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Abstract
A compact formulation of the field-strengths, Bianchi identities and gauge transformations for
tensor hierarchies in gauged maximal supergravity theories is given. A key role in the construction is played by the recently-introduced tensor hierarchy algebra.
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It has been known for many years that the forms in D-dimensional maximal supergravity theories, when the duals of the physical forms are included, are associated with algebraic
structures [1, 2]. These structures have been interpreted as sub-algebras of Borcherds algebras
[3, 4] and in terms of extended E-series algebras [5, 6, 7, 8, 9, 10, 11, 12, 13]. It has been
found that there are also (D − 1)-form potentials (de-forms), associated with deformations,
and D-forms, otherwise known as top forms, both carrying no physical degrees of freedom,
whose existence is implied by these algebraic structures (these were first observed in D = 10
[14, 15]). In general, the potential forms transform under representations R` of the duality group
of the given supergravity theory where the level number ` coincides with the form-degree. In
a separate, but related, development, studies of the general structure of gauged supergravities
[16, 17, 18, 19, 20, 21, 22, 23, 24, 25] have revealed that the same sets of forms are needed
in that context (with two exceptions for D = 3) and that the gauge transformations of the
potentials at level ` involve parameters up to level (` + 1), the whole set of forms giving rise
to a tensor hierarchy [26, 27, 28]. A key feature of this general construction is the use of the
embedding tensor that specifies how the gauge group G0 is embedded in the duality group G.
The embedding tensor is treated as a spurionic object that transforms under a representation of
the duality group, although in a given gauging it becomes fixed and symmetry under G is lost.
This technique allows the formalism to be developed generally for an arbitrary gauging.
In reference [29] it was shown how one could derive Borcherds algebras for maximal supergravity theories starting from E11 , while in [30], it was shown how to go in the other direction.
More recently, it was argued in [31] that the Borcherds algebras given in [3, 29] for D > 7 do
not agree with those obtained by oxidation from lower dimensions. It has also become clear
that the Lie superalgebras determined by the forms do not imply unique Borcherds algebras for
these cases. Moreover, these Lie superalgebras of forms can be extended in a different way that
is not symmetrical about ` = 0 (as the Borcherds algebras are). The resulting new algebras,
called tensor hierarchy algebras (THAs) [32], have the property that they encode the sequence
of maps, Y`+1,` : R`+1 → R` , that appear in the formulae for the field-strengths in the tensor
hierarchy, in a simple way, namely as the adjoint action of a level −1 element corresponding
to the embedding tensor. A forerunner of this type of algebra extension was given in [33] in
the context of massive IIA supergravity where a level −1 element was used to describe the
deformations of the field-strengths with respect to the massless case.1
Borcherds algebras, extended E-series algebras and THAs are all Z-graded algebras, where
an integer ` ∈ Z labels a non-zero subspace, and at the same time can be interpreted as the
degree of a form. With such an interpretation, these algebras are therefore truncated in a
spacetime context, but in superspace there is no limit to the degree a form can have, so it
is natural to include all of them [34]. This latter point of view has some advantages, one of
which is that the top forms can be treated gauge-covariantly because their (D + 1)-form fieldstrengths make perfectly good sense in superspace. Moreover, even in the context of on-shell
maximal supergravity, there can be over-the-top forms. For example, in IIA supergravity there
is a twelve-form RR field-strength tensor that has a non-zero superspace component [34]. This
fact allows the Lie superalgebra of forms to be discussed without the complications of gauge
symmetries or truncation. Moreover, it is quite possible that higher-degree forms will become
non-trivial when higher-order string corrections are taken into account [35]. In the context of
gauging, a superspace framework allows one to discuss the complete hierarchy in a natural way
without truncation [36, 35].
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In the current note, we shall extend the ideas of [1, 2], taking into account the algebraic
point of view of [32], in order to develop a simple formalism for tensor hierarchies in maximal
supergravity theories, focusing on the simplest cases, 3 ≤ D ≤ 7. We give compact formulae
for the full (infinite) sets of field-strengths, gauge transformations and Bianchi identities. These
formulae are valid in both spacetime and superspace, although, as we have mentioned, the
latter framework allows one to avoid issues of truncation. For maximal supergravity theories
in 3 ≤ D ≤ 7 dimensions the forms determine a (proper) Lie superalgebra generated by the
level-one elements, subject to the supersymmetry constraint, and the duality algebra g is simple
and finite-dimensional.2 However, the formalism can be easily adapted to higher dimensions and
should be applicable in other cases such as half-maximal supergravity theories [37, 38, 39, 10, 35].
On the other hand, it does not generalise straightforwardly to the conformal tensor hierarchies
which have been studied recently in D = 6 (1, 0) supersymmetry [40, 41, 42, 43, 44, 45].3
As mentioned above, the set of forms in any maximal supergravity theory determines a
Lie superalgebra, f, which is graded, not only as a superalgebra, but also with a subspace for
each positive integer `, called the level. This can be most easily described in terms of the fieldstrengths F`+1 , where the subscript denotes the form-degree. At each level there will be a set of
forms determined by a representation R` , which is generically reducible. The Bianchi identities
are
X
dF`+1 =
Fm+1 Fn+1 ,
(1)
m+n=`

