight lines of length 2T , which form now an angle θ in Euclidean space, and are separated by the same transverse distance b as in the Minkowskian
2

In the original formulation [8], valid for QCD, “small” means that the momentum transfer t

has to be smaller than the typical hadronic scale, |t| . 1 GeV2 . Since we are dealing here with a
conformal theory, “small” can only mean that it has to be smaller than the center-of-mass total
energy squared s, i.e., t  s.
3

The normalization factor is the product of the expectation values of the two Wilson lines,

i.e., hW1 ihW2 i, where the normalized trace over color indices is implicit [8]. In the case considered
here it corresponds to the Legendre transform prescription of Ref. [19].
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case. Starting from Aqq
E , the quark-quark elastic scattering amplitude in the s-channel is
obtained by means of the analytic continuation relation [14],
Aqq (χ, b, T ) = Aqq
E (−iχ, b, iT ) ,

qq
Aqq
E (θ, b, T ) = A (iθ, b, −iT ) .

(2.9)

Moreover, the impact-parameter amplitude in the crossed u-channel Aqq̄ , corresponding
to quark-antiquark scattering at center-of-mass energy squared u (u > 0), can be obtained
through the crossing-symmetry relations [15]
q q̄
Aqq̄ (χ, b, T ) = Aqq (iπ − χ, b, T ) = Aqq
E (π + iχ, b, iT ) = AE (−iχ, b, iT ) ,

(2.10)

where in the last passage AqEq̄ (θ, b, T ) ≡ Aqq
E (π −θ, b, T ) is the crossed Euclidean amplitude,
and where χ has to be identiﬁed with
χ ∼ log

u
−s
∼ log 2
2
M
M

(2.11)

in the high-energy limit.4 This relation will be useful further on, when comparing with
the Alday-Maldacena amplitude.
The Euclidean Wilson-line correlation functions can be computed through the
AdS/CFT correspondence, following the approach of Ref. [20]. On the ﬁeld theory side, the
fundamental Wilson lines running along straight lines describe the propagation of heavy
particles in Euclidean space. In particular, the color-singlet part of the correlation function of two such lines is obtained by properly closing the contour at inﬁnity, so yielding a
Wilson loop.
Massive quarks can be mimicked in N = 4 SYM by breaking the SU (Nc +1) symmetry
to SU (Nc ) × U (1), which gives rise to massive W -bosons transforming in the fundamental
representation. On the gravity theory side, this can be accomplished by stretching one of
the Nc + 1 branes away from the others, and towards the boundary z = 0 of Euclidean
AdS5 . The mass of the W -bosons is related to the position zB of the displaced brane as
−1
MB ∼ zB
, and therefore it becomes very large as zB → 0. The Wilson loop describing the

propagation of the W bosons along a closed contour C is identiﬁed in the dual bulk theory
as the partition function of a string propagating in Euclidean AdS5 , with the boundary
condition that it ends on the contour C at the boundary z = 0. To leading order, it is
4

It is easy to see that the transformation χ → iπ − χ (with χ > 0) corresponds to s → e−iπ u

(with s, u > 0) in terms of Mandelstam variables.
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therefore given by hWi ∼ exp(−A) with A the (properly regularized) area5 of a minimal
surface in Euclidean AdS5 , ending on C at the boundary z = 0. Also in this case it is
convenient to work directly in the limit zB = 0, while at the same time regularizing the
area (in the UV) by limiting the integration to the region z > .
A remark is in order here. Since we are considering heavy (Euclidean) particles, the
boundary conditions for the minimal surface in the supergravity description of the problem
are naturally given at the UV, z = 0. This is in contrast with the calculation of Ref. [2],
where such boundary conditions are given at the IR, z = ∞, which is again natural for
massless particles. One question we want to answer to is how the two points of view
can be reconciled. Let us note that while the computation of Ref. [2] is performed in
Minkowski space, here we are considering a calculation in Euclidean space, from which the
physical, Minkowskian result for the scattering amplitude is recovered only after analytic
continuation. In Euclidean space, the heavy quark mass plays only the role of a UV
regulator in the computation of the area of the relevant minimal surface, and drops from
the amplitude after UV divergencies have been removed, before the analytic continuation.
On the other hand, the mass of the Minkowskian quarks appears only when the relation
between χ and s is made explicit after the analytic continuation. This shows that the mass
of the Euclidean (heavy) quarks and the mass of the Minkowskian quarks are completely
unrelated. We see therefore that there is a natural connection between the use of very heavy
particles in Euclidean space, and the ﬁnal goal of describing the scattering of particles with
very high energy in Minkowski space, the link being provided by the use of Wilson loops
and by the analytic continuation (2.9).
Specializing now to the case of interest, i.e., the Euclidean correlator Aqq
E (θ, b, T ), the
basic building block of the construction is a minimal surface in anti-de Sitter space which
is bounded by two oriented straight lines at the boundary z = 0 of AdS5 , corresponding to
the trajectories of the two heavy Euclidean quarks in the static (inﬁnite mass) limit. We
call this surface a “generalized helicoid”.
5

Note that the factor

√

λ/(2π) is included into the area A.
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ﬁg. 1 The two straight line trajectories as a UV boundary of minimal surface.
In order to properly deﬁne the variational problem, it is convenient to take the two lines
to have inﬁnite length, while at the same time introducing a new IR cutoﬀ to regularize
the area of the resulting minimal surface. In practice, the boundary is deﬁned by the two
straight lines6
(
)
θ
b
θ
L1 : −τ sin , − , 0, τ cos
,
2 2
2

(
L2 :

θ b
θ
τ sin , , 0, τ cos
2 2
2

)
,

−∞ ≤ τ ≤ ∞ ,
(2.12)

traveled from τ = −∞ to τ = +∞, separated by a distance b in the “transverse” direction
x2 , and forming a relative angle θ in the “longitudinal” plane (x1 , x4 ) (see ﬁg. 1). On the
other hand, since the area functional
√ ∫
∫
√ (
)
λ
1
quark
µ
ν
Aθ,b =
dτ dσ 2 det δµν ∂a x ∂b x + ∂a z∂b z ≡ dτ dσL
2π
z

(2.13)

with the boundary (2.12) at z = 0 is expected to be inﬁnite due to IR divergences,7
we limit the range of τ to τ ∈ [−T, T ], understanding that it has to be imposed in the
computation of the area, and not in the determination of the minimal surface. The regularized (and UV-subtracted) area of the surface minimizing the functional (2.13) is thereqq
fore a function Aquark
min (θ, b, T ), which enters the Euclidean “amplitude” as AE (θ, b, T ) =
[
]
exp −Aquark
min (θ, b, T ) . This function will be deﬁned more precisely in Section 5.1.
6

We use the convention (x1 , x2 , x3 , x4 ) for the coordinates of points in Euclidean space.

7

The quantity Aquark is also UV divergent due to the behavior of the metric near the boundary
√
z = 0, the divergence taking the form Aquark
=
λ(2π)−1 4T /. However, the UV divergence
UV div
is cancelled by the normalization factor, which corresponds to the subtraction of the area of two
planar “walls”, extending along the Wilson lines and in the ﬁfth dimension of AdS, i.e., hWi i ∼
√
exp(−Awall ), with Awall = λ(2π)−1 2T /. Equivalently, the Legendre prescription of Ref. [19]
can be used, which directly removes the 1/ UV divergence from the Wilson loop expectation
values (in this case hWi i ∼ 1).
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The case of quark-antiquark scattering is obtained by simply ﬂipping the orientation
of one of the two straight lines, e.g.,

)
θ b
θ
L2 →
: −τ sin , , 0, −τ cos
,
(2.14)
2 2
2
with τ running again from −∞ to +∞. This corresponds to changing the representation
L02

(

of the corresponding Wilson line from fundamental to anti-fundamental, as appropriate
for an antiquark. In turn, exploiting the Euclidean symmetries, it is easy to see that this
is equivalent to the change θ → π − θ in the relative angle. The minimal surface relevant
to quark-antiquark scattering is therefore obtained by minimizing Aquark
π−θ,b , and thus it is
equal to Aquark
min (π − θ, b, T ), so that the two cases can be treated at once.
In the case of the AdS5 × S 5 background one does not know yet the minimal surface
corresponding to the boundaries (2.12). A simple scheme has been introduced in Ref. [6],
where the following ansätz for the “generalized helicoid” is assumed in order to ﬁnd the
minimal solution,8
θσ
θσ
, x2 = σ , x3 = 0 , x4 = τ cos
, z = z(τ, σ) .
(2.15)
b
b
The world-sheet coordinates τ, σ are in the range, τ ∈ [−∞, ∞] and σ ∈ [−b/2, b/2]. Using
x1 = τ sin

this ansätz, the regularized area functional (2.13) becomes
√(
√ ∫ T
)
∫ b/2
)
λ
1
τ 2 θ2 (
quark
Aπ−θ,b =
dτ
dσ 2
1+ 2
1 + (∂τ z)2 + (∂σ z)2 ,
2π −T
z
b
−b/2

