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Abstract

We develop a general theory of extensions of �at functors along
geometric morphisms of toposes, and apply it to the study of the class
of theories whose classifying topos is equivalent to a presheaf topos.
As a result, we obtain a characterization theorem providing necessary
and su�cient semantic conditions for a theory to be of presheaf type.
This theorem subsumes all the previous partial results obtained on the
subject and has several corollaries which can be used in practice for
testing whether a given theory is of presheaf type as well as for gener-
ating new examples of theories belonging to this class. Along the way,
we establish a number of other results of independent interest, includ-
ing developments about colimits in the context of indexed categories,
expansions of geometric theories and methods for constructing theories
classi�ed by a given presheaf topos.
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1 Introduction

Following [2], we say that a geometric theory is of of presheaf type if it is
classi�ed by a presheaf topos.

A geometric theory T is of presheaf type if and only if it is classi�ed
by the topos [f.p.T-mod(Set),Set], where f.p.T-mod(Set) is (a skeleton of)
the full subcategory of T-mod(Set) on the �nitely presentable T-models (cf.
[5]).

The subject of theories of presheaf type has a long history, starting with
the book [19] by Hakim, which �rst introduced the point of view of classifying
toposes in the context of the theory of commutative rings with unit and
its quotients. The subsequent pionereeing work [25] by Lawvere led to the
discovery that any �nitary algebraic theory is of presheaf type, classi�ed by
the topos of presheaves on the opposite of its category of �nitely presentable
models (cf. [23]). This result was later generalized to cartesian (or essentially
algebraic) theories as well as to universal Horn theories (cf. [3]). At the same
time, new examples of non-cartesian theories of presheaf type were discovered
(cf. for instance [2] for a long, but by no means exhaustive, list of examples),
and partial results in connection to the problem of characterizing the class
of theories of presheaf type emerged; for instance, [22], [2] and [32] contain
di�erent sets of su�cient conditions for a theory to be of presheaf type.

Theories of presheaf type occupy a central role in Topos Theory for a
number of reasons:

(i) Every small category C can be seen, up to Cauchy-completion, as the
category of �nitely presentable models of a theory of presheaf type
(namely, the theory of �at functors on Cop);

(ii) As every Grothendieck topos is a subtopos of some presheaf topos, so
every geometric theory is a quotient of some theory of presheaf type
(cf. the duality theorem of [9] between subtoposes of the classifying
topos of a geometric theory and quotients of the theory);

(iii) Every �nitary algebraic theory (and more generally, any cartesian the-
ory) is of presheaf type;

(iv) The class of theories of presheaf type contains, besides all cartesian
theories, many other interesting mathematical theories pertaining to
di�erent �elds of mathematics (for instance, the coherent theory of
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linear orders or the geometric theory of algebraic extensions of a given
�eld);

(v) The `bridge technique' of [10] can be fruitfully applied in the context
of theories of presheaf type due to the fact that the classifying topos of
any such theory admits (at least) two quite di�erent representations,
one of semantic nature (namely, set-valued functors on the category of
�nitely presentable models of the theory) and one of syntactic nature
(namely, sheaves on the syntactic site of the theory).

It is therefore important to dispose of e�ective criteria for testing whether
a theory is of presheaf type, as well as of methods for generating new theories
of presheaf type.

In this paper, we carry out a systematic investigation of this class of the-
ories, obtaining in particular a characterization theorem providing necessary
and su�cient conditions for a theory to be of presheaf type, expressed in
terms of the models of the theory in arbitrary Grothendieck toposes. This
theorem, whose general statement is quite abstract, admits several rami�-
cations and simpler corollaries which can be e�ectively applied in practice
to test whether a given theory is of presheaf type as well as for generating
new examples of theories of presheaf type, also through appropriate `modi-
�cations' of given geometric theories. All the partial results and recognition
criteria previously obtained on the subject are naturally subsumed by this
general result; moreover, the constructive nature of the characterization the-
orem allows to replace the requirements that the theory should have enough
set-based models in the su�cient criteria of [2] and [22] with explicit seman-
tic conditions which can be directly veri�ed without having to invoke any
form of the axiom of choice.

In order to establish our characterization theorem, we embark, in the �rst
two sections of the paper, in a general analysis of indexed colimits in toposes
and extensions of �at functors along geometric morphisms. In fact, the nec-
essary and su�cient conditions for a theory T to be of presheaf type provided
by the characterization theorem arise precisely from the requirement that for
any Grothendieck topos E , the operation of extension of �at functors with
values in E from the opposite of the category of �nitely presentable models
of T to the geometric syntactic category of T should de�ne an equivalence
of categories onto the category of T-models in E , naturally in E . We then
investigate the preservation, by `faithful interpretations' of theories, of each
of the conditions in the characterization theorem, obtaining results of the
form `under appropriate conditions, a geometric theory in which a theory
of presheaf type faithfully interprets is again of presheaf type'. Finally, we
discuss known and new examples of theories of presheaf type in light of the
theory developed in the paper.

More speci�cally, the contents of the paper can be summarized as follows.
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In section 2, we investigate E-indexed colimits of internal diagrams in
Grothendieck toposes E , analyzing in particular their behaviour with re-
spect to �nal E-indexed functors (cf. section 2.5) and establishing explicit
characterizations for a E-indexed cocone to be colimiting (cf. section 2.6).
In section 2.4, we exploit the abstract interpretation of colimits as kinds of
tensor products to derive commutation results which play an important role
in the subsequent parts of the paper as they allow us to interpret certain set-
indexed colimits arising in the context of our main characterization theorem
as special kinds of �ltered indexed colimits.

In section 3, we investigate the properties of the operation on �at func-
tors induced by a geometric morphism of toposes via Diaconescu's equiv-
alence. We focus in particular on geometric morphisms between presheaf
toposes induced by embeddings between small categories, and on geomet-
ric morphisms to the classifying topos of a geometric theory induced by a
small category of set-based models of the theory. We also establish, in sec-
tion 3.4, a general `hom-tensor' adjunction between categories of E-valued
functors (for E a Grothedieck topos) [C, E ] and [D, E ] induced by a functor
P : C → [Dop,Set], which generalizes the well-known adjunction induced by
Kan extensions along a given functor.

In section 4, in order to set up the �eld for the statement and proof of
the characterization theorem, we identify some notable properties of theories
of presheaf type, notably including the fact that every �nitely presentable
model of such a theory is �nitely presented - in a strong sense which we make
precise in section 4.3 - and admits an entirely syntactic description in terms of
the signature of the theory and the notion of provability of geometric sequents
over it in the theory (cf. section 4.1). We also show, in section 4.2, that for
any geometric theory T and any Grothendieck topos E , there exists for each
pair of T-models M and N in E , an `object of T-model homomorphisms' in
E from M to N which classi�es the T-model homomorphisms in slices of E
between the localizations of M and N in it.

In section 5, we establish our main characterization theorem providing
necessary and su�cient conditions for a geometric theory to be classi�ed
by a presheaf topos. We �rst state the result abstractly and then proceed
to obtain explicit reformulations of each of the conditions. We also derive
some corollaries which allow to verify the satisfaction of the conditions of
the theorem in speci�c situations which naturally arise in practice. Lastly,
we show that, once recast in the language of indexed colimits of internal
diagrams in toposes, the conditions of the characterization theorem for a
given geometric theory T amount precisely to requirement that every model
of T in any Grothendieck topos E should be a canonical E-indexed colimit
of a certain E-�ltered diagram of `constant' �nitely presentable models of T
which are E-�nitely presentable.

In section 6, we introduce the notion of faithful interpretation of geomet-
ric theories and investigate to what extent the satisfaction of the conditions of
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the characterization theorem is preserved by this kind of interpretations. As
applications of the general results that we obtain on this topic, we consider
in particular the case of quotients of a given geometric theory T and that
of injectivizations (i.e., theories obtained by adding, for each sort over the
signature of the theory, a binary predicate which is provably complemented
to the equality relation relative to that sort), providing various su�cient
conditions for these theories to be of presheaf type if T is. To this end, we
carry out in section 6.2 a general analysis of the relationship between �nitely
presentable and �nitely generated models of a given geometric theory. In
section 6.4.2, we treat the problem of �nding a geometric theory classi�ed
by a given presheaf topos [K,Set], and prove a general theorem ensuring
that if the category K can be realized as a full subcategory of the category
of �nitely presentable models of a theory of presheaf type T, there exists a
quotient of T classi�ed by the topos [K,Set], which can be described in most
explicit ways in terms of T and K provided that some natural conditions are
satis�ed. We also discuss, in section 6.4.1, the relationship between rigid
topologies on the opposite of the category of �nitely presentable models of
a theory of presheaf type T and the presheaf-type quotients of T.

In section 7, we investigate expansions of geometric theories from the
point of view of the geometric morphisms that they induce between the
respective classifying toposes. In particular, we introduce the notion of a
localic (resp. hyperconnected) expansion, and show that it naturally corre-
sponds to the notion of localic (resp. hyperconnected) geometric morphism
at the level of classifying toposes; as a result, we obtain a logical characteri-
zation of the hyperconnected-localic factorization of a geometric morphism.
Next, we address the problem of expanding a given geometric theory T to
a theory classi�ed by a presheaf topos of the form [K,Set], where K is a
small category of set-based models of T, and describe a general method for
de�ning such expansions.

In section 8, we discuss classical, as well as new, examples of theories of
presheaf type from the perspective of the theory developed in the paper. We
revisit in particular well-known examples of theories of presheaf type whose
�nitely presentable models are all �nite, notably including the geometric
theory of �nite sets, and give fully constructive proofs of the fact that Mo-
erdijk's theory of abstract circles and Johnstone's theory of Diers �elds are
of presheaf type. Next, we introduce new examples of theories of presheaf
type, including the theory of algebraic extensions of a given �eld, the theory
of locally �nite groups, the theory of vector spaces with linear independence
predicates and the theory of abelian `-groups with strong unit. We also show
that the injectivization of the algebraic theory of groups is not of presheaf
type and explicitly describe a presheaf completion for it.
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2 Indexed colimits in toposes

2.1 Background on indexed categories

Before proceeding further, we need to recall some standard notions and facts
from the theory of indexed categories; we refer the reader to [21] (especially
sections B1.2, B2.3 and B3) and to [29] for the background.

Given an internal category C in a topos E , we denote by C1 its object of
arrows, by C0 its object of objects and by dC0 , d

C
1 : C1 → C0 the domain and

codomain arrows.
Given a small category C and a topos E de�ned over Set, we can always

internalize C into E by means of the inverse image γ∗E of the unique geometric
morphism γE : E → Set from E to Set; the resulting internal category in E
will be denoted by the symbol C.

Indexed categories will be denoted by underlined letters, with possibly
a subscript indicating the indexing category; the �bre at an object E of a
E-indexed category A will be denoted by the symbol AE , and the functor
AE → AE′ corresponding to an arrow e : E → E′ in E will be denoted by
the symbol Ae.

A E-indexed subcategory BE of a E-indexed category AE consists, for
each object every E ∈ E , of a subcategory BE of the category AE such that
for any arrow α : E′ → E in E the functor Aα : AE → AE′ restricts to
the subcategories BE and BE′ . This clearly de�nes a E-indexed category BE
with a E-indexed inclusion BE ↪→ AE .

A E-indexed functor F : BE → AE is said to be full if for every object
E of E the functor FE : AE → BE is full. A E-indexed subcategory BE of a
E-indexed category AE is said to be a full E-indexed category of AE if the
associated E-indexed inclusion functor is full.

Every Grothendieck topos E gives rise to a E-indexed category EE ob-
tained by indexing E over itself.

Recall that if C = (dC0 , d
C
1 : C1 → C0) is an internal category in a topos

E , a diagram of shape C in E is a pair (f : F → C0, φ : C1 ×C0 F → F ) of
arrows in E satisfying appropriate conditions, where the pullback C1 ×C0 F
is taken relatively to the arrow dC0 : C1 → C0 and the arrow f : F → C0:

C1 ×C0 F
πF //

π1
��

F

f

��
C1

dC0

// C0 .

For a Grothendieck topos E and an internal category C in E , we have a
E-indexed category [C, E ], whose underlying category is the category [C, E ]
of diagrams of shape C in E and morphisms between them.

Any internal category C in E gives naturally rise to a E-indexed category,
which we call the E-externalization of C and denote by the symbol CE . The
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category [C, E ] is equivalent (naturally in E) to the category [CE , EE ]E of
E-indexed functors CE → EE and indexed natural transformations between
them (by Lemma B2.3.13 in [21]) and also to the category [C, E ] (by Corollary
B2.3.14 in [21]). The equivalence between [C, E ] and [C, E ] restricts to an
equivalence between the full subcategories Tors(C, E) of C-torsors in E (as
in section B3.2 of [21]) and Flat(C, E) of �at functors C → E (as in chapter
VII of [26]). For any internal functor between internal categories in E or
internal diagram F in E , we denote the corresponding E-indexed functor by
the symbol F E . For any functor F : C → E , we denote the internal diagram
in [C, E ] corresponding to it under the equivalence [C, E ] ' [C, E ] by the
symbol F .

The discrete op�bration p : F → C over C corresponding to a diagram
(f : F → C0, φ : C1 ×C0 F → F ) of shape C in E is de�ned as follows:
F0 = F , F1 = C1 ×C0 F , d

F
0 = πF : F1 = C1 ×C0 F → F = F0, d

F
1 = φ : F1 =

C1×C0 F → F = F0, p0 = f : F0 = F → C0, p1 = π1 : F1 = C1×C0 F → C1.
The discrete op�bration corresponding to a diagram F ∈ [C, E ] will also be

denoted by πopfF :
∫ opf

F → C.
For internal diagrams G ∈ [Cop, E ] it is also natural to consider the

discrete �bration corresponding to G, i.e. the opposite functor πopfG

op
:∫ opf

G
op
→ Copop = C. We shall denote this functor by πfG :

∫ f
G→ C.

For any internal category C in a topos E , the category [C, E ] of diagrams
of shape C in E is equivalent to the categoryDOpf/C of discrete op�brations
over C (cf. Proposition B2.5.3 [21]); we shall denote this equivalence by

τCE : [C, E ]→ DOpf/C .

A diagram of shape C in E lies in the subcategory Tors(C, E) of [C, E ] if
and only if the domain of the corresponding discrete op�bration is a �ltered
internal category in E .

Any internal functor H : C → D between internal categories C and
D in a topos E induces a functor [D, E ] → [C, E ], denoted D → D ◦ H,
which corresponds, at the level of E-indexed categories, to the composition
functor with the indexed functor corresponding to H, and, at the level of
discrete op�brations associated to the internal diagrams, as the pullback of
them along the functor H. The latter pullbacks in the category of internal
categories in E are computed `pointwise' as pullbacks in E , and they are
preserved by the dualizing functor C→ Cop.

Let us recall from [29] the notion of (indexed) colimit of a E-indexed
functor, where E is a cartesian category. We shall denote by !I the unique
arrow from an object I of E to the terminal object 1 of E . Given a S-indexed
functor Γ : X → A and an object A of A1, we denote by ∆

X
AA the E-indexed

functor X → A assigning to any E ∈ E the constant functor on XE with
value A!I (A).

Let X be any indexed category and Γ : X → A any indexed functor.
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An indexed cocone µ : Γ → A consists of an object A in A1 together with
an indexed natural transformation µ : Γ → ∆

X
AA, i.e. for each I in E an

ordinary cocone µI : ΓI → ∆(A!I (A)) such that for each arrow α : J → I in

E , α∗◦µI = µJ ◦α∗. If µ : Γ→ ∆
X
AA is a universal such cone we say that it is

a colimit cone over the indexed functor Γ with vertex A. If, furthermore, for

any object I of E , the localization µ/I : Γ/I → (∆
X
AA)/I = ∆

X/I
A/I (A!I (A))

of µ at I is a colimit cone we say that µ is the indexed colimit of Γ/I.
We can describe this notion more explicitly in the particular case of E-

indexed functors with values in the E-indexed category EE . Let us suppose
that AE is a E-indexed category and D : AE → EE is an indexed functor. A
cocone µ over D consists of an object U of E and, for each object E of E ,
of a cocone µE : DE → ∆(!∗E(U)) over the diagram DE : AE → E/E such
that for any arrow α : E′ → E in E we have α∗(µE(c)) = µE′(Aα(c)) for
all c ∈ AE , that is α∗µE = µE′Aα as arrows DE′(Aα(c)) = α∗(DE(c)) →
!E′(U) = α∗(!∗E(U)) in E/E′, where α∗ : E/E → E/E′ is the pullback functor
(notice that DE′ ◦ Aα = α∗ ◦DE since D is a E-indexed functor).

Note that if AE is the E-externalization of an internal category C in E and
D : AE → EE is an indexed functor corresponding to an internal diagram
D ∈ [C, E ], the discrete op�bration associated to the internal diagram in
[!∗E(C), E/E] corresponding to the localization D/E : AE/E → EE/E ∼=
E/EE/E is the image of the discrete op�bration associated to D under the

pullback functor !∗E : E → E/E along the unique arrow !E : E → 1E .
The colimit colimE(D) in E of an internal diagram D ∈ [C, E ], where C is

an internal category in E , is de�ned to be the coequalizer of the two arrows

d
∫ opf D
0 , d

∫ opf D
1 (recall that

∫ opf
D is the domain of the discrete op�bration

over C corresponding to the diagram D).
For any internal diagram G ∈ [F, E ], its colimit colimE(G) is isomorphic

to the E-indexed colimit colimE(GE) of the E-indexed functor GE : FE → EE
corresponding to it under the equivalence [F, E ] ' [FE , EE ]E .

If D ∈ [C, E ] is an internal diagram in E with colimit colimE(D) =

coeq(d
∫ opf D
1 , d

∫ opf D
1 ), the colimiting E-indexed cocone (colimE(D), µ) of the

corresponding E-indexed functor DE : CE → EE can be described as fol-

lows. Let us denote by c the canonical coequalizer arrow (
∫ opf

D)0 →

coeq(d
∫ opf D
0 , d

∫ opf D
1 ) in E . For any object E of E and any object x : E → C0

of the category CEE, the arrow µE(x) : DE(x) = rx →!∗E(colimE(D)) =

coeq(d
∫ opf D
0 , d

∫ opf D
1 ) × E is equal to 〈c ◦ zx, rx〉, where the arrow zx is de-

�ned by the following pullback diagram:

Rx

rx

��

zx // (
∫ opf

D)0

(πopfD )
0

��
E x

// C0 .
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2.2 E-�ltered indexed categories

The following de�nition will be important in the sequel.

De�nition 2.1. Let E be a Grothendieck topos and A be a E-indexed cat-
egory. We say that A is E-�ltered if the following conditions are satis�ed:

(a) For any object E of E there exists an epimorphic family {ei : Ei →
E | i ∈ I} in E and for each i ∈ I an object bi of the category AEi ;

(b) For any E ∈ E and any objects a and b of the category AE there exists an
epimorphic family {ei : Ei → E | i ∈ I} in E and for each i ∈ I an object
ci of the category AEi and arrows fi : Aei(a) → ci and gi : Aei(b) → ci
in the category AEi ;

(c) For any object E of E and any two parallel arrows u, v : a → b in the
category AE there exists an epimorphic family {ei : Ei → E | i ∈ I}
in E and for each i ∈ I an object ci of the category AEi and an arrow
wi : Aei(b)→ ci in AEi such that wi ◦ Aei(u) = wi ◦ Aei(v).

The E-externalization of any internal �ltered category in E is E-�ltered,
but it is not true that if the externalization of an internal category C in E is
E-�ltered then C is �ltered as an internal category in E .

A standard example of indexed E-�ltered categories is provided by in-
dexed categories of elements of �at functors with values in E , in the sense of
the following de�nition.

De�nition 2.2. Let P : Cop → E be a functor. The E-indexed category of
elements

∫
P
E
of P assigns to any object E of E the category

∫
P
E
whose

objects are the pairs (c, x) where c is an object of C and x : E → F (c) is a
an arrow in E , and whose arrows (c, x) → (d, y) are the arrows f : c → d
in C such that F (f) ◦ y = x, and to any arrow e : E′ → E in E the functor∫
P
e

:
∫
P
E
→

∫
P
E′

sending any object (c, x) of
∫
P
E
to the object (c, x◦e)

of
∫
P
E′

and acting accordingly on the arrows.

Proposition 2.3. Let F : Cop → E be a �at functor. Then the indexed
category

∫
F
E
is E-�ltered.

Proof Straightforward from the characterization of �at functors as �ltering
functors given in chapter VII of [26]. �

2.3 Indexation of internal diagrams

Given an internal diagram D ∈ [C, E ], the corresponding E-indexed functor
DE : CE → EE can be described as follows. For any object E of E , DE :
CE → E/E sends any object x : E → C0 of CE to the object rx : Rx → E

of E/E obtained by pulling (πopfF )0 : (
∫ opf

F )0 → C0 back along x, and any

10



arrow h : E → C1 of CE from x : E → C0 to x′ : E → C0 to the arrow
DE(h) : rx → rx′ in E/E de�ned as follows. Consider the pullback squares

S

s

��

u // (
∫ opf

D)1

(πopfD )1
��

E
h

// C1

and

Rx′

rx′

��

zx′ // (
∫ opf

D)0

(πopfD )0
��

E
x′

// C0 .

Since dC1 ◦ h = x′ we have that (πopfD )0 ◦ d
∫ opf D
1 ◦ u = x′ ◦ s and hence

by the universal property of the �rst pullback square, there exists a unique

arrow β : S → Rx′ such that rx′ ◦ β = s and zx′ ◦ β = d
∫ opf D
1 ◦ u.

As πopfF :
∫ opf

F → C is a discrete op�bration, the diagram

(
∫ opf

D)1

(πopfD )1
��

d
∫ opf D
0 // (

∫ opf
D)0

(πopfD )0
��

C1
dC0

// C0

is a pullback. `Composing' it with the �rst pullback square thus yields a
pullback square

S

s

��

d
∫ opf D
0 ◦u

// (
∫ opf

D)0

(πopfD )0
��

E
dC0◦h

// C0 .

Now, since (πopfD )0 ◦ zx = x ◦ rx = dC0 ◦ h ◦ rx, the universal property of
this pullback square provides a unique arrow γ : Rx → S such that s◦γ = rx

and d
∫ opf D
0 ◦ u ◦ γ = zx. We de�ne DE(h) : rx → rx′ in E/E to be equal to

the composite arrow β ◦ γ : Rx → Rx′ .

2.4 Colimits and tensor products

For any internal category F in E , we denote by coeq(F) the coequalizer of
the two arrows dF0 and dF1 .

11



From the above discussion it follows that for anyD,P ∈ [C, E ], colimE(P◦
πopfD ) ∼= colimE(D ◦ πopfP ). Indeed, if we consider the pullback square

R

qD

��

qP //
∫ opf

P

πopfP

��∫ opf
D

πopfD

// C

in the category cat(E) of internal categories in E , we have that colimE(P ◦
πopfD ) ∼= coeq(dom(qD)) = coeq(R) = coeq(dom(qP )) ∼= colimE(D ◦ πopfP ).

Similarly, by exploiting the fact that the operation F → coeq(F) on in-
ternal categories in E is invariant under the dualization functor F→ Fop, we
obtain another commutation result, which we shall use in the sequel: for any
internal diagram F ∈ [Cop, E ] and any internal diagram P ∈ [C, E ], we have

a natural isomorphism colimE(P ◦ πfF ) ∼= colimE(F ◦ πfP ). To prove this, we
consider the following pullback squares:

R

qF

��

qP //
∫ opf

P

πopfP

��

S

rP

��

rF //
∫ opf

F

πopfF

��∫ f
F

πfF

// C
∫ f

P
πfP

// Cop .

We have that

colimE(P ◦ πfF ) ∼= coeq(dom(qF )) = coeq(R),

while
colimE(F ◦ πP f ) = coeq(dom(rP )) = coeq(S) .

But the fact that the dualization functor preserves pullbacks in cat(E) im-
plies that S ' Rop, whence coeq(R) ∼= coeq(S), as required.

Summarizing, we have the following

Proposition 2.4. Let C be an internal category in a topos E, P and D
internal diagrams in [C, E ] and F an internal diagram in [Cop, E ]. Then we
have natural isomorphisms

(i) colimE(P ◦ πopfD ) ∼= colimE(D ◦ πopfP );

(ii) colimE(P ◦ πfF ) ∼= colimE(F ◦ πfP ).

�
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Let us now proceed to applying this proposition in the context of a functor
F : Cop → E , where C is a small category and E is a Grothendieck topos,
and a functor P : C → Set. To this end, we explicitly describe the discrete
op�bration corresponding to the diagram of shape C in E , where C is the
internalization of C in E , associated to a functor G : C → E . We denote by
Ob(C) the set of objects of C and by Arr(C) the set of arrows of C.

We have that F =
∐
c∈C

G(c) and that f : F =
∐
c∈C

G(c) → C0 =
∐
c∈C

1E is

equal to
∐
c∈C

!G(c), where !G(c) is the unique arrow G(c) → 1E in E (for any

c ∈ C).
Let Jf : G(dom(f))→

∐
f∈Arr(C)

G(dom(f)) (resp. µc : G(c)→
∐

c∈Ob(C)
G(c),

κf : 1E →
∐

f∈Arr(C)
1E , λc : 1E →

∐
c∈Ob(C)

1E) be the canonical coproduct ar-

rows.
First, let us show that the diagram

∐
f∈Arr(C)

G(dom(f))
dG0 //

∐
f∈Arr(C)

!G(dom(f))

��

∐
c∈Ob(C)

G(c)

∐
c∈Ob(C)

!G(c)

��∐
f∈Arr(C)

1E
dC0

//
∐

c∈Ob(C)
1E .

is a pullback, where the arrow dG0 is de�ned by setting dG0 ◦Jf = µdom(f) (for
any f ∈ Arr(C)). We have to prove that, for any object E of E and arrows
α : E →

∐
f∈Arr(C)

1E and β : E →
∐

c∈Ob(C)
G(c) such that

∐
c∈Ob(C)

!G(c) ◦ β =

dC0 ◦ α, there exists a unique arrow γ : E →
∐

f∈Arr(C)
!G(dom(f)) such that

α =
∐

f∈Arr(C)
G(dom(f)) ◦ γ and β = dG0 ◦ γ. To this end, consider, for any

c ∈ Ob(C) and f ∈ Arr(C), the commutative diagram

E(f,c)

pc

��

qf // Ef

yf

��

αf // 1E

κf

��

id

""
Ec

βc

��

zc // E
α //

β

��

∐
f∈Arr(C)

1E

dC0

��

1E

λdom(f)
}}

G(c)

!G(c)
%%

κc //
∐

c∈Ob(C)
G(c)

∐
c∈Ob(C)

!G(c)

//
∐

c∈Ob(C)
1E

1E ,

λc

88
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where all the squares except for the lower-right one are pullbacks. The com-
mutativity of the diagram, combined with the fact that distinct coproduct
arrows are disjoint from each other, immediately implies that for any pair
(f, c) such that c 6= dom(f), we have E(f,c)

∼= 0E . On the other hand,
the stability of coproducts under pullbacks implies that E ∼=

∐
c∈Ob(C)

Ec, and

E ∼=
∐

f∈Arr(C)
Ef ; whence E ∼=

∐
(f,c)∈Arr(C)×Ob(C)

E(f,c)
∼=

∐
(f,c) | dom(f)=c

E(f,c),

with canonical coproduct arrows ξ(f,c) = yf ◦ qf = zc ◦ pc : E(f,c) → E. We
de�ne, for each pair (f, c) such that c = dom(f), the arrow γ(f,c) : E(f,c) →∐
f∈Arr(C)

G(dom(f)) as the composite Jf ◦ βc ◦ pc, and set γ equal to the ar-

row
∐

(f,c) | dom(f)=c

γ(f,c) : E →
∐

f∈Arr(C)
G(dom(f)). We have to verify that

α =
∐

f∈Arr(C)
!G(dom(f)) ◦ γ and β = dG0 ◦ γ or, equivalently, that for any pair

(f, c) such that dom(f) = c, we have:

(1) α ◦ ξ(f,c) =
∐

f∈Arr(C)
!G(dom(f)) ◦ γ(f,c) and

(2) β ◦ ξ(f,c) = dG0 ◦ γ(f,c).