while the consistency of these identities,
X

d2

= 0, requires, schematically

Fp+1 Fq+1 Fr+1 = 0 ,

(2)

p+q+r=`

where the wedge product between the forms is understood. These two equations determine the
Lie bracket and the Jacobi identity respectively for the Lie superalgebra f. One must also require
that the Bianchi identities are soluble, and one can show, using superspace cohomology, that
this implies that there is a further constraint on the representations that are allowed at level
two [36, 35]. This is the so-called supersymmetry constraint.
Let eM denote the basis elements of f at level one, M = 1, . . . , dim R1 . Then the basis
elements at higher levels are determined sequentially by imposing the supersymmetry constraint
at level two and the Jacobi identity. So at level two we have [eM , eN ] = eMN , and at higher
levels we write
[eM1 , [eM2 , . . . , [eM`−1 , eM` ] · · · ]] = eM1 ···M` .
(3)
Here and elsewhere the brackets are understood to be graded. For example, [eM , eN ] is symmetric, since the level one basis elements eM are odd. The level two basis elements eMN are
then even, and the indices are projected onto the representation R2 , which is contained in the
symmetric product of two R1 representations. However, at higher levels eM1 ···M` will not be
2
In D = 8, 9, g is not simple and in D = 10 IIA supergravity the Lie superalgebra of forms is not generated
by the level-one forms alone. In IIB the levels are even, so the Lie superalgebra of forms is not proper (i.e. has no
odd elements) and in D = 11 there is no duality group and the Lie superalgebra has only two non-empty levels,
three and six. In the last two cases there are no vectors and therefore no gaugings. Below D = 3 the duality
groups become infinite-dimensional [46, 47].
3
An underlying reason for this is that the dimensions of the forms change so that the Bianchi identities no
longer define Lie superalgebras. This is not usually seen in components since the hierarchy is truncated, but
in superspace one can see that at level four one could have a cubic term in the Bianchi identity of the form
dF5 ∼ (F2 )3 + . . ..
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fully symmetric on the indices. The notation hM1 · · · M` i will be used to denote the projection
of R1 ⊗` onto R` .
We denote the Lie algebra of the duality group G by g. We can obtain a new algebra gf
by taking the semi-direct sum of g with f. The action of g on eM is given by
[tm , eN ] = tmN P eP ,

(4)

where tm , m = 1, . . . , dim g, is a basis for g and where tmN P represents this basis in the
representation R1 . Since f is infinite-dimensional so is gf .
The THA is constructed from gf by appending a subspace at level −1, with a basis φm M ,
such that its bracket with the level one basis is
[φm M , eN ] = δN M tm .

(5)

It then generates an extension of gf to all negative levels, but here we will only consider the
subalgebra ĝ of the THA generated by gf and a single element Θ at level −1, such that [Θ, Θ] = 0.
Thus ĝ does not have any lower levels. We set Θ = ΘM m φm M , where we identify ΘM m with
the embedding tensor, a constant tensor that describes how the gauge group is embedded into
the duality group (times a coupling strength). By the Jacobi identity it follows from (5) that
the bracket with g at level zero is given by
[tm , φn M ] = fmn p φp M − tmN M φn N .