(2.16)

where the IR cutoﬀ parameter T is introduced, as explained above.
We remark here that the ansätz (2.15) is appropriate for quark-antiquark scattering,
that is, for the correlator AqEq̄ (θ, b, T ) = Aqq
E (π − θ, b, T ), rather than for quark-quark
scattering. The reason is that if we want an orientable surface, the two straight-lines
which form the boundary of the helicoid have to be travelled in opposite directions, if the
surface performs a twist of angle θ. On the other hand, if they are travelled in the same
direction, in order to obtain an orientable surface the helicoid has to perform a twist of
angle π − θ. For this reason, we have denoted as Aquark
π−θ,b the area functional in Eq. (2.16).
Nevertheless, as explained above, the geometrical problem to be solved in Euclidean space
is the same for quark-quark and quark-antiquark scattering. The diﬀerence between the
two cases lies in the speciﬁc analytic continuation which one has to make in order to obtain
the physical amplitude.
8

This ansätz [6] corresponds to a conjectured generalization of the usual Euclidean helicoid to
the AdS metric. Although the exact solution is not necessarily parameterizable in the same way,
we nevertheless expect this ansätz to be reasonable, and at least a controllable approximation of
the exact solution.
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3. Minimal surface for gluon-gluon scattering in Alday-Maldacena approach
In this section we discuss in some detail the geometric structure of the minimal surface
in anti-de Sitter space found in Ref. [2], in particular regarding its behavior near the IR
boundary. Starting from the solution (2.6) and performing an analytic continuation, we
also obtain a related minimal surface in Euclidean AdS, which in a sense deﬁnes the nearUV boundary behavior of (2.6). Finally, we discuss the possible relation between this
surface and the minimal surface relevant to quark-quark scattering.
3.1. The IR boundary
We shall investigate the near-boundary behavior of the minimal surface (2.6), relevant
to gluon-gluon scattering. In particular, we shall be interested in the Regge domain s/t  1
and t ﬁxed, which in terms of the surface parameters α and β deﬁned in Eq. (2.5) implies
√
√
1 − β = (α/π) 2/(−s) → 0 and α → π 2(−t).
For later convenience, we rewrite the solution (2.6) as
R2 √
1 + β 2 sinh u+ sinh u− ,
2α
]
R2 [
= −i
(1 + β)u− + (1 − β) cosh u+ sinh u− ,
2α
]
R2 [
=i
(1 − β)u+ + (1 + β) sinh u+ cosh u− ,
2α
= 0,
]
R2 [
(1 + β) cosh u+ + (1 − β) cosh u− ,
=
2α

x0 = −i

(3.1a)

x+

(3.1b)

x−
x3
z

(3.1c)
(3.1d)
(3.1e)

where we have redeﬁned the coordinates as
x± ≡ x1 ± x2 ,

u ± ≡ u1 ± u2 .

Note that the factors 1 − β and 1 + β are proportional to the inverse of the square root
of the Mandelstam variables, (−s)−1/2 and (−t)−1/2 , respectively (see Eq. (2.5)). Since
Eq. (3.1e) implies z ≥ R2 /α, the minimal surface described by Eqs. (3.1) reaches the IR
boundary z = ∞ of AdS, but is bounded apart from the UV boundary, z = 0.
We analyze now the IR behavior around the boundary z = ∞ in the complexiﬁed
AdS5 space. Here we are considering the region 0 ≤ β < 1, while the forward Regge limit
β = 1 will be studied later.
10

There are four possibilities in order for the minimal surface to reach the IR boundary
z = ∞, namely u+ = ±∞ or u− = ±∞. We consider ﬁrst the case u+ → ±∞ at ﬁxed u− .
The solution (3.1) is then approximated by
R2 √
R2
1 + β 2 e±u+ , x+ ≈ −i (1 − β)e±u+ sinh u− ,
4α
4α
2
R2
R
x− ≈ ±i (1 + β)e±u+ cosh u− , z ≈
(1 + β)eu+ .
4α
4α
x0 ≈ ∓i

(3.2)

From these equations, we obtain
√
1 + β2
x0 = ±
x+ ,
1−β
(
)2 (
)2 (
)2
z
x+
x−
=
−
.
1+β
1−β
1+β

(3.3)
(3.4)

On the (x+ , x− )-plane with z = zIR ( 1) ﬁxed, Eq. (3.4) deﬁnes the hyperbola
(

2
zIR

1+β
= fu+ (Im x+ , Im x− ; β) ≡ −
1−β

)2
(Im x+ )2 + (Im x− )2 .

(3.5)

Note that Eq. (3.2) implies that x0 , x+ and x− are purely imaginary.
We consider now the case u− → ±∞ with u+ ﬁxed. The solution (2.6) is approximated
by

R2 √
R2
1 + β 2 e±u− sinh u+ , x+ ≈ ∓i (1 − β)e±u− cosh u+ ,
4α
4α
2
R2
R
x− ≈ i (1 + β)e±u− sinh u+ , z ≈
(1 − β)e±u− .
4α
4α
x0 ≈ ∓i

(3.6)

These equations lead to
√
1 + β2
x0 = ∓
x− ,
1+β
(
)2 (
)2 (
)2
z
x+
x−
−
=
−
.
1−β
1−β
1+β

(3.7)
(3.8)

Fixing z = zIR , Eq. (3.8) deﬁnes the hyperbola
(
2
zIR

= fu− (Im x+ , Im x− ; β) ≡ (Im x+ ) −
2

11

1−β
1+β

)2
(Im x− )2 .

(3.9)

2
= fu± (Im x+ , Im x− ; 0.3) with zIR = 100, 500, 1000.
ﬁg. 2 (a) zIR
2
(b) 100 = fu± (Im x+ , Im x− ; β) with β = 0, 0.3, 0.95.

The hyperbolae (3.5) and (3.9) are shown in ﬁg. 2. At ﬁxed β, the hyperbolae escape to
spatial inﬁnity, i.e., in the (x+ , x− )-plane, as zIR → ∞, see ﬁg. 2a. At ﬁxed zIR , the angle
between the asymptotes of the hyperbolae tends to zero as β → 1, see ﬁg. 2b.

ﬁg. 3 (a) The minimal surface determined by (3.4) and (3.8).
(b) The behavior of the surface at ﬁxed zIR (≥ R2 /α).
To further clarify the IR behavior of the minimal surface, we show in ﬁg. 3a the plot of
Eqs. (3.4) and (3.8). The surface blows up and escapes to spatial inﬁnity when z becomes
larger. In ﬁg. 3b, we show again the hyperbolae deﬁned in Eqs. (3.5) and (3.9), together
with their asymptotes. The physical scattering angle ϕ in the u-channel is given by
ϕ
tan =
2

√

1−β
t
=
,
s
1+β

12

(3.10)

and so it is equal to the angle formed by the asymptotes. Comparison of ﬁg. 3b with ﬁg. 2b
then shows clearly that the scattering angle goes to zero when β → 1, that is, in the Regge
limit.
3.2. The UV boundary: analytic continuation to Euclidean AdS
The minimal surface solution (2.6) lives in the complexiﬁed anti-de Sitter space. If we
now perform the following analytic continuation of the world-sheet coordinates,
u± = iw± ,
the coordinates x± become real for real w± . Since x0 is still complex, we perform additionally the Wick rotation x4 = ix0 . We then obtain a new minimal surface, given
by
]
R2 [
(1 + β)w− + (1 − β) cos w+ sin w− ,
2α
]
R2 [
=−
(1 − β)w+ + (1 + β) sin w+ cos w− ,
2α
= 0,
R2 √
=−
1 + β 2 sin w+ sin w− ,
2α
]
R2 [
=
(1 + β) cos w+ + (1 − β) cos w− ,
2α

x+ =

(3.11a)

x−

(3.11b)

x3
x4
z

(3.11c)
(3.11d)
(3.11e)

in the real Euclidean anti-de Sitter space. We remind here that the minimal surface for
quark scattering in Ref. [6] was also constructed in real Euclidean AdS5 .