To prove (1), we preliminarily show that for any pair (f, c) such that
c = dom(f), we have αf ◦ qf =!G(c) ◦ βc ◦ pc. Since the arrow λc = λdom(f) :
1E →

∐
c∈Ob(C)

1E is monic, it is equivalent to prove that λdom(f) ◦ αf ◦ qf =

λc◦!G(c)◦βc◦pc. But the commutativity of the above diagram yields λdom(f)◦
αf ◦ qf = dC0 ◦ κf ◦ αf ◦ qf = dC0 ◦ α ◦ yf ◦ qf =

∐
c∈Ob(C)

!G(c) ◦ β ◦ yf ◦ qf =∐
c∈Ob(C)

!G(c) ◦ β ◦ zc ◦ pc =
∐

c∈Ob(C)
!G(c) ◦ µc ◦ βc ◦ pc = λc◦!G(c) ◦ βc ◦ pc, as

required.
We thus have α ◦ ξ(f,c) = α ◦ yf ◦ qf = κf ◦ αf ◦ qf = κf◦!G(c) ◦ βc ◦ pc =∐

f∈Arr(C)
!G(dom(f)) ◦ γ(f,c). This proves condition (1).

Further, β ◦ ξ(f,c) = β ◦ zc ◦ pc = µc ◦ βc ◦ pc = µdom(f) ◦ βc ◦ pc =

dG0 ◦ Jf ◦ βc ◦ pc = dG0 ◦ γ(f,c). This proves condition (2).
Let us de�ne the arrow

dG1 :
∐

f∈Arr(C)

G(dom(f))→
∐

c∈Ob(C)

G(c)

by setting, for each f ∈ Arr(C), dG1 ◦ Jf = µcod(f) ◦G(f).
The discrete op�bration p : F→ C corresponding to G can be described

as follows: F0 =
∐

c∈Ob(C)
G(c), F1 =

∐
f∈Arr(C)

G(dom(f)), the domain and

codomain arrows dF0 , d
F
1 : F1 → F0 are respectively equal to dG0 and to

14



dG1 , p0 : F0 → C0 is equal to
∐

c∈Ob(C)
!G(c) and p1 : F1 → C1 is equal to∐

f∈Arr(C)
!G(dom(f)). The composition law in the internal category F is de�ned

in the obvious way.
We leave to the reader the straightforward task of verifying that this

is indeed the discrete op�bration corresponding to the functor G via the
composite of the equivalence [C, E ] ' [C, E ] with the equivalence

τCE : [C, E ]→ DOpf/C .

Recalling that, for any functor F : Cop → E , the discrete �bration πfF :∫ f
F → C associated to it is equal to πopfF

op
:
∫ opf

F
op
→ Copop = C,

we deduce the following explicit description of the discrete �bration πfF :∫ f
F → C associated to a functor F : Cop → E : (

∫ f
F )0 =

∐
c∈Ob(C)

F (c),

(
∫ f

F )1 =
∐

f∈Arr(C)
F (cod(f)), the domain and codomain arrows dF0 , d

F
1 :

(
∫ f

F )1 → (
∫ f

F )0 are de�ned by the conditions dF0 ◦ Jf = µcod(f) and d
F
1 ◦

Jf = µdom(f) ◦ F (f) for all f ∈ Arr(C) (where µc : F (c) →
∐

c∈Ob(C)
F (c) and

Jf : F (cod(f)) →
∐

f∈Arr(C)
F (cod(f)) are the canonical coproduct arrows),

(πfF )0 : (
∫ f

F )0 → C0 is equal to
∐

c∈Ob(C)
!F (c) and (πfF )1 : (

∫ f
F )1 → C1

is equal to
∐

f∈Arr(C)
!F (cod(f)). The composition law in the internal category∫ f

F is de�ned in the obvious way.

Theorem 2.5. Let F : Cop → E be a functor from the opposite of a small
category C to a Grothendieck topos E and P : C → Set be a functor. Then
the following three objects are naturally isomorphic:

(i) colim(F ◦ πfP )

(ii) colimE(F ◦ πfPE )
∼= colimE(PE ◦ πfF ) (cf. Proposition 2.4)

(iii) colimE(PEE ◦ π
f

F E
),

where PE is the internal diagram in [C, E ] given by γ∗E ◦ P .

Proof The isomorphism between colimE(PE ◦ πfF ) and colimE(PEE ◦ π
f

F E
)

follows from the general fact that for any internal diagram G ∈ [D, E ] its
colimit colimE(G) is isomorphic to the E-indexed colimit colimE(GE). It thus

remains to prove the isomorphism between colim(F ◦ πfP ) and colimE(F ◦
πfPE ). To this end, we recall the following three general facts:
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(1) For any functor G : D → E , its colimit colim(G) is naturally isomorphic
to the colimit colimE(G);

(2) For any functor H : D → C between small categories C and D and any
functor M : C → E , we have a natural isomorphism F ◦H ∼= F ◦ γ∗E(H);

(3) For any geometric morphism f : F → E , the diagram

[C, E ]

f∗(−)

��

τCE // DOpf/C

f∗(−)

��
[f∗(C), E ]

τ
f∗(C)
F // DOpf/f∗(C)

commutes.

We therefore have that

colim(F ◦ πfP ) ∼= colimE(F ◦ πfP ) ∼= colimE(F ◦ γ∗E(π
f
P )) ∼= colimE(F ◦ πfPE ),

where the �rst isomorphism follows from (1), the second from (2) and the
third from (3). �

We shall indicate the three isomorphic objects of the theorem by the
symbol F ⊗C P .

The following lemma is essentially contained in the proof of Giraud's
theorem (cf. [18] or, for instance, the Appendix of [26]), but we were not
able to �nd its exact statement in the literature; we thus provide a proof of
it for the reader's convenience.

Lemma 2.6. Let E be a Grothendieck topos and {ei : Ei → E | i ∈ I}
an epimorphic family in E. Then the arrow

∐
i∈I

ei :
∐
i∈I
Ei → E yields an

isomorphism (
∐
i∈I
Ei)/R ∼= E, where R is the equivalence relation in E on the

object
∐
i∈I
Ei given by the subobject

∐
(i,j)∈I×I

Ei ×E Ej �
∐

(i,j)∈I×I
Ei × Ej ∼=∐

i∈I
Ei ×

∐
j∈I
Ej; in particular, the arrow

∐
i∈I
ei :

∐
i∈I
Ei → E is the coequalizer

in E of the two canonical arrows
∐

(i,j)∈I×I
Ei ×E Ej →

∐
i∈I
Ei.

Proof LetR be the kernel pair of the epimorphism
∐
i∈I

ei, that is the pullback

of this arrow along itself; then, by the well-known exactness properties of
Grothendieck toposes, R is an equivalence relation on

∐
i∈I

Ei such that the

coequalizer in E of the two associated projections is isomorphic to q. Now,
the fact that pullbacks preserve coproducts in a Grothendieck topos implies
that R is isomorphic to the subobject

∐
(i,j)∈I×I

Ei×EEj �
∐

(i,j)∈I×I
Ei×Ej ∼=∐

i∈I
Ei ×

∐
j∈I
Ej , as required. �
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Remark 2.7. The lemma admits an obvious generalization to arbitrary
separating sets for the topos E (cf. the Appendix of [26]).

Corollary 2.8. Let a : A → E and l : L → E be objects of the topos E/E,
and {ei : Ei → E | i ∈ I} an epimorphic family in E. Then a family of
arrows {fi : e∗i (a) → e∗i (l) | i ∈ I} in the toposes E/Ei de�nes a (unique)
arrow f : a → l in E/E such that e∗i (f) = fi for all i ∈ I if and only if for
every i, j ∈ I, q∗i (fi) = q∗j (fj), where the arrows qi and qj are de�ned by the
following pullback square:

Ei,j

qj

��

ei,j

!!

qi // Ei

ei

��
Ej

ej // E .

�

2.5 E-�nal subcategories

The following de�nition will be important in the sequel. We shall borrow
the notation from section 2.4.

De�nition 2.9. Let AE be a E-indexed category and i : BE → AE be a
E-indexed functor.

(a) We say that i is E-�nal if for every E ∈ E and x ∈ AE there exists
a non-empty set ExE of triplets {(ei, bi, fi) | i ∈ I} such that the family
{ei : Ei → E | i ∈ I} is epimorphic, bi is an object of BEi and fi :
Aei(x) → iEi(bi) is an arrow in AEi (for each i ∈ I) with the property
that for any triplets {(ei, bi, fi) | i ∈ I} and {(e′j , cj , f ′j) | j ∈ J} in ExE
there exists an epimorphic family {gi,jk : Ei,jk → Ei,j | k ∈ Ki,j} and for

each k ∈ Ki,j an object di,jk of B
Ei,jk

and arrows ri,jk : B
qi◦gi,jk

(bi) → di,jk

and si,jk : B
qj◦gi,jk

(cj) → di,jk in B
Ei,jk

such that i
Ei,jk

(ri,jk ) ◦ Aqi(fi) =

i
Ei,jk

(si,jk ) ◦ Aqj (f ′j).

(b) We say that a E-indexed subcategory BE of a E-indexed category AE is
a E-�nal subcategory of AE if the canonical E-indexed inclusion functor
i : BE ↪→ AE is E-�nal, in other words if for every E ∈ E and x ∈ AE
there exists a non-empty set ExE of triplets {(ei, bi, fi) | i ∈ I} such that
the family {ei : Ei → E | i ∈ I} is epimorphic, bi is an object of BEi and
fi : Aei(x)→ bi is an arrow inAEi (for each i ∈ I) with the property that
for any triplets {(ei, bi, fi) | i ∈ I} and {(e′j , cj , f ′j) | j ∈ J} in ExE there

exists an epimorphic family {gi,jk : Ei,jk → Ei,j | k ∈ Ki,j} and for each

k ∈ Ki,j an object di,jk of B
Ei,jk

and arrows ri,jk : B
qi◦gi,jk

(bi) → di,jk and

si,jk : B
qj◦gi,jk

(cj)→ di,jk in B
Ei,jk

such that ri,jk ◦ Aqi(fi) = si,jk ◦ Aqj (f
′
j).
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(c) We say that a E-indexed subcategory BE of a E-indexed category AE is a
E-strictly �nal subcategory of AE if for any arrow f : a→ b in AE there
exists an epimorphic family {ei : Ei → E | i ∈ I} in E such that for any
i ∈ I, the arrow Aei(f) : Aei(a)→ Aei(b) lies in BEi .

(d) We say that a E-indexed subcategory BE of a E-indexed category AE is
E-full if for every arrow f : b → b′ in AE , where b and b′ are objects of
BE , there exists an epimorphic family {ei : Ei → E | i ∈ I} such that
for any i ∈ I the arrow Aei(f) lies in BEi .

Remarks 2.10. (a) Let BE be a E-indexed subcategory of AE with the
property that for every object E of E and any object a ∈ AE α : E′ → E,
there exists an epimorphic family {ei : Ei → E | i ∈ I} in E such that for
any i ∈ I, the object Aei(a) lies in BEi and for any arrow f : a→ b in AE
where a, b ∈ BE , there exists an epimorphic family {ei : Ei → E | i ∈ I}
in E such that for any i ∈ I, the arrow Aei(f) : Aei(a) → Aei(b) lies in
BEi . Then BE is a E-strictly �nal subcategory of AE .

(b) Every E-strictly �nal subcategory is a E-�nal subcategory.

(c) If i is a E-full embedding of a E-indexed category BE into a E-�ltered
E-indexed category AE then i is E-�nal if and only if for every E ∈ E and
x ∈ AE there exists a non-empty epimorphic family {ei : Ei → E | i ∈ I}
in E and for each i ∈ I an object bi of BEi and an arrow fi : Aei(x)→ bi
of AEi .

Proposition 2.11. Let BE be a E-full E-indexed subcategory of a E-indexed
category AE . Then BE is E-�ltered if and only if AE is E-�ltered.

Proof The proof is entirely analogous to the classical one and left to the
reader. �

The following result represents a E-indexed version of the classical theo-
rem formalizing the behaviour of colimits with respect to �nal subcategories.

Theorem 2.12. Let i : BE ↪→ AE be a E-�nal functor and D : AE → EE a
E-indexed functor. Then D admits a colimit (resp. a E-indexed colimit) if
and only if D ◦ i admits a colimit (resp. a E-indexed colimit), and the two
colimits are equal.

Proof First, let us show that any cocone λ over D ◦ i with vertex V can be
(uniquely) extended to a cocone λ̃ over D. For any object a of AE , we have
to de�ne an arrow λ̃E(a) : DE(a)→!∗E(V ) in E/E. By our hypotheses, there
exists an epimorphic family E = {ei : Ei → E | i ∈ I} in E and a family of
arrows {fi : Aei(a)→ iEi(bi) | i ∈ I}, where bi lies in BEi . Consider, for each
i ∈ I, the arrow λEi(bi) ◦ DEi(fi) : DEi(Aei(a)) = e∗i (DE(a)) →!Ei(V ) =
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e∗i (!
∗
E(V )). By applying the condition in the de�nition of E-�nal functor to

the pair ((ei, fi, bi), (ei, fi, bi)) and exploiting the fact that λ is a cocone over
D ◦ i, we obtain that qi

∗(λEi(bi) ◦ DEi(fi)) = qj
∗(λEj (bj) ◦ DEj (fj)) (here

we use the notation of Corollary 2.8). By Corollary 2.8, the family of arrows
λEi(Aei(a)) (for i ∈ I) thus induces a unique arrow uE = DE(a) →!∗E(V ).
To be able to set λ̃E(a) equal to this arrow, we have to show that such
de�nition does not depend on the choice of the family {(ei, fi)}. But this
follows similarly as above, by applying the condition in the de�nition of
E-�nal functor and invoking the fact that λ is a cocone over D ◦ i.

Notice that if a ∈ BE then λ̃E(a) = λE(a), and that for any cocone ξ
over D, ξ = ˜ξ ◦ i.

Now that we have showed that for any a ∈ AE the de�nition of the arrow
λ̃E(a) : DE(a) →!∗E(V ) in the topos E/E is well-posed, it remains to prove
that the assignment a→ λ̃E(a) de�nes a cocone over the diagram DE with
vertex !∗E(V ), i.e. that for any arrow f : a→ b in AE , λ̃E(b)◦DE(f) = λ̃E(a)
as arrows in E/E. Further, we have to show that the assignment E → λ̃E
de�nes a E-indexed cone on the E-indexed functor D, i.e. that for any arrow
α : E′ → E in E and any a ∈ AE we have α∗(λ̃E(a)) = λ̃E′(Aα(a)). This
can be easily deduced from the fact that λ is an indexed cocone over D ◦ i.

The second part of the theorem, for indexed colimits, follows from the
�rst part by noticing that any localization of an indexed E-�nal functor with
respect to a localization functor E → E/E is a E/E-�nal functor. So it will
be su�cient to show the �rst part.

To complete the proof of the theorem, it remains to show that for any
cocone (U, µ) over D, (U, µ) is colimiting over D if and only if (U, µ ◦ i) is
colimiting over D.

Suppose that D has a colimiting cocone µ with vertex U . We want to
prove that µ◦ i is a colimiting cocone for the functor D◦ i. Let λ be a cocone
over the diagram D ◦ i with vertex V ; then, as we have just proved, λ̃ is
a cocone over D with vertex V ; therefore (U, µ) factors through (V, λ̃), by
an arrow z : U → V in E . Clearly, z yields in particular a factorization of
(U, µ◦ i) across (V, λ). The uniqueness of the factorization of (U, µ◦ i) across
(V, λ) follows from the fact that for any two cocones ξ and χ over D ◦ i, if
ξ factors through χ by an arrow w then ξ̃ factors through χ̃ by the same
arrow. This proves that if (U, µ) is a colimiting cocone over the diagram D
then (U, µ ◦ i) is a colimiting cocone over the diagram D ◦ i.

Conversely, suppose that (U, µ◦i) is a colimiting cocone over the diagram
D◦i. (Z, χ̃) is a colimiting cocone over the diagram D. For any cocone (Z, χ)
over D, we have that (Z, χ◦i) is a cocone over D◦i; therefore (U, µ◦i) factors
uniquely through (Z, χ ◦ i) or equivalently (by similar arguments as above),
(Z, χ̃) factors uniquely through (U, µ). Therefore (U, µ) is a colimiting cocone
over D, as required. �
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Let SetE be the E-indexed category given by: SetE = Set for all E ∈ E
and Setα = 1Set (where 1Set is the identical functor on Set) for all arrows
α in E . There is a E-indexed functor

γE : SetE → EE

de�ned by: γEE = γ∗E/E : Set→ E/E (for any object E of E).
We shall consider E-indexed functors obtained by composing the E-indexed

functor γE : SetE → EE with a E-indexed functor D : AE → SetE .
Notice that a E-indexed functor D : AE → SetE consists of a functor

DE : AE → Set for each object E of E such that for any arrow α : E′ → E
in E , DE′ ◦ Aα = DE .

Let us give an explicit description of the cocones over the E-indexed
functor γE ◦D. Specializing the general de�nition, we obtain that a cocone
(U, µ) over γE ◦ D consists of an object U of E and of an arrow µE(a) :
DE(a)→!∗E(U) in E/E (for each objects E of E and a of AE) such that for
any arrow f : a→ b in AE , µE′(b)◦γ∗E/E(DE(f)) = µE(a) and for any arrow

α : E′ → E in E , α∗(µE(a)) = µE′(Aα(a)).
By using the well-known adjunction between γ∗E and the global sections

functor E → Set, we can alternatively present the above set of data as
follows: a cocone (U, µ) over γE ◦ D consists of an object U of E and of a
function µE(a) : DE(a) → HomE(E,U) (for each objects E of E and a of
AE) such that for any arrow f : a→ b in AE , µE′(b)◦DE(f) = µE(a) and for
any arrow α : E′ → E in E , HomE(α,U) ◦ µE(a) = µE′(Aα(a)) (notice that
the domains of these two arrows are the same since DE(a) = DE′(Aα(a))).

Theorem 2.13. Let F : Cop → E be a functor. Then the E-indexed subcate-
gory

∫
F
E
of

∫
F
f

E
is strictly �nal.

Proof By de�nition of
∫
F
f

E
, for any object E of E the category

∫
F
f
E has

as objects the arrows x : E →
∐

c∈Ob(C)
F (c) and as arrows x→ x′ the arrows

z : E →
∐

f∈Arr(C)
F (cod(f)) such that dF0 ◦ z = x and dF1 ◦ z = x′. For any

E ∈ E , the category
∫
FE thus identi�es as a subcategory of the category∫

F
f
E , through the assignment sending any pair (c, x), where x : E → F (c),

to the arrow µc ◦ x : E →
∐

c∈Ob(C)
F (c) and any arrow (c, x) → (c′, x′) to

the arrow Jf ◦ x′ : E →
∐

f∈Arr(C)
F (cod(f)) (here we use the notations of

section 2.4). It is clear that these assignments make
∫
F
E
into a E-indexed

subcategory of
∫
F
f

E
.

To prove our thesis, we shall apply the criterion of Remark 2.10(a). To
show that the E-indexed subcategory

∫
F
E
satis�es the �rst condition in the
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remark, we observe that for any object x : E →
∐

c∈Ob(C)
F (c) of the category∫

F
f
E , if we consider the pullbacks

Ec

ec

��

xc // F (c)

µc

��
E

x //
∐

c∈Ob(C)
F (c)

of x along the coproduct arrows µc : F (c) →
∐

c∈Ob(C)
F (c), we obtain an

epimorphic family {ec : Ec → E | c ∈ Ob(C)} such that
∫
F
f
ec

(x) lies in the

subcategory
∫
FEc .

It remains to prove that the second condition of Remark 2.10(a) is sat-
is�ed. Let us suppose that (c, x) and (c′, x′) are objects of the subcategory∫
FE , and suppose that α : E →

∐
f∈Arr(C)

F (cod(f)) is an arrow such that

dF0 ◦ α = µc ◦ x and dF1 ◦ α = µc′ ◦ x′:

E

x

��

α //
∐

f∈Arr(C)
F (cod(f))

dF0

��

E

x′

��

α //
∐

f∈Arr(C)
F (cod(f))

dF1

��
F (c) µc

//
∐

c∈Ob(C)
F (c) F (c′) µc′

//
∐

c∈Ob(C)
F (c) .

Consider, for each f ∈ Arr(C), the following pullback square:

Ef

ef

��

αf // F (cod(f))

Jf

��
E

α //
∐

f∈Arr(C)
F (cod(f)) .

The commutativity of the three diagrams above, combined with the fact
that distinct coproduct arrows are disjoint, implies that for any arrow f
of C such that dom(f) 6= c or cod(f) 6= c′ we have Ef ∼= 0E . We can
therefore restrict our attention to the arrows f such that dom(f) = c and
cod(f) = c′. For any such arrow f , we have αf = x′ ◦ ef (equivalently,
since µc′ = µcod(f) is monic, µc′ ◦ αf = µc′ ◦ x′ ◦ ef ). Indeed, µc′ ◦ αf =

dF1 ◦ Jf ◦ αf = dF1 ◦ α ◦ ef = µc′ ◦ x′ ◦ ef . Therefore α ◦ ef = Jf ◦ x′ ◦ ef ;
indeed, α ◦ ef = Jf ◦ αf = Jf ◦ x′ ◦ ef . Lastly, we observe that the arrow
f de�nes an arrow (c, x ◦ ef )→ (c′, x′ ◦ ef ) in the subcategory (

∫
F )Ef , i.e.
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F (f)◦x′ ◦ef = x◦ef . Indeed, the arrow µdom(f) = µc′ is monic and we have

µdom(f) ◦ F (f) ◦ x′ ◦ ef = dF0 ◦ Jf ◦ x′ ◦ ef = Jf ◦ α ◦ ef = µc ◦ x ◦ ef .
The epimorphic family {ef : Ef → E | dom(f) = c and cod(f) = c′}

thus satis�es the property that the arrow (
∫
F
f
E)ef (α) lies in the subcategory

(
∫
F )Ef . Our proof is therefore complete. �

Theorem 2.14. Let C be a small category, E a Grothendieck topos, F :
Cop → E and P : C → Set functors and PE the internal diagram in [C, E ]

given by γ∗E ◦ P . Then the restriction of the functor (PEE ◦ π
f

F E
) ∼= PE ◦ πfF E

to the E-indexed subcategory
∫
F
E
of

∫
F
f

E
is naturally isomorphic to γE ◦zE ,

where zE :
∫
F
E
→ SetE is the E-indexed functor de�ned by: zEE((c, x)) =

P (c) and zEE(f) = P (f) (for any E ∈ E, object (c, x) and arrow f in the
category

∫
FE).

Proof We shall exhibit an isomorphism

PE ◦ πfF EE
((c, x)) ∼= (γE ◦ zE)E((c, x)),

natural in E ∈ E and (c, x) ∈
∫
FE .

Consider the following pullback diagram in cat(E):

F ⊗C P

tF
��

tP //
∫ opf

PE

πopfPE
��∫ f

F
πF // C .

Since coproducts are stable under pullback in a topos, we have that:

(F ⊗C P )0 =
∐

c∈Ob(C)

F (c)× γ∗E(P (c)),

(F ⊗C P )1 =
∐

f∈Arr(C)

F (cod(f))× γ∗E(P (dom(f))),

tF 0 : (F ⊗C P )0 =
∐

c∈Ob(C)

F (c)× γ∗E(P (c))→ (

∫ f

F )0 =
∐

c∈Ob(C)

F (c)

is equal to the arrow
∐

c∈Ob(C)
πF (c), where πF (c) is the canonical projection

F (c)× γ∗E(P (c))→ F (c),

tF 1 : (F⊗CP )1 =
∐

f∈Arr(C)

F (cod(f))× γ∗E(P (dom(f)))→ (

∫ f

F )1 =
∐

f∈Arr(C)

F (cod(f))
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is equal to the arrow
∐

f∈Arr(C)
π′F (cod(f)), where π′F (cod(f)) is the canonical

projection F (cod(f)) × γ∗E(P (dom(f))) → F (cod(f)) and the domain and
codomain arrows

dF⊗CP
0 , dF⊗CP

1 : (F ⊗C P )1 → (F ⊗C P )0

are de�ned by the following conditions:

dF⊗CP
0 ◦Wf = Zcod(f) ◦ 〈π′F (cod(f)), γ

∗
E(P (f)) ◦ µγ∗E(P (dom(f)))〉

and
dF⊗CP

1 ◦Wf = Zdom(f) ◦ 〈F (f) ◦ π′F (cod(f)), µγ∗E(P (dom(f)))〉,

where µγ∗E(P (dom(f))) is the canonical projection

F (cod(f))× γ∗E(P (dom(f)))→ γ∗E(P (dom(f)))

and

Wf : F (cod(f))× γ∗E(P (dom(f)))→
∐

f∈Arr(C)

F (cod(f))× γ∗E(P (dom(f))),

Zc : F (c)× γ∗E(P (c))→
∐

c∈Ob(C)

F (c)× γ∗E(P (c))

are the canonical coproduct arrows (respectively for f ∈ Arr(C) and c ∈
Ob(C)).

Now, the internal diagram PE ◦ πfF corresponds precisely to the discrete

op�bration tF and hence the E-indexed functor PE ◦ πfF E
sends any general-

ized element x : E →
∐

c∈Ob(C)
F (c) to the object of E/E given by the pullback

of tF 0 along it. In particular, since in a topos any diagram of the form

Ai

fi

��

//
∐
i∈I
Ai∐
i∈I

fi

��
Bi //

∐
i∈I
Bi,

where the horizontal arrows are the canonical coproduct arrows, is a pull-
back and products commute with pullbacks, the functor (PE ◦ πfF )E sends

any object (c, x) of the category
∫
FE to the object given by the canonical

projection E × γ∗E(P (c)) → E. But this object is canonically isomorphic to
γ∗E/E(P (c)) in E/E, which is the value at (c, x) of the functor (γE ◦ zE)E .
Our proof is therefore complete. �
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Let us now explicitly describe the E-indexed colimiting cocone on the
restriction to the E-indexed subcategory

∫
F
E
of the E-indexed diagram

PE ◦ πfF E
(cf. section 2.1 for the background). The vertex of this colimiting

cocone is the codomain of the coequalizer w : (F⊗CP )0 → colimE(PEE◦π
f

F E
)

of the pair of arrows dF⊗CP
0 , dF⊗CP

1 : (F ⊗C P )1 → (F ⊗C P )0. For any ob-

ject (c, x) of the category
∫
FE , the colimit arrow (PE ◦ πfF )E)((c, x)) ∼=

γ∗E/E(P (c)) → colimE(PEE ◦ π
f

F E
) is given by the composite !∗E(w) ◦ h(c,x),

where h(c,x) is the arrow !∗E(Zc) ◦ 〈x × 1γ∗E(P (c)), πE〉 : γ∗E/E(P (c)) ∼= E ×
γ∗E(P (c)) →

∐
c∈Ob(C)

F (c)× γ∗E(P (c)) × E ∼=!∗E(
∐

c∈Ob(C)
F (c)× γ∗E(P (c))); in

other words, the function ξ(c,x) : P (c)→ HomE(E, colimE(PEE ◦π
f

F E
)) corre-

sponding to it assigns to every element a ∈ P (c) the arrow w◦Zc◦〈x, ra◦!E〉,
where ra : 1E → γ∗E(P (c)) ∼=

∐
a∈P (c)

1E is the coproduct arrow corresponding

to the element a and !E is the unique arrow E → 1E in E .
It is immediate to verify that, under the isomorphism

colimE(PEE ◦ π
f

F E
) ∼= colim(F ◦ πfP )

of Theorem 2.5, the functions ξ(c,x) : P (c)→ colimE(PEE ◦π
f

F E
) ∼= colim(F ◦

πfP ) admit the following description in terms of the colimiting arrows χ(c,a) :

F (c)→ colim(F ◦ πfP ): for any a ∈ P (c), ξ(c,x)(a) = χ(c,a) ◦ x.

2.6 A characterization of E-indexed colimits

In this section we establish necessary and su�cient conditions for a E-indexed
cocone on a small diagram in E to be a (E-indexed) colimit cone.

Before stating and proving the main theorem of this section, we need to
introduce some relevant de�nitions and a few technical lemmas.

Given a E-indexed functor D : AE → EE and an object R of the topos
E , we denote by IDR the set of pairs of the form (x, y), where x is an object
of the category AR and y is an arrow 1E/R → DR(x) in the topos E/R. On
such a set we consider the equivalence relation RDR generated by the pairs
of the form ((x, y), (x′, y′)), where there exists an arrow f : x → x′ in the
category AR such that y′ = DR(f) ◦ y.

The following remarks are useful in connection with the application of
the localization technique.