(6)

Contracted with ΘM m , this simply says that the embedding tensor transforms under the tensor
product representation of the adjoint and the dual representation of R1 . However, the Jacobi
identity also forces the elements
[[φm M , e(N ], eP) ] − [[φm M , ehN ], ePi ]

(7)

to vanish, which restricts ΘM m to a certain subrepresentation of this tensor product. Thus
the supersymmetry constraint is not only a constraint on the elements at level two, but also a
constraint on the embedding tensor at level −1 (as such, it is also known as the representation
constraint). When one combines (6) with the fact that [Θ, Θ] = 0, one sees that the embedding
tensor is invariant under the gauge algebra g0 which is spanned by XM = ΘM m tm = [Θ, eM ].
Since Θ is an element at level −1, its brackets with the basis elements at level ` will be at
level (` − 1), i.e.
(8)
[eM1 ...M` , Θ] = (−1)` YM1 ···M` , N`−1 ···N1 eN1 ···N`−1 ,
where the sign factor is included for later convenience. Using the Jacobi identity and [Θ, Θ] = 0
we see that Y`+1,` Y`,`−1 = 0, so that we can identify the Y`+1,` with the intertwiner that maps
R`+1 → R` . We therefore see that the THA encodes in a very concise manner the properties of
the embedding tensor and the intertwiners [26, 27, 28]. We refer to [32] for a full derivation of
the THA and its properties.4
Let Ω denote the associative superalgebra of forms and Uĝ , the enveloping algebra of ĝ.
We shall be interested in objects that take their values in the tensor product Ω ⊗ ĝ := Ωĝ , which
The THA defined in [32] differs from ĝ at the positive levels by the maximal ideal of ĝ contained in f.
This ideal corresponds to representations that are present in the Borcherds algebra, but not seen by the tensor
hierarchy, particularly a singlet and an adjoint at levels two and three for D = 3.
4

3

can be viewed as a Lie superalgebra, or in the tensor product Ω ⊗ Uĝ , which can be viewed as
an associative superalgebra. The degree of an element in Ωĝ (or Ω ⊗ Uĝ ) is then the sum of
the degrees of its constituents in Ω and ĝ (or Ω and Uĝ ). In particular, note that odd forms
anti-commute with odd elements of Uĝ . We shall assume that the exterior derivative acts from
the right (as in superspace), and also define another odd derivation acting from the right, LΘ ,
that takes the bracket of a given element with Θ. Because Θ is constant it is easy to check that
dLΘ + LΘ d = 0 ,

(9)

and as LΘ 2 = 0 as well, it follows that the operator dΘ := d + LΘ is nilpotent.
The potentials A` , gauge parameters Λ`−1 and field-strengths F`+1 that we consider are
actually forms (with the form degrees given by the subscripts) contracted with the basis elements
of ĝ at level `. In order to minimise signs it is convenient to write the basis elements to the left,
so for any form ω at level ` we set
ω = eM` ...M1 ω M1 ...M` .

(10)

We have also used here the superspace convention of summing the indices from the inside
out, although since these indices are not super themselves, this is not really necessary. This
convention means that when we apply d to a Uĝ -valued form it starts from the right and lands
directly on ω M1 ...M` .
Thus A` are even elements of Ωĝ , while Λ`−1 and F`+1 are odd, and the same of course
holds for their sums
X
X
X
A=
A` ,
Λ=
Λ`−1 ,
F =
F`+1 .
(11)
`≥1

`≥1

`≥1

Note that none of these objects has a level-zero or minus one component.
We begin with the ungauged case. The formalism is essentially the same as that of [1, 2].
We put
F = deA e−A .
(12)
This can be considered to be a modified Maurer-Cartan form. It clearly satisfies
dF + F 2 = 0 .