ﬁg. 4 (a) The multiple helices as the UV boundary of Eqs. (3.11) at z = 0 with β = 0.6.
(b) The minimal surface (3.11) with β = 0.6.
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Eq. (3.11e) implies that the minimal surface reaches the UV boundary z = 0, where
it describes a multiple helices conﬁguration (see ﬁg. 4a). In a loose sense, the minimal
surface (3.11) provides then the UV completion of (2.6), although in Euclidean AdS. The
axes in ﬁg. 4 correspond to the coordinates X± , X4 and Z, deﬁned by the rescaling X±,4 =
(2α/R2 )x±,4 and Z = (2α/R2 )z. The minimal surface (3.11) is depicted in ﬁg. 4b.
A comment is here in order. In Refs. [21,22], a family of classical string solutions
in AdS3 × S 3 was discussed in terms of the Pohlmeyer reduction of the string sigma
model. Ref. [22] obtained a space-like surface in AdS3 with conformal complex worldsheet coordinates and embedded it into AdS5 , so that the Alday-Maldacena type solution9
was reproduced. Then, by Wick rotation of the world-sheet time coordinate, Ref. [22]
found time-like surfaces in AdS3 , one of which had helicoid geometry. This surface is
similar to the one with the double helix boundary that we obtain in the limit β → 1,
discussed below; however, our Wick rotation and analytic continuations are diﬀerent from
those of Refs. [21,22].
3.3. The forward Regge limit of the UV boundary
We consider now the “extreme” Regge limit,
−s → ∞,

−t ﬁxed,

(3.12)

of the solution (3.11). In this limit the Mandelstam variable u goes to +∞, because of the
relation s + t + u = 0. Using the relation (2.5) between the parameters α, β of the minimal
surface and the Mandelstam variables s, t, the limit (3.12) is seen to correspond to
β = 1.

(3.13)

Since in this limit the scattering angle vanishes, ϕ = 0, we are dealing here with forward
Regge scattering.10
In the forward Regge limit (3.13), the minimal surface (3.11) in Euclidean space is
reduced to

R2
R2
w− , x− = −
sin w+ cos w− ,
α
α
R2
R2
x4 = − √ sin w+ sin w− , z =
cos w+ ,
α
2α

x+ =

9
10

(3.14)

This solution has a rotated version of the boundary condition of Ref. [2].
Note that the value of α and thus of −t = α2 /(2π 2 ) is arbitrary, but ﬁxed, in this forward

Regge limit.

14

and x3 = 0. At the UV boundary z = 0, this surface describes a double helix,
x+ =

R2
w− ,
α

x− = ±

R2
cos w− ,
α

R2
x4 = ± √ sin w− .
2α

(3.15)

ﬁg. 5 The double helix forming the UV boundary in the forward Regge limit.
The double helix (3.15), depicted in ﬁg. 5, is reminiscent of the boundary of the minimal surface that was used in Ref. [6] in the computation of the quark-quark scattering
amplitude. We shall comment on this in the following subsection.
3.4. Relation with the minimal surface for quark-quark scattering in eikonal approach
In the previous subsection, we have obtained the double helix (3.15) (see ﬁg. 5) as the
boundary of the Euclidean minimal surface (3.14), which appears in the “extreme” Regge
limit for gluon-gluon scattering. The boundary of this surface lies on the UV boundary
of (Euclidean) anti-de Sitter space. On the other hand, the double helix appears in the
context of quark-quark scattering in the eikonal approximation [5–7], as the IR cutoﬀ of a
truncated “generalized helicoid”. Indeed, as we have recalled, the minimal surface relevant
to quark-quark scattering, deﬁned by the straight line boundaries (2.12), was studied in
Ref. [6] by making the “generalized helicoid” ansätz (2.15). When truncating the surface
in order to regularize its area, as in Eq. (2.16), the double helix appears in the projection
of the surface on the UV boundary.
Is there a relation between the minimal surfaces describing gluon and quark elastic
scattering?
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ﬁg. 6 (a) The minimal surface with parallel line segments as the boundary.
(b), (c) The UV boundary and cutoﬀ in the (x+ , x− , x4 ) space at z = 0.
One can intuitively represent the situation as in ﬁg. 6. Let us imagine ﬁrst the minimal
surface with two parallel straight-line segments as the UV boundary at z = 0 in (Euclidean)
anti-de Sitter space (ﬁg. 6a). This corresponds to the well-known conﬁguration of two
parallel Wilson lines used for the computation of the quark-quark potential. The solid
line segments in ﬁg. 6a describe the boundaries of the minimal surface at z = 0, while the
dotted lines are deﬁned by the IR cutoﬀ imposed on the surface. Twisting the dotted line
segments in the (x+ , x− , x4 ) space, we obtain the double helix (ﬁg. 6b). This is exactly
the geometry of Eqs. (3.15), that is obtained in the forward Regge limit of gluon-gluon
scattering. On the other hand, by twisting the solid line segments in ﬁg. 6a, we obtain
ﬁg. 6c, in which the dotted line segments become the double helix. This is the conﬁguration
that is desired in computing the quark-quark scattering amplitude. The solid lines describe
the trajectories of quarks and the dotted lines are determined by the IR cutoﬀ.
The full answer to the question raised above requires the exact analytic determination
of the minimal surface having the boundary conﬁguration of ﬁg. 6c, relevant to quarkquark scattering, which could then be compared to the minimal surface found in Ref. [2]
for gluon-gluon scattering. However, the exact solution to this problem has not been found
yet. Nevertheless, as we will see further on in Section 5, new insights can be obtained by
performing a convenient conformal transformation on the minimal surface, and by critically
reconsidering the study of the “generalized helicoid” ansätz (2.15).

4. Regge behavior of the Alday-Maldacena four-gluon amplitude
In this Section we discuss the behavior of the gluon-gluon scattering amplitude (2.7) in
the Regge limit −s → ∞, t ﬁxed (see also Ref. [23]), both in the momentum representation
and in the impact-parameter representation.
16

4.1. Momentum representation
In order to display the Regge behavior of the four-gluon scattering amplitude Eq. (2.7),
it is convenient to expand the divergent contributions (2.8) with respect to . One then
obtains
√
√ (
(
)2
)
1 λ 1 λ
−p
f (λ)
−p
g(λ)
−p
iSdiv (p) = − 2
+
log 2 − 1 + log 2 −
log 2
+
log 2 + O() ,
 2π
 4π
µ
16
µ
8
µ
(4.1)
where p = s, t, and where we have denoted
√
√
λ
λ
f (λ) =
, g(λ) =
(1 − log 2) .
π
π

(4.2)

The meaning of f (λ) and g(λ) becomes clear if we rewrite Eq. (4.1) in terms of a new IR
cutoﬀ m, deﬁned as11
m
1
≡ log .

µ

(4.3)

Neglecting terms which do not depend on p, we obtain
(
)2
f (λ)
−p
−p
g(λ)
iSdiv (p) = −
log 2
+
log 2 + (p-independent terms) ,
16
m
8
m

(4.4)

with f (λ) appearing in front of the leading IR-divergent term proportional to (log m)2 ,
and g(λ) appearing in front of the subleading (log m) divergence.
It is important to note that f (λ) appears in the expression of the cusp anomalous
dimension Γcusp (γ), which represents the contribution of a cusp of boost parameter γ to
the vacuum expectation value of a Wilson loop in the fundamental representation. For
(
)
large |γ|, one has indeed Γcusp (γ) ' − f (λ)/4 |γ|. The cusp anomalous dimension [24,25]
is relevant also for the calculation of the anomalous dimension γS of twist-two operators
of large spin S, γS ' f (λ) log S (see, e.g., Ref. [26] and references therein).
Using the expansion (4.1) and the deﬁnitions (4.2) and (4.3), the expression of the
amplitude (2.7) simpliﬁes to
(

g(λ)
)− f (λ)
) g(λ)
log −t2 + 4 (
4
4
m
−s
−t
Agluon (s, t) = C
,
m2
m2
( √
)
λ 1
C = exp −
+ C̃ + O() .
π 2

11

Since  is negative,  → 0− corresponds to m/µ → 0, i.e., to an IR cutoﬀ.
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(4.5)
(4.6)

We note that the terms log(−s/µ)2 and log(−t/µ)2 in the ﬁnite part of Eq. (2.7) are compensated by corresponding terms of order 0 coming from the expansion (4.1) of Sdiv [23].
It is important to realize that formula (4.5) has precisely the form of a Regge amplitude. Indeed, including for completeness also the Born term factor, which for large −s
and ﬁxed t reads
Atree ∝

−s
,
−t

(4.7)

the gluon-gluon scattering amplitude is of the form
(

A(s, t) = Atree A

gluon

−s
(s, t) = β(t)
m2

)α(t)
,

(4.8)

where α(t) is the Regge trajectory,
α(t) = α0 (t) + α1 ,
α0 (t) = −

−t
f (λ)
log 2 ,
4
m

and where β(t) is given by

(
β(t) ∝ C

−t
m2

α1 =

g(λ)
+ 1,
4

(4.9)

) g(λ)
4 −1
,

(4.10)

up to a t-independent constant.
In the expression of the amplitude (4.5), one may further distinguish the separately
factorized terms in s and t from the non-factorizable one, namely
Agluon (s, t) = C Afact (s)Afact (t)Anonfact (s, t) ,
(
)
g(λ)
−p
Afact (p) = exp
log 2 , (p = s, t)
4
m
(
)
f (λ)
−s
−t
Anonfact (s, t) = exp −
log 2 log 2 .
4
m
m

(4.11)
(4.12)
(4.13)