Remarks 2.15. (a) For any E ∈ E , we have a natural bijection IDE ∼=
ID/E1E/E

, and the relation RDE corresponds to the relation RD/E1E/E
under this

bijection.
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(b) For any arrow f : F → E and any object x ∈ AE , DF (Af (x)) =
f∗(DE(x)) (this follows from the fact that D is a E-indexed functor).
We shall denote the canonical arrow dom(DF (Af (x))) → dom(DE(x))
by the symbol rf .

(c) For any object x of AE and any arrow y : (f : F → E)→ DE(x) in the
topos E/E, there exists a unique arrow yf : (1F : F → E)→ DF (Af (x))
in the topos E/F such that rf ◦ yf = y (where rf is considered here as
an arrow in E/E in the obvious way);

(d) For any E-indexed cocone µ over D with vertex U , any object x of AE
and any arrow y : (f : F → E) → DE(x) in the topos E/E, we have
µE(x) ◦ y = (1U × f) ◦ µF (Af (x)) ◦ yf . Moreover, we have pullback
squares

DF (Af (x))

µF (Af (x))

��

rf // DE(x)

µE(x)

��
U × F

πF
��

1U×f
// U × E

πE
��

F
f // E

in E , where πE and πF are the obvious canonical projections. In par-
ticular, for any other pair (x′, y′), µE(x) ◦ y = µE(x′) ◦ y′ if and only if
µF (Af (x)) ◦ yf = µF (Af (x′)) ◦ yf ;

(e) If AE is the E-externalization of an internal category C in E , x is a
generalized element E → C0 and y is an arrow (f : F → E) → DE(x)
in E/E, there exists a unique arrow yf : (1F : F → F ) → DF (x ◦ f) in
E/F such that zx◦f ◦ yf = zx ◦ y (this arrow is provided by the universal
property of the pullback square de�ning DF (x◦f)), which coincides with
the arrow yf de�ned in Remark 2.15(c);

(f) If a pair ((x, y), (x′, y′)) belongs to RDR then for any indexed cocone λ
over D with vertex V , λR(x) ◦ y = λR(x′) ◦ y′. Indeed, for any pair
((x, y), (x′, y′)) with the property that there exists an arrow f : x → x′

in the category AR such that y′ = DE(f) ◦ y, we have that λR(x′) ◦ y′ =
λR(x′) ◦DE(f) ◦ y = λR(x) ◦ y (since λR is a cocone).

Lemma 2.16. Let D ∈ [C, E ] be an internal diagram, x : 1 → C0 and
f : 1 → C1 generalized elements such that dC0 ◦ f = x and m : F → D1(x)

an arrow in E. Then the unique arrow χm,f : F → (
∫ opf

D)1 in E such that

d
∫ opf D
0 ◦χm,f = zx ◦m and (πopfD )1 ◦χm,f = f◦!F (provided by the universal

property of the pullback square corresponding to the domains of the discrete

op�bration associated to D) satis�es the property that zx ◦m = d
∫ opf D
0 ◦χm,f
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(by de�nition) and zx′ ◦ D1(f) ◦ m = d
∫ opf D
1 ◦ χm,f , where x′ is equal to

dC1 ◦ f and d
∫ opf D
0 , d

∫ opf D
1 are respectively the domain and codomain arrows

(
∫ opf

D)1 → (
∫ opf

D)0.

Proof By de�nition of D1(f), we have that zx′ ◦ D1(f) = d
∫ opf D
1 ◦ r ◦ ξ,

where r is de�ned by the pullback square

H

!H

��

r // (
∫ opf

D)1

πopfD 1
��

1E
f

// C1

and ξ is the unique arrow D1(x)→ H such that zx = d
∫ opf D
0 ◦r◦ξ, provided

by the universal property of the pullback square

H

s

��

d
∫ opf D
0 ◦r
// (
∫ opf

D)0

(πopfD )0
��

1E
dC0◦f

// C0 .

It thus remains to prove that χm,f = r ◦ ξ ◦ m. But this immediately
follows from the universal property of the pullback

∫ opf
D1

πopfD 1

��

d
∫ opf D
0 // (

∫ opf
D)0

πopfD 0

��
C1

dC0

// C0,

since d
∫ opf D
0 ◦χm,f = d

∫ opf D
0 ◦(r◦ξ◦m) and πopfD 1◦χm,f = πopfD 1◦(r◦ξ◦m).

�

Lemma 2.17. Let D be an internal diagram in [C, E ] and χ be an arrow

1E → (
∫ opf

D)1. Let x = (πopfD )0 ◦ d
∫ opf D
0 ◦ χ, x′ = (πopfD )0 ◦ d

∫ opf D
1 ◦ χ and

f = (πopfD )1 ◦ χ. Then dC0 ◦ f = x, dC1 ◦ f = x′ and D1(f) ◦ χ0 = χ1, where

χ0 is the unique arrow 1E → D1(x) such that zx ◦ χ0 = d
∫ opf D
0 ◦ χ (which

exists by the universal property of the pullback square de�ning D1(x)) and

χ1 is the unique arrow 1E → D1(x′) such that zx′ ◦ χ1 = d
∫ opf D
1 ◦ χ (which

exists by the universal property of the pullback square de�ning D1(x′).
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Proof The �rst two identities follow straightforwardly from the de�nition.
It remains to prove that D1(f) ◦ χ0 = χ1. Let us refer to the proof of
Lemma 2.16 for notation. By the universal property of the pullback square
de�ning D1(x′), it is equivalent to verify that zx′ ◦ D1(f) ◦ χ0 = zx′ ◦ χ1.

But zx′ ◦ D1(f) ◦ χ0 = d
∫ opf D
1 ◦ r ◦ ξ ◦ χ0, while zx′ ◦ χ1 = d

∫ opf D
1 ◦ χ; so

to prove the desired equality it su�ces to show that r ◦ ξ ◦ χ0 = χ. This

follows from the fact that d
∫ opf D
0 ◦ r ◦ ξ ◦χ0 = zx ◦χ0 = d

∫ opf D
0 ◦χ by virtue

of the universal property of the pullback square given by the domain of the
discrete op�bration associated to D. �

Proposition 2.18. Let D ∈ [C, E ] be an internal diagram, x, x′ : 1 → C0

generalized elements and y : 1E → D1(x), y′ : 1E → D1(x′) arrows in E.
Then (zx◦y, zx′◦y′) belongs to the equivalence relation on HomE(1E , (

∫ opf
D)0)

generated by the pairs of the form (d
∫ opf D
0 ◦ a, d

∫ opf D
1 ◦ a) for some arrow

a : 1E → (
∫ opf

D)1 if and only if ((x, y), (x′, y′)) belongs to RD1E .

Proof Let us �rst prove the `if' direction. We have that ((x, y), (x′, y′))
belongs to RD1E if and only if there exists a �nite sequence

(x0, y0) = (x, y), . . . , (xn, yn) = (x′, y′)

such that for any i ∈ {0, . . . , n− 1}

(1) either there exists fi : 1→ C1 such that dC0 ◦ fi = xi, d
C
1 ◦ fi = xi+1 and

D1(fi) ◦ yi = yi+1 or

(2) there exists gi : 1 → C1 such that dC0 ◦ gi = xi+1, d
C
1 ◦ gi = xi and

D1(gi) ◦ yi+1 = yi.

In case (1), Lemma 2.16 implies (by taking m to be yi and f to be

fi) that zxi ◦ yi = d
∫ opf D
0 ◦ χyi,fi and zxi+1 ◦ yi+1 = d

∫ opf D
1 ◦ χyi,fi (here

the notation is that of the lemma). In case (2), Lemma 2.16 implies (by

taking m to be yi+1 and f to be gi) that zxi+1 ◦ yi+1 = d
∫ opf D
0 ◦ χyi+1,gi and

zxi ◦ yi = d
∫ opf D
1 ◦ χyi+1,gi .

From this it clearly follows that (zx ◦ y, zx′ ◦ y′) belongs to the equiva-

lence relation T on HomE(1E , (
∫ opf

D)0) generated by the pairs of the form

(d
∫ opf D
0 ◦ a, d

∫ opf D
1 ◦ a) for some arrow a : 1E → (

∫ opf
D)1, as required.

Let us now prove the `only if' direction. If (zx ◦ y, zx′ ◦ y′) belongs to the
equivalence relation T de�ned above, there exists a �nite sequence χ0, . . . , χn

of arrows 1E → (
∫ opf

D)1 and of arrows ei (which are either d
∫ opf D
0 or d

∫ opf D
1

- we denote by eopi the arrow d
∫ opf D
1 if ei is d

∫ opf D
0 and the arrow d

∫ opf D
0
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if ei is d
∫ opf D
1 ) such that e0 ◦ χ0 = zx ◦ y, ei+1 ◦ χi+1 = eopi ◦ χi for all

i ∈ {0, . . . , n− 1} and en ◦ χn = zx′ ◦ y′.
To deduce our thesis, it su�ces to apply Lemma 2.17 noticing that if

ei ◦ χ = zx′′ ◦ y′′ then χ0 = y′′ if ei is d
∫ opf D
0 and χ1 = y′′ if ei is d

∫ opf D
1

(where χ0 and χ1 are the arrows de�ned in the statement of Lemma 2.17)

since zx′′ ◦ χ0 = d
∫ opf D
0 ◦ χ = zx′′ ◦ y′′ (if ei is d

∫ opf D
0 ) and zx′′ ◦ χ1 =

d
∫ opf D
1 ◦ χ = zx′′ ◦ y′′ (if ei is d

∫ opf D
1 ). �

Theorem 2.19. Let D : AE → EE be a E-indexed functor, where AE is
equivalent to the E-externalization of an internal category in E. Then a
cocone µ over D with vertex U is an indexed colimiting cocone for D if and
only if the following conditions are satis�ed:

(i) For any object F of E and arrow h : F → U in the topos E, there exists
an epimorphic family {fi : Fi → F | i ∈ I} in E and for each i ∈ I an
object xi ∈ AFi and an arrow αi : 1E/Fi → DFi(xi) in the topos E/Fi
such that 〈h ◦ fi, 1Fi〉 = µFi(xi) ◦αi as arrows 1E/Fi → F ∗i (U) in E/Fi;

(ii) For any pairs (x, y) and (x′, y′), where x and x′ are objects of AE,
y is an arrow (f : F → E) → DE(x) in E/E and y′ is an arrow
(f : F → E)→ DE(x′) in E/E, we have µE(x) ◦ y = µE(x′) ◦ y′ if and
only if there exists an epimorphic family {fi : Fi → F | i ∈ I} in E
such that the pair ((Af◦fi(x), f∗i (y)), (Af◦fi(x′), f∗i (y′)) belongs to the
relation RDFi .

Proof First, let us prove that, under the assumption that AE is the E-
externalization of an internal category C in E , the colimit cone for D satis�es
the two conditions of the theorem.

Under this assumption, condition (i), applied to the colimiting cocone µ
for D, rewrites as follows: for any object F of E and arrow h : F → colim(D)
in E , there exists an epimorphic family {fi : Fi → F | i ∈ I} in E and for
each i ∈ I a generalized element xi : Fi → C0 and an arrow αi : 1E/Fi →
DFi(xi) in the topos E/Fi such that 〈h ◦ fi, 1Fi〉 = c ◦ zxi ◦ αi as arrows
(fi : 1E/Fi → F ∗i (colim(D)) in E/Fi (where the notation is that of section
2.1).

Consider the following pullback square:

F ′

h′
��

f ′ // F

h
��

(
∫ opf

D)0
c // colim(D) .

Since the arrow c is an epimorphism, the arrow f ′ : F ′ → F is an epimor-
phism. This arrow will form, by itself, the single element of an epimorphic
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family satisfying condition (i). We set x′ equal to the composite (πopfD )0 ◦ h′

(recall that (πopfD )0 : (
∫ opf

D)0 → C0 is the object component of the dis-
crete op�bration associated to D). Consider the following pullback square
de�ning DF ′(x

′):

DF ′(x
′)

v

��

u // (
∫ opf

D)0

(πopfD )0
��

F ′
x′ // C0 .

By the universal property of this pullback square, there exists a unique arrow
αx′ : F ′ → DF ′(x

′) in E such that u◦αx′ = h′ and v ◦αx′ = 1F ′ . So αx′ is an
arrow 1E/F ′ → DF (x′) in the topos E/F ′, and 〈h◦f ′, 1F ′〉 = 〈c◦u◦αx′ , v◦αx′〉,
as required.

Under the assumption that AE is the E-externalization of an internal
category C in E , condition (ii), applied to the colimiting cocone µ for D,
rewrites as follows: for any pairs (x, y) and (x′, y′), where x and x′ is a
generalized elements E → C0, y is an arrow (f : F → E) → DE(x) in E/E
and y′ is an arrow (f : F → E)→ DE(x′) in E/E, we have c◦zx◦y = c◦zx′◦y′
if and only if there exists an epimorphic family {fi : Fi → F | i ∈ I} in E
such that the pair ((x◦f ◦fi, y◦fi), (x′ ◦f ◦fi, y′ ◦fi)) belongs to the relation
RDFi .

Thanks to the localization technique, we can suppose E = 1E without
loss of generality. Indeed, condition (ii) for the diagram D, the cocone µ
and the object E is equivalent to condition (ii) for the diagram D/E, the
cocone µ/E and the object 1E/E , and µ is, by our assumption, an indexed
colimiting cocone and hence stable under localization.

By Lemma 2.29, we have that c ◦ zx ◦ y = c ◦ zx′ ◦ y′ if and only if
there exists an epimorphic family {fi : Fi → F | i ∈ I} in E such that
for each i ∈ I (zx ◦ y ◦ fi, zx′ ◦ y′ ◦ fi) belongs to the equivalence relation

on the set HomE(Fi, (
∫ opf

D)0) generated by the set of pairs of the form

(d
∫ opf D
0 ◦ a, d

∫ opf D
1 ◦ a), for a generalized element a : Fi → (

∫ opf
D)0 in E .

By Remark 2.15(e), we have that (zx ◦ y ◦ fi, zx′ ◦ y′ ◦ fi) = (zx◦f◦fi ◦ (y ◦
fi), zx′◦f◦fi ◦ (y′ ◦fi)). Our thesis then follows from Proposition 2.18, applied
to the toposes E/Fi and the pairs ((x ◦ f ◦ fi, y ◦ fi), (x′ ◦ f ◦ fi, y′ ◦ fi)).

Let us now prove that the conditions of the theorem are su�cient for µ
to be a colimiting cocone. For this part of the theorem, we shall not need to
assume the E-indexed category AE to be small.

Since conditions (i) and (ii) are both stable under localization, it su�ces
to prove that µ is a universal colimiting cocone over the diagram D. Suppose
that λ is an indexed cocone over D with vertex V . We have to prove that
there exists a unique arrow l : U → V in E such that for any E ∈ E and
object x of AE , (l × 1E) ◦ µE(x) = λE(x). To de�ne the arrow l we shall
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de�ne a function L : HomE(E,U)→ HomE(E, V ) natural in E ∈ E . Given
h ∈ HomE(E,U), by condition (i) in the statement of the theorem, there
exists an epimorphic family E = {ei : Ei → E | i ∈ I} in E and for each i ∈ I
an object xi of AEi and an arrow αi : 1E/Ei → DEi(xi) in E/Ei such that
〈h◦ei, 1Ei〉 = µEi(xi)◦αi. The family of arrows {λEi(xi)◦αi | i ∈ I} satis�es
the hypotheses of Corollary 2.8. Indeed, using the notation of the corollary,
we have that q∗i (λEi(xi) ◦ αi) = q∗j (λEj (xj) ◦ αj) for all i, j ∈ I; this can be
easily proved by using condition (ii) of the theorem, the fact that the same
identity holds for the cocone µ (in place of λ) and Remark 2.15(d). Therefore
there exists a unique arrow LEh : E → V such that 〈LEh ◦ei, 1Ei〉 = λEi(xi)◦αi
for all i ∈ I. In order to be able to de�ne L(h) as equal to LEh we need to check
that for any other epimorphic family E ′ = {e′j : E′j → E | j ∈ J} in E , we
have LEh = LE

′
h . To this end, consider the �bered product of the epimorphic

families E and E ′, that is the family of arrows pi,j = ei◦fi = e′j ◦f ′j : Fi,j → E
(for i, j ∈ I × J), where the arrows fi and f

′
j are de�ned by the following

pullback square:

Fi,j

f ′j
��

fi // Ei

ei

��
Ej

e′j // E .

It clearly su�ces to verify that for any i, j ∈ I, we have LEh ◦ pi,j = LE
′
h ◦ pi,j .

Now, we have that 〈LEh ◦ ei, 1Ei〉 = λEi(xi) ◦ αi, while 〈LE
′
h ◦ e′j , 1E′j 〉 =

λE′j (x
′
j) ◦ βj . Applying respectively f∗i and f ′∗j to these two identities, we

obtain that 〈LEh ◦ pi,j , 1Fi,j 〉 = λFi,j (xi,j) ◦ f∗i (αi) and 〈LE ′h ◦ pi,j , 1Fi,j 〉 =
λFi,j (x

′
i,j) ◦ f ′∗j (βj), where xi,j = Afi(xi) and x′i,j = Af ′j (x

′
j), from which it

follows that the condition LEh ◦ pi,j = LE
′
h ◦ pi,j is equivalent to the condition

λFi,j (xi,j) ◦ f∗i (αi) = λFi,j (x
′
i,j) ◦ f ′∗j (βj). This condition can be proved by

using condition (ii) of the theorem, the fact that the same identity holds
with the cocone µ in place of λ and Remark 2.15(d). More speci�cally, the
identities 〈h ◦ ei, 1Ei〉 = µEi(xi) ◦ αi and 〈h ◦ e′j , 1E′j 〉 = µE′j (x

′
j) ◦ βi imply,

applying respectively f∗i and f ′∗j to them, the identity µFi,j (xi,j) ◦ f∗i (αi) =
µFi,j (x

′
i,j) ◦ f ′∗j (βj). From condition (ii) of the theorem, it thus follows that

for any i, j ∈ I×J , there exists an epimorphic family {gi,jk : Gi,jk → Fi,j | k ∈
Ki,j} such that the pair ((A

gi,jk (xi,j)
, f∗i (αi) ◦ gi,jk ), (A

gi,jk (x′i,j)
, f ′∗j (βj) ◦ gi,jk ))

belongs to the relation RD
Gi,jk

. This in turn implies (by Remark 2.15(d))

that λ
Gi,jk

(A
gi,jk

(xi,j)) ◦ (f∗i (αi) ◦ gi,jk ) = λ
Gi,jk

(A
gi,jk

(x′i,j)) ◦ (f ′∗j (βj) ◦ gi,jk ).

But λ
Gi,jk

(A
gi,jk

(xi,j)) ◦ (f∗i (αi) ◦ gi,jk ) = (V × gi,jk )∗(λFi,j (xi,j) ◦ f∗i (αi)) and

λ
Gi,jk

(A
gi,jk

(x′i,j)) ◦ (f ′∗j (βj) ◦ gi,jk ) = (V × gi,jk )∗(λFi,j (x
′
i,j) ◦ f ′∗j (βj)), whence

(V ×gi,jk )∗(λFi,j (xi,j)◦f∗i (αi)) = (V ×gi,jk )∗(λFi,j (x
′
i,j)◦f ′∗j (βj)), equivalently
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(since the gi,jk are jointly epimorphic) λFi,j (xi,j)◦f∗i (αi) = λFi,j (x
′
i,j)◦f ′∗j (βj),

as required.
It is clear that the assignment h → L(h) de�ned above is natural in

E ∈ E ; it therefore remains to show that the resulting arrow l : U → V
satis�es the required property that for any object E ∈ E and any object x
of the category AE , (l × 1E) ◦ µE(x) = λE(x). Take s to be the canonical
arrow s : DE(x) → E in E and set x′ = As(x), E′ = DE(x); then x ∈ AE′
and, considered the pullback square

DE′(x
′)

t
��

r // DE(x)

s

��
E′

s // E,

the unique arrow α : E′ → DE′(x
′) such that r ◦ α = 1E′ and t ◦ α = 1E′

satis�es the property that 〈h, 1E′〉 = µE′(x
′) ◦ α. So the epimorphic family

{1E′ : E′ → E′} satis�es condition (i) of the theorem with respect to the
arrow h = πU ◦ µE(x), where πU : U × E → U is the canonical projection,
and hence l ◦h = L(h) = λE′(x

′) ◦α; therefore, (l× 1E) ◦µE(x) = λE(x), as
required.

The proof of the theorem is now complete. �

Remark 2.20. (a) The proof of the theorem shows that the su�ciency of
the conditions of the theorem holds more in general for any (i.e., not
necessarily small) E-indexed category AE ;

(b) The conditions in the statement of the theorem are both stable under
localization; that is, if the cone µ over the diagram D satis�es them then
for any E ∈ E the cone µ/E over the diagram D/E does.

Proposition 2.21. Let BE be a E-�nal subcategory of an indexed category
AE , D : AE → EE a E-indexed functor and µ a E-indexed cocone over D.
Then µ satis�es the conditions of Theorem 2.19 with respect to the diagram
D if and only if µ ◦ i satis�es them with respect to the diagram D ◦ i, where
i is the canonical embedding BE ↪→ AE .

Proof Suppose that µ satis�es the conditions of Theorem 2.19 with respect
to the diagram D. The fact that µ ◦ i satis�es condition (i) of the theorem
with respect to the diagram D ◦ i immediately follows from the fact that µ
does with respect to the diagram D, by using the fact that for each object
xi ∈ AFi there exists an epimorphic family {gik : Gik → Fi | k ∈ Ki} such that
Agik(xi) lies in BGik and for any arrow αi : 1E/Fi → DFi(xi) in the topos E/Fi,
its image under the pullback functor gik

∗
is an arrow 1E/Gik

→ DGik
(Agik(xi))

in the topos E/Gik. Let us now show that µ ◦ i satis�es condition (ii) with
respect to the diagram D ◦ i.
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Let us �rst establish the following fact (∗): for any pairs (x, y) and (x′, y′)
in IDR (see the beginning of this section for the notation), if ((x, y), (x′, y′)) ∈
RDR , there exists an epimorphic family {ri : Ri → R | i ∈ I} in E such that
((Ari(x), r∗i (y)), (Ari(x′), r∗i (y′))) ∈ RD◦iRi

.

If ((x, y), (x′, y′)) ∈ RDR , there exists a �nite sequence

(x, y) = (x0, y0), . . . , (xn, yn) = (x′, y′)

of pairs in IDR such that for any j ∈ {0, . . . , n − 1}, either there exists an
arrow fj : xj → xj+1 in AR such that yj+1 = DR(fj) ◦ yj or there exists an
arrow fj : xj+1 → xj in AR such that yj = DR(fj) ◦ yj+1. By applying the
de�nition of E-�nal subcategory a �nite number of times (using the fact that
the �bered product of epimorphic families is again an epimorphic family),
we can �nd an epimorphic family {ri : Ri → R | i ∈ I} in E such that for
every i ∈ I and any j ∈ {0, . . . , n− 1}, the arrow Ari(fj) lies in BRi . From
this it immediately follows that ((Ari(x), r∗i (y)), (Ari(x′), r∗i (y′))) ∈ RD◦iRi

, as
required.

Using fact (∗), the proof of the fact that µ ◦ i satis�es condition (ii) of
the theorem with respect to the diagram D◦ i follows straightforwardly from
the fact that µ does with respect to the diagram D.

Conversely, let us suppose that µ◦i satis�es the conditions of the theorem
with respect to D◦i and deduce that µ does with respect to D. The fact that
the validity of condition (i) for µ◦ i with respect to D ◦ i implies the validity
of condition (i) for µ with respect to D is obvious. Concerning condition (ii)
for (µ,D), this can be deduced from condition (ii) for (µ ◦ i,D ◦ i) by using
the fact that, given (x, y) and (x′, y′) as in the statement of the condition for
(µ,D), there exists an epimorphic family {ej : Ej → E | j ∈ J} such that
Aej (x) and Aej (x′) lie in BEj for all j ∈ J .

The proof of the proposition is now complete. �

Remark 2.22. The proposition shows in particular that (the necessity of
the conditions of) Theorem 2.19 not only holds for E-indexed categories AE
which are E-small (i.e., which are equivalent to the E-externalization of an
internal category in E .), but for any E-indexed category which is a E-�nal
subcategory of a E-small E-indexed category (for instance, to the E-indexed
categories of the form

∫
F
E
, for a functor F : Cop → E - cf. Theorem 2.13).

Proposition 2.23. Let D : AE → EE an indexed functor, where AE is a
E-�ltered category, R an object of E, (x, y), (x′, y′) pairs in IDR . Then there
exists an epimorphic family {ri : Ri → R | i ∈ I} in E such that for all
i ∈ I, ((Ari(x), r∗i (y)), (Ari(x′), r∗i (y′))) ∈ RDRi if and only if there exists an
epimorphic family {ej : Ej → R | j ∈ J} in E with the property that for any
j ∈ J there exist arrows fj : Aej (x)→ z and gj : Aej (x′)→ z in the category
AEj such that DEj (fj) ◦ y = DEj (gj) ◦ y′.
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Proof The `if' direction is obvious, so it remains to prove the `only if'
one. It clearly su�ces to prove, by induction on the length of a sequence
(x1, y1), . . . , (xn, yn) of pairs in IDR with the property that for any i ∈
{1, . . . , n − 1}, either there exists an arrow fj : xj → xj+1 in AR such
that yj+1 = DR(fj) ◦ yj or there exists an arrow fj : xj+1 → xj in AR such
that yj = DR(fj) ◦ yj+1, that there exists an epimorphic family {ri : Ri →
R | i ∈ I} in E such that for all i ∈ I, ((Ari(x1), r∗i (y1)), (Ari(xn), r∗i (yn))) ∈
RDRi . The case n = 1 is obvious. Suppose now that the claim is valid for
n and prove that it holds for n + 1. There exists an epimorphic family
{ej : Ej → R | j ∈ J} in E such that for any j ∈ J there exist arrows
fj : Aej (x1) → z and gj : Aej (xn) → z in the category AEj such that
DEj (fj)◦yn = DEj (gj)◦y′n. On the other hand, there exists either an arrow
g : xn → xn+1 in AR such that DR(g)◦yn = yn+1 or an arrow h : xn+1 → xn
in AR such that DR(g) ◦ yn+1 = yn. In the latter case, the thesis follows
straightforwardly; so we can concentrate on the case when there exists an
arrow g : xn → xn+1 in AR such that DR(g) ◦ yn = yn+1.

By using the de�nition of E-�nal subcategory, we obtain an epimorphic
family {ej : Ej → R | j ∈ J} in E and for each j ∈ J two arrows fj :
Aej (x1) → z and gj : Aej (xn) → z such that DEj (fj) ◦ e∗j (y1) = DEj (gj) ◦
e∗j (yn). Similarly, we obtain, for each j ∈ J , an epimorphic family {f jk :

F jk → Ej | k ∈ Kj} in E and for each k ∈ Kj arrows mj
k : A

fjk
(z) → wjk

and njk : A
fjk

(Aej (xn+1)) → wjk such that D
F jk

(mj
k) ◦ DF jk

(A
fjk

(gj)) ◦ (f jk ◦
ej)
∗(yn) = D

F jk
(njk) ◦DF jk

(A
fjk

(g)) ◦ (f jk ◦ ej)
∗(yn+1). Now, by de�nition of

E-�nal subcategory, for each j ∈ J and k ∈ Kj there exists an epimorphic

family {gk,jl : Gk,jl → F jk | l ∈ Lk,j} and for each l ∈ Lk,j an arrow pk,ll :

A
gk,jl

(wjk) → vk,jl such that pk,ll ◦ m
j
k ◦ Afjk (gj) = pk,jl ◦ n

j
k ◦ Afjk (Aej (g)).

For any j ∈ J, k ∈ Kj and l ∈ Lk,j , set aj,k,l : A
ej◦fjk◦g

k,j
l

(x1) → vk,jl equal

to pk,jl ◦ Agj,kl (mj
k) ◦ Agk,jl ◦fjk (fj) and bj,k,l : A

ej◦fjk◦g
k,j
l

(xn) → vk,jl equal to

pk,jl ◦ Agj,kl (njk) ◦ Agk,jl ◦fjk◦ej (g). It is readily seen that D
Gk,jl

(aj,k,l) ◦ (ej ◦

f jk ◦ g
k,j
l )∗(y1) = D

Gk,jl
(bj,k,l) ◦ (ej ◦ f jk ◦ g

k,j
l )∗(yn+1), whence the required

condition is satis�ed (by taking as epimorphic family {ej ◦ f jk ◦ g
k,j
l | j ∈

J, k ∈ Kj , l ∈ Lk,j}). �

Combining the proposition with Theorem 2.19, we immediately obtain
the following result.