(13)

Equation (13) gives the Bianchi identities for all of the field-strength forms. These identities are
consistent because the underlying algebra f is the Lie superalgebra of forms that was derived
from the Bianchis in the first place. (Equivalently, one could view (12) as the solution to these
identities in terms of potentials.) Defining
δeA e−A = Z ,

(14)

δF = dZ + [Z, F ] .

(15)

we find that
We want the F s to be gauge-invariant, so we require dZ + [Z, F ] = 0. This is solved by
Z = dΛ + [Λ, F ] .
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(16)

The invariance of the F s then follows straightforwardly using (13).
We can include the scalars in the picture in a covariant fashion by making use of the scalar
fields as an element V of the duality group G. The latter acts on V to the right globally, while
the local R-symmetry group H acts on the left, V → h−1 Vg. If we now set
Φ = d(VeA ) e−A V −1 ,

(17)

then clearly dΦ + Φ2 = 0. The Maurer-Cartan form Φ can be rewritten as
Φ = dVV −1 + VF V −1 .

(18)

Now dVV −1 = P + Q, where Q is the composite connection for h, the Lie algebra of H, while
P , which takes its values in the quotient of g by h, can be considered as the one-form fieldstrength tensor for the scalar fields. Note that Φ is invariant under G, so that we can consider
VF V −1 := F̃ to be the field-strength forms in the H-basis. The Maurer-Cartan equation for Φ
then gives
R + DP + P 2 = 0 ,
DF̃ + F̃ 2 + [F̃ , P ] = 0 ,

(19)

where R = dQ + Q2 is the h-curvature and D the h-covariant derivative.
The generalisation of the above to the gauged case is fairly straightforward. We define A
as before but then put
F 0 = dΘ eA e−A .
(20)
Note that F 0 now has a level-zero component [A1 , Θ] := A. This is the gauge field for G0 . So
F 0 = F + A, where F is the sum of the field-strength forms starting at level one. We have
dΘ F 0 + F 02 = 0

(21)

because dΘ 2 = 0 as noted above in (9). As for the ungauged case we can define gauge transformations by
δeA e−A = Z ,
(22)
and if we choose
Z = dΘ Λ − [Λ0 , Θ] + [Λ, F 0 ]

(23)

then we find, using (20), that
δF

= [F, [Λ0 , Θ]] ,

(24)

δA = [dΛ0 + [Λ0 , [A1 , Θ]], Θ] .

(25)

The g0 -covariant derivative on a field, e.g. Λ, for ` > 1, is DΛ = dΛ + [Λ, [A1 , Θ]] = dΛ + [Λ, A],
so that (25) is the standard formula for the gauge transformation of A with parameter [Λ0 , Θ].
Note that we can write
Z = DΛ + [Λ`≥2 , Θ] + [F, Λ] ,
(26)
or, for each level,
Z` = DΛ`−1 + [Λ` , Θ] +

`−2
X

[F`−m , Λm ] .

m=0

5

(27)

The Bianchi identities, when written out, are
DF`+1 + (F 2 )`+1 + [F`+2 , Θ] = 0

(28)
A2

for ` ≥ 1. At level zero we just get the identification of F = dA +
with −[F2 , Θ]. These
Bianchi identities are indeed what one expects for the tensor gauge hierarchy.
Expanding out (20) we find for the first three F s
1
F2 = dA1 + [A1 , [A1 , Θ]] + [A2 , Θ] ,
2
1
1
F3 = DA2 + [A1 , dA1 ] + [A1 , [A1 , [A1 , Θ]]] + [A03 , Θ] ,
2
3!
1
1
F4 = DA03 + [A2 , F2 ] − [A2 , [A2 , Θ]] + [A1 , [A1 , dA1 ]]
2
3!
1
+ [A1 , [A1 , [A1 , [A1 , Θ]]]] + [A04 , Θ] ,
4!

(29)
(30)

where
1
A03 = A3 + [A1 , A2 ] ,
2
1
1
A04 = A4 + [A1 , A3 ] + [A1 , [A1 , A2 ]] .
(31)
2
6
These formulae, expressed in terms of the redefined gauge potentials, are the standard ones for
the field-strengths in the hierarchy [26, 27, 28]. The first three variations are given by
Z1 = DΛ0 + [Λ1 , Θ]
Z2 = DΛ1 + [Λ2 , Θ] + [F2 , Λ0 ]
Z3 = DΛ3 + [Λ3 , Θ] + [F3 , Λ0 ] + [F2 , Λ1 ] .