As it is well known, the non-factorizable expression (4.13) characterizes the t-dependence
of the leading Regge trajectory in the elastic scattering channel, α0 (t) in Eqs. (4.9), which
corresponds to the exchange of a Reggeon with the quantum numbers of the vacuum. This
term is independent of the particular choice of the IR cutoﬀ: indeed, a rescaling of the
IR cutoﬀ m → eκ m leaves it unchanged. On the other hand, the same rescaling changes
the coeﬃcient of the logarithm in Eq. (4.12), g(λ) → gκ (λ) = g(λ) + 2κf (λ), as well as
the constant C → C,κ = C e−κ

2

f (λ)

. This results in the dependence of the factorizable
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terms of the amplitude (4.8) on the regularization scheme. We shall come back to this
point later.
Following the Regge literature, the expression (4.9) is the result of the AdS/CFT
calculation for the “Pomeron” Regge trajectory. In other terms, it corresponds to the
dominant contribution to elastic scattering in the forward region for N = 4 SYM. The key
property expected for a Regge trajectory is to be “universal”, i.e., present in all high-energy
channels at ﬁxed momentum transfer for the same vacuum exchange quantum numbers.
This leads us to compare the results for gluon-gluon scattering discussed above, especially
the Regge trajectory (4.9), with the quark-quark elastic scattering amplitude, which we
will obtain through an AdS/CFT calculation in the eikonal approach in the next section.
4.2. Impact-parameter representation
For further comparison with the eikonal approach, we derive now the impactparameter representation for the gluon-gluon scattering amplitude. The impact-parameter
amplitude Ãgluon (χ̂, b) is obtained by performing the two-dimensional Fourier transform
of the amplitude A(s, t) with respect to the transverse momentum. Setting −t = k 2 with
k the modulus of the transverse momentum, and including the usual factor s−1 in the
deﬁnition of the impact-parameter amplitude, we obtain at large −s (up to an irrelevant
constant)

∫
Ã

gluon

(χ̂, b) = C

dk
J0 (kb)Agluon (s, t = −k 2 ) ,
k

(4.14)

where the hyperbolic angle χ̂ is deﬁned as
χ̂ = log

−s
,
m2

(4.15)

as appropriate for a u-channel process. Azimuthal invariance has been taken into account
to reduce the two-dimensional Fourier transform to a Hankel transform of order 0, involving
the ordinary Bessel function J0 (ζ) with ζ = kb.
Inserting the amplitude (4.11) into Eq. (4.14), one obtains
(
)− 1 h(χ̂;λ) g(λ) χ̂
Ãgluon (χ̂, b) = C m2 b2 4
e 4 K(χ̂) ,

(4.16)

h(χ̂; λ) ≡ −f (λ)χ̂ + g(λ) ,
where

∫
K(χ̂) ≡

∞

dζ ζ

1
2 h(χ̂;λ)−1

J0 (ζ) = 2

0
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h
2 −1

( )
Γ h4
(
).
Γ 1 − h4

(4.17)

The integral (4.17) is convergent in a limited parametric region for h(χ̂; λ), namely 0 < h <
3, which lies away from the physical Minkowski region where χ̂  1, that is, h  0. This is
due to the form of the amplitude (4.13), which for h(χ̂; λ) outside of the above-mentioned
domain makes the integrand of Eq. (4.14) too singular at small k. We can however reach
the physically interesting region by means of analytic continuation12 of the function K(χ̂)
deﬁned in Eq. (4.17), which in the high-energy Minkowski region where χ̂  1 becomes
[ (
(
)− h2 +1
)]
1 h
1 2e
K(χ̂) ≈
exp iπ
−
,
(4.18)
e −h
2
4
√
1
where we have made use of Stirling’s formula, Γ(z) ∼ 2πe−z z z− 2 (for |z| → ∞). Since
h ≈ −f (λ)χ̂ for χ̂  1, in the Minkowski region, we may write the following expansion in
energy
(
) (
)
f (λ)
f (λ)
π
g(λ)
log K(χ̂) = −
χ̂ log χ̂ + log
−i
+
− 1 log χ̂ + · · · ,
2
2e
2
2

(4.19)

where the terms behaving at most as a constant are neglected.
Taking into account the expansion (4.19), the resulting impact-parameter amplitude
(4.16) can then be rewritten at high energy and in log form as the expansion
[
(
)
]
f (λ)
f (λ)
f (λ)
f (λ)
π
g(λ)
gluon
− log Ã
(χ̂, b) = −
χ̂ log mb +
χ̂ log χ̂ + χ̂
log
−i
−
2
2
2
2e
2
4
(
)
g(λ)
g(λ)
+ log χ̂ 1 −
+
log mb + · · · ,
(4.20)
2
2
where the overall sign has been chosen for further comparison with the minimal area
obtained from the eikonal approach13 in the following section.
12

The analytic continuation is made passing from h > 0 to h < 0 in the lower half of the

complex plane, i.e., h → |h|e−i(π−δ) , in order to avoid the poles of the Gamma function on the
real negative axis. This choice is consistent with the usual “−i” prescription, i.e., m2 → m2 − i,
which in the case at hand implies that χ̂ acquires a small positive imaginary component. After
using the Stirling approximation at large |h|, one takes the limit δ → 0.
13

Note that we did not obtain formula (4.20) as the area of a minimal surface in Euclidean

impact-parameter space. It may be worth mentioning, nevertheless, that it would be interesting to
investigate if it can be obtained as the solution of a properly formulated minimal surface problem
in impact-parameter space. It may be a diﬃcult task, because of the f log f terms which appear
after analytic continuation, unless such terms are an artifact of the analytic continuation required
to go over from the convergence region of the Fourier transform to the physically interesting
region.
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The result (4.20) calls for comments:
i) The expansion (4.20) reﬂects the fact that the amplitude (4.16) is the product of a
non-factorizable function of the two kinematic variables, χ̂ and b, times a factorizable
term, namely
1

Ãgluon (χ̂, b) = C (m2 b2 ) 4 f (λ)χ̂ F (χ̂)B(b) ,

(4.21)

where the factorizable sector F (χ̂)B(b) is given by
1

F (χ̂) = e 4 g(λ)χ̂ K(χ̂) ,

B(b) = (m2 b2 )− 4 g(λ) .
1

(4.22)

The ﬁrst (non-factorizable) term in (4.20) is the origin of the non-factorizable term
in Eq. (4.13), and thus of the t-dependent part of the Regge trajectory. The role of
the second (s-dependent factorizable) term is more subtle, and it is better understood
when going back from impact-parameter to momentum space. When taking the inverse Fourier transform, the non-factorizable b-dependent term gives rise to a factor
exp[(f (λ)/2)χ̂ log χ̂] ∼ (log(−s))log(−s) , which is not of Regge type and would be the
leading dependence on energy, but which is precisely canceled by the second term.14
These two terms combine into the expression −(f (λ)/2)χ̂ log(mb/χ̂), which basically
encodes the Regge nature of the amplitude. The third and fourth terms yield a factorizable s-dependence which modiﬁes the Regge trajectory by a t-independent term,
and the last term aﬀects the factorizable t-dependent part of the amplitude.
ii) The power of b in Eq. (4.16) is negative in the convergence region where 0 < h(χ̂; λ) <
3, while it is positive in the Regge domain −h(χ̂; λ) = f (λ)χ̂ − g(λ)  0. This is the
counterpart in impact-parameter space of the divergence at small values of k in the
Fourier transform (4.14). Hence an analytic continuation is required to obtain the
impact-parameter amplitude in the interesting high-energy region.
iii) The non-factorizable sector in Eq. (4.21) depends only on the cusp anomalous dimension at high energy, namely
√
f (λ)
λ
Γcusp (χ̂) → −
χ̂ = −
χ̂
4
4π
14

for χ̂  1 .

(4.23)

Note that on the other hand a factor (log(−s))const. is compatible with a Regge amplitude,

indicating the presence of a multiple pole or of a Regge cut in the complex-angular-momentum
representation of the amplitude.
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It is thus interesting to note that the expression (4.20) can be rewritten as
− log Ãgluon (χ̂, b) ≈ 2Γcusp (χ̂) log

mb
+ ··· ,
χ̂

(4.24)

where we have neglected terms which are subleading in energy, and where we have
used the known behavior (4.23) of the cusp anomaly for a fundamental Wilson loop
in the large-χ̂ region.