Corollary 2.24. Let D : AE → EE an indexed functor, where AE is a E-
�ltered E-�nal subcategory of a small E-indexed category. Then a cocone µ
over D with vertex U is a indexed colimiting cocone for D if and only if the
following conditions are satis�ed:
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(i) For any object E of E and arrow h : F → U in the topos E, there exists
an epimorphic family {fi : Fi → F | i ∈ I} in E) and for each i ∈ I an
object xi ∈ AFi and an arrow αi : 1E/Fi → DFi(xi) in the topos E/Fi
such that 〈h ◦ fi, 1Fi〉 = µFi(xi) ◦αi as arrows 1E/Fi → F ∗i (U) in E/Fi;

(ii) For any pairs (x, y) and (x′, y′), where x and x′ are objects of AE,
y is an arrow (f : F → E) → DE(x) in E/E and y′ is an arrow
(f : F → E)→ DE(x′) in E/E, we have that µE(x) ◦ y = µE(x′) ◦ y′ if
and only if there exists an epimorphic family {fi : Fi → F | i ∈ I} in
E and for each i ∈ I arrows gi : Af◦fi(x)→ zi and hi : Af◦fi(x′)→ zi
in the category AFi such that DFi(gi) ◦ f∗i (y) = DFi(hi) ◦ f∗i (y′).

Moreover, if µ is colimiting for D then the following `joint embedding
property' holds: for any pairs (x, y) and (x′, y′), where x and x′ are objects
of AE, y is an arrow (f : F → E) → DE(x) in E/E and y′ is an arrow
(f : F → E) → DE(x′) in E/E, there exists an epimorphic family {ei :
Fi → F | i ∈ I} in E and for each i ∈ I arrows gi : Af◦ei(x) → zi and hi :
Af◦ei(x′)→ zi in the category AFi such that DFi(gi)◦f∗i (y) = DFi(hi)◦f∗i (y′)
and the diagram

DFi(Af◦ei(x))

DFi (gi) ''

ξ(Fi,Af◦ei (x))

,,
DFi(zi)

ξ(Ei,zi) // colim(D)× Fi

DFi(Af◦ei(x′))

DFi (hi)
77

ξ(Fi,Af◦ei (x
′))

22

,

where ξ(E,x) : DE(x)→ colim(D)× E are the colimit arrows, commutes.

Remark 2.25. (a) In the statement of the corollary, we can suppose with-
out loss of generality the object f : F → E of the topos E/E to be equal
to the terminal 1E : E → E. Indeed, by Remark 2.15, for any object
x of AE and any arrow y : (f : F → E) → DE(x) in the topos E/E,
µE(x) ◦ y = µE(x′) ◦ y′ if and only if µF (Af (x)) ◦ yf = µF (Af (x′)) ◦ yf .

(b) For any pairs (x, y) and (x′, y′), where x and x′ are objects of AE , y is
an arrow (f : F → E)→ DE(x) in E/E, y′ is an arrow (f : F → E)→
DE(x′) in E/E, and any epimorphic family {gj : Gj → F | j ∈ J} in E ,
condition (ii) of Corollary 2.24 is satis�ed by the pair ((x, y), (x′, y′)) if
and only if it is satis�ed by the pair ((x, y ◦ gj), (x′, y′ ◦ gj)) for all j ∈ J .

Let us now apply Corollary 2.24 in the context of a �at functor F :
Cop → E and a functor P : C → Set, where C is a small category and
E is a Grothendieck topos. Consider the restriction of the functor (PEE ◦
πf
F E

) ∼= PE ◦ πfF E
(where PE is the internal diagram [C, E ] given by γ∗E ◦ P )
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to the E-indexed subcategory
∫
F
E
of

∫
F
f

E
. Recall that, by Theorem 2.14,

the E-indexed functor (PEE ◦ π
f

F E
) is naturally isomorphic to the composite

functor γE ◦ zE , where zE :
∫
F
E
→ SetE is the E-indexed functor de�ned

by: zEE((c, x)) = P (c) and zEE(f) = P (f) (for any E ∈ E , object (c, x) and
arrow f in the category

∫
FE).

As observed in section 2.5, a E-indexed cocone µ over this diagram
with vertex U can be identi�ed with a family of functions µ(c,x) : P (c) →
HomE(E,U) indexed by the pairs (c, x) consisting of an object c of C and a
generalized element x : E → F (c) satisfying the following properties:

(i) For any generalized element x : E → F (c) and any arrow f : d→ c in
C, µ(c,x) ◦ P (f) = µ(c,F (f)◦x);

(ii) For any generalized element x : E → F (c) and any arrow e : E′ → E,
µ(c,x◦e) = HomE(e, U) ◦ µ(c,x).

The following theorem characterizes the cocones µ which are colimiting.

Theorem 2.26. Let C be a small category, E a Grothendieck topos, P : C →
Set a functor and F : Cop → E a �at functor. Then a E-indexed cocone
µ = {µ(c,x) : P (c) → HomE(E,U) | c ∈ C, x : E → F (c) in E} with vertex

U over the diagram given by the restriction of the functor (PEE ◦ π
f

F E
) ∼=

PE ◦ πfF E
(where PE is the internal diagram [C, E ] given by γ∗E ◦ P ) to the E-

indexed subcategory
∫
F
E
is colimiting if and only if the following conditions

are satis�ed:

(i) For any generalized element x : E → U there exists an epimorphic
family {ei : Ei → E | i ∈ I} in E, for each index i ∈ I an object ci
in C, a generalized element xi : Ei → F (ci) and an element yi ∈ P (ci)
such that µ(ci,xi)(yi) = x ◦ ei;

(ii) For any pairs (a, x) and (b, x′), where a and b are objects of C and
x : E → F (a), x′ : E → F (b) are generalized elements, and any
elements y ∈ P (a) and y′ ∈ P (b), µ(a,x)(y) = µ(b,x′)(y

′) if and only
if there exists an epimorphic family {ei : Ei → E | i ∈ I} in E in
E and for each index i ∈ I an object ci of C, arrows fi : a → ci,
gi : b → ci in C and a generalized element xi : Ei → F (ci) such that
〈x, x′〉 ◦ ei = 〈F (fi), F (gi)〉 ◦ xi for all i ∈ I and P (fi)(y) = P (gi)(y

′).

Moreover, if µ is colimiting the following `joint embedding property' holds:
for any pairs (a, x) and (b, x′), where a and b are objects of C and x : E →
F (a), x′ : E → F (b) are generalized elements, there exists an epimorphic
family {ei : Ei → E | i ∈ I} in E and for each index i ∈ I an object ci of C,
arrows fi : a→ ci, gi : b→ ci in C and a generalized element xi : Ei → F (ci)
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such that 〈x, x′〉 ◦ ei = 〈F (fi), F (gi)〉 ◦ xi for all i ∈ I and (by Lemma 3.10)
the following diagram commutes:

P (a)
P (f)

##

µ(a,x) // HomE(E,U)
HomE(ei,M)

((
P (ci)

µ(ci,xi) // HomE(Ei, U)

P (b)

P (g)

;;

µ(b,x′) // HomE(E,U)

HomE(ei,U)

66

In fact, the epimorphic family {ei : Ei → E | i ∈ I} can be taken to
be the pullback of the family of arrows 〈F (f), F (g)〉 : F (c) → F (a) × F (b)
(for all spans (f : a → c, g : b → c) in the category C) along the arrow
〈x, x′〉 : E → F (a)× F (b).

Proof The theorem can be deduced from Corollary 2.24 by reasoning as
follows. Concerning condition (i), its equivalence with condition (i) of Corol-
lary 2.24 follows from Remark 2.25(a) and the fact that for any object (z, c)
of the category

∫
FE and any arrow α : 1E/E → DE((z, c)) in the topos

E/E, denoting by !fr : fr : Fr → E → 1E/E the pullback of the coproduct
arrow ur : 1E/E → γ∗E/E(P (c)) ∼= DE((z, c)) in E/E (for each r ∈ P (c)), the

arrows !fr de�ne, for r ∈ P (c), an epimorphic family in E/E on the object
1E/E ; indeed, this shows that we can suppose without loss of generality α to
factor through one of the coproduct arrows ur and hence to correspond to
an element y ∈ P (c).

Concerning condition (ii), by Remark 2.25 we can suppose without loss
of generality that the pairs (x, y) and (x′, y′), where x (resp. x′) is an object
of

∫
FE , y is an arrow (f : F → E) → DE(x) in E/E and y′ is an arrow

(f : F → E) → DE(x′) in E/E, have respectively the form ((x, c), y),
where y = ur◦!fr:Fr→E and ((x′, c′), y′), where y′ = ur′◦!fr′ (with the above
notation), for some r, r′ ∈ P (c). Thus we have that µE(x) ◦ y = µE(x′) ◦ y′
if and only if (HomE(fr, U) ◦ µ(x,c))(r) = (HomE(fr′ , U) ◦ µ(x′,c′))(r

′); but
(HomE(fr, U) ◦ µ(x,c))(r) = µ(c,x◦fr)(r) and (HomE(fr′ , U) ◦ µ(x′,c′))(r

′) =
µ(c′,x′◦fr′ )(r

′), whence (HomE(fr, U)◦µ(x,c))(r) = (HomE(fr′ , U)◦µ(x′,c′))(r
′)

if and only if µ(c,x◦fr)(r) = µ(c′,x◦fr′ )(r
′). �

2.7 Explicit calculation of set-indexed colimits

Recall from [26] (cf. p. 355) that the colimit of a functor H : I → E with
values in a Grothendieck topos E can always be realized as the coequalizer
q :

∐
i∈I
H(i)→ colim(H) of the pair of arrows

a, b :
∐

u:i→j in I
H(i)→

∐
i∈I

H(i)
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de�ned by:
a ◦ λu = κi

and
b ◦ λu = κj ◦H(u)

(for every arrow u : i→ j in I), where λu : H(dom(u))→
∐

u:i→j in I
H(i) (for

any u : i→ j in I) and κi : H(i)→
∐
i∈I
H(i) (for any i ∈ I) are the canonical

coproduct arrows.
Given two arrows s, t : E →

∐
i∈I
H(i), for every objects i, j ∈ I, we can

consider the following pullback diagrams:

Esi

psi

��

asi // H(i)

κi

��

Etj

ptj

��

atj // H(j)

κj

��
E s

//
∐
i∈I
H(i) E

t
//
∐
i∈I
H(i)

Let us also consider, for each i, j ∈ J , the pullback square

Es,ti,j

qti,j
��

qsi,j // Esi

psi

��
Etj ptj

// E

and denote by rs,ti,j : Es,ti,j → E the arrow psi ◦ qsi,j = ptj ◦ qti,j . Notice that the
family of arrows {rs,ti,j | i, j ∈ I} is epimorphic.

We shall use these notations throughout the section.
The following lemma provides a characterization of the coequalizer of the

functor H, which will be useful to us later on.

Lemma 2.27. Let p :
∐
i∈I
H(i) → A be an epimorphism. Then p is iso-

morphic to the canonical map q :
∐
i∈I
H(i)→ colim(H) if and only if for any

object E of E, any objects i, j ∈ I and any generalized elements z : E → H(i)
and w : E → H(j), (κi ◦ z, κj ◦ w) ∈ RE if and only if p ◦ z = p ◦ w.

Proof As in a topos every epimorphism is the coequalizer of its kernel pair,
any two epimorphisms α : B → C and β : B → D in E are isomorphic in B/
E if and only if their kernel pairs are isomorphic as subobjects of B ×B. In
particular, p is isomorphic to q if and only if the kernel pair of p is isomorphic
to R.
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The kernel pair S of p satis�es the property that for any generalized
elements s, t : E →

∐
i∈I
H(i), (s, t) ∈ SE if and only if p ◦ s = p ◦ t. It thus

remains to prove that the following two conditions are equivalent:

(1) for any generalized elements s, t : E →
∐
i∈I
H(i), p ◦ s = p ◦ t if and only

if (s, t) ∈ RE ;

(2) for any object E of E , any objects i, j ∈ I and any generalized elements
z : E → H(i) and w : E → H(j), p ◦ κi ◦ z = p ◦ κj ◦ w if and only if
(κi ◦ z, κj ◦ w) ∈ RE .

It is clear that (1) implies (2). To prove the converse direction, we observe
that, as we remarked above, (s, t) ∈ RE if and only if for every i, j ∈ I
(κi◦asi ◦qsi,j , κj ◦atj ◦qti,j) ∈ REs,ti,j ; but the latter condition is equivalent, under

assumption (2), to the requirement that for every i, j ∈ I, p ◦ κi ◦ asi ◦ qsi,j =

p ◦ κj ◦ atj ◦ qti,j , where s ◦ r
s,t
i,j = κi ◦ asi ◦ qsi,j and t ◦ r

s,t
i,j = κj ◦ atj ◦ qti,j , that

is, as the family of arrows rs,ti,j is epimorphic, to the condition p ◦ s = p ◦ t,
as required. �

Lemma 2.28. Let B be an object of a topos E. Then an equivalence relation
in E on B can be identi�ed with an assignment E → RE of an equivalence
relation on the set HomE(E,B) satisfying the following properties:

(i) For any arrow f : E → E′ in E, if (h, k) ∈ RE′ then (h◦f, k ◦f) ∈ RE;

(ii) For any epimorphic family {ei : Ei → E | i ∈ I} in E and any arrows
f, g ∈ HomE(E,B), (f ◦ ei, g ◦ ei) ∈ REi for all i ∈ I implies (f, g) ∈
RE.

Proof Clearly, for any object A of C, the subobjects of A can be identi�ed
with the JE -closed sieves on A, or equivalently with the cJE -closed subob-
jects of the representable HomE(−A), where cJE is the closure operation on
subobjects corresponding to the canonical Grothendieck topology JE on E .
Applying this remark to A = B×B and noticing that the concept of equiva-
lence relation is cartesian and hence preserved and re�ected by cartesian fully
faithful functors, in particular by the Yoneda embedding E → [Eop,Set], we
immediately deduce the thesis. �

Lemma 2.28 implies that (s, t) ∈ RE if and only if for every i, j ∈ I
(κi ◦ asi ◦ qsi,j , κj ◦ atj ◦ qti,j) ∈ REs,ti,j

; indeed, s ◦ rs,ti,j = κi ◦ asi ◦ qsi,j and

t ◦ rs,ti,j = κj ◦ atj ◦ qti,j .
This shows that, in order to completely describe the relation R, is su�ces

to consider elements of the form κi ◦ z and κj ◦ w, where z : E → H(i) and
w : E → H(j), and characterize when they belong to RE .
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Lemma 2.29. Let E be a topos, f, g : A → B arrows in E with coequalizer
q : B → C and R� B×B the kernel pair of q. Then for any object E of E
and any elements h, k ∈ HomE(E,B), 〈h, k〉 : E → B × B factors through
R if and only if there exists an epimorphic family {ei : Ei → E | i ∈ I} in E
such that for each i ∈ I (h ◦ ei, k ◦ ei) belongs to the equivalence relation on
the set HomE(Ei, B) generated by the set of pairs of the form (f ◦ a, g ◦ a),
for a generalized element a : Ei → A in E.

Proof For any object E of E , consider the equivalence relation Rf,gE on the
set HomE(E,B) consisting of the pairs (h, k) with the property that there
exists an epimorphic family {ei : Ei → E | i ∈ I} in E such that for each
i ∈ I (h◦ei, k◦ei) belongs to the equivalence relation on the setHomE(Ei, B)
generated by the set of pairs of the form (f ◦a, g◦a), for a generalized element

a : Ei → A in E . The assignment E → Rf,gE clearly satis�es the conditions of
Lemma 2.28 and hence de�nes an equivalence relation on B in E . To prove
that R = Rf,g, we argue as follows. Denoting by π1, π2 : Rf,g → B the
canonical projections, we have that for any E ∈ E , Hom(E, q) coequalizes
the arrows Hom(E, π1) and Hom(E, π2); therefore q coequalizes π1 and π2

in E . To prove that q is actually the coequalizer of π1 and π2 in E , we observe
that any arrow p : B → D such that p ◦π1 = p ◦π2 satis�es p ◦ f = p ◦ g and
hence, by de�nition of q, there exists a unique factorization of p through q.
As q is the coequalizer of Rf,g and in a topos all equivalence relations are the
kernel pairs of their coequalizers, we conclude that Rf,g = R, as required.�

Remark 2.30. Under the hypotheses of the lemma, R can be characterized
as the equivalence relation on B generated by the arrows f and g, i.e. as
the smallest equivalence relation on B containing the image of the arrow
〈f, g〉 : A→ B ×B. Indeed, clearly R contains the image of this arrow, and
if T is an equivalence relation on B containing the image of the arrow 〈f, g〉
then the coequalizer z of T factors through q and hence the kernel pair of q,
namely R, is contained in the kernel pair of z, namely T .

Recall that the internal language ΣE of a topos E is the �rst-order signa-
ture consisting of one sort pEq for any object E of E , one function symbol
pfq : pAq→ pBq for any arrow f : A→ B in E in E and a relation symbol
pRq � pA1q, . . . , pAnq for each subobject R� A1×· · ·×An in E . There is
a `tautological' ΣE -structure SE in E , obtained by interpreting each sort as
the corresponding object, each function symbol as the corresponding arrow
and each relation symbol as the corresponding subobject.

We shall use the notation xpCq to denote a variable x of sort C, and
will omit the superscript when it can be unambiguously inferred from the
context.

Lemma 2.29 can be reformulated in logical terms as follows.
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Lemma 2.31. Let E be a topos, f, g : A → B arrows in E with coequalizer
q : B → C and R the kernel pair of q. Let (zB, z′B) ∈ Gf,g be an abbreviation
for the formula

z = z′ ∨ (∃x)(pfq(x) = z ∧ pgq(x) = z′) ∨ (∃x′)(pfq(x′) = z′ ∧ pgq(x′) = z)

over ΣE . Then the geometric bi-sequent

(pRq(y, y′) a`yB ,y′B ∨
n∈N

(∃z1 . . . ∃zn(z1 = x ∧ zn = x′ ∧ ∧
1<i<n

(zi−1, zi) ∈ Gf,g))

is valid in the ΣE -structure SE .

Proof The interpretation of the formula (zB, z′B) ∈ Gf,g is the sym-
metric and re�exive closure of the relation Sf,g on B given by the im-
age of the arrow 〈f, g〉 : A → B × B, that is the union of the diagonal
subobject ∆ : B → B × B of B × B, Sf,g � B × B and the subob-
ject τ ◦ Sf,g of B × B given by the composite of Sf,g with the exchange
isomorphism τ : B × B → B × B. The interpretation of the formula

∨
n∈N

(∃z1 . . . ∃zn(z1 = x ∧ zn = x′ ∧ ∧
1<i<n

(zi−1, zi) ∈ Gf,g)) thus coincides with
the equivalence relation on B generated by Sf,g, that is with R (cf. Remark
2.30). �

Given a functor H : I → E from a small category I to a Grothendieck
topos E and an object E of E , we de�ne IEH as the set of pairs (i, x), where
i is an object of I and x is a generalized element E → H(i). In the sequel
we shall occasionally identify a generalized element x : E → H(i) with its
composite κi ◦ x with the coproduct arrow κi.

The following proposition can be established by means of arguments sim-
ilar to those employed in the proof of Lemma 2.29.

Proposition 2.32. Let H : I → E be a functor from a small category I
to a Grothendieck topos E. Then the equivalence relation R on the object∐
i∈I
H(i) given by the kernel pair of the canonical arrow

∐
i∈I
H(i)→ colim(H)

satis�es the following property: for any object E of E and any pairs (i, x)
and (i′, x′) in IEH , we have that (κi ◦ x, κi′ ◦ x′) ∈ RE if and only if there
exists an epimorphic family {ek : Ek → E | k ∈ K} in E such that for every
k ∈ K, the pair ((i, x ◦ ek), (i′, x′ ◦ ek)) belongs to the equivalence relation on
the set IEkH generated by the pairs of the form ((j, y), (j′, H(f) ◦ y)), where
f : j → j′ is an arrow in I and y is a generalized element Ek → H(j).

Proof Let us consider the pair of arrows a, b :
∐

u:i→j in I
H(i) →

∐
i∈I
H(i)

de�ned at the beginning of section 2.7. The canonical arrow
∐
i∈I
H(i) →

colim(H) is the coequalizer of a and b.
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For any object E of E , letRE be the relation on the setHomE(E,
∐
i∈I
H(i))

consisting of the pairs (x, x′) with the property that for any i, j ∈ I there

exists an epimorphic family {e(i,j)
k : E

(i,j)
k → Ex,x

′

i,j | k ∈ K(i,j)} in E such

that for each k ∈ K(i,j), (x ◦ rx,x
′

i,j ◦ e
(i,j)
k , x ◦ rx,x

′

i,j ◦ e
(i,j)
k ) belongs to the

equivalence relation T
(i,j)
k on the set IE

(i,j)
k

H generated by the set of pairs of

the form ((n, y), (m,H(z) ◦ y)) (for n ∈ I, y : E
(i,j)
k → H(n) and z : n→ m

in I).
It is readily seen that the assignment E → RE satis�es the hypotheses

of Lemma 2.28 (notice that the �bered product of two epimorphic families is
again an epimorphic family), whence it de�nes an equivalence relation R in
E on the object

∐
i∈I
H(i) such that for any generalized elements x, x′ : E →∐

i∈I
H(i), 〈x, x′〉 factors through R if and only if (x, x′) ∈ RE .

The arrow 〈a, b〉 factors through R since for every i, j ∈ I, (a◦rs,ti,j , b◦r
s,t
i,j )

belongs to the equivalence relation T
(i,j)
k .

By Remark 2.30, R thus contains the kernel pair of q. The converse
inclusion follows from the fact that for any (x, x′) ∈ RE , q◦x = q◦x′; indeed,
if {e(i,j)

k : E
(i,j)
k → Ex,x

′

i,j | k ∈ K(i,j)} in E is an epimorphic family such that

for each k ∈ K(i,j), (x◦rx,x
′

i,j ◦e
(i,j)
k , x◦rx,x

′

i,j ◦e
(i,j)
k ) belongs to the equivalence

relation T
(i,j)
k and hence we have q ◦ x ◦ rx,x

′

i,j ◦ e
(i,j)
k = q ◦ x′ ◦ rx,x

′

i,j ◦ e
(i,j)
k for

all k ∈ K(i,j), that is q ◦ x = q ◦ x′. �

Remark 2.33. The proposition could be alternatively deduced as a con-
sequence of Lemma 2.29, but the proof of such implication would be more
involved than the direct one that we have given above.

In the case of �ltered indexing categories, the description of colimits given
above simpli�es. We shall be concerned in particular with functors of the
form F ◦ πP , where F is a �at functor with values in a Grothendieck topos
and πP is the �bration associated to a set-valued functor P .

Recall from chapter VII of [26] that a functor F : Cop → E is �at if and
only if it is �ltering, i.e. the following conditions are satis�ed:

(i) For any object E of E there exists some epimorphic family {ei : Ei →
E | i ∈ I} in E and for each index i an object bi of C and a generalized
element Ei → F (bi) in E ;

(ii) For any two objects c and d in C and any generalized element (x, y) :
E → F (c)×F (d) in E there is an epimorphic family {ei : Ei → E | i ∈
I} in E and for each index i an object bi of C with arrows ui : c → bi
and vi : d → bi in C and a generalized element zi : Ei → F (bi) in E
such that 〈F (ui), F (vi)〉 ◦ zi = 〈x, y〉 ◦ ei;
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(iii) For any two parallel arrows u, v : d → c in C and any generalized
element x : E → F (c) in E for which F (u) ◦ x = F (v) ◦ x, there is an
epimorphic family {ei : Ei → E | i ∈ I} in E and for each index i an
arrow wi : c → bi and a generalized element yi : Ei → F (bi) such that
wi ◦ u = wi ◦ v and F (wi) ◦ yi = x ◦ ei.

Notice that can suppose E = 1E in condition (i) without loss of generality
and if all the arrows in the category C are monic then condition (iii) rewrites
as follows: for any two parallel arrows u, v : D → C in C, either u = v or the
equalizer of F (u) and F (v) is zero.

Proposition 2.34. Let C be a small category, E a Grothendieck topos, P :
C → Set a functor and F : Cop → E a �at functor. Let πP :

∫
P → Cop be

the canonical projection from the category of elements of P to Cop. Then

colim(F ◦ πP ) ∼= (
∐

(c,x)∈
∫
P

F (c))/R,

where R is the equivalence relation in E de�ned by saying that, for any objects
(c, x) and (d, y) of the category

∫
P , the geometric bi-sequent

(pRq(pξ(c,x)q(u), pξ(d,y)q(v)) a`uF (c),vF (d)

∨
c
f
→a

g
←d|

P (f)(x)=P (g)(y)

(∃ξF (a))(pF (f)q(ξ) = u ∧ pF (g)q(ξ) = v))

is valid in the ΣE -structure SE .
In particular, for any objects (c, x), (c, y) of the category

∫
P , the geo-

metric bi-sequent

(pRq(pξ(c,x)q(u), pξ(c,y)q(u)) a`uF (c) ∨
c
f
→a|

P (f)(x)=P (f)(y)

(∃ξF (a))(pF (f)q(ξ) = u))

is valid in the ΣE -structure SE .

Proof Let
∐

(c,x)∈
∫
P

F (c) be the coproduct in E of the functor F ◦ πP ,

with canonical coproduct arrows ξ(c,x) : F (c) →
∐

(c,x)∈
∫
P

F (c), and let T

be the equivalence relation on
∐

(c,x)∈
∫
P

F (c) corresponding to the quotient∐
(c,x)∈

∫
P

F (c)→ colim(F◦πP ). Then we have colim(F◦πP ) ∼= (
∐

(c,x)∈
∫
P

F (c))/

R, and by Lemma 2.29, the relation R is the equivalence relation on the
coproduct

∐
(c,x)∈

∫
P

F (c) generated by the image of the arrow 〈a, b〉 where

s, t :
∐

z:(c,x)→(d,y) in
∫
P

F (c)→
∐

(c,x)∈
∫
P

F (c) are the arrows de�ned above.
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Let λz : F (c)→
∐

z:(c,x)→(d,y) in
∫
P

F (c) be the canonical coproduct arrows

(for each arrow z : (c, x) → (d, y) in the category
∫
P ). Notice that for any

arrow z : (c, x)→ (d, y) in
∫
P the sequent> `u′F (c) (paq(pλzq(u′)), pbq(pλzq(u′))) ∈

E(c,x),(d,y) is valid in SE .
The fact that the right-to-left implication of the bi-sequent in the state-

ment of the proposition holds in SE is clear.
For any objects (c, x), (d, y) in

∫
P , let the expression (uF (c), vF (d)) ∈

E(c,x),(d,y) be an abbreviation of the formula ∨
c
f
→a

g
←d |

P (f)(x)=P (g)(y)

(∃ξF (a))(pF (f)q(ξ) =

u ∧ pF (g)q(ξ) = v)).
The validity of the left-to-right implication will clearly follow from Lemma

2.31 once we have shown that for any objects (c, x), (d, y), (e, z) in
∫
P the

sequent

(u, v) ∈ E(c,x),(d,y) ∧ (v, w) ∈ E(d,y),(e,z) `uF (c),vF (d),zF (e) (u,w) ∈ E(c,x),(e,z)

is valid in the ΣE -structure SE .
For simplicity we shall give the proof in the case E = Set, but all of our

the arguments are formalizable in the internal logic of the topos and hence
are valid in general. In fact, the lift of the proof from the set-theoretic to the
topos-theoretic setting is made possible by the following logical characteriza-
tion of �atness for a functor; speci�cally, the fact that a functor F : Cop → E
is �at can be expressed in terms of the validity of the following sequents in
the structure SE :

(> `[] ∨
c∈Ob(C)

(∃xF (c))(x = x));

(> `xF (a),yF (b) ∨
a
f→c g←b

(∃zF (c))(pF (f)q(z) = x ∧ pF (g)q(z) = y))

for any objects a, b of C;

(pF (f)q(x) = pF (g)q(x) `xF (a) ∨
h:a→c | h◦f=h◦g

(∃zF (c))(pF (h)q(z) = x))

for any pair of arrows f, g : b→ a in C with common domain and codomain.
Now, given objects (c, x), (d, y), (e, z) ∈

∫
P and elements u ∈ F (c), v ∈

F (d), w ∈ F (e), suppose that (u, v) ∈ E(c,x),(d,y) and (v, w) ∈ E(d,y),(e,z); we
want to prove that (u,w) ∈ E(c,x),(e,z).