(32)

These variations, and indeed all the Z` s in (27), are actually the covariant variations for the
potentials, ∆A` , given in the literature [26, 27]. In fact they are the covariant variations for the
redefined potentials A0 (which should be identified with the ones that are introduced from the
beginning in the standard formalism).
To include the scalars in the gauged case we put
Φ = Θ + dΘ (VeA ) e−A V −1
= DVV −1 + V(Θ + F )V −1
= P + Q + Θ̃ + F̃ .

(33)

The extra Θ term on the first line is necessary in order to obtain VΘV −1 on the second line.5
Conjugation with V converts Θ and F from the G-basis to the H-basis as indicated on the third
line. The A gauge-field in D acting on the scalars comes from the level-zero term in dΘ eA e−A .
It is not difficult to show that Φ satisfies a standard Maurer-Cartan equation dΦ + Φ2 = 0.
Written out it gives
R + DP + P 2 = −[F̃2 , Θ] = VF V −1 ,
DF̃ + F̃ 2 + [F̃ , P] + [F̃`≥2 , Θ̃] = 0 ,
DΘ̃ + [Θ̃, P] = 0 .
5

(34)

This dressed version of the embedding tensor, Θ̃, is in fact the original one, known as the T-tensor [16, 24, 25].
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where D = d + Q is the h-covariant derivative for the gauged theory, and R = dQ + Q2 . Note
that the tilded quantities do not transform under G and, as a result, are also invariant under
G0 .
We shall now write out a few of the above formulae in components to facilitate comparison
with the literature. For the covariant derivative one finds (recalling (10))

(35)
Dω M1 ···M` = dω M1 ...M` + ω hM1 ···M`−1 |P A1 N XN P |M` i + (` − 1) terms ,
where XMN P = ΘM m tmN P as usual. In deriving this we have use the fact that the gauge
potential A is
A = [A1 , Θ] = [eM A1 M , φn N ΘN n ] = −A1 M ΘM m tm ,
(36)
N
where the minus sign arises in taking the odd form AM
1 past the odd basis element φn . Using
these rules one finds for the first two field-strength forms

1
F2 M = dA1 M + A1 N A1 P XPN M + A2 N P YPN M ,
2


1
1
F3 MN = DA2 MN − A1 hM dA1 N i + A1 P A1 Q XQP |N i + A03 PQR YRQP MN .
2
3

(37)

For the form indices we use the superspace convention of writing the basis forms dxµ to the left,
so for a p-form ω,
1
(38)
ω = dxµp · · · dxµ1 ωµ1 ···µp .
p!
For the field-strengths we then find, at levels one and two,
Fµν M = 2∂[µ Aν] M − A[µ P Aν] Q XQP M + Aµν PQ YQP M ,


1
Fµνρ MN = 3D[µ Aνρ] MN − 3A[µ hM ∂ν Aρ] |N i − Aν P Aρ] Q XQP |N i +
3
+ A0 µνρ PQR YRQP MN .

(39)

The minus signs in the middle terms are due to the superspace summation convention. To get
superspace formulae one simply has to substitute super-indices, M, N , etc, running over both x
and θ coordinates, for µ, ν, etc.
In summary, the field-strengths for the tensor hierarchy in gauged maximal supergravity
theories are given by the generalised Maurer-Cartan form (20), the Bianchi identities by the
generalised Maurer-Cartan equation (21) and the covariant gauge transformations by Z defined
in (22). In more detail, the gauge transformations and the Bianchi identities are given by (26)
and (28) respectively, while the expressions for the field-strengths have to be extracted from the
general definition (20) level by level. The first three are given in (30). These are the standard
expressions as we confirmed by writing the first two out after removing the basis elements in
(37). Finally, we note that the scalars can also be incorporated in a manifestly covariant fashion
by including them as a superspace (or spacetime)-dependent element V of the duality group in
the Maurer-Cartan form Φ.
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