5. Quark-quark scattering amplitude in eikonal approach
In this section we discuss the minimal surface problem relevant to quark-quark scattering, both from a general point of view, and exploiting the “generalized helicoid”
ansätz (2.15).
5.1. General features of the minimal surface
On general grounds, the area Aquark
of the surface minimizing the functional (2.13)
min
has to take the form
Aquark
min (θ, b, T ) = ΦE (b/T, θ) + ΨE (θ) ,

(5.1)

where the splitting between a b-dependent function Φ and a b-independent one Ψ is made
for future convenience. This is a consequence of conformal invariance together with the
fact that the IR cutoﬀ T is the only length scale other than b that can appear, once that UV
divergencies have been removed.15 For future utility, we deﬁne the analytic continuation
of (5.1) to Minkowski space as
Aquark
min, M (χ, b, T ) = ΦM (b/T, χ) + ΨM (χ) ,

(5.2)

where ΦM (b/T, χ) = ΦE (−ib/T, −iχ) and ΨM (χ) = ΨE (−iχ). The s-channel quark-quark
scattering amplitude, in the minimal surface approximation of the AdS/CFT correspon[
]
dence, is given in impact-parameter space by Aqq (χ, b, T ) = exp −Aquark
(χ,
b,
T
)
. In
min, M
particular, as we will see below, the separation (5.2) between Φ and Ψ functions amounts
to the product of non-factorizable and factorizable contributions to the impact-parameter
amplitude.
15

This is diﬀerent, although similar in spirit, to the argument of Ref. [6], where the UV cutoﬀ

MB appears instead of 1/T . However, as we have explained in Section 2, UV divergencies should
be absent from the ﬁnal result.
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Further insight on the structure of Aquark
min can be obtained by performing a particular
conformal transformation in Euclidean AdS5 space, namely the inversion of coordinates.
Such a transformation leaves the area of the surface invariant up to a function of the
coupling λ only [27], which is not relevant for our purposes.16 We can therefore investigate
the quark-quark scattering amplitude by studying the new minimal surface problem in the
inverted coordinates.
Under the transformation of the target space coordinates (x1 , x2 , x3 , x4 , z) deﬁned by
xµ → x0µ =

xµ
,
|xµ |2 + z 2

z → z0 =

|xµ

z
,
+ z2

|2

(5.3)

the Euclidean AdS5 metric is invariant, while the two straight lines L1,2 , (2.12), which
deﬁne the boundary condition at z = 0 in the original coordinates (see ﬁg. 1), are mapped
into two circles C1,2 , which deﬁne the boundary at z 0 = 0 in the new coordinates:
(
)
sin(θ/2)
1
cos(θ/2)
C1 : −
sin ξ, − (1 + cos ξ), 0,
sin ξ ,
b
b
b
(
)
1
cos(θ/2)
sin(θ/2)
C2 :
sin ξ, (1 + cos ξ), 0,
sin ξ ,
b
b
b
where
sin ξ =

bτ
,
2
τ + b2 /4

cos ξ =

−τ 2 + b2 /4
.
τ 2 + b2 /4

(5.4)

(5.5)

Also in this case, we consider the variational problem for τ ∈ [−∞, ∞], i.e., for two
complete circles, and we regularize the area by limiting the integration to τ ∈ [−T, T ].

ﬁg. 7 (a) The two circles forming the UV boundary in the inverted coordinates.
(b) The two cusps with angle π − θ around the origin.
(c) The two cusps with angle θ around the origin.
16

Although the argument of Ref. [27] is valid for smooth contours, we expect that this result

holds also for loops with a cusp, which can be obtained as appropriate limits of smooth loops.

23

The two circles C1 and C2 are centered at ∓b−1 in the x2 -direction, respectively, and have
radius b−1 (see ﬁg. 7a), so that they touch at the origin. More precisely, the regions of the
two straight lines corresponding to −T ≤ τ ≤ T are mapped into the regions of the circles
corresponding to ξ in the range
bT
π
≤ ,
(5.6)
2
+ b /4
2
with ξc approximately equal to ξc ∼ b/T for large T . The regions τ ≤ −T and T ≤ τ of
−π + ξc ≤ ξ ≤ π − ξc ,

0 ≤ ξc ≡ arcsin

T2

the straight lines L1 and L2 are mapped into two arcs of the circles C1 and C2 , of opening
angle 2ξc . These arcs have a contact point at the origin, which corresponds to the points
at inﬁnity τ = ±∞ of the lines L1 and L2 . Around the contact point, where the arcs can
be approximated by their tangents, one sees clearly the appearance of two crossing straight
lines, which imply therefore the presence of a cusp-like region in the minimal surface (see
ﬁg. 7b,c).
Indeed, two crossing lines give rise to two pairs of equal angles, namely θ and π −
θ. Since the boundaries correspond to fundamental Wilson lines, they have a deﬁnite
orientation, and so only one pair of angles can contribute. For quark-quark scattering “at
angle θ”, the relevant minimal surface is deﬁned in the original coordinates by a boundary
formed by the two lines (2.12), and so it is the pair of angles π − θ which gives a cusp
contribution to the corresponding minimal surface in the inverted coordinates (see ﬁg. 7b).
In order to obtain the minimal surface for quark-antiquark scattering “at angle θ”, we have
to reverse the orientation of one of the boundaries, as in (2.14), and so in this case it is the
pair of angles θ which gives a cusp contribution (see ﬁg. 7c). Of course, this corresponds
to quark-quark scattering “at angle π − θ”, as repeatedly pointed out.
The appearance of these cusps allows to improve the general expression (5.1) for the
regularized area. For this sake, it is convenient to work with the Legendre transform
prescription of Ref. [19], in order to get rid of linear UV divergences. It is also convenient
to work with the minimal surface obtained in the new, inverted coordinates, which as we
have explained above gives the same result for the area up to an irrelevant constant. Let us
split the IR-regularized, UV-subtracted area functional evaluated on the minimal surface
in the inverted coordinates, which we denote with Aquark
by introducing an intermediate
min
time scale ρ:
quark
Aquark
(θ, b, ρ) + Aquark
min (θ, b, T ) = Afin
div (θ, b, T, ρ) ,
∫ ρ
∫ b/2
Aquark
(θ, b, ρ) =
dτ
dσ L ,
fin
−ρ

(∫
Aquark
div (θ, b, T, ρ)

−b/2

∫

−ρ

=

+
−T

∫

(5.8a)

b/2

dτ
ρ
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T)

(5.7)

−b/2

dσ L ,

(5.8b)

where for the sake of simplicity we did not write explicitly the Legendre transform prescription terms. It is well-known that when the cut-oﬀ T → ∞, the cusps of the new
geometrical boundary deﬁned in (5.4) (see also ﬁg. 7) provide a logarithmic divergence in
the area functional (5.7).

ﬁg. 8 The contribution to Aquark
div (θ, b, T, ρ) of the two cusps with angle θ at the origin.
By introducing an intermediate scale ρ, which is kept ﬁxed in the limit T → ∞, we are able
to separate the divergent contribution (5.8b), which will be dominated by the cusp, from
a regular, ﬁnite part (5.8a), see e.g. ﬁg. 8. The scale ρ is chosen to be large with respect
to b (and thus, after inversion, ρ−1 is small compared to the circle diameter in (5.4)), but
it is otherwise arbitrary. Using conformal invariance, and exploiting the known properties
of Wilson loop expectation values [20,28,19], we have that
E
Aquark
div (θ, b, T, ρ) = 2Γcusp (π − θ) log

ρ
+ H(θ, b/T, ρ/T ) ,
T

(5.9)

where ΓE
cusp (Ω) is a known function for Euclidean angle 0 < Ω < π calculated in Ref. [19],
and where H(θ, b/T, ρ/T ) is ﬁnite in the limit T → ∞. The factor of 2 is due to the fact
that there are two cusp contributions. On the other hand, the term Aquark
must take the
fin
form Aquark
(θ, b, ρ) = G(θ, ρ/b). All in all, we have therefore
fin
E
Aquark
min (θ, b, T ) = 2Γcusp (π − θ) log

ρ
+ H(θ, 0, 0) + G(θ, ρ/b) + o(T 0 ) ,
T

(5.10)

where o(T 0 ) stands for terms which vanish in the limit T → ∞. As we have already said,
the scale ρ is a ﬁxed intermediate scale, allowing to singularize the cusp contribution to the
area. Now, since ρ is arbitrary, it should disappear from the right-hand side of Eq. (5.10),
and this is possible only if
G(θ, ρ/b) = −2ΓE
cusp (π − θ) log
25

ρ
+ Ĝ(θ) .
b

(5.11)

This can be looked at also in a diﬀerent way. We can take ρ to be not an arbitrary
“external” scale, but the one determined by the exact solution of the minimal surface
problem, that separates the region where the surface is well approximated by a cusp
solution from the rest. For dimensional reasons, it must be of the form ρ = b g(θ), so
that Eq. (5.11) again follows.
In conclusion, comparing the minimal area (5.1) with (5.10), we can write17
ΦE (b/T, θ) = 2ΓE
cusp (π − θ) log

b
+ o(T 0 ) .
T

(5.12)