As (u, v) ∈ E(c,x),(d,y), there exist arrows f : c → a and g : d → a in C
and an element ξ ∈ F (a) such that F (f)(ξ) = u, F (g)(ξ) = v, P (f)(x) =
P (g)(y). Similarly, as (v, w) ∈ E(d,y),(e,z), there exist arrows h : d → b and
k : e→ b in C and an element χ ∈ F (b) such that F (h)(χ) = v, F (k)(χ) = w
and P (h)(y) = P (k)(z).

Using condition (ii) in the de�nition of �at functor, we obtain the exis-
tence of an object m of C, arrows r : a → m and t : b → m in C and an
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element ε ∈ F (m) such that F (r)(ε) = ξ and F (t)(ε) = χ. Now, consider
the arrows r ◦ g, t ◦ h : d → m; we have that F (r ◦ g)(ε) = F (t ◦ h)(ε) and
hence by condition (iii) in the de�nition of �at functor there exists an arrow
s : m→ n in C such that s ◦ r ◦ g = s ◦ t ◦ h and an element α ∈ F (n) such
that F (s)(α) = ε.

Consider the arrows s ◦ r ◦ f and s ◦ t ◦ k. They satisfy the necessary
conditions to ensure that (u,w) ∈ E(c,x),(e,z), i.e. F (s ◦ r ◦ f)(α) = u,
F (s◦ t◦k)(α) = w, P (s◦r ◦f)(x) = P (s◦ t◦k)(z). Indeed, F (s◦r ◦f)(α) =
F (f)(F (r)(F (s)(α))) = F (f)(F (r)(ε)) = F (f)(ξ) = u, F (s ◦ t ◦ k)(α) =
F (k)(F (t)(F (s)(α))) = F (k)(F (t)(ε)) = F (k)(χ) = w and P (s ◦ r ◦ f)(x) =
P (s ◦ r)(P (f)(x)) = P (s ◦ r)(P (g)(y)) = P (s ◦ r ◦ g)(y) = P (s ◦ t ◦ h)(y) =
P (s ◦ t)(P (h)(y)) = P (s ◦ t)(P (k)(z)) = P (s ◦ t ◦ k)(z), as required.

The second part of the proposition follows from the �rst by an easy
application of condition (iii) in the de�nition of �at functor. �

The following proposition represents the translation of Proposition 2.34
in the categorical language of generalized elements.

Proposition 2.35. Let C be a small category, E a Grothendieck topos with
a separating set S, P : C → Set a functor and F : Cop → E a �at functor.
Let πP :

∫
P → Cop be the canonical projection from the category of elements

of P to Cop. Then the equivalence relation R de�ned by the formula

colim(F ◦ πP ) ∼= (
∐

(c,x)∈
∫
P

F (c))/R

admits the following characterization: for any objects (c, x), (d, y) of
∫
P

and generalized elements u : E → F (c), v : E → F (d) (where E ∈ S),
(ξ(c,x) ◦ u, ξ(d,y) ◦ v) ∈ RE if and only if there exists an epimorphic family
{ei : Ei → E | i ∈ I, Ei ∈ S} and for each index i ∈ I an object ai ∈ C, a
generalized element hi : Ei → F (bi) and two arrows fi : c→ ai and f

′
i : d→

ai in C such that P (fi)(x) = P (f ′i)(y) and 〈F (fi), F (f ′i)〉 ◦ hi = 〈u, v〉 ◦ ei.
In particular, for any objects (c, x) and (c, y) of

∫
P and any generalized

element u : E → F (c) (where E ∈ S), (ξ(c,x)◦u, ξ(d,y)◦v) ∈ RE if and only if
there exists an epimorphic family {ei : Ei → E | i ∈ I, Ei ∈ S} and for each
index i ∈ I an object ai ∈ C, a generalized element hi : Ei → F (ai) and an
arrow fi : c→ ai in C such that P (fi)(x) = P (f ′i)(y) and F (fi) ◦ hi = u ◦ ei.

�

3 Extensions of �at functors

In this section, we investigate the operation on �at functors induced by a
geometric morphism of toposes. This will be relevant for the characterization
of the class of theories classi�ed by a presheaf topos addressed in section 5.
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3.1 General extensions

Let (C, J) and (D,K) be Grothendieck sites, and u : Sh(D,K)→ Sh(C, J) a
geometric morphism. This morphism induces, via Diaconescu's equivalence,
a functor

ξE : FlatK(D, E)→ FlatJ(C, E),

where we write FlatZ(R, E) for the category of �at Z-continuous functors
from R to E .

This functor can be described explicitly as follows. For any �at K-
continuous functor F : D → E with corresponding geometric morphism
fF : E → Sh(D,K), the �at functor F̃ := ξE(F ) : C → E is given by
f∗F ◦u∗◦lC , where lC : C → Sh(C, J) is the composite of the Yoneda embedding
yC : C → [Cop,Set] with the associated sheaf functor [Cop,Set]→ Sh(C, J).

For any natural transformation α : F → G between �at functors in
FlatK(D, E), the corresponding natural transformation fα

∗ : fF
∗ → fG

∗,
applied to the functor u∗◦lC , gives rise to a natural transformation α̃ : F̃ → G̃
which is precisely ξE(α).

We can express F̃ directly in terms of F by using a colimit construction,
as follows.

For any c ∈ C, theK-sheaf u∗(lC(c)) : Dop → Set, considered as an object
of [Dop,Set], can be canonically expressed as a colimit of representables,
indexed over its category of elements Ac; speci�cally, u∗(lC(c)) ∼= colim(yD ◦
πc) in [Dop,Set], where πc : Ac → D is the canonical projection functor. As
the associated sheaf functor aK : [Dop,Set]→ Sh(D,K) preserves colimits,
the functor u∗(lC(c)) is isomorphic in Sh(D,K) to the colimit of the functor
lD ◦πc. Therefore F̃ (c) = (f∗F ◦u∗ ◦ lC)(c) = f∗F (colim(lD ◦πc)) ∼= colim(f∗F ◦
lD ◦ πc) = colim(F ◦ πc).

For any (d, z) ∈ Ac, we write κF(d,z) : F (d) → F̃ (c) for the canonical
colimit arrow.

Proposition 3.1. (i) For any natural transformation α : F → G between
�at functors F,G : D → E in FlatK(D, E), the natural transformation
α̃ : F̃ → G̃ is characterized by the following condition: for any object
(d, z) of the category Ac the diagram

F̃ (c)
α̃(c) // G̃(c)

F (d)

κF
(d,z)

OO

α(d)
// G(d)

κG
(d,z)

OO

commutes.

(ii) The functor ξE : FlatK(D, E) → FlatJ(C, E) is natural in E; that is,
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for any geometric morphism f : F → E, the diagram

FlatK(D, E)

f∗◦−
��

ξE // FlatJ(C, E)

f∗◦−
��

Flat(D,F)
ξF // Flat(C,F)

commutes.

(iii) For any arrow f : c→ c′ in C and any object (d, z) in Ac, the diagram

F̃ (c)
F̃ (f) // F̃ (c′)

F (d)

κF
(d,z)

OO

κF
(d,u∗(lC(f))(z))

;;

commutes.

Proof (i) The given square commutes as it is the naturality square for the
natural transformation fα

∗ : fF
∗ → fG

∗ with respect to the canonical colimit
arrow yD(d) → u∗(lC(c)) in [Dop,Set] corresponding to the object (d, z) of
Ac.

(ii) This follows as an immediate consequence of the fact that Dia-
conescu's equivalences are natural in E .

(iii) Given a natural transformation β : P → P ′ of presheaves P and
P ′ in [Dop,Set], denoting by κP :

∫
P → D and κP

′
:
∫
P ′ → D the

canonical projection functors and by κP(d,z) : yDd→ P , κP
′

(d′,z′) : yDd
′ → P the

canonical colimit arrows in [Dop,Set] (for (d, z) ∈
∫
P and (d′, z′) ∈

∫
P ′),

we clearly have that β ◦ κP(d,z) = kP
′

(d,β(d)(z)). To obtain our thesis it su�ces

to apply this result to the natural transformation β : u∗(lC(f)) : u∗(lC(c))→
u∗(lC(c

′)); indeed, by applying the functor f∗F to the resulting equality we
obtain precisely the identity in the statement of the proposition. �

3.2 Extensions along embeddings of categories

Let D be a subcategory of a small category C. Then the inclusion functor
i : D ↪→ C induces a geometric morphism E(i) : [D,Set] → [C,Set] and
hence, by Diaconescu's equivalence, a functor

ξE : Flat(Dop, E)→ Flat(Cop, E) .

We can describe F̃ directly in terms of F as follows. For any c ∈ C, the
functor E(i)∗(yC(c)) : D → Set coincides with the functor HomC(c,−) :
D → Set. Its category of elements Ac has as objects the pairs (d, h) where
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d is an object of D and h is an arrow h : c→ d in C and as arrows (d, h)→
(d′, h′) the arrows k : d′ → d in D such that k◦h′ = h in C. As f∗F preserves all
small colimits and HomC(c,−) is the colimit in [D,Set] of the composition
of the canonical projection πc : Ac → Dop with the Yoneda embedding
Dop → [D,Set], the object F̃ (c) can be identi�ed with the colimit of the
composite functor F ◦ πc : Ac → E . For any object d of D, the pair (d, 1d)
de�nes an object of the category Ad and hence a canonical colimit arrow
χd : F (d) → F̃ (d), also denoted by χFd . For any object (d, h) of Ac, the
colimit arrow κ(d,h) : F (d)→ F̃ (c) is equal to the composite F̃ (h) ◦ χd.

Remarks 3.2. (i) The functor ξE : Flat(Dop, E) → Flat(Cop, E) coin-
cides with the (restriction to the subcategories of �at functors) of
the left Kan extension functor [Dop, E ] → [Cop, E ] along the inclusion
Dop ↪→ Cop (cf. Remark 3.13 below).

(ii) For any object d ∈ D the diagram

F̃ (d)
α̃(d) // G̃(d)

F (d)

χFd

OO

α(d)
// G(d)

χGd

OO

commutes (cf. Proposition 3.1(a)).

(iii) For any object d ∈ D, the arrow χd : F (d)→ F̃ (d) is monic. Indeed, it
can be identi�ed with the image of the canonical subfunctor inclusion
HomD(d,−) ↪→ HomC(d,−) under the inverse image f∗F of the geo-
metric morphism fF . From this, in view of Remark 3.2(a), it follows
at once that the functor ξE : Flat(Dop, E)→ Flat(Cop, E) is faithful.

(iv) For any �at functors F,G : Dop → E and natural transformation β :
F̃ → G̃, β = α̃ for some natural transformation α : F → G if and only
if for every d ∈ D the diagram

F̃ (d)
β(d) // G̃(d)

F (d)

χFd

OO

α(d)
// G(d)

χFd

OO

commutes. One direction follows from Remark 3.2(a). To prove the
other one we observe that β(c) = α̃(c) for all c ∈ C if and only if for
every object (a, z) ∈ Ac, β(c)◦κ(a,z) = α̃(c)◦κ(a,z). Now, β(c)◦κ(a,z) =

β(c)◦ F̃ (z)◦χFa = G̃(z)◦β(a)◦χFa = G̃(z)◦χGa ◦α(a) = κG(a,z) ◦α(a) =

α̃(c) ◦ κF(a,z) (where the third equality follows from the naturality of β

and the last from Proposition 3.1(a)), as required.
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(v) Let d be an object of D and yDd = HomD(−, d) : Dop → Set the
representable on D associated to d. Then ξE(yDd) = yCd, where yCd =
HomC(−, d) is the representable on C associated to d (considered here
as an object of C). Indeed, the �at functor yDd corresponds to the
geometric morphism whose inverse image is the evaluation functor evDd :
[D,Set]→ Set at the object d, and the composite evDd ◦E(i)∗ coincides
with the evaluation functor evCd : [C,Set]→ Set at the object d, which
corresponds to the �at functor yCd.

(vi) Let E be a Grothendieck topos and γE : E → Set the unique ge-
ometric morphism from E to Set. Then by Proposition 3.1(ii) and
Remark 3.2(v), for any object d of D, the functor ξE : Flat(Dop, E)→
Flat(Cop, E) sends the �at functor γ∗E ◦ yDd to the functor γ∗E ◦ yCd.

Proposition 3.3. Under the natural equivalences eC : Ind-C ' Flat(Cop,Set)
and eD : Ind-D ' Flat(Dop,Set), the functor ξSet corresponds to the functor
Ind-i : Ind-D → Ind-C.

Proof Let us �rst recall the de�nition of the functor Ind-i : Ind-D → Ind-C.
For any �at functor F : Cop → Set, Ind-i(F ) is the functor given by the
colimit in Ind-C of the composite functor i ◦ πF , where πF :

∫
F → D is the

canonical projection from the category of elements
∫
F of F to D. For any

c ∈ C, we thus have Ind-i(F )(c) = colim(evc◦i◦πF ), where evc : Ind-C → Set
is the evaluation functor at c.

Now, the functor evc ◦ i : D → Set is equal to the functor HomC(c,−) :
D → Set considered above, and F̃ (c) = colim(F ◦ πc) : Ac → Set, where
Ac is the category of elements of evc ◦ i and πc : Ac → Dop the associated
canonical projection. The commutativity of the tensor product between
a presheaf and a covariant set-valued functor (cf. chapter VII of [26] or
Theorem 2.5 above) thus yields a natural isomorphism between the two sets,
as required. �

Corollary 3.4. Let D ↪→ C be an embedding of small categories and F :
Dop → E a �at functor. With the above notation, for any object c ∈ C, we
have

F̃ (c) ∼=
∐

(a,z)∈Ac

F (c)/Rc,

where Rc is the equivalence relation in E de�ned by saying that, for any
objects (a, z), (a′, z′) of the category Ac, the geometric bi-sequent

(pRq(pξ(a,z)q(x), pξ(a′,z′)q(x
′)) a`xF (a),x′F (a′)

∨
a
f
→b

g
←a′|

f◦z=g◦z′

(∃yF (b))(pF (f)q(y) = x ∧ pF (g)q(y) = x′))
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is valid in the tautological ΣE -structure SE (de�ned in section 2.7), where
for any object (a, z) of the category Ac, ξ(a,z) : F (a)→ F̃ (c) is the canonical
colimit arrow.

In particular, for any objects (a, z), (a, z′) of the category Ac, the geomet-
ric bi-sequent

(pRq(pξ(a,z)q(x), pξ(a,z′)q(x)) a`xF (a) ∨
a
f
→b|

f◦z=f◦z′

(∃yF (b))(pF (f)q(y) = x))

is valid in the ΣE -structure SE .
Semantically, the relation Rc can be characterized by saying that, for

any objects (a, z), (a′, z′) of the category Ac and any generalized elements
x : E → F (a), x′ : E → F (a′), (κ(a,z) ◦ x, κ(a′,z′) ◦ x′) ∈ Rc if and only
if there exists an epimorphic family {ei : Ei → E | i ∈ I} and for each
index i ∈ I an object bi ∈ D, a generalized element hi : Ei → F (bi) and
two arrows fi : a → bi and f

′
i : a′ → bi in D such that f ′i ◦ z′ = fi ◦ z and

〈F (fi), F (f ′i)〉 ◦ hi = 〈x, x′〉 ◦ ei.
In particular, for any objects (a, z) and (a, z′) of Ac and any generalized

element x : E → F (a), (κ(a,z)◦x, κ(a,z′)◦x) ∈ Rc if and only if there exists an
epimorphic family {ei : Ei → E | i ∈ I} and for each index i ∈ I an object
bi ∈ D, a generalized element hi : Ei → F (bi) and an arrow fi : a→ bi in D
such that fi ◦ z′ = fi ◦ z and F (fi) ◦ hi = x ◦ ei.

Proof The corollary can be obtained by applying Proposition 2.34 (and its
categorical reformulation provided by Proposition 2.35) to the �at functor F :
Dop → E and the functor P : D → Set given by evc ◦ i = HomC(c,−) : D →
Set, whose category of elements coincides with Ac and whose associated
�bration πP coincides with πc : Ac → Dop. �

3.3 Extensions from categories of set-based models to syn-

tactic categories

Let T be a geometric theory and K a small category of set-based T-models.
Then the family of geometric morphisms Set → Sh(CT, JT) corresponding
to the T-models in K induces a geometric morphism

pK : [K,Set]→ Sh(CT, JT)

whose associated T-model in [K,Set] is given, at each sort, by the corre-
sponding forgetful functor.

We thus have, for each Grothendieck topos E , an induced functor

uT(K,E) : Flat(Kop, E)→ FlatJT(CT, E),

which the following theorem describes explicitly.
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Before stating it, we need to introduce some notation. For any any object
{~x . φ} of CT, we write AK{~x.φ} or simply A{~x.φ} when the category K can
be obviously inferred from the context, for the category whose objects are
the pairs (M,w), where M ∈ K and w ∈ [[~x . φ]]M and whose arrows
(M,w) → (N, z) are the T-model homomorphisms g : N → M in K such
that g(w) = z. We denote by πK{~x.φ} : A{~x.φ} → Kop the canonical projection
functor.

Theorem 3.5. Let T be a geometric theory. Then for any �at functor F :
Kop → E, the functor F̃ := uT(K,E)(F ) : CT → E sends any object {~x . φ}
of CT to the colimit colim(F ◦ πK{~x.φ}) and acts on the arrows in the obvious

way. In particular, for any formula {~x . φ} presenting a T-model M{~x.φ} in

K, uT(K,E)(F )({~x . φ}) ∼= F (M{~x.φ}).

Proof Let gF : E → [K,Set] be the geometric morphism corresponding, via
Diaconenscu's equivalence, to the �at functor F . Then the functor uT(K,E)(F )

is equal to the composite g∗F ◦p∗K◦y, where y : CT → Sh(CT, JT) is the Yoneda
embedding.

Now, for any geometric formula {~x . φ} over Σ, p∗K(y({~x . φ})) is the
functor F{~x.φ} sending to any model M ∈ K the set [[~x . φ]]M . This functor
can be expressed as the colimit colim(y′◦π{~x.φ}), where y′ : Kop → [K,Set] is
the Yoneda embedding, since the functor π{~x.φ} coincides with the canonical
projection from the category of elements of the functor F{~x.φ} to Kop.

Therefore uT(K,E)(F )({~x . φ}) = g∗F (colim(y′ ◦ π{~x.φ})) ∼= colim(g∗F ◦ y′ ◦
π{~x.φ}) ∼= colim(F ◦ π{~x.φ}), as required. �

Remark 3.6. From the proof of the theorem, it is clear that the isomor-
phism uT(K,E)(F )({~x . φ}) ∼= F (M{~x.φ}) is natural in {~x . φ}; that is, for any
geometric formulae {~x . φ} and {~y . ψ} respectively presenting T-models
M{~x.φ} and M{~y.ψ} and any T-provably functional formula θ : {~x . φ} →
{~y . ψ} inducing a T-model homomorphism Mθ : M{~y.ψ} → M{~x.φ}, the

arrow uT(K,E)(F )(θ) is given by the image of the arrow F (Mθ) across the

isomorphisms uT(K,E)(F )({~x . φ}) ∼= F (M{~x.φ}) and uT(K,E)(F )({~y . ψ}) ∼=
F (M{~y.ψ}).

Corollary 3.7. Let T be a geometric theory, σ = (φ `~x ψ) a geometric
sequent over the signature of T and F : Kop → E a �at functor. If σ is
valid in every T-model in K then F̃ ({~x . φ}) ≤ F̃ ({~x . ψ}) as subobjects of
F̃ ({~x . >}) in E.

Proof By Theorem 3.5, we have that F̃ ({~x . φ}) = colim(F ◦ π{~x.φ}),
F̃ ({~x . ψ}) = colim(F ◦ π{~x.ψ}) and F̃ ({~x . >}) = colim(F ◦ π{~x.>}). Now,
A{~x.φ} and A{~x.ψ} canonically embed as subcategories of A{~x.>}, and if σ is
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valid in every T-model in K then we have a canonical functor i : A{~x.φ} →
A{~x.ψ} which commutes with these embeddings. It thus follows from the

functoriality of colimits that F̃ ({~x . φ}) ≤ F̃ ({~x . ψ}) as subobjects of
F̃ ({~x . >}) in E , as required. �

Let us now apply Proposition 2.35 in the context of extensions F → F̃
of �at functors induced by the geometric morphism

pK : [K,Set]→ Sh(CT, JT) .

The following characterization is obtained by applying it in conjunction
with Proposition 4.5.

Proposition 3.8. Let T be a geometric theory over a signature Σ, K a small
category of set-based T-models, E a Grothendieck topos with a separating set
S and F : Kop → E a �at functor. With the above notation, for any geometric
formula-in-context φ(~x) over Σ, we have

F̃ ({~x . φ}) ∼= (
∐

(M,z)∈A{~x.φ}

F (M))/R{~x.φ},

where R{~x.φ} is the equivalence relation in E de�ned by saying that for any
objects (M, z), (N,w) of the category A{~x.φ} and any generalized elements
x : E → F (M), x′ : E → F (N) (where E ∈ S), we have (ξ(M,z) ◦ x, ξ(N,w) ◦
x′) ∈ R{~x.φ} if and only if there exists an epimorphic family {ei : Ei →
E | i ∈ I, Ei ∈ S} and for each index i ∈ I a T-model ai in K, a generalized
element hi : Ei → F (ai) and two T-model homomorphisms fi : M → ai and
f ′i : N → ai such that fi(z) = f ′i(w) and 〈F (fi), F (f ′i)〉 ◦ hi = 〈x, x′〉 ◦ ei
(where for any object (M, z) of the category A{~x.φ}, κ(M,z) : F (M)→ F̃ ({~x .
φ}) is the canonical colimit arrow).

In particular, for any objects (M, z) and (M,w) of A{~x.φ} and any gener-
alized element x : E → F (M) (where E ∈ S), (κ(M,z)◦x, κ(M,w)◦x) ∈ R{~x.φ}
if and only if there exists an epimorphic family {ei : Ei → E | i ∈ I, Ei ∈ S}
and for each index i ∈ I a T-model ai in K, a generalized element hi : Ei →
F (ai) and a T-model homomorphism fi : M → ai such that fi(z) = fi(w)
and F (fi) ◦ hi = x ◦ ei.

�

Let MT the universal model of T in the syntactic category CT. We can
represent the model F̃ (MT) as a E-indexed �ltered colimit of set-based mod-
els of T. For simplicity, we shall �rst establish this representation in the case
of the topos of sets, and then generalize it to an arbitrary topos.

Let F : Kop → Set be a �at functor. By Theorem 3.5, for any sort A
over Σ, F̃ (MT)A = F̃ ({xA . >}) = colim(F ◦ π{xA.>}), where π{xA.>} is
the canonical projection functor A{xA.>} → Kop to Kop from the category
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of elements A{xA.>} of the functor PA : K → Set which assigns any model
M in K to the set MA and acts accordingly on the arrows. Now, it follows
from the commutativity of the tensor product between a presheaf and a
covariant set-valued functor (cf. chapter VII of [26] or section 2.5 above) that
the colimit colim(F ◦ π{xA.>}) is isomorphic to the colimit colim(PA ◦ πF ),
where πF :

∫
F → K is the canonical projection functor from the category

of elements of the functor F to K. Since the functor F is �at, the category∫
F is �ltered. Therefore, as �ltered colimits in T-mod(Set) are computed

sortwise as in Set, F̃ (MT) ∼= colim(i◦πF ), where i : K ↪→ T-mod(Set) is the
canonical inclusion. So for any object (c, x) of the category

∫
F we have a T-

model homomorphism ξ(c,x) : c → F̃ (MT), which can be expressed in terms

of the colimit arrows κ(a,y) : F (a) → F̃ ({xA . >}) = F̃ (MT)A (for y ∈ cA
and A sort over Σ) as follows: for any sort A over Σ, ξ(c,x)A(y) = κ(c,y)(x).
The explicit description of �ltered colimits in the category Set thus yields,
for each sort A over Σ, the following characterizing properties of the colimit
colim(PA ◦ πF ) in terms of the arrows ξ(c,x):

(i) For any element x of F̃ (MT)A there exists an object (c, x) of the cate-
gory

∫
F and an element y of cA such that ξ(c,x)A(y) = x;

(ii) For any objects (c, x) and (c′, x′) of the category
∫
F and elements y ∈

cA and y′ ∈ c′A, we have ξ(c,x)A(y) = ξ(c′,x′)A(y′) if and only if there
exists an object (c′′, x′′) of

∫
F and arrows f : c → c′′ and g : c′ → c′′

in K such that F (f)(x′′) = x, F (g)(x′′) = x′ and fA(y) = gA(y′).

Moreover, the �lteredness of the category
∫
F implies the following `joint

embedding property': for any objects (c, x) and (c′, x′) of the category
∫
F

there exists an object (c′′, x′′) of
∫
F and arrows f : c → c′′ and g : c′ → c′′

in K such that F (f)(x′′) = x, F (g)(x′′) = x′ and ξ(c,x) ◦ f = ξ(c,x) ◦ g.
Let us now proceed to establish the E-indexed generalization of this re-

sult.
Suppose that F : Kop → E is a �at functor, where K is a small subcat-

egory of the category T-mod(Set). By Theorem 3.5, for any sort A over
Σ, we have that F̃ (MT)A = F̃ ({xA . >}) = colim(F ◦ π{xA.>}); in partic-
ular, for any object (a, y) of the category A{xA.>} we have a colimit arrow

κ(a,y) : F (a) → F̃ ({xA . >}) = F̃ (MT)A in E . More generally, for any
formula-in-context φ(~x) over Σ, any model c in K and any element ~y of
[[~x . φ]]c, we have a colimit arrow κ(c,~y) : F (c)→ F̃ ({~x . φ}).

Proposition 3.9. Let T be a geometric theory over a signature Σ, K a
small subcategory of the category T-mod(Set), E a Grothendieck topos and
F : Kop → E a �at functor. With the above notation, for any pair (c, x) con-
sisting of an object c of K and of a generalized element x : E → F (c), there
is a Σ-structure homomorphism ξ(c,x) : c → HomE(E, F̃ (MT)) de�ned as
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follows: for any sort A over Σ, the function ξ(c,x) : cA→ HomE(E, F̃ ({xA .
>})) sends any element y ∈ cA to the generalized element κ(c,y) ◦ x : E →
F̃ ({xA . >}).

Proof We have to verify that:

(1) For any function symbol f : A1, . . . , An → B over Σ, the diagram

cA1 × · · · × cAn
ξ(c,x)A1×···×ξ(c,x)An
��

cf // cB

ξ(c,x)B

��

HomE(E, F̃ ({xA1 . >})× · · · × F̃ ({xAn . >}))

i
��

HomE(E, F̃ ({xA1 , . . . , xAn . >}))
HomE(E,F̃ ([f ]))

// HomE(E, F̃ ({xB . >})),

where i is the canonical isomorphism F̃ ({xA1 . >}) × · · · × F̃ ({xAn .
>}) ∼= F̃ ({xA1 , . . . , xAn . >}) induced by the preservation of �nite prod-
ucts by F̃ , commutes;

(2) For any relation symbol R� A1, . . . , An over Σ, we have a commutative
diagram

cR

��

// HomE(E, F̃ ({xA1 , . . . , xAn . R))

��
cA1 × · · · × cAn // HomE(E, F̃ ({xA1 , . . . , xAn . >})),

where the unnamed vertical arrows are the canonical ones and the lower
horizontal arrow is HomE(E, i) ◦ ξ(c,x)A1 × · · · × ξ(c,x)An.

To prove (1), we �rst observe that for any n-tuple ~y = (y1, . . . , yn) ∈
cA1×· · ·×cAn, i◦〈κ(c,y1), . . . , κ(c,yn)〉 = κ(c,~y). Indeed, for any i ∈ {1, . . . , n},
the arrow F̃ (πi) ◦ i, where πi : {xA1 , . . . , xAn . >} → {xAi . >} is the
canonical projection arrow in the syntactic category CT, is equal to the i-
th product projection F̃ ({xA1 . >}) × · · · × F̃ ({xAn . >}) → F̃ ({xAi .
>}), by Proposition 3.1(iii). Therefore, to prove the required condition it is
equivalent to verify that for any n-tuple ~y = (y1, . . . , yn) ∈ cA1 × · · · × cAn,
ξ(c,x)B(cf(~y)) = F̃ ([f ]) ◦ κ(c,~y) ◦ x, where [f ] : {xA1 , . . . , xAn . >} → {xB .
>} is the arrow in the syntactic category CT corresponding to the function
symbol f . But ξ(c,x)B(cf(~y)) = κ(c,cf(~y))◦x, and we have that F̃ ([f ])◦κ(c,~y) =
κ(c,cf(~y)), again by Proposition 3.1(iii).