We notice that Eq. (5.12) contains only the contribution of the region around the contact
point of the two circles, which is related by inversion to the region at inﬁnity of the two
straight lines. In other words, the b, T -dependent term Eq. (5.12) is determined only by
the initial and ﬁnal data of quarks, and this reﬂects well the link between the eikonal
approximation and the dominance of the cusps.
On the other hand, the function ΨE (θ) in Eq. (5.1) remains to be determined, which
would require the exact solution of the minimal surface problem, which is not available at
the moment. However, it is possible to go further and determine an interesting approximation by using the “generalized helicoid” ansätz (2.15). It amounts to ﬁnd a reﬁned estimate
of the intermediate scale ρ, in the “natural” sense discussed after Eq. (5.11), isolating more
precisely the (truncated) cusp contribution.
5.2. The “generalized helicoid” ansätz
Let us go back to the regularized area functional (2.16) derived from the area functional
(2.13) with “generalized helicoid” ansätz (2.15), discussed in Section 2. Following Ref. [5],
we make the change of variables
√
0

σ ≡σ
17

1+

(

θτ
b

)2
,

z 0 (τ, σ 0 ) ≡ z(τ, σ(τ, σ 0 )) ,

(5.13)

Terms of order o(T 0 ) are actually present in the full expression for Aquark
at ﬁnite T . This
min

can be understood from the fact that in the limit θ → 0 we should recover the result for two
parallel lines, which is proportional to T /b. This would be the case if, for example, the exact

[

expression were of the form Aquark
∼ log exp
min

(

b/T
(b/T )2 +θ

)

]

− 1 at large T , while for θ 6= 0 one would

obtain ∼ log(b/T θ), at θ = 0 one would recover the linear divergence ∼ T /b.
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which leads to the following expression for the area functional,

Aquark
π−θ,b

v
√
(
)2
u
( θτ )( θσ )
√ ∫ T
∫ 2b 1+( θτb )2
λ
1u
t
=
dτ
dσ 2 1 + (∂σ z)2 + ∂τ z + b ( b)2 ∂σ z ,
√
2
2π −T
z
1+( θτ
− 2b
1 + θτ
b )
b
(5.14)

where we have dropped the primes for simplicity. As we have already remarked, the ansätz
(2.15) is appropriate for quark-antiquark scattering, as indicated by the subscript π − θ.
It can be realized that, written in the form (5.14), the “generalized helicoid” ansätz
admits interesting approximate while explicit solutions for both the large and small |τ |
regions.
i) Small-|τ | region, i.e., θ|τ |/b  1
In this region the corresponding contribution to the area functional simpliﬁes to
Aquark
π−θ,b small τ

√ ∫ δb/θ
∫ b/2
λ
1√
=
dτ
dσ 2 1 + (∂σ z)2 + (∂τ z)2 ,
2π −δb/θ
z
−b/2

(5.15)

where δ is some small positive number.18 This functional corresponds to the area
functional of a minimal surface with planar boundaries, where the symmetries of the
problem allow to write the solution in the form
t=τ,

x = constant ,

y = σ,

z = z(τ, σ) .

(5.16)

Moreover, in our case the boundary is made up of two segments of parallel straight
lines of length 2δb/θ at a distance b, for which the solution is known [20]. The
corresponding (regularized and UV-subtracted) area is
√

Aquark
min (π

− θ, b, T )

small τ

√
λ 2δb 1
λ 2cδ
'
c
=
,
2π θ b
2π θ

(5.17)

where the constant c = 8π 3 /Γ4 (1/4) is the coeﬃcient in front of the (screened) coulombic potential [20]. One immediately sees that after analytic continuation this contribution is vanishing with energy, both for the quark-quark (θ → π + iχ) and for the
quark-antiquark (θ → −iχ) s-channel scattering processes, in the limit χ → ∞.
18

Eq. (5.15) can be obtained directly from Eq. (2.16).
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ii) Large-|τ | region, i.e., θ|τ |/b  1
Eq. (5.14) is also suitable for an analytic solution in the large τ region. Neglecting 1
against θτ /b, the area functional simpliﬁes to
Aquark
π−θ,b large τ

√
√ (∫ −Λ b ∫ T ) ∫ θ|τ |
(
)2
θ
2
λ
1
σ
dτ
dσ 2 1 + (∂σ z)2 + ∂τ z + ∂σ z ,
=
+
θ|τ |
2π
z
τ
−T
Λ θb
− 2
(5.18)

where Λ is some large number. Away from the boundary, where |σ/τ | is small,
Eq. (5.18) can be further approximated as
Aquark
π−θ,b large τ

√ (∫ −Λ b ∫ T ) ∫ θ|τ |
√
θ
2
1
λ
2
=
dτ
dσ 2 1 + (∂σ z)2 + (∂τ z) .
+
θ|τ
|
2π
z
−T
Λ θb
− 2

(5.19)

We have again to deal with a minimal surface with planar boundary, which this time
consists of two segments of straight lines at an angle θ,
σ± (τ ) = ±

θτ
,
2

(5.20)

with |τ | ∈ [Λb/θ, T ]. The solution is immediately seen to be made up of two parts,
each corresponding to a piece of the solution for a cusp of angle θ (cf. ﬁg. 8), and the
resulting (regularized and UV-subtracted) area is
Aquark
min (π − θ, b, T )

large τ

= 2ΓE
cusp (θ) log

Λb
.
Tθ

(5.21)

This result is in agreement with the general form (5.1) for the minimal area,19 and
moreover allows to determine the “natural” choice of a θ-dependent scale ρ ∼ Λb/θ,
discussed after Eq. (5.11), which separates the near-cusp region from the rest in the
inverted coordinates.20 Indeed, up to the constant Λ, whose precise value cannot be
determined at the present stage, we have that ρ ∝ b/θ. The factor 1/θ could not
be predicted with the general arguments of the previous subsection: its important
19

We note in passing that this agreement is for two reasons in favor of our choice of using the

ansätz (2.15): we obtain the cusp contribution predicted by our general considerations, and also
the θ factor inside the logarithm which is expected, by comparison with the Alday-Maldacena
amplitude, from the universality of the Regge trajectory.
20

Note that the divergence in Aquark
min (π − θ, b, T )

large τ

comes from the large-τ region, i.e., far

away from the cusp appearing in the original coordinates, which corresponds to the near-cusp
region in the inverted coordinates.
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role will become clear after analytic continuation to Minkowski space. Let us ﬁnally
remark that Eq. (5.21) gives also an estimate of the function ΨE (θ) in Eq. (5.1):
ΨE (θ) ∼ 2ΓE
cusp (θ) log

Λ
,
θ

(5.22)

up to the term Eq. (5.17), which as we have explained gives a vanishing contribution
after analytic continuation, and up to possible contributions from the intermediate
region τ θ/b ∈ [δ, Λ], as well as from the region σ ' (θ/2)τ . In a sense,21 the constant
Λ stands for our ignorance about the b, T -independent term ΨE (θ).
We are now ready to perform the analytic continuation. Neglecting subleading contributions, and considering for deﬁniteness the quark-quark s-channel, so that the relevant
analytic continuation reads22
θ → π + iχ ,

T → iT ,

(5.23)

with χ ∼ log(s/M 2 ), s > 0, we obtain
s
Aquark,
min, M (χ, b, T ) = 2Γcusp (χ) log

T χeiπ

(

Λb
b
) = 2Γcusp (χ) log
+ Ψ̂sM (χ) ,
π
−i
Tχ
1 + e 2 (π/χ)
(5.24)

where we have used ΓE
cusp (π + iχ) = Γcusp (χ) [26]. Note that we used the superscript s
s
in the notations (e.g. for Aquark,
min, M ) in order to specify the physical channel s  0 that we

consider in Minkowski space. Taking the limit χ → ∞, we obtain for the b, T -dependent
term and for the leading χ-dependence
s
Aquark,
min, M (χ, b, T ) = −

21

f (λ)
b
χ log
+ O(χ) ,
2
Tχ

(5.25)

The above-mentioned contributions are not expected to change too much the results above,

Eqs. (5.21) and (5.22): the intermediate-τ region should somehow interpolate between Eqs. (5.17)
and (5.21), while the near-boundary region basically contributes the UV-divergent 1/ term which
is removed by the Legendre transform prescription, and so the exact behavior of the surface in
this region should not aﬀect too much the result. Although these issues require further work to
be clariﬁed, we believe that these terms lead to contributions subleading in energy (or at most of
order O(χ̂)) after analytic continuation, which can therefore be safely neglected without altering
our conclusions.
22

See Eq. (2.9). Note that we are working with Aquark
min (π − θ, b, T ).