To prove (2), it su�ces to observe that, by Proposition 3.1(iii), for any
n-tuple ~y = (y1, . . . , yn) ∈ cA1 × · · · × cAn in cR, κ(c,~y) factors through the

canonical subobject F̃ (R)� F̃ ({xA1 , . . . , xAn . >}).
�
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The following lemma describes some basic properties of the homomor-
phisms ξ(c,x).

Lemma 3.10. Let T be a geometric theory over a signature Σ, K a small
subcategory of the category T-mod(Set) and F : Kop → E a �at functor with
values in a Grothendieck topos E. Then

(i) For any generalized element x : E → F (c) and any arrow f : d→ c in
K, ξ(c,x) ◦ f = ξ(c,F (f)◦x);

(ii) For any generalized element x : E → F (c) and any arrow e : E′ → E,
ξ(c,x◦e) = Hom(e, F̃ (MT)) ◦ ξ(c,x)

Proof These properties can be easily proved by using the de�nition of the
arrows ξ(c,x) in terms of the arrows κ(a,y) and Proposition 3.1(iii). �

Proposition 3.11. Let T be a geometric theory over a signature Σ, K a small
subcategory of the category T-mod(Set) and F : Kop → E a �at functor with
values in a Grothendieck topos E. Let M be the T-model F̃ (MT) in E. Then,
for any sort A over Σ, we have that

(i) For any generalized element x : E → MA there exists an epimorphic
family {ei : Ei → E | i ∈ I} in E, for each index i ∈ I a T-model ai
in K, a generalized element xi : Ei → F (ai) and an element yi ∈ aiA
such that ξ(ai,xi)A(yi) = x ◦ ei.

(ii) For any pairs (a, x) and (b, x′), where a and b are T-models in K and
x : E → F (a), x′ : E → F (b) are generalized elements, and any
elements y ∈ aA and y′ ∈ bA, we have that ξ(a,x)A(y) = ξ(b,x′)A(y′) if
and only if there exists an epimorphic family {ei : Ei → E | i ∈ I} in
E in E and for each index i ∈ I a T-model ci in K, arrows fi : a →
ci, gi : b → ci and a generalized element xi : Ei → F (ci) such that
〈x, x′〉 ◦ ei = 〈F (fi), F (gi)〉 ◦ xi for all i ∈ I and fiA(y) = giA(y′).

Moreover, the following `joint embedding property' holds: for any pairs
(a, x) and (b, x′), where a and b are T-models in K and x : E → F (a),
x′ : E → F (b) are generalized elements, there exists an epimorphic family
{ei : Ei → E | i ∈ I} in E in E and for each index i ∈ I a T-model ci in K,
arrows fi : a→ ci, gi : b→ ci in K and a generalized element xi : Ei → F (ci)
such that 〈x, x′〉 ◦ ei = 〈F (fi), F (gi)〉 ◦ xi for all i ∈ I and (by Lemma 3.10)
the following diagram commutes:
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a

f

��

ξ(a,x) // HomE(E,M)
HomE(ei,M)

((
ci

ξ(ci,xi) // HomE(Ei,M)

b

g

AA

ξ(b,x′) // HomE(E,M)

HomE(ei,M)

66

In fact, such family can be taken to be the pullback of the family of arrows
〈F (f), F (g)〉 : F (c) → F (a) × F (b) (for all spans (f : a → c, g : b → c) in
the category K) along the arrow 〈x, x′〉 : E → F (a)× F (b).

Proof Recall from Theorem 3.5 that for any sort A over Σ, F̃ (MT)A =
colim(F ◦ πK{xA.>}); now, π

K
{xA.>} is precisely the functor PA : K → Set

sending a model N in C to the set NA.
The proposition then straightforwardly follows from Theorem 2.26, ap-

plied to the functors PA : K → Set (with A varying among the sorts of Σ),
in view of Theorems 2.5 and 2.14. �

3.4 A general adjunction

Let C be a small category and E a Grothendieck topos. Recall from [5] that
the indexed category [C, E ]E is locally small, that is for any two functors

F,G : C → E there exists an object HomE[C,E]
E
(F,G) of E satisfying the

universal property that for any object E of E the generalized elements E →
HomE[C,E]

E
(F,G) correspond bijectively, naturally in E ∈ C, to the natural

transformations !∗E ◦ F →!∗E ◦G.
The following theorem establishes a general adjunction between cate-

gories of E-valued functors induced by a functor P : C → [Dop,Set].
Before stating it, we need to introduce some notation. For any object

c of C, we denote by
∫
P (c) the category of elements of the functor P (c) :

Dop → Set and by πc :
∫
P (c) → D the canonical projection functor. We

denote by yD : Dop → [D,Set] the Yoneda embedding. For any functor
H : D → E and any object (d, z) of the category

∫
P (c), we denote by

κ(d,z) : H(d)→ colim(H ◦ πc) the canonical colimit arrow.

Theorem 3.12. Let C and D small categories, E a Grothendieck topos and
P : C → [Dop,Set] a functor. Let ˜(−) : [D, E ]→ [C, E ] be the functor sending
to any functor F : D → E the functor F̃ de�ned by:

for any c ∈ C, F̃ (c) = colim(F ◦ πc), and
for any arrow f : c → c′, F̃ (f) : colim(F ◦ πc) → colim(F ◦ πc′) is

de�ned by the conditions F̃ (f) ◦ κF(d,z) = κF(d,P (f)(z)) (for any object (d, z) of

the category
∫
P (c)),
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and which acts on arrows in the obvious way.
Let (−)r : [C, E ] → [D, E ] be the functor assigning to any functor G :

C → E the functor HomE[C,E]
E
(γ∗E ◦ ˜yD−, G), and acting on the arrows in the

obvious way.
Then the functors

˜(−) : [D, E ]→ [C, E ]

and
(−)r : [C, E ]→ [D, E ]

are adjoint to each other ( ˜(−) on the left and (−)r on the right). The unit
η : F → (F̃ )r and the counit εG : ˜(Gr)→ G are de�ned as follows:

For any d ∈ D, ηF (d) : F (d) → (F̃ )r(d) is the arrow in E de�ned by
means of generalized elements by saying that it sends any generalized element
E → F (d), regarded as a natural transformation γ∗E/E ◦ yDd→!∗E ◦ F , to the

image of this arrow γ∗E/E ◦ ˜yDd →!∗E ◦ F̃ under the functor ˜(−), regarded as

a generalized element E → HomE[C,E]
E
(γ∗E ◦ ˜y′Dd, F̃ ) = (F̃ )r(d).

For any c ∈ C, εG(c) : ˜(Gr)(c) = colim(Gr ◦ πc) → G(c) is de�ned
by setting, for each object (d, z) of

∫
P (c), εG(c) ◦ κGr(d,z) equal to the arrow

Gr(d)→ G(c) de�ned by means of generalized elements by saying that a gen-
eralized element x : E → Gr(d), corresponding to a natural transformation
x :!∗E ◦γ∗E ◦ ˜yDd ∼= γ∗E/E ◦ ˜yDd→!∗E ◦G̃, is sent to the arrow E → G(c) obtained

by composing x(c) with the component of γ∗E/E( ˜yDd(c)) corresponding to the

element of ˜yDd(c) given by the image of the identity on d via the colimit

arrow κyDd(d,z) : (yDd)(d)→ ˜yDd(c).

Proof For simplicity we shall prove the result only in the case E = Set,
the proof of the general case being entirely analogous (the only care that one
has to take is to use generalized elements in place of standard set-theoretic
elements).

We shall de�ne a bijective correspondence between the natural trans-
formations F̃ → G and the natural transformations F → Gr, natural in
F ∈ [D,Set] and G ∈ [C,Set].

Given a natural transformation α : F → Gr, we de�ne τ(α) : F̃ → G
by setting, for each c ∈ C, τα(c) : F̃ (c) → G(c) equal to the arrow de-
�ned as follows. As F̃ (c) is the colimit of the cone {κF(d,z) : F (d) →
F̃ (c) | (d, z) ∈

∫
P (c)}, it su�ces to de�ne an arrow u(d,z) : F (d) → G(c)

for each pair (d, z) where d ∈ D and z ∈ P (c)(d), checking that when-
ever (d, z) and (d′, z′) are pairs such that for an arrow f : d → d′ in
D, P (c)(f)(z′) = z then u(d′,z′) ◦ F (f) = u(d,z); indeed, by the universal
property of the colimit, such a family of arrows will induce a unique ar-
row τα(c) : F̃ (c) → G(c) such that τα(c) ◦ κF(d,z) = u(d,z) (for each (d, z)
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in
∫
P (c)). We set u(d,z) : F (d) → G(c) equal to the function sending ev-

ery element x ∈ F (d) to the element α(d)(x)(c)(κ
y′Dd

(d,z)(1d)). Let us check

that the compatibility condition is satis�ed. Given an arrow f : d → d′

such that P (c)(f)(z′) = z, we have to verify that for every x ∈ F (d),

α(d′)(Ff(x))(c)(κ
y′Dd

′

(d′,z′)(1d′)) = α(d)(x)(c)(κ
y′Dd

(d,z)(1d)). This identity imme-
diately follows from the commutativity of the naturality diagram

F (d)

F (f)

��

α(d) // Gr(d) = Hom[C,Set]( ˜yDd,G)

Gr(f)=−◦ ˜yDf
��

F (d′)
α(d′)

// Gr(d
′) = Hom[C,Set]( ˜yDd′, G)

for α with respect to the arrow f and that of the diagram

˜y′Dd
′(c)

f // ˜y′Dd(c)

yDd
′

κ
yDd
′

(d′,z′)

OO

(yDf)(d′)
// yDd,

κ
yDd
(d′,z′)

OO

which is an instance of Proposition 3.1(i).

Indeed, α(d′)(Ff(x))(c)(κyDd
′

(d′,z′)(1d′)) = α(d)(x)( ˜yDf(c)(κyDd
′

(d′,z′)(1d′))) =

α(d)(x)(κ
y′Dd

(d′,z′)(f)) = α(d)(x)(c)(κ
y′Dd

(d,z)(1d)), where the �rst equality follows
from the commutativity of the �rst diagram, the second follows from the
commutativity of the second diagram, and the last follows from the fact that
the family {κyDd(d,z) | (d, z) ∈

∫
P (c)} is a cocone.

To complete the de�nition of τ(α), it remains to check that the assign-
ment c → τ(α)(c) de�nes a natural transformation F̃ → G. We have to
verify that for any arrow f : c→ c′ in C, the diagram

F̃ (c)

F̃ (f)
��

τ(α)(c)// G(c)

G(f)

��
F̃ (c′)

τ(α)(c′)
// G(c′)

commutes.
As, by de�nition of F̃ (f), the diagram

F̃ (c)
F̃ (f) // F̃ (c′)

F (d)

κF
(d,z)

OO

κF
(d,P (f)(z))

;;
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commutes and the arrows κF(d,z) are jointly epimorphic (as they are colimit

arrows), the square above commutes if and only if the arrows G(f)◦τ(α)(c)◦
κF(d,z) and τ(α)(c′) ◦ κF(d,P (f)(z)) are equal, that is if and only if they take the

same values at any element x ∈ F (d). Let us set z′ = P (f)(d)(z). By de�ni-

tion of τ(α), τ(α)(c)(κF(d,z)(x)) = α(d)(x)(c)(κyDd(d,z)(1d)), while τ(α)(c′)(κF(d,z′)(x)) =

α(d)(x)(c′)(κyDd(d,z′)(1d)). Now, for any d ∈ D and any x ∈ F (d), α(d)(x) is a

natural transformation ỹd→ G; in particular, the diagram

ỹd(c)

ỹd(f)
��

α(d)(x)(c) // G(c)

G(f)

��
ỹd(c′)

κF
(d,P (f)(z))

// G(c′)

commutes.
The commutativity of this diagram, together with that of the diagram

ỹd(c)
ỹd(f) // ỹd(c′)

yd(d)

κF
(d,z)

OO

κyd
(d,z′)

;;

(which follows by the de�nition of ỹd(f)) now immediately implies our thesis.
Let us now de�ne a function χ assigning to any natural transformation

β : F̃ → G a natural transformation χ(β) : F → Gr. For any d ∈ D, we
de�ne χ(β)(d) : F (d)→ Gr(d) by setting, for each x ∈ F (d), χ(β)(x) equal
to the natural transformation β ◦ ãx : ỹd → G, where ax : yd → F is the
natural transformation corresponding, via the Yoneda lemma, to the element
x ∈ F (c).

To verify that χ(β) is well-de�ned, we have to check that for every arrow
g : d→ d′ in D, the diagram

F (d)

F (g)
��

χ(β)(d)// Gr(d)

Gr(g)=−◦ỹd
��

F (d′)
χ(β)(d′)

// Gr(d
′)

commutes, i.e. for every x ∈ F (d), Gr(g)(χ(β)(d)(x)) = χ(β)(d′)(F (g)(x)).
Now, Gr(g)(χ(β)(d)(x)) = β◦α̃x◦ỹg, while χ(β)(d′)(F (g)(x)) = β◦ ˜αF (g)(x);
but αF (g)(x) = αx ◦ yDg, from which our thesis follows.

The proof of the fact that the correspondences τ and β are natural in F
and G is straightforward and left to the reader.
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To conclude the proof of the theorem, it thus remains to show that τ and
χ are inverse to each other. The veri�cation of the fact that the unit and
counit of the adjunction coincide with those given in the statement of the
theorem is straightforward and left to the reader.

Let us show that for any natural transformation α : F → Gr, χ(τ(α)) =
α. Let us set β = τ(α). We have to prove that for any d ∈ D, x ∈ F (d)

and z ∈ P (c)(d′), α(d)(x)(c) ◦ κyDd(d′,z) = χ(β)(d)(x)(c) ◦ κyDd(d′,z) as functions

yDd(d′)→ G(c), i.e. that for any element g ∈ yDd(d′), α(d)(x)(c)(κyDd(d′,z)(g)) =

(χ(β)(d)(x)(c) ◦ κyDd(d′,z))(g). Now, by de�nition of the functor ˜(−) and of the
correspondence τ , the diagram

˜yDd(c)
ãx(c) // F̃ (c)

β(c) // G(c)

yDd(d′)

κ
yDd
(d′,z)

OO

ax(d′)
// F (d′)

κF
(d′,z)

OO
κF
(d′,z)

OO

u(d′,z)

<<

commutes, and since χ(β)(x) = β◦ãx : ˜yDd→ G, we have that (χ(β)(d)(x)(c)◦
κyDd(d′,z))(g) is equal to α(d′)(F (g)(x))(c)(κyDd

′

(d′,z)(1d′)).

Now, the naturality diagram for α with respect to the arrow g : d → d′

yields the equality α(d)(x) ◦ ˜yDg = α(d′)(Fg(x)) and hence the equality

α(d)(x)(c) ◦ ˜yDg(c) ◦ κyDd
′

(d′,z) = α(d′)(Fg(x))(c) ◦ κyDd
′

(d′,z).
But the commutativity of the diagram

˜yDd′(c)
˜yDd(g)(c)// ˜yDd(c′)

yDd
′(d′)

κ
yDd
′

(d′,z)

OO

yDg(d
′)// yDd(d′)

κ
yDd
(d′,z)

OO

(which follows by de�nition of the functor ˜(−)) implies that α(d)(x)(c) ◦
˜yDg(c)◦κyDd

′

(d′,z) = α(d)(x)(c)◦κyDd(d′,z)◦yDg. Therefore α(d)(x)(c)◦κyDd(d′,z)◦yDg =

α(d′)(Fg(x))(c) ◦ κyDd
′

(d′,z) and evaluating at 1d′ yields the desired equality.
Finally, let us show that the composite τ ◦ χ is equal to the identity.

Let β : F̃ → G be a natural transformation. We have to show that β =
τ(χ(β)). Let us set α = χ(β). To prove that β = τ(α) it is equivalent
to verify that for every object c ∈ C, any pair (d, z) with d ∈ D and z ∈
P (c)(d) and any element x ∈ F (d), β(c)(κF(d,z)(x)) = τ(α)(c)(κF(d,z)(x)).

But τ(α)(c)(κF(d,z)(x)) = α(d)(x)(c)(κyDd(d,z)(1d)) = χ(β)(x)(c)(κyDd(d,z)(1d)) =

(β ◦ ãx)(c)(κyDd(d,z)(1d)) = β(c)((ãx)(c)(κyDd(d,z)(1d))). Thus our thesis follows
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from the commutativity of the diagram

˜yDd(c)
ãx(c) // F̃ (c)

yd(d)

κ
yDd
(d,z)

OO

ax(d) // F (d),

κF
(d,z)

OO

which is an immediate consequence of the de�nition of the functor ˜(−).
�

Remarks 3.13. (a) Let f : D → C be a functor between two small cate-
gories, and let P : C → [Dop,Set] be the functor yC(−) ◦ fop. Notice
that P is the �at functor corresponding, via Diaconescu's equivalence,
to the essential geometric morphism [Dop,Set]→ [Cop,Set] induced by
the functor fop : Dop → Cop. The functor ˜(−) : [D, E ] → [C, E ] coin-
cides with the left Kan extension functor along f , while the right adjoint
functor (−)r coincides with the functor − ◦ f : [C, E ]→ [D, E ].

(b) Let u : Sh(D,K) → Sh(C, J) be a geometric morphism. Then for any
Grothendieck topos E , u induces as in section 3 a functor

ξE : FlatK(D, E)→ FlatJ(C, E) .

By Diaconescu's equivalence, the morphism u corresponds to a �at func-
tor C → Sh(D,K), which composed with the canonical geometric inclu-
sion Sh(D,K) ↪→ [Dop,Set] yields a functor P : C → [Dop,Set]. Then
ξE coincides with the restriction of the functor ˜(−) : [D, E ] → [C, E ] in-
duced by P as in the theorem to the full subcategories FlatK(D, E) ↪→
[D, E ] and FlatJ(C, E) ↪→ [C, E ]. In general, the right adjoint functor
(−)r : [C, E ] → [D, E ] does not restrict to these subcategories, but if
it does, it becomes a right adjoint to the functor ξE : FlatK(D, E) →
FlatJ(C, E).

This notably applies in the case of the geometric morphism

pK : [K,Set]→ Sh(CT, JT)

considered in section 3.3. In this case, C = CT, D = Kop and P is the
functor CT → [K,Set] sending any geometric formula φ(~x) to the functor
M → [[~x . φ]]M .

(c) By a basic property of adjoint functors, the (left adjoint) functor

˜(−) : [D, E ]→ [C, E ]

is full and faithful if and only if the unit ηF : F → (F̃ )r is an isomorphism
for any F in [D, E ]. It easily follows (by purely formal considerations)
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that for every full subcategory H of [D, E ] with canonical embedding
i : H ↪→ [D, E ], the composite functor ˜(−) ◦ i is full and faithful if and
only if the unit ηF : F → (F̃ )r is an isomorphism for any F in H.

The following proposition will be useful in the sequel; see section 2.2 for
the notation employed in it.

Proposition 3.14. Let f : D → C be a functor between small categories, E
a Grothendieck topos and F a functor Cop → E. Then the E-indexed functor∫

(F ◦ fop)
E
→

∫
F
E
sending any object (c, x) of

∫
(F ◦ fop)E to the object

(f(c), x) of (
∫
F )E is E-�nal if and only if the E-indexed functor

∫
εF
E

:∫
( ˜F ◦ fop)

E
→

∫
F
E
induced by the natural transformation εF : ˜F ◦ f → F

of Theorem 3.12 is E-�nal.

Proof From the general analysis of section 3.1 we know that for any c ∈ C,
˜F ◦ fop(c) = colim(F ◦ fop ◦ πc), where πc is the canonical projection to

Dop from the category Ac whose objects are the pairs (d, h), where d is
an object of the category D and h is an arrow c → f(d) in C, and whose
arrows are the obvious ones. The arrow εF : ˜F ◦ f → F is de�ned by
the property that for any object (d, h) of Ac, εF (c) ◦ κF(d,h) = F (h), where

κF(d,h) : F (f(d))→ colim(F ◦ fop ◦ πc) is the canonical colimit arrow.
Now, the thesis follows immediately from the fact that for any object of

the category
∫

( ˜F ◦ fop)E of the form (c, κF(d,h) ◦ y), where y is a generalized

element E → F (f(d)), (
∫
εF )E((c, κF(d,h) ◦ y)) = (c, F (h) ◦ y), invoking the

fact that the colimit arrows are jointly epimorphic. �

4 Preliminary results on theories of presheaf type

In this section we establish some results on theories of presheaf type which
will be important in the sequel.

4.1 A syntactic description of �nitely presentable models

For a theory of presheaf type T, it is possible to give an explicit syntactic
description of the �nitely presentable T-models; speci�cally, we have the
following result.

Theorem 4.1. Let T be a theory of presheaf type over a signature Σ and
{~x . φ} be a formula over Σ presenting a T-model U{~x.φ}. Then U{~x.φ} is
isomorphic to the Σ-structure M{~x.φ} de�ned as follows:

(i) for any sort A over Σ, M{~x.φ}A is equal to the set HomCT({~x . φ}, {xA .
>}) of T-provably functional geometric formulae from {~x . φ} to {xA .
>};
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(ii) for any function symbol f : A1, . . . , An → B over Σ, the function
M{~x.φ}f : HomCT({~x . φ}, {xA1 . >}) × · · · × HomCT({~x . φ}, {xAn .
>}) ∼= HomCT({~x . φ}, {xA1 , . . . , xAn . >}) → HomCT({~x . φ}, {xB .
>}) is equal to [f ] ◦ − (where [f ] : {xA1 , . . . , xAn . >} → {xB . >} is
the morphism in CT corresponding to f);

(iii) for any relation symbol R � A1, . . . , An, M{~x.φ}R is the subobject of

HomCT({~x . φ}, {xA1 . >}) × · · · × HomCT({~x . φ}, {xAn . >}) ∼=
HomCT({~x . φ}, {xA1 , . . . , xAn . >}) given by [R] ◦ −, (where [R] :
{xA1 , . . . , xAn . R}� {xA1 , . . . , xAn . >} is the subobject in CT corre-
sponding to R).

Proof Recall that we have a canonical equivalence of categories

FlatJT(CT,Set) ' T-mod(Set),

sending any �at JT-continuous functor F : CT → Set to the T-model F (MT),
where MT is the universal model of T in CT.

We know from [8] that for any theory of presheaf type T over a signature
Σ, any formula-in-context {~x . φ} over Σ which presents a T-model is T-
irreducible, in the sense that every JT-covering sieve on {~x . φ} in CT is
maximal. From this it easily follows that the (�at) representable functor
HomCT({~x . φ},−) : CT → Set is JT-continuous; indeed, for any JT-covering
sieve S on an object {~y . ψ} of CT, any arrow γ : {~x . φ} → {~y . ψ} in CT
factors through one of the arrows belonging to S as the pullback of S along
γ is JT-covering and hence maximal. The image HomCT({~x . φ},MT) under
this functor of the model MT, which clearly coincides with the Σ-structure
M{~x.φ} in the statement of the theorem, is therefore a T-model. In order to
deduce our thesis, it thus remains to verify that the model M{~x.φ} satis�es
the universal property of the T-model presented by the formula {~x . φ},
i.e. that for any T-model N in Set, the T-model homomorphisms M{~x.φ} =
HomCT({~x . φ},MT) → N are in natural bijection with the elements of the
set [[~x . φ]]N . But the T-model homomorphisms HomCT({~x . φ},MT)→ N ,
are in natural bijection, by the equivalence FlatJT(CT,Set) ' T-mod(Set),
with the natural transformations HomCT({~x . φ},−) → FN , that is, by the
Yoneda lemma, with the elements of the set FN ({~x . φ}) = [[~x . φ]]N , as
required. �

Remarks 4.2. (a) If T is a universal Horn theory (in the sense of [3])
and φ(~x) is a �nite conjunction of atomic formulas in a context ~x =
(xA1 , . . . , xAn) then the set M{~x.φ}A can be identi�ed with the set of
equivalence classes of terms over Σ of type A1, . . . , An → A modulo the
equivalence relation which identi�es two terms t1 and t2 precisely when
the sequent (φ `~x t1 = t2) is provable in T. Indeed, it is shown in [3] (cf.
p. 120 therein) that any T-provably functional geometric formula θ(~x, ~y)
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between Horn formulae over Σ is T-provably equivalent to a formula of
the form ~y = ~t(~x), where ~t is a sequence of terms of the appropriate sorts
in the context ~x.

(b) Let T be a geometric theory over a signature Σ, K a small category of
set-based T-models and φ(~x) a geometric formula over Σ presenting a
T-model in K. If the geometric morphism

p : [K,Set]→ Sh(CT, JT)

has the property that its inverse image p∗ is full and faithful (for instance,
if p is hyperconnected) then φ(~x) is T-irreducible and the argument in
the proof of Theorem 4.1 applies yielding a syntactic description of the
model presented by φ(~x) as speci�ed in the statement of the theorem.
Indeed, denoted by y and y′ the Yoneda embeddings respectively of CT
into Sh(CT, JT) and of Kop into [K,Set], we have that p∗(y{~x . φ}) ∼=
y′(M{~x.φ}). Now, as y′(M{~x.φ}) is an irreducible object in the topos
[K,Set] and the property of an object of a topos to be irreducible is
re�ected by full and faithful inverse images of geometric morphisms,
y{~x . φ} is an irreducible object of the topos Sh(CT, JT), equivalently
φ(~x) is T-irreducible, as required.

4.2 Objects of homomorphisms

For any �rst-order signature Σ and any Grothendieck topos E , we have a
E-indexed category Σ-str(E) whose �bre at E ∈ E is the category Σ-str(E)
and whose `change of base' functors are the obvious pullback functors. For
any sort A over Σ, we have a E-indexed forgetful functor UA : Σ-str(E)→ EE
assigning to any Σ-structure M in the topos E/E the object MA. It is easy
to see, by adapting the classical proof in the case E = Set and exploiting
Theorem 2.12, that the E-indexed functors UA jointly create colimits of E-
indexed diagrams de�ned on E-�nal and E-�ltered subcategories AE of a
small E-indexed category. Indeed, the notion of Σ-structure only involves
�nite set-indexed limits, and, as we have remarked above, the colimit functor
colimE : [AE , EE ] → EE preserves them. Moreover, the structure used in
interpreting geometric formulae over Σ is all derived from set-indexed �nite
limits and arbitrary colimits, which are both preserved by colimE (the fact
that colimits commute with colimits is obvious, while the commutation with
�nite limits has been observed above). This implies that for any geometric
theory T over Σ, the E-indexed full subcategory T-mod(E) of Σ-str(E) is
closed in Σ-str(E) under E-indexed colimits of diagrams de�ned on E-�nal
and E-�ltered subcategories AE of a small E-indexed category.

The following result asserts that the indexed category of models of a
geometric theory in a Grothendieck topos is locally small.
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Theorem 4.3. Let T be a geometric theory. Then for any T-models M and
N in a Grothendieck topos E there exists an object HomET-mod(E)(M,N) of

E, called the `object of T-model homomorphisms from M to N ', satisfying
the universal property that for any object E of E the generalized elements
E → HomET-mod(E)(M,N) are in bijective correspondence, naturally in E ∈
E, with the T-model homomorphisms !∗E(M)→!∗E(N) in T-mod(E/E).

Proof We recall from [5] that for any small category C and any Grothendieck
topos E , for any two functors F,G : C → E there exists an objectHomE(F,G)
satisfying the property that for any object E of E the generalized elements
E → HomE(F,G) are in bijective correspondence, naturally in E ∈ E , with
the arrows !∗E◦F →!∗E◦G in [C, E/E], that is with the natural transformations
!∗E ◦F →!∗E ◦G. This implies that for any Grothendieck topos E the indexed
category [C, E ]E of functors on C with values in E and natural transformations
between them is locally small. Clearly, it follows at once that any E-indexed
full subcategory of [C, E ]E , such as for example the indexed category of J-
continuous �at functors on C with values in E , is also locally small.