29

where we have used Eq. (4.23), which also implies that the auxiliary function Ψ̂sM (χ) =
O(χ) in (5.25).
The u-channel quark-quark amplitude,
[
] (
)
u
Ãquark (χ, b, T ) ≡ exp −Aquark,
= Aqq̄ (χ, b, T ) ,
min, M (χ, b, T )

(5.26)

that we shall use in the next subsection for the comparison with the gluon-gluon scattering
amplitude, is obtained by means of the crossing-symmetry relations (2.10), i.e., through
the analytic continuation
θ → −iχ ,

T → iT ,

(5.27)

with χ ∼ log(−s/M 2 ), u ∼ −s > 0, which yields
u
Aquark,
min, M (χ, b, T ) = 2Γcusp (iπ − χ) log

b
Λb
= 2Γcusp (iπ − χ) log
+ O(χ) .
Tχ
Tχ

(5.28)

Although the exact value of Γcusp (iπ − χ) is not yet known, we expect that its large-χ
behavior coincides with that of Γcusp (χ) (this is actually the case in perturbation theory
[24,25]), so that in the limit χ → ∞ the leading term reads23
u
Aquark,
min, M (χ, b, T ) = −

f (λ)
b
χ log
+ O(χ) ,
2
Tχ

(5.29)

which also implies that a similar auxiliary function in the u-channel veriﬁes Ψ̂uM = O(χ).
Here we note that the Regge limit of the quark-quark scattering amplitude has been
evaluated also in Ref. [4] with diﬀerent techniques, and that the leading behavior obtained
for the amplitude agrees with our result.
Our result (5.29) calls for a comment related to the initial approach of Ref. [6]. In
Ref. [6], the functionals (2.16) and (5.14) were the starting point for an approximate
evaluation of the area of the minimal surface. In particular, the aim of the authors was to
determine the T -independent, IR-ﬁnite contribution to the area. To this extent, neglecting
the non-diagonal terms in ∂τ z, ∂σ z in Eq. (5.14), they performed the angular part only of
the analytic continuation, i.e., θ → −iχ (see Eqs. (31)–(34) in Ref. [6]). The T -independent
part of the resulting functional turned out to be the area Aellipse of a simpler minimal
23

The same high-energy limit is obtained by means of the usual analytic continuation of the

area (5.25) in terms of the Mandelstam variables, s → e−iπ u.
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surface, living in Euclidean AdS5 , and having as boundary a half-ellipse of width b/χ and
height b. Finally, the approximate evaluation of Aellipse led to the following result:
Aellipse =

−2ΓE
cusp

√
MB b
λ cπ
log
−
χ,
2
χ
2π 4

(π)

(5.30)

where ΓE
cusp (π/2) is the Euclidean cusp anomaly calculated in Refs. [19,26] and c is the
same constant as that in Eq. (5.17). The scale MB−1 is the inverse mass of the W -bosons
playing the role of quarks, and corresponds to the position of the D3-brane which acts as
UV cutoﬀ.
Our present study gives a diﬀerent and improved answer to the problem initiated by
Ref. [6], as shown by comparing (5.29) and (5.30). In this paper we have gone beyond
the approximations made in Ref. [6], whose results suﬀer from the limited knowledge on
minimal surface solutions for scattering amplitudes available at that time, in particular
regarding the geometry relevant for quark-quark scattering. The key point here are the
non-diagonal terms in the area functional (5.14), which cannot be neglected in the region considered in Ref. [6]. Though functionally similar to (5.29) (by the interchange of
ΓE
cusp (π/2) with Γcusp (iπ −χ)), the expression (5.30) does not contribute a non-factorizable
factor to the amplitude. Moreover, the expression (5.30) shows the appearance in the logarithmic term of the UV-cutoﬀ MB . As discussed above, MB should drop from the area
when the eﬀect of the normalization factor is taken into account; in any case, the normalization factor cannot yield a logarithmic divergence.
5.3. Quark-quark vs. gluon-gluon scattering amplitude
Let us ﬁnally compare our results for quark-quark scattering, obtained in the eikonal
approach, with the ones obtained for gluon-gluon scattering using the Alday-Maldacena
solution. For convenience, we rewrite here the u-channel quark-quark scattering amplitude
(see Eqs. (5.26) and (5.29)),
− log Ãquark (χ, b, T ) = −

f (λ)
b
f (λ)
b
χ log
+ O(χ) = −
χ̂ log
+ O(χ̂) , (5.31)
2
Tχ
2
T χ̂

where we used χ = χ̂ + log(m2 /M 2 ), see Eqs. (2.11) and (4.15), and also the gluon-gluon
scattering amplitude in impact-parameter space and in the Regge limit, Eq. (4.20),
− log Ã

gluon

[
(
)
]
mb
f (λ)
f (λ)
π
g(λ)
f (λ)
χ̂ log
+ χ̂
log
−i
−
+ · · · , (5.32)
(χ̂, b, m) = −
2
χ̂
2
2e
2
4
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where we have made explicit the dependence of the amplitude on the IR regulator m.24
Examining the expression for the quark amplitude (5.31) following the order in the
expansion of the exact expression (5.32) for the gluon one, the following consequences can
be drawn:
i) First term
The ﬁrst term exactly coincides with the leading term (4.24) obtained in the case
of gluon-gluon scattering from the Alday-Maldacena solution, up to a rescaling T →
m−1 , i.e. up to a shift
−

f (λ)
χ̂ log mT = O(χ̂)
2

which plays a role at next to leading order only. Looking back to the discussion of
the exact gluon-gluon amplitude (4.5), we noticed that the ﬁrst term in its impactparameter representation Eq. (4.20), coinciding with (4.24) at high energy, was at
the origin of the Regge nature of the amplitude, and of the t-dependent part of the
Regge trajectory (4.9). This implies that the quark-quark (and also quark-antiquark)
scattering amplitude is of Regge type, and that the t-dependent part of the Regge
trajectory is indeed the same obtained for gluon-gluon scattering.
Hence the main conclusion is that the same Regge factor (−s)−(f (λ)/4) log(−t) appears
in the (s, t)-representation of both amplitudes. This corresponds to the fact that both
amplitudes in impact-parameter space contain the same term, 2Γcusp (χ̂) log[(mass) ·
b/χ̂]. This result is in agreement with the expected universality of the Regge trajectory, which should be independent of the colliding particles to which it is coupled.
In particular, we notice that the t-dependent part of the Regge trajectory comes entirely from the non-factorizable term 2Γcusp (χ̂) log[(mass)·b], which has been obtained
through the general considerations of Section 5.1 (see Eq. (5.12)). This is therefore a
robust result, independent of the approximations performed in Section 5.2. It is also
interesting to note that the leading term of order χ̂ log χ̂ in the factorized χ̂-dependent
part appears to be the same, while coming from seemingly diﬀerent origin in the two
cases: in the quark amplitude it comes from a reﬁned evaluation of the cusp contribution, see e.g. (5.22), with the “generalized helicoid” ansätz, while in the gluon case
it comes from the Fourier transform factor (4.17) after analytic continuation. As we
24

The u-channel quark-antiquark scattering amplitude, i.e., the s-channel quark-quark ampli-

tude Aqq (χ, b, T ), corresponding to Eq. (5.25), is exactly of the same form of Eq. (5.31), so our
conclusions apply to this case as well.
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have already remarked, this term is essential in order to obtain an amplitude of Regge
type.
ii) Second term
The O(χ̂) term in (5.31) is compatible with the explicit expansion of the gluon amplitude. At the present stage we are not able to ﬁnd a precise evaluation of this term,
which could be obtained from the full solution of the minimal surface problem. However, as it has already been shown for the gluon case (see Eqs. (4.8)–(4.10)), it may
aﬀect only the factorized part of the amplitude, which depends on the regularization
scheme. In particular, t-dependent factorized term of the amplitude is not expected
to be universal, but to depend on the spieces of scattering particles.
An interesting while non-trivial question arises from the term (f (λ)/2) log f (λ) in
(5.32) which does not seem to appear naturally in the quark amplitude (even if it only
aﬀects the O(χ̂) term). Indeed, this f log f term cannot easily appear as a compensating term in the minimal surface calculation.

6. Summary, comments and outlook
In this work we have investigated the Regge behavior of high-energy amplitudes in
N = 4 supersymmetric Yang-Mills theory at strong coupling, using the AdS/CFT correspondence in two diﬀerent ways. For this sake we have analyzed these amplitudes in the
dual gravity theory, where they are obtained as the (regularized) area of minimal surfaces
in Minkowskian AdS and hyperbolic (or “Euclidean AdS”) backgrounds. We summarize
here the main points.
i) We have shown that the Alday-Maldacena four-gluon amplitude [2], obtained from a
minimal surface in Minkowskian AdS, can be put in a Regge form, see formulas (4.8)
and (4.9) (and also Ref. [23]), namely
(

−s
A(s, t) ≡ β(t)
m2

)α(t)