Now, every geometric theory T is Morita-equivalent to the theory of �at
JT-continuous functors CT (cf. [21]); in other words, the E-indexed category
T-mod(E) is equivalent to the E-indexed category of �at JT-continuous func-
tors on CT with values in E . Hence T-mod(E) is locally small, as required.�

Remarks 4.4. (a) The assignment (M,N)→ HomET-mod(E)(M,N) is func-

torial both in M and N ; that is, any homomorphism f : M → M ′ in
T-mod(E) (resp. any homomorphism g : N ′ → N in T-mod(E)) induces
an arrow

HomET-mod(E)(f,N) : HomET-mod(E)(M
′, N)→ HomET-mod(E)(M,N)

(resp. an arrow

HomET-mod(E)(M, g) : HomET-mod(E)(M,N ′)→ HomET-mod(E)(M,N))

functorially in f (resp. functorially in g).

(b) For any Grothendieck topos E and T-models M and N in E , we have a
canonical embedding

HomFT-mod(E)(M,N)→
∏

A sort of Σ

NAMA

induced by arrows

πA : HomET-mod(E)(M,N)→ NAMA
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(for any sort A of Σ) de�ned in terms of generalized elements as follows:
πA sends any arrow E → HomET-mod(E)(M,N) in E , corresponding to

a T-model homomorphism r :!∗E(M) →!∗EM in E/E, to the arrow E →
NAMA whose transpose is the `evaluation' !∗E(MA) →!∗E(NA) at A of
r.

(c) For any T-modelsM andN in a Grothendieck topos E and any geometric
morphism f : F → E , there is a canonical arrow

f∗(HomET-mod(E)(M,N))→ HomFT-mod(F)(f
∗(M), f∗(N)) .

Indeed, this arrow corresponds, by the universal property of the object
HomFT-mod(F)(f

∗(M), f∗(N)) to the T-model homomorphism

f∗(HomET-mod(E)(M,N))× f∗(M)→ f∗(HomET-mod(E)(M,N))× f∗(N) .

in the topos F/(f∗(HomFT-mod(E)(M,N))) whose �rst component, at any

sort A, is the canonical projection and whose second component at A is
the arrow

f∗(HomET-mod(E)(M,N))×f∗(MA) ∼= f∗(HomET-mod(E)(M,N)×MA)→ f∗(NA) .

obtained by taking the image under f∗ of the arrow

HomET-mod(E)(M,N)×MA→ NA

given by the transpose of the arrow πA : HomET-mod(E)(M,N)→ NAMA

de�ned above.

(d) Since the E-indexed category T-mod(E) is locally small (cf. the proof of
Theorem 4.3), we have a E-indexed hom functor

HomET-mod(E)(−,−) : T-mod(E)× T-mod(E)→ EE

The following proposition provides an explicit description of the gener-
alized elements of the objects of homomorphism of Theorem 4.3 in a par-
ticular case of interest. In the statement of the proposition, for a T-model
M in a Grothendieck topos E , we denote by HomE(E,M) the Σ-structure
in Set obtained as the image of M under the product-preserving functor
HomE(E,−) : E → Set.

Proposition 4.5. Let T be a geometric theory over a signature Σ,M a model
of T in a Grothendieck topos E, c a set-based T-model and E an object of E.
Then the generalized elements x : E → HomET-mod(E)(γ

∗
E(c),M) correspond

bijectively to the Σ-structure homomorphisms ξx : c→ HomE(E,M).
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Proof By de�nition of HomET-modm(E)(γ
∗
E(c),M), a generalized element

E → HomET-modm(E)(γ
∗
E(c),M) corresponds precisely to a T-model homo-

morphism γ∗E/E(c) →!∗E(M) in the topos E/E. Concretely, such a T-model

homomorphism consists of a family of arros τA : γ∗E/E(cA) →!∗E(MA) in

E/E indexed by the sorts A over Σ which satis�es the preservation con-
ditions de�ning the notion of Σ-structure homomorphism. Now, each of
the arrows τA : γ∗E/E(cA) →!∗E(MA) corresponds, via the adjunction be-

tween γ∗E/E and the global section functor on the topos E/E, to a func-

tion ξA : cA → HomE(E,MA), and it is immediate to see that the above-
mentioned preservation conditions translate precisely into the requirement
that the arrows ξA : cA → HomE(E,M) should yield a Σ-structure homo-
morphism c→ HomE(c,M). �

Remark 4.6. If the model c is �nitely presentable also as a Tc-model, where
Tc is the cartesianization of T as de�ned in section 6.4 (notice that this is
always the case if Σ is �nite and T has only a �nite number of axioms,
cf. Theorem 6.4 [6]) then, if φ(~x) is a formula over Σ which presents it,
the Σ-structure homomorphisms c → HomE(E,M) can be identi�ed with
the elements of the interpretation of the formula φ(~x) in the Σ-structure
HomE(E,M).

4.3 Strong �nite presentability

We shall show in this section that the �nitely presentable models of a theory
T of presheaf type enjoy a strong form of �nite presentability by a geometric
formula with respect to the models of T in arbitrary Grothendieck toposes.

Let T be a geometric theory over a signature Σ, c a set-based model of
T, φ(~x) a geometric formula over Σ and ~u an element of [[~x . φ]]c. Then for
any model M of T in a Grothendieck topos E there is a canonical arrow

τMφ(~x),~u : HomET-mod(E)(γ
∗
E(c),M)→ [[~x . φ]]M

in E , de�ned on generalized elements as follows: τMφ(~x),~u sends a generalized
element

E → HomET-mod(E)(γ
∗
E(c),M),

corresponding under the bijection of Proposition 4.5 to a Σ-structure ho-
momorphism f : c → HomE(E,M), to the image of ~u under f ; notice
that such element indeed belongs to HomE(E, [[~x . φ]]M ) since, as f is a
Σ-structure homomorphism, the image of [[~x . φ]]c under f is contained
in [[~x . φ]]HomE(E,M), which is contained in HomE(E, [[~x . φ]]M ) since the
functor HomE(E,−) is cartesian.
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De�nition 4.7. Let T be a geometric theory over a signature Σ, and c a
model of T in Set. The T-model c is said to be strongly �nitely presented if
there exists a geometric formula φ(~x) over Σ and a �nite string of elements
~u of [[~x . φ]]c, called the strong generators of c, such that for any T-model
M in a Grothendieck topos E the arrow

τMφ(~x),~u : HomET-mod(E)(γ
∗
E(M{~x.φ}),M)→ [[~x . φ]]M

is an isomorphism (equivalently, the Σ-structure homomorphisms ξ : c →
HomE(E,M) are in natural bijection with the generalized elements E →
[[~x . φ]]M via the assignment ξ → ξ(~u)).

Remark 4.8. If the latter condition in the de�nition is satis�ed by all models
M of T inside Grothendieck toposes for E = 1E then it is true in general, by
the localization principle.

Theorem 4.9. Let T be a theory of presheaf type classi�ed by the topos
[K,Set], where K is a small subcategory of T-mod(Set), M a T-model in a
Grothendieck topos E and c a T-model in K. Then there is a natural bijective
correspondence between the Σ-structure homomorphisms c → HomE(E,M)
and the elements of the set HomE(E,FMc), where FM is the �at functor
Kop → E corresponding to the model M via the canonical Morita-equivalence
for T.

Proof We can clearly suppose without loss of generality E = 1E . The
adjunction between γ∗E and the global sections functor ΓE : E → Set pro-
vides a natural bijective correspondence between the elements of the set
HomE(E,FMc) and the natural transformations γ∗E ◦ yc → FM . By the
canonical Morita-equivalence

τE : Flat(Kop, E) ' T-mod(E),

for T, such natural transformations are in natural bijective correspondence
with the T-model homomorphisms γ∗E(c)

∼= τ(γ∗E ◦ yc) → τ(FM ) = M . But
these homomorphisms are, by Proposition 4.5, in natural bijective correspon-
dence with the Σ-structure homomorphisms c→ HomE(1E ,M), as required.

�

Corollary 4.10. Let T be a theory of presheaf type and φ(~x) a formula
presenting a T-model M{~x.φ}. Then M{~x.φ} is strongly �nitely presented by
φ(~x), i.e. for any T-model M in a Grothendieck topos E and any object E
of E, the Σ-structure homomorphisms M{~x.φ} → HomE(E,M) correspond
bijectively to the elements of the set HomE(E, [[~x . φ]]M ), via the assignment
sending a Σ-structure homomorphism M{~x.φ} → HomE(E,M) to the image
under it of the generators of M{~x.φ}.
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Proof Clearly, we can suppose without loss of generality E = 1E .
By the results of [5], the canonical Morita-equivalence

Flat(f.p.T-mod(Set)op, E) ' T-mod(E)

for T can be described as the correspondence sending, on one hand, to any
T-model M the �at functor FM := HomT-mod(E)(γ

∗
E(c),M) and conversely

to any �at functor F : f.p.T-mod(Set)op → E the model F̃ (MT), where
F̃ : CT → E is the extension of F to the syntactic category CT (in the sense of
section 3.3). By Theorem 3.5, for any T-modelM in a Grothendieck topos E ,
there is an isomorphism z(M,{~x.φ}) : FM (M{~x.φ}) ∼= F̃M ({~x . φ}) = [[~x . φ]]M .
Thus, applying Theorem 4.9 to the model c = M{~x.φ}, we obtain a bi-
jective correspondence between the Σ-structure homomorphisms M{~x.φ} →
HomE(1E ,M) and the elements of the set HomE(1E , [[~x . φ]]M ). It remains
to show that this correspondence can be identi�ed with the assignment send-
ing a Σ-structure homomorphism M{~x.φ} → HomE(1E ,M) to the image un-
der it of the generators of M{~x.φ}. Recall that the bijection of Theorem 4.9
can be described as follows: any Σ-structure homomorphism f : M{~x.φ} →
HomE(1E ,M), corresponding to a T-model homomorphism γ∗E(M{~x.φ}) →
M , and hence, via the canonical Morita-equivalence for T, to a natural
transformation γ∗E ◦ yM{~x.φ} ∼= Fγ∗E(M{~x.φ}) → FM (where y is the Yoneda

embedding f.p.T-mod(Set)op ↪→ [f.p.T-mod(Set),Set]), is sent to the global
element of FM (M{~x.φ}) corresponding via the Yoneda lemma to this trans-
formation. To deduce our thesis, it thus remains to verify that the canonical
isomorphism of functors γ∗E ◦ yM{~x.φ} = γ∗E ◦ FM{~x.φ} ∼= Fγ∗E(M{~x.φ}), when
evaluated in M{~x.φ} and composed with the isomorphism z(γ∗E(M{~x.φ}),{~x.φ}) :

Fγ∗E(M{~x.φ})(M{~x.φ})
∼= [[~x . φ]]γ∗E(M{~x.φ})

∼= γ∗E([[~x . φ]]M{~x.φ}) sends the co-

product component of γ∗E(yM{~x.φ}(M{~x.φ})) corresponding to the identity on
M{~x.φ} to the coproduct component of γ∗E([[~x . φ]]M{~x.φ}) corresponding to
the generators of M{~x.φ}. By the naturality in E of the Morita-equivalence
for T we can clearly suppose, without loss of generality, E equal to Set.
But from the proof of Theorem 4.1, it is clear that the generators of M{~x.φ}
correspond to the identity on {~x . φ}) via the Yoneda lemma; hence they
correspond to the identity on M{~x.φ} via the above-mentioned bijection, as
required.

Remark 4.11. We can express the bijective correspondence of Corollary
4.10 by saying that for any Grothendieck topos E the E-indexed functor
[[~x . φ]]− : T-mod(E) → EE assigning to any T-model M the interpretation
of φ(~x) inM is represented as a E-indexed functor by the object γ∗E(M{~x.φ}),
in the sense of being naturally isomorphic to the E-representable functor
HomET-mod(E)(γ

∗
E(M{~x.φ}),−).

�
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4.4 Semantic E-�nite presentability

In this section, we introduce a semantic notion of E-�nite presentability
of a model M of a geometric theory T in a Grothendieck topos E , which
generalizes the classical notion in the context of �nitely accessible categories,
and show that all the `constant' �nitely presentable models of a theory of
presheaf type in a Grothendieck topos E are E-�nitely presentable.

For any Grothendieck topos E , we can make any small category C into
a E-indexed category CE de�ned by: CE = C for all E ∈ E and Cα = 1C
for all arrows α in E . To any (set-indexed) diagram D : C → E corre-
sponds a E-indexed functor DE : CE → EE de�ned by: for any object E of
E , DEE =!∗E ◦ D, where !∗E : E → E/E is the pullback functor along the
unique arrow E → 1E in E . Since the pullback functors preserve all small
limits and colimits, giving a colimiting cocone (resp. a limiting cone) on the
diagram D in the classical sense is equivalent to giving a E-indexed colim-
iting cocone (resp. limiting cone) over the E-indexed diagram DE . Since
the E-indexed category EE is complete, for any E-indexed category AE , the
E-indexed functor category [AE , EE ] is also complete (since limits are com-
puted pointwise); in particular, it has limits of diagrams de�ned on E-indexed
categories of the form CE . On the other hand, if AE is a E-�nal E-�ltered
subcategory of a small E-indexed category, the cocompleteness of EE as a E-
indexed category ensures that there exists a well-de�ned E-indexed colimit
functor colimE : [AE , EE ]→ EE . It is easy to see, by mimicking the classical
proof of the fact that �nite limits commute with �ltered colimits, that this
functor preserves limits of diagrams de�ned on E-indexed categories of the
form CE for a �nite category C.

De�nition 4.12. Let T be a geometric theory and M be a model of T
in a Grothendieck topos E . Then M is said to be E-�nitely presentable if
the E-indexed functor HomET-mod(E)(M,−) : T-mod(E) → EE of section 4.2

preserves E-�ltered colimits (of E-�nal and E-�ltered subcategories of a small
E-indexed category).

Theorem 4.13. Let T be a theory of presheaf type and c a �nitely presentable
T-model. Then for any Grothendieck topos E, the T-model γ∗E(c) is E-�nitely
presentable.

Proof If c is presented by a geometric formula φ(~x) over the signature
Σ of T, by Corollary 4.10, the functor HomET-mod(E)(γ

∗
E(c),M) is naturally

isomorphic to the functor [[~x . φ]]− : T-mod(E)→ EE .
This latter functor preserves E-�ltered colimits (of E-�nal and E-�ltered

subcategories of a small E-indexed category) since the structure used in in-
terpreting geometric formulae over Σ is all derived from set-indexed �nite
limits and arbitrary colimits, which, as remarked above, are all preserved by
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E-indexed functors of the form colimE : [AE , EE ]→ EE where AE is a E-�nal
E-�ltered subcategory of a small E-indexed category. �

Remarks 4.14. (a) The proof of the theorem shows that, more generally,
for any strongly �nitely presentable model c of a geometric theory T
in the sense of De�nition 4.7 (for instance, a �nite model of T if the
signature of T is �nite - note that such a model is �nitely presented
with respect to the empty theory over the signature of T by Theorem
6.4 [6]) and any Grothendieck topos E , the T-model γ∗E(c) is E-�nitely
presentable.

(b) We could have more strongly required in De�nition 4.12 the preserva-
tion of all existing colimits of diagrams de�ned on E-�ltered E-indexed
categories, in the sense of De�nition 2.1. The theorem remains true with
respect to this stronger notion, but a smallness condition for the domain
category, such as the requirement for it to be a E-�nal and E-�ltered
E-indexed subcategory of a small E-indexed category, is necessary to
dispose of the explicit characterization of �ltered colimits provided by
Corollary 2.24.

The following proposition provides an explicit characterization of the E-
�nitely presentable models of a geometric theory T.

Proposition 4.15. Let T be a geometric theory, E a Grothendieck topos
and c a T-model in E. Then c is E-�nitely presentable if and only if for
every E-indexed diagram D : AE → T-mod(E) de�ned on a E-�ltered E-
�nal subcategory AE of a small E-indexed category with E-indexed colimiting
cocone (M,µ) (we denote by µ(E,x) : DE(x) →!∗E(M) the colimit arrows),
the following conditions are veri�ed:

(a) For any object E of E and T-model homomorphism h :!∗E(c)→!∗E(M) in
the topos E/E there exists an epimorphic family {ei : Ei → E | i ∈ I} in
E and for each i ∈ I an object xi of AEi and a T-model homomorphism
αi :!∗Ei(c)→ DEi(xi) in the topos E/Ei such that for all i ∈ I, µ(Ei,xi) ◦
αi = e∗i (h);

(b) For any pairs (x, y) and (x′, y′), where x and x′ are objects of AE, f is an
arrow F → E in E, y is a T-model homomorphism !∗F (c) → f∗(DE(x))
in E/F and y′ is a T-model homomorphism !∗F (c)→ f∗(DE(x′)) in E/F ,
we have f∗(µE(x)) ◦ y = f∗(µE(x′)) ◦ y′ if and only if there exists an
epimorphic family {fi : Fi → F | i ∈ I} in E and for each i ∈ I arrows
gi : Af◦fi(x)→ zi and hi : Af◦fi(x′)→ zi in the category AFi such that
DFi(gi) ◦ f∗i (y) = DFi(hi) ◦ f∗i (y′).

Proof The proposition follows as an an immediate consequence of Corollary
2.24, applied to the composite E-indexed functor HomET-mod(E)(c,−) ◦D. �
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Remark 4.16. By the construction of (small) E-indexed colimits in the
E-indexed category T-mod(E), a E-indexed cocone (M,µ) over a diagram
D : AE → T-mod(E) as in the statement of the proposition is colimiting
if and only if for every sort A over the signature of T, UA((M,µ)) is a
colimiting cocone over the diagram UA ◦D in EE .

5 Semantic criteria for a theory to be of presheaf

type

In this section we establish our main characterization theorem providing
necessary and su�cient conditions for a geometric theory to be of presheaf
type. These conditions are entirely expressed in terms of the models of the
theory in arbitrary Grothendieck toposes.

We shall �rst prove the theorem and then proceed to reformulate its
conditions in more concrete terms so for them to be directly applicable in
practice.

5.1 The characterization theorem

Recall from [5] that the classifying topos of a theory of presheaf type T can
be canonically represented as the topos [f.p.T-mod(Set),Set] of set-valued
functors on the category f.p.T-mod(Set) of �nitely presentable T-models in
Set. This is not the only possible representation of the classifying topos of
T as a presheaf topos, but for any small category K, T is classi�ed by the
topos [K,Set] if and only if the Cauchy-completion of K is equivalent to
f.p.T-mod(Set).

Theorem 5.1. Let T be a geometric theory over a signature Σ and let K
be a full subcategory of f.p.T-mod(Set). Then T is a theory of presheaf type
classi�ed by the topos [K,Set] if and only if all of the following conditions
are satis�ed:

(i) For any T-model M in a Grothendieck topos E, the functor HM :=
HomET-mod(E)(γ

∗
E(−),M) : Kop → E is �at;

(ii) The extension H̃M : CT → E of the functor HM : Kop → E to the
syntactic category CT (in the sense of section 3.3) satis�es the property
that the canonical morphism H̃M (MT)→M is an isomorphism;

(iii) Any of the following conditions (equivalent, under assumptions (i) and
(ii)) is satis�ed:

(a) For any model c in K, T-model M in a Grothendieck topos E and
geometric morphism f : F → E, the canonical morphism

f∗(HomET-mod(E)(γ
∗
E(c),M))→ HomFT-mod(F)(γ

∗
F (c), f∗(M))
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provided by Remark 4.4(c) using the identi�cation γ∗F (c) ∼= f∗(γ∗E(c)),
is an isomorphism;

(b) For any �at functor F : Kop → E, the canonical natural transfor-
mation

ηF : F → HomET-mod(E)(γ
∗
E(−), F̃ (MT)) ∼= HomEFlatJT (CT,E)(γ

∗
E◦ ˜yK(−), F̃ )

of Theorem 3.12 is an isomorphism, where yK : Kop ↪→ Flat(Kop,Set)
is the Yoneda embedding;

(c) The functor

uT(K,E) : Flat(Kop, E)→ FlatJT(CT, E) ' T-mod(E)

of section 3.3 is full and faithful.

Proof Let us begin by proving that each of the three listed conditions are
necessary.

By the results in [5], if T is of presheaf type classi�ed by the topos [K,Set]
then we have a Morita-equivalence

τE : Flat(Kop, E) ' T-mod(E)

which can be supposed canonical without loss of generality, i.e. which sends
any �nitely presentable T-model c in K to the functor γ∗E ◦yKc. It follows that
for any T-modelM in a Grothendieck topos E , with corresponding �at func-
tor FM under this Morita-equivalence, the object HomET-mod(E)(γ

∗
E(c),M) is

isomorphic to the object HomEFlat(Kop,E)(γ
∗
E ◦ yKc, FM ) ∼= FM (c), naturally

in M and in c. Therefore the functor

HomET-mod(E)(γ
∗
E(−),M) : Kop → E

is �at, it being isomorphic to FM . This proves that condition (i) of the
theorem is satis�ed.

Next, we notice that the left-to-right functor forming the canonical Morita-
equivalence τE for T can be described as follows: for any �at functor F :
Kop → E , the T-model corresponding to it is naturally isomorphic to the
model F̃ (MT). Indeed, as the Morita-equivalence for T is canonical, it is
induced by the canonical geometric morphism (in fact, equivalence) pK :
[K,Set] → Sh(CT, JT), i.e. it is given by the composite of the induced
equivalence Flat(Kop, E) ' FlatJT(CT, E) with the canonical equivalence
FlatJT(CT, E) ' T-mod(E) sending any �at JT-continuous functor G on CT
to the T-model G(MT).

The fact that τE is an equivalence thus implies that the canonical arrow
H̃M →M is an isomorphism. This shows that condition (ii) of the theorem
is satis�ed.
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The fact that condition (iii)(c) is satis�ed also immediately follows from
the fact that τE is an equivalence.

We have thus proved that conditions (i), (ii) and (iii)(c) of the theorem
are necessary.

Let us now show that conditions (i), (ii) and (iii)(b) are, all together,
su�cient for the theory T to be classi�ed by the topos [K,Set].

First, we notice that condition (iii)(b) implies condition (iii)(a) under
the assumption that condition (i) holds. Indeed, for any T-model M in a
Grothendieck topos E , condition (i) ensures that the functor HM : Kop → E
is �at. On the other hand, for any geometric morphism f : F → E condition
(iii)(b) yields, in view of the naturality in E of the operation ˜(−), a natural
isomorphism between the �at functor f∗ ◦HM and the functor Hf∗(M). This
ensures that the requirement of condition (iii)(a) is satis�ed.

Under conditions (i), (ii) and (iii)(b), we shall construct, for any Grothen-
dieck topos E , a categorical equivalence

Flat(Kop, E) ' T-mod(E)

natural in E .
We shall de�ne two functors GE : Flat(Kop, E) → T-mod(E) and HE :

T-mod(E)→ Flat(Kop, E) which are natural in E and categorical inverses to
each other (up to isomorphism).

We set HE(M) equal to the functor

HomET-mod(E)(γ
∗
E(−),M) : Kop → E .

This assignment is natural inM (cf. Remark 4.4) and hence de�nes a functor
HE : T-mod(E)→ Flat(Kop, E), which is natural in E by condition (iii)(a).

In the converse direction, for any �at functor F : Kop → E we set
GE(F ) = F̃ (MT). Clearly, this assignment is natural in F and de�nes a
functor GE : Flat(Kop, E)→ T-mod(E).

For each Grothendieck topos E , the functors GE and HE are categorical
inverses to each other (up to isomorphism). Indeed, condition (iii)(b) ensures
that HE ◦ GE is naturally isomorphic to the identity, while condition (ii)
ensures that GE ◦HE is naturally isomorphic to the identity.

Now, the functors

GE : Flat(Kop, E)→ T-mod(E)

and
HE : T-mod(E)→ Flat(Kop, E)

are natural in E and therefore induce geometric morphisms

G : [f.p.T-mod(Set),Set]→ Sh(CT, JT)

73



and
H : Sh(CT, JT)→ [K,Set] .

The fact that G and H are two halves of a categorical equivalence between
[K,Set] and Sh(CT, JT) follows immediately from the fact that for every
Grothendieck topos E there are natural isomorphisms between HE ◦GE and
the identity functor on Flat(Kop, E) and between GE ◦ HE and the iden-
tity functor on T-mod(E), provided respectively by condition (iii)(b) and
condition (ii).

Finally, let us show that, under the assumption of conditions (i) and (ii)
of the theorem, conditions (iii)(a), (iii)(b), (iii)(c) are all equivalent.

Conditions (iii)(b) and (iii)(c) are equivalent by Remark 3.13(c). The
necessity of condition (iii)(a) follows from Remark 4.11 and the fact that any
�nitely presentable model of a theory of presheaf type is �nitely presented
(cf. [8]).

Having already veri�ed that conditions (i), (ii) and (iii)(b) imply all
together that T is classi�ed by the topos [K,Set], and that conditions (iii)(a)
and (iii)(d) are both necessary conditions for T to be of presheaf type, it
remains to check that, under conditions (i) and (ii) of the theorem, condition
(iii)(a) implies condition (iii)(b). We shall do so by verifying that conditions
(i), (ii) and (iii)(a) imply all together that T is classi�ed by the presheaf
topos [K,Set].

Under conditions (i), (ii) and (iii)(a), we clearly have functors

GE : Flat(Kop, E)→ T-mod(E)

and
HE : T-mod(E)→ Flat(Kop, E)

which are natural in E and therefore induce geometric morphisms

G : [K,Set]→ Sh(CT, JT)

and
H : Sh(CT, JT)→ [K,Set] .

Notice that the morphism G coincides with the morphism pK canonically
induced by the universal property of the classifying topos for T by the T-
models in K.

Notice that for any T-model P in E , HE(P ) = f∗P ◦ H∗ ◦ yK, where
fP : E → Sh(CT, JT) is the geometric morphism corresponding to P via the
universal property of the classifying topos and yK : Kop → [K,Set] is the
Yoneda embedding.

Under our assumptions, we have to prove that

H ◦G ∼= 1[K,Set]
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or equivalently, that G∗ ◦H∗ ◦ yK ∼= yK.
Let us consider the geometric morphisms

eN : Set→ [K,Set]

corresponding to the models N of T in K. As the eN are jointly surjective,
it is equivalent to prove that e∗N ◦ G∗ ◦H∗ ◦ yK ∼= e∗N ◦ yK = HomK(−, N)
naturally in N ∈ K.

Let us denote by MG the T-model in [K,Set] corresponding to the geo-
metric morphism G. Clearly, for any T-model N in K, e∗N (MG) ∼= N .

We have that G∗ ◦ H∗ ◦ yK = H[K,Set](MG). But H[K,Set](MG) =
Hom(γ∗[K,Set](−),MG), and, by condition (iii)(a),

e∗N (Hom(γ∗[K,Set](−),MG)) ∼= HomT-mod(Set)(−, e∗N (MG)) ∼= HomK(−, N),

(we have omitted the subscripts and superscripts in the Homs above to
lighten the notation), as required.

On the other hand, if condition (ii) holds then G ◦ H is isomorphic to
the identity, so we can conclude that T is classi�ed by the topos [K,Set].
In particular, T satis�es condition (iii)(b). This completes the proof of the
theorem. �

Remarks 5.2. (a) The following condition is su�cient, together with con-
ditions (i) and (ii) of the theorem (or equivalently, together with con-
dition (i) and the requirement that the models in K should be jointly
conservative for T), to ensure that T is classi�ed by the topos [K,Set]
but necessary only if one assumes the axiom of choice:

(∗) There is an assignmentM → φM ( ~xM ) to a T-model in K of a formula
φM ( ~xM ) presenting it such that every T-model homomorphism M → N
between models in K is induced by a T-provably functional formula from
φN ( ~xN ) to φM ( ~xM ).

This condition can be easier to verify in practice than the original con-
dition since it allows to work with distinguished presentations (rather
than with all of them) of �nitely presentable models of the theory.

The necessity of condition (∗), under the axiom of choice, was estab-
lished in [8]. In the converse direction, it su�ces by Theorem 5.1 to
prove that, under conditions (i) and (ii) (or equivalently, under condi-
tion (i) and the assertion that the models in K are jointly conservative
for T), condition (∗) implies condition (iii)(c). First, we remark that
under either of these assumptions, the canonical geometric morphism
pK : [K,Set] → Sh(CT, JT) is a surjection. From this it easily follows
that for any geometric formulae {~x . φ} and {~y . ψ} over Σ respectively
presenting models c and d in K, there can be at most one provably func-
tional formula {~x . φ} → {~y . ψ} over Σ, up to T-provable equivalence,
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inducing a given homomorphism of T-models d→ c. Condition (∗) thus
implies that we have a well-de�ned full and faithful functor K → CT.
From this it is immediate to see, by invoking Theorem 3.5 and Remark
3.6, that condition (iii)(c) is satis�ed.