(
∝ C

−t
m2

) g(λ)
(
4 −1

−s
m2

)α(t)
,

(6.1)

where m is an IR cut-oﬀ and α(t) is the Regge trajectory,
α(t) = −

f (λ)
−t
g(λ)
log 2 +
+ 1,
4
m
4

(6.2)

with C a regularization-dependent constant and the functions f (λ) and g(λ) have
been deﬁned in Eqs. (4.2).
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ii) We have computed the quark-quark and quark-antiquark elastic amplitude at highenergy in the impact-parameter representation, by using the eikonal method in hyperbolic space [6]. This amounts to consider the (regularized) minimal surface corresponding to a “generalized helicoid” in hyperbolic space, i.e. the surface bounded
by two straight lines at the Euclidean boundary. By performing a conformal transformation, we have shown that the minimal area is dominated by the contribution of
two identical cusps, which leads to the same t-dependent part −(f (λ)/4) log(−t/m2 )
of the Regge trajectory (6.2), where f (λ)/4 is the coeﬃcient of the cusp anomalous
dimension in Minkowski space (4.23). This conﬁrms the expected universality of the
Regge trajectory, which should not depend on the coupling to the external probes. It
also shows the compatibility between the two a priori very diﬀerent approaches.
iii) The main issue which remains open for both approaches, is to obtain and test the
full content of Regge universality, which requires the complete energy dependence
to be universal, and hence also the t-independent part of the Regge trajectory α(t).
Indeed, the eikonal method cannot yet access this term, due to the absence of a
complete analytic expression for the area of the “generalized helicoid”, which is only
obtained in an approximate way from the cusp dominance, see e.g. formula (5.31).
Looking more closely at the exact Alday-Maldacena result (6.2), which comes from
the mathematical solution of the minimal surface problem in the case of the four-gluon
amplitude, we remark that the t-independent part of the resulting trajectory can be
changed by a modiﬁcation of the IR cut-oﬀ, i.e., by rescaling m → m0 , and more
generally by changing the regularization scheme.25 The same kind of dependence
on the regularization appears also in the eikonal approach, where the t-independent
term is changed by a rescaling T → T 0 . Hence, the full content of Regge universality
remains an open problem.
Let us ﬁnally propose an outlook, following from some detailed comments on our
procedure and on open questions.
The Alday-Maldacena solution (2.6) in the position space is described in terms of
complex coordinates, namely the target space is extended to the complexiﬁed AdS5 . We
have generated the new minimal surface (3.11) from Eqs. (2.6) by performing the Wick
rotation of the time coordinate of AdS5 , as well as of the two world-sheet coordinates.
25

We had an independent conﬁrmation of this regularization dependence, by considering also

the Regge limit of the amplitudes obtained in Ref. [4].
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The resulting surface is embedded into the ordinary Euclidean AdS5 , and its boundary
lies in the UV region (i.e, near the boundary z = 0 of Euclidean AdS5 ), while on the other
hand the surface described by the Alday-Maldacena solution has its boundary in the IR
region of (Minkowskian) AdS5 . We have found that the UV boundary of our solution is a
set of multiple helices; in particular, in the forward Regge limit, −s → ∞ with −t ﬁxed,
the boundary reduces to a double helix. This hints to the existence of a common helicoid
structure, which however results in diﬀerent surfaces in the Euclidean AdS background, in
some sense “dual” under interchange of two boundaries of a truncated helicoid, see ﬁg. 6.
Further studies are required in order to fully understand this similarity.
In order to perform the comparison between the two approaches, we have calculated both scattering amplitudes in the same Minkowskian impact parameter (b, s)representation. The amplitudes consist of non-factorizable and factorizable parts with
respect to b and s. The area of both minimal surfaces contains the same leading nonfactorizable term 2Γcusp (χ̂) log(mb/χ̂) with χ̂ ∼ log s (under the rescaling m → T −1 , and
up to subleading terms), compare (5.31) with (5.32), which leads to the same t-dependent
part of the Regge trajectory, as we have already remarked. The exact subleading term has
not yet been obtained in the eikonal approach, which requires the exact solution of the
“generalized helicoid” problem.
It is possible to extend the Euclidean, eikonal approach to the case of gluon-gluon
scattering. In the present work, we have considered Wilson lines in the fundamental
representation, which corresponds to (external) fundamental quarks. In order to treat the
case of gluons (or more generally of particles transforming in the adjoint representation), it
suﬃces to consider Wilson lines in the adjoint representation (see e.g. Ref. [11]), which at
large Nc corresponds to take a pair of coincident Wilson lines, one in the fundamental and
one in the anti-fundamental representation. The study of such a conﬁguration is postponed
to further work: here we give a ﬁrst account of this issue in the appendix.
A last comment is in order concerning the domain of validity of the trajectory (4.9),
which cannot cover the whole kinematic range. Indeed, the prediction from the minimal
surface analysis of the AdS/CFT correspondence is not expected to be valid at t → 0, where
the amplitude obviously diverges, so contradicting unitarity. As discussed in Ref. [29],
the Pomeron intercept is constrained by unitarity to be less than 11/7. As a general
outlook, it seems that a missing piece for the determination of Regge amplitudes in N = 4
SYM through the AdS/CFT correspondence, is the solution of the unitarity problem. We
expect that the open problems that we mentioned, such as the constant term in the Regge
trajectory and the ﬁniteness of the amplitude at t = 0, could ﬁnd their solution by an
appropriate implementation of the unitarity constraint.
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Appendix A. Eikonal approach to gluon-gluon scattering
In this appendix we brieﬂy describe the application of the Euclidean eikonal approach
to the scattering of particles in diﬀerent representations of the gauge group, which simply
amounts to changing the representation of the corresponding Wilson lines.
Working in the inverted coordinates, the relevant boundary geometry is in any case
that of two straight lines crossing at the origin, therefore with four angles where a cusp
surface can in principle be constructed, two of angle θ and two of angle π − θ. In the
case of oriented lines, corresponding to the fundamental (resp. anti-fundamental) Wilson
lines representing the colliding quarks (resp. antiquarks), which we have considered in this
paper, it is possible to connect only two lines at a time, because of the restriction imposed
by the orientation of the boundary, and thus only two cusp solutions appear. In the case
of adjoint Wilson lines, representing e.g. two colliding gluons, each one can be decomposed
into a pair of oppositely oriented lines, i.e., one in the fundamental (f ) and one in the
anti-fundamental (f¯) representation, and therefore there are several possible geometries.
i) Each of the four lines (i.e., the f and f¯ lines of each pair) is the boundary of a vertical
wall: this is a disconnected conﬁguration, which is not relevant to scattering.
ii) Two lines are boundaries of vertical walls, and two are connected by a cusp solution.
There are four possible pairings: f1 f2 , f1 f¯2 , f¯1 f2 , f¯1 f¯2 . The walls do not contribute
to the area due to the subtraction of divergent terms, while the cusp contributions are
E
E
E
E
respectively proportional to 2ΓE
cusp (θ), Γcusp (θ) + Γcusp (π − θ), Γcusp (π − θ) + Γcusp (θ)
26
log(b/T ). The four contributions
and 2ΓE
cusp (π − θ), the proportionality factor being

are expected to have the same weight, so that the amplitude is essentially the sum of
four exponentials, i.e., e−Af f + 2e−Af f¯ + e−Af¯f¯.
iii) All the four lines are the boundaries of a cusp solution, which can be realized in two
ways. The ﬁrst possibility is that only one pair of opposite angles are involved, but
26

Using the ansätz Eq. (2.16) and the approximation Eq. (5.18) one would obtain an extra an-

gular dependence inside the logarithm, which however does not aﬀect the leading non-factorizable
term.
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with two sheets of the cusp solution. The area is then proportional to 4ΓE
cusp (θ) or
to 4ΓE
cusp (π − θ), depending on which pair of angles is involved, and this yields two
contributions to the amplitude, which are expected to have the same weight. The
second possibility is that all the four angles support a single sheet of cusp solution, so
E
that the area is proportional to 2ΓE
cusp (θ) + 2Γcusp (π − θ).

After analytic continuation, the terms at point ii) would yield exactly the result obtained
for qq s-channel scattering plus qq u-channel scattering, i.e., A ∝ s−(f (λ)/4) log(−t/T
u

−(f (λ)/4) log(−t/T −2 )

−2

)

+

. This expression is manifestly crossing-symmetric under s ↔ u. The

ﬁrst two terms at point iii) correspond to the sum of the squares of the qq s-channel and
u-channel scattering amplitudes, while the last term corresponds to the product of the qq
s-channel and u-channel scattering amplitudes. These contributions are again crossingsymmetric, but at high energy they behave as ∼ s−2(f (λ)/4) log(−t/T

−2

)

(up to t-dependent

phases), so that they are suppressed for t larger than the IR cutoﬀ T −1 (they are enhanced
for t < T −1 , but the relevant limit is T → ∞). Therefore, the gluon-gluon scattering
amplitude obtained in the eikonal formalism is crossing-symmetric and of Regge type,
with the same leading non-factorizable term, and thus the same t-dependent part of the
Regge trajectory, obtained for qq and q q̄ scattering. This gives further support to the
viability of the Euclidean approach to AdS/CFT calculations of scattering amplitudes.
The construction above can be generalized to Wilson lines in any representation, which
can be always decomposed in terms of fundamental and anti-fundamental Wilson lines.
Since it is always possible to construct at least two cusp solutions, and since constructions
with more than two cusps are suppressed at high energy, the t-dependent part of the
leading Regge trajectory is representation-independent, in accordance with its expected
universality.
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