(b) If conditions (i) and (ii) in the theorem are satis�ed then the canonical
geometric morphism

pK : [K,Set]→ Sh(CT, JT)

is a surjection; in other words, the models in K are jointly conservative
for T. Indeed, by condition (i) the functor HM , whereM is the universal
model of T lying in its classifying topos, is �at. By applying Corollary
3.7 to it we thus obtain that for any geometric sequent σ = (φ `~x ψ)
over the signature of T, H̃M ({~x . φ}) ≤ H̃M ({~x . ψ}); condition (ii),
combined with the conservativity of M , thus allows to conclude that σ
is provable in T, as required.

(c) Under condition (i), if condition (iii)(a) is satis�ed and the models in
K are jointly conservative for T (that is, every geometric sequent over
Σ which is valid in every model in K is provable in T) then T satis�es
condition (ii). Indeed, the assertion that the models in K should be
enough for the theory T is precisely equivalent to the requirement that
the geometric morphism pK should be a surjection. By the naturality in
E of the operation ˜(−) and that of the functor HE (notice that the latter
follows from condition (iii)(a)), it su�ces to verify, since pK is surjective,
that the canonical morphism H̃M (MT) → M is an isomorphism for M
equal to a model in K. But the fact that this condition holds is obvious,
as required.

(d) Conditions (ii) and (iii)(c) in Theorem 5.1 admit invariant formulations,
which can be pro�tably exploited in presence of di�erent representations
for the classifying topos of T. Indeed, they can both be entirely refor-
mulated in terms of the extension of �at functors operation (in the sense
of section 3.1) along the canonical geometric morphism

pK : [K,Set]→ Set[T]

to the classifying topos Set[T] for T induced by the T-models in K.
Speci�cally, any site of de�nition (C, J) for Set[T] gives rise to a functor

G
(C,J)
E : Flat(Kop, E)→ FlatJ(C, E) .

Condition (iii)(c) asserts that this functor, whose explicit description is
given section 3.1, is full and faithful, while condition (ii) asserts that,
denoting by

uE : FlatJ(C, E) ' T-mod(E)
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the equivalence canonically induced by the universal property of the
classifying topos of T, for any T-model M in a Grothendieck topos E ,
the canonical morphism uE(G

(C,J)
E (HM ))→M is an isomorphism.

(e) Condition (iii)(b) can be split into two separate conditions: ηF is point-
wise monic and ηF is pointwise epic. We shall refer to the �rst condition
as to condition (iii)(b)-(1) and to the second as to condition (iii)(b)-(2).
By Theorem 3.12 and Lemma 7.11 below, condition (iii)(b)-(1) is equiv-
alent to the requirement that the functor uT(K,E) should be faithful.

5.2 Concrete reformulations

In this section we shall give `concrete' reformulations of the conditions of
Theorem 5.1, in full generality as well as in some particular cases in which
they admit relevant simpli�cations.

5.2.1 Condition (i)

In this section we shall give an explicit reformulation of condition (i) in
Theorem 5.1.

Theorem 5.3. Let T be a geometric theory, K a small category of set-based
models of T, E a Grothendieck topos with a separating set S andM a T-model
in E. Then the following conditions are equivalent:

(i) The functor

HM := HomET-mod(E)(γ
∗
E(−),M) : Kop → E

is �at.

(ii) (a) There exists an epimorphic family {Ei → 1E | i ∈ I, Ei ∈ S} and
for each i ∈ I a T-model ci in K and a Σ-structure homomorphism
ci → HomE(Ei,M);

(b) For any T-models c and d in K and Σ-structure homomorphisms
x : c → HomE(E,M) (where E ∈ S) and y : d → HomE(E,M),
there exists an epimorphic family {ei : Ei → E | i ∈ I, Ei ∈ S}
and for each i ∈ I a T-model bi in K, T-model homomorphisms
ui : c → bi, vi : d → bi and a Σ-structure homomorphism zi :
bi → HomE(Ei,M) such that HomE(ei,M) ◦ x = zi ◦ ui and
HomE(ei,M) ◦ y = zi ◦ vi.

(c) For any two parallel homomorphisms u, v : d → c of T-models in
K and any Σ-structure homomorphism x : c → HomE(E,M) in
E (where E ∈ S) for which x ◦ u = x ◦ v, there is an epimorphic
family {ei : Ei → E | i ∈ I, Ei ∈ S} in E and for each index i
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a homomorphism of T-models in K wi : c → bi and a Σ-structure
homomorphism yi : bi → HomE(Ei,M) such that wi ◦ u = wi ◦ v
and yi ◦ wi = HomE(ei,M) ◦ x.

Proof This follows immediately from Proposition 4.5 in view of the charac-
terization of �at functors as �ltering functors established in chapter VII of
[26] and reported in section 2.7. �

Remarks 5.4. (a) If for any T-model M in a Grothendieck topos E and
any object E of E the Σ-structure HomE(E,M) is a T-model then the
three conditions (a), (b) and (c) are satis�ed if they are satis�ed in the
case E = Set.

(b) Condition (ii)(b) implies condition (ii)(c) if all the T-model homomor-
phisms in any Grothendieck topos are monic.

(c) Condition (ii)(a) follows from condition (ii)(a) of Theorem 5.7 below
if the signature of T contains at least one constant. Indeed, for any T-
model M in a Grothendieck topos, the interpretation of such constant
in M will be an arrow 1→MA in the topos, where A is the sort of the
constant; applying part (a) of condition (ii) of Theorem 5.7 thus yields
an epimorphic family satisfying the required property.

(d) If all the T-models in K are �nitely generated as Σ-structures and all
the Σ-structure homomorphisms of the form c → HomE(E,M) (where
c is a T-model in K and M is a T-model in E) are injective if E � 0,
a su�cient condition for property (ii)(b) to hold is that, for any con-
text ~x, the disjunction (> `~x

∨
φ(x)∈I~xK

φ(~x)) be provable in T, where

I~xK is the set of geometric formulae in the context ~x which strongly
�nitely present a T-model in K (in the sense of De�nition 4.7). Indeed,
for any two Σ-structure homomorphisms x : c → HomE(E,M) and
y : d→ HomE(E,M), where c and d are �nitely generated Σ-structures
and E � 0, the substructure re : e ↪→ HomE(E,M) of HomE(E,M)
generated by the images of c under x and of y under y is �nitely gen-
erated, say by elements ξ1, . . . , ξn; by choosing a context ~x of the same
length as the number of generators of e, we obtain an epimorphic family
{ei : Ei → E | i ∈ I, Ei ∈ S,Ei � 0} with the property that for each
i ∈ I there exists a geometric formula φi(~x) strongly presenting a T-
model ui in K such that (ξ1 ◦ ei, . . . , ξn ◦ ei) factors through [[~x . φi]]M .
Therefore, by the universal property of ui as T-model strongly presented
by the formula φi(~x), for each i ∈ I we have a Σ-structure homomor-
phism zi : ui → HomE(Ei,M) which sends the generators of ui to the
element (ξ1 ◦ ei, . . . , ξn ◦ ei). Since zi is injective by our hypothesis and
its image contains a set of generators for e, we have a factorization of
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HomE(ei,M) ◦ re through ri. Therefore both HomE(ei,M) ◦ x and
HomE(ei,M) ◦ y factor through zi. This shows that condition (ii)(b) is
satis�ed.

Let us suppose that every T-model in K is strongly �nitely presented by
a formula over Σ (in the sense of De�nition 4.7) and that every T-model
homomorphism between two models in K is induced by a T-provably func-
tional formula between formulas which present them. Then, in light of the
discussion preceding De�nition 4.7, we can express the conditions for the
functor HM to be �at (equivalently, �ltering) in terms of the satisfaction by
M of certain geometric sequents involving these formulas. Speci�cally, we
have the following result.

Theorem 5.5. Let T be a geometric theory over a signature Σ, K a small
full category of the category of set-based T-models and P a family of geo-
metric formulae over Σ such that every T-model in K is strongly presented
by a formula in P and for any two formulae φ(~x) and ψ(~y) in P present-
ing respectively models c and d in K, any T-model homomorphism d → c
is induced by a T-provably functional formula from φ(~x) to ψ(~y). Then T
satis�es condition (i) of Theorem 5.1 with respect to the category K if and
only if the following conditions are satis�ed:

(i) The sequent

(> `[]

∨
φ(~x)∈P

(∃~x)φ(~x))

is valid in M ;

(ii) For any formulae φ(~x) and ψ(~y) in P, the sequent

φ(~x) ∧ ψ(~y) `~x,~y
∨

χ(~z)∈P,

{~x.φ}
θ1←{~z.χ}

θ2→{~y.ψ} in CT

(∃~z)(θ1(~z, ~x) ∧ θ2(~z, ~y)),

is valid in M ;

(iii) For any T-provably functional formulae θ1, θ2 : φ(~x) → ψ(~y) between
two formulae φ(~x) and ψ(~y) in P, the sequent

θ1(~x, ~y) ∧ θ2(~x, ~y) `~x,~y
∨

χ(~z)∈P,
{~z.χ} τ→{~x.φ} in CT,

τ∧θ1a`Tτ∧θ2

(∃~z)τ(~z, ~x)

is valid in M .

Proof The fact that every model c in K is strongly �nitely presented by a
formula φ(~x) in P ensures that for any object E of E and any T-modelM in E
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the Σ-homomorphism c→ HomE(E,M) are in bijective correspondence with
the generalized elements E → [[~x . φ]]M in E . The thesis then follows from
the Kripke-Joyal semantics for the topos E , noticing that by our hypotheses
for any two formulae φ(~x) and ψ(~y) in P presenting respectively models c
and d in K, any T-model homomorphism d → c is induced by a T-provably
functional formula from φ(~x) to ψ(~y). �

Remarks 5.6. (a) For any geometric theory T and category K satisfying
the hypotheses of the theorem, all the sequents in the statement of the
theorem are satis�ed by every model in K. Therefore, adding them to
T yields a quotient of T satisfying condition (i) of Theorem 5.1 with
respect to the category K.

(b) Under the alternative hypothesis that every model of K is both strongly
�nitely presentable and �nitely generated (with respect to the same gen-
erators), for any two formulae φ(~x) and ψ(~y) in P presenting respectively
models c and d in K, the T-model homomorphisms c→ d are in bijection
(via the evaluation of such homomorphisms at the generators of c) with
the tuples of elements of d which satisfy φ, each of which has the form
(t1(~z), . . . , tn(~z)) (where n is the length of the context ~x) for some terms
t1, . . . , tn in the context ~z over the signature Σ. Conditions (ii) and (iii)
of Theorem 5.5 can thus be reformulated more explicitly as follows:

(ii′) For any formulae φ(~x) and ψ(~y) in P, where ~x = (xA1
1 , . . . , xAnn )

and ~y = (yB1
1 , . . . , yBmm ), the sequent

(φ(~x)∧ψ(~y) `~x,~y
∨

χ(~z)∈P,tA1
1 (~z),...,tAnn (~z)

s
B1
1 (~z),...,sBmm (~z)

(∃~z)(χ(~z) ∧
∧

i∈{1,...,n},
j∈{1,...,m}

(xi = ti(~z) ∧ yj = sj(~z)))),

where the disjunction is taken over all the formulae χ(~z) in P and all
the sequences of terms tA1

1 (~z), . . . , tAnn (~z) and sB1
1 (~z), . . . , sBmm (~z) whose

output sorts are respectively A1, . . . , An, B1, . . . , Bm and such that, de-
noting by ~ξ the set of generators of the modelM{~z.χ} (strongly) �nitely

presented by the formula χ(~z), (tA1
1 (~ξ), . . . , tAnn (~ξ)) ∈ [[~x . φ]]M{~z.χ} and

(sB1
1 (~ξ), . . . , sBmm (~ξ)) ∈ [[~y . ψ]]M{~z.χ} , is valid in M ;

(iii′) For any formulae φ(~x) and ψ(~y) in P, where ~x = (xA1
1 , . . . , xAnn )

and ~y = (yB1
1 , . . . , yBmm ), and any terms tA1

1 (~y), sA1
1 (~y), . . . , tAnn (~y), sAnn (~y)

whose output sorts are respectively A1, . . . , An, the sequent

(
∧

i∈{1,...,n}

(ti(~y) = si(~y)) ∧ φ(t1/x1, . . . , tn/xn) ∧ φ(s1/x1, . . . , sn/xn) ∧ ψ(~y)

`~y
∨

χ(~z)∈P,uB1
1 (~z),...,uBmm (~z)

((∃~z)(χ(~z) ∧
∧

j∈{1,...,m}

(yj = uj(~z))),
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where the disjunction is taken over all the formulae χ(~z) in P and
all the sequences of terms uB1

1 (~z), . . . , uBmm (~z) whose output sorts are

respectively B1, . . . , Bm and such that, denoting by ~ξ the set of gener-
ators of the model M{~z.χ} (strongly) �nitely presented by the formula

χ(~z), (uB1
1 (~ξ), . . . , uBmm (~ξ)) ∈ [[~y . ψ]]M{~z.χ} and ti(u1(~ξ), . . . , um(~ξ)) =

si(u1(~ξ), . . . , um(~ξ)) in M{~z.χ} for all i ∈ {1, . . . , n}, is valid in M .

5.2.2 Condition (ii)

In this section we shall give concrete reformulations of condition (ii) of Theo-
rem 5.1, under the assumption that condition (i) of Theorem 5.1 is satis�ed.

First, notice that the canonical morphism H̃M (MT) → M considered in
condition (ii) is an isomorphism if and only if for every sort A over Σ, the
induced arrow H̃M ({xA . >})→MA is an isomorphism in E . To understand
this condition more concretely, we apply Proposition 3.8 to the geometric
formula {xA . >} and the �at functor F = HM : Kop → E . Recall that the
category AK{xA.>} de�ned in that context has as objects the pairs (c, z) where

c is a T-model in K and z is an element of the set cA and as arrows (c, z)→
(d,w) the T-model homomorphisms g : d → c in K such that gA(w) = z,
and that the equivalence relation R{xA.>} is de�ned by the condition that for
any generalized elements x : E → F (c) and x′ : E → F (d), (x, x′) ∈ R{xA.>}
if and only if there exists an epimorphic family {ei : Ei → E | i ∈ I} and for
each index i ∈ I a T-model ai in K, a generalized element hi : Ei → F (bi)
and two T-model homomorphisms fi : c→ bi and f

′
i : d→ bi in K such that

fiA(z) = f ′iA(w) and 〈F (fi), F (f ′i)〉 ◦ hi = 〈x, x′〉 ◦ ei.
This yields that the canonical arrow H̃M ({xA . >})→MA is an isomor-

phism if and only if (using the notation of Proposition 3.8):

(1) the canonical arrows κ(c,z) : HM (c) → MA for (c, z) ∈ A{xA.>} are
jointly epimorphic and

(2) for any two objects (c, z) and (d,w) of the category A{xA.>} and any
generalized elements x : E → HM (c) and x′ : E → HM (d) (where
E ∈ S), κ(c,z) ◦ x = κ(d,w) ◦ x′ if and only if (x, x′) ∈ R{xA.>}.

Thanks to the identi�cation between the generalized elements x : E →
HM (c) and the Σ-structure homomorphisms fx : c→ HomE(E,M) provided
by Proposition 4.5, we can rewrite conditions (1) and (2) more explicitly.

To this end, we preliminarily notice that for any object (c, z) of the cate-
goryA{xA.>}, the canonical arrow κ(c,z) : HM (c) = HomET-mod(E)(γ

∗
E(c),M)→

MA can be described in terms of generalized elements as the arrow sending
any generalized element x : E → HM (c), corresponding via the identi�cation
of Proposition 4.5 to a Σ-structure homomorphism fx : c → HomE(E,M),
to the generalized element E →MA of MA given by fxA(z). Therefore, for
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any generalized elements x : E → HM (c) and x′ : E → HM (d), correspond-
ing respectively to Σ-structure homomorphisms fx : c → HomE(E,M) and
fx′ : d → HomE(E,M), we have that κ(c,z) ◦ x = κ(d,w) ◦ x′ if and only if
fxA(z) = fx′A(w).

Now, condition (1) can be formulated by saying that for any generalized
element x : E → MA (where E ∈ S) there exists an epimorphic family
{ei : Ei → E | i ∈ I, Ei ∈ S}, a family {(ci, zi) | i ∈ I} of objects of the
category A{xA.>} and generalized elements {yi : Ei → HM (ci) | i ∈ I} such
that x ◦ ei = ξ(ci,zi) ◦ yi for every i ∈ I.

Under the identi�cation of Proposition 4.5, condition (1) thus rewrites as
follows: for any generalized element x : E →MA (where E ∈ S) there exists
an epimorphic family {ei : Ei → E | i ∈ I, Ei ∈ S}, a family {(ci, zi) | i ∈ I}
of objects of the category A{xA.>} and Σ-structure homomorphisms fi : ci →
HomE(Ei,M) such that fiA(zi) = x ◦ ei.

Concerning condition (2), we observe that for any objects (c, z) and (d,w)
of the category A{xA.>} and any Σ-structure homomorphisms fx : c →
HomE(E,M) and fx′ : d → HomE(E,M) (where E ∈ S) corresponding
respectively to generalized elements x : E → HM (c) and x′ : E → HM (d)
via the identi�cation of Proposition 4.5, we have that (x, x′) ∈ R{xA.>} if
and only if there exists an epimorphic family {ei : Ei → E | i ∈ I, Ei ∈ S}
and for each index i ∈ I a T-model ai in K, a Σ-structure homomorphism
hi : bi → HomE(Ei,M) and two T-model homomorphisms fi : c → bi and
f ′i : d→ bi in K such that fiA(z) = f ′iA(w) and hi ◦ fi = HomE(ei,M) ◦ fx
and hi ◦ f ′i = HomE(ei,M) ◦ fx′ .

Summarizing, we have the following result.

Theorem 5.7. Let T be a geometric theory, K a small full subcategory of the
category of set-based models of T, E a Grothendieck topos with a separating
set S and M a T-model in E. Then the following conditions are equivalent:

(i) The extension H̃M : CT → E of the functor HM : Kop → E to the
syntactic category CT (in the sense of section 3.3) satis�es the property
that the canonical morphism H̃M (MT)→M is an isomorphism;

(ii) For any sort A over Σ, the following conditions are satis�ed:

(a) For any generalized element x : E → MA (where E ∈ S) there
exists an epimorphic family {ei : Ei → E | i ∈ I, Ei ∈ S} and
for each index i ∈ I a T-model ci in K, an element zi of ciA and
a Σ-structure homomorphism fi : ci → HomE(Ei,M) such that
(fiA)(zi) = x ◦ ei;

(b) For any two pairs (c, z) and (d,w) consisting of T-models c and d
in K and elements z ∈ cA,w ∈ dA, and any Σ-structure homomor-
phisms f : c→ HomE(E,M) and f ′ : d→ HomE(E,M) (where E
is an object of S), we have that fA(z) = f ′A(w) if and only if there
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exists an epimorphic family {ej : Ej → E | j ∈ J,Ej ∈ S} and for
each index j ∈ J a T-model bj in K, a Σ-structure homomor-
phism hj : bj → HomE(Ej ,M) and two T-model homomorphisms
fj : c → bj and f ′j : d → bj in K such that fjA(z) = fjA

′(w),
hj ◦ fj = HomE(ej ,M) ◦ f and hj ◦ f ′j = HomE(ej ,M) ◦ f ′.

Remarks 5.8. (a) If all the T-model homomorphisms in any Grothendieck
topos are monic and T satis�es condition (ii)(b) of Theorem 5.3 then
condition (ii)(b) of Theorem 5.7 is automatically satis�ed.

(b) A su�cient condition for condition (ii)(a) to hold is that the disjunction
(> `x

∨
φ(x)∈IxK

φ(x)) be provable in T, where IxK is the set of geometric

formulae in one variable which strongly �nitely present a T-model in K
(in the sense of De�nition 4.7).

(c) If for every sort A over Σ the formula {xA . >} strongly presents a
T-model FA in K then condition (i) of the theorem is automatically sat-
is�ed; indeed, under this hypothesis for any sort A over Σ the canonical
arrow H̃M (MT)A = HomET-mod(E)(γ

∗
E(FA),M)→MA is an isomorphism

(cf. section 4.3).

The following result provides an explicit formulation of condition (ii)
of Theorem 5.1 holding for theories T with respect to small categories K
such that every model of K is both strongly �nitely presentable and �nitely
generated (with respect to the same generators).

Theorem 5.9. Let T be a geometric theory over a signature Σ and K a
small full subcategory of the category of set-based T-models such that every
model in K is both strongly �nitely presentable and �nitely generated (with
respect to the same generators). Then T satis�es condition (ii) of Theorem
5.1 with respect to the category K if and only if for every model M of T in a
Grothendieck topos, the following conditions are satis�ed (where P denotes
the set of formulae over Σ which present a model in K):

(i) For any sort A over Σ, the sequent

(> `xA
∨

χ(~z)∈P,tA(~z)

(∃~z)(χ(~z) ∧ x = t(~z))),

where the the disjunction is taken over all the formulae χ(~z) in P and
all the terms tA(~z) whose output sort is A;

(ii) For any sort A over Σ, any formulae φ(~x) and ψ(~y) in P, where
~x = (xA1

1 , . . . , xAnn ) and ~y = (yB1
1 , . . . , yBmm ), and any terms tA(~x) and

sA(~y), the sequent
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(φ(~x) ∧ ψ(~y) ∧ t(~x) = s(~y) `~x,~y
∨

χ(~z)∈P,pA1
1 (~z),...,pAnn (~z)

q
B1
1 (~z),...,qBmm (~z)

(∃~z)(χ(~z)∧

∧
∧

i∈{1,...,n},
j∈{1,...,m}

(xi = pi(~z) ∧ yj = qj(~z))),

where the disjunction is taken over all the formulae χ(~z) in P and all
the sequences of terms pA1

1 (~z), . . . , pAnn and qB1
1 (~z), . . . , qBmm (~z) whose

output sorts are respectively A1, . . . , An, B1, . . . , Bm and such that, de-
noting by ~ξ the set of generators of the model M{~z.χ} (strongly) �nitely

presented by the formula χ(~z), (pA1
1 (~ξ), . . . , pAnn (~ξ)) ∈ [[~x . φ]]M{~z.χ}

and (qB1
1 (~ξ), . . . , qBmm (~ξ)) ∈ [[~y . ψ]]M{~z.χ} and t(p1(~ξ), . . . , pn(~ξ)) =

s(q1(~ξ), . . . , qm(~ξ)) in M{~z.χ}.

Proof The proof is analogous to that of Theorem 5.3 and left to the reader.
�

Remark 5.10. All the sequents in the statement of the theorem are satis�ed
by every model in K. Therefore, adding them to any theory T satisfying the
hypotheses of the theorem yields a quotient of T satisfying condition (ii) of
Theorem 5.1 with respect to the category K.

5.2.3 Condition (iii)

In this section, we shall give concrete reformulations of conditions (iii)(a)-(b)-(c)
of Theorem 5.1.

Let us begin our analysis with a proposition which shows that, under
some natural assumptions which are often veri�ed in practice, condition
(iii)(a) of Theorem 5.1 is satis�ed.

Proposition 5.11. Let T be a geometric theory over a signature Σ and let
K be a small category of T-mod(Set). Then

(i) If T is a quotient of a theory S satisfying condition (iii)(a) of Theo-
rem 5.1 with respect to a category H of set-based S-models and K is a
subcategory of H then T satis�es property (iii)(a) of Theorem 5.1 with
respect to K;

(ii) If every T-model in K is strongly �nitely presented (in the sense of sec-
tion 4.3) then T satis�es condition (iii)(a) of Theorem 5.1 with respect
to the category K;
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(iii) If for every T-model c in K the object HomET-mod(E)(γ
∗
E(c),M) can be

built from c and M by only using geometric constructions (i.e. con-
structions only involving �nite limits and arbitrary small colimits) then
T satis�es condition (iii)(a) of Theorem 5.1 with respect to the category
K.

Proof If T is a quotient of S then for every Grothendieck topos E , the
category T-mod(E) is a full subcategory of the category S-mod(E). This
clearly implies that for any T-models M and N in a Grothendieck topos E ,
HomET-mod(E)(M,N) ∼= HomES-mod(E)(M,N); in particular, for any T-model c

inK and any T-modelM in a Grothendieck topos E ,HomET-mod(E)(γ
∗
E(c),M) ∼=

HomES-mod(E)(γ
∗
E(c),M). The fact that S satis�es condition (iii)(a) of Theo-

rem 5.1 with respect to the category H thus implies that T does with respect
to the category K, as required.

If every T-model c in K is strongly �nitely presented (in the sense of
section 4.3) by a formula φ(~x) over the signature of T then for any T-model
M in a Grothendieck topos, HomET-mod(E)(γ

∗
E(c),M) ∼= [[~x . φ]]M (cf. section

4.3). Therefore, as the interpretation of geometric formulae is always pre-
served by inverse image functors of geometric morphisms, condition (iii)(a)
of Theorem 5.1 is satis�ed by the theory T with respect to the category K.

The fact that condition (iii) implies condition (iii)(a) of Theorem 5.1
follows immediately from the fact that geometric constructions are preserved
by inverse image functors of geometric morphisms. �

We shall now proceed to giving concrete reformulations of the conditions
(iii)(b)-(1) and (iii)(b)-(2) of Theorem 5.1 introduced in Remark 5.2(e), in
order to make them more easily veri�able in practice.

First, let us explicitly describe, for any object c of K, the arrow

ηF (c) : F (c)→ HomET-mod(E)(γ
∗
E(c), F̃ (MT))

of condition (iii)(b) of Theorem 5.1 in terms of generalized elements.
For any generalized element x : E → F (c), ηF (c)(x) corresponds under

the identi�cation of Proposition 4.5 to the Σ-structure homomorphism zx :
c → HomE(E, F̃ (MT)) de�ned at each sort A over Σ as the function cA →
HomE(E, F̃ ({xA . >})) sending any element y ∈ cA to the generalized
element E → F̃ ({xA . >}) obtained by composing the canonical colimit
arrow κF(c,y) : F (c) → F̃ ({xA . >}) with the generalized element x : E →
F (c).

It follows that ηF (c)(x) is a monomorphism if and only if for any gen-
eralized elements x, x′ : E → F (c), κF(c,y) ◦ x = κF(c,y) ◦ x

′ for every sort

A over Σ and element y ∈ cA implies x = x′. By Proposition 3.8, the
condition `κF(c,y) ◦ x = κF(c,y) ◦ x

′' is satis�ed if and only if there exists an
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epimorphic family {ei : Ei → E | i ∈ I} in E and for each index i ∈ I
a T-model ai in K, a generalized element hi : Ei → F (ai) and two T-
model homomorphisms fi, f

′
i : c → ai in K such that fiA(y) = f ′iA(y) and

〈F (fi), F (f ′i)〉 ◦ hi = 〈x, x′〉 ◦ ei.
To obtain an explicit characterization of the condition for ηF (c)(x) to be

an epimorphism, we notice that an arrow f : A→ B in a Grothendieck topos
E is an epimorphism if and only if for every generalized element x : E → B
of B there exists an epimorphic family {ei : Ei → E | i ∈ I} in E and for
each index i ∈ I a generalized element yi : Ei → A such that f ◦ yi = x ◦ ei.
Applying this characterization to the arrow ηF (c)(x) modulo the identi�-
cation of Proposition 4.5, we obtain the following criterion: ηF (c)(x) is an
epimorphism if and only if for every object E of E and any Σ-structure ho-
momorphism v : c → HomE(E, F̃ (MT)), there exists an epimorphic family
{ei : Ei → E | i ∈ I} in E and for each index i ∈ I a generalized ele-
ment xi : Ei → F (c) such that zxi = HomE(ei, F̃ (MT)) ◦ v for all i. The
condition `zxi = HomE(ei, F̃ (MT)) ◦ v' can be explicitly reformulated as
the requirement that for every sort A over Σ and every element y ∈ cA,
κF(c,y) ◦ xi = vA(y) ◦ ei.

Summarizing, we have the following

Theorem 5.12. Let T be a geometric theory over a signature Σ, K be a
small subcategory of T-mod(Set), E a Grothendieck topos with a separating
set S and F : Kop → E a �at functor. Then

(i) F satis�es condition (iii)(b)-(1) of Theorem 5.1 if and only if for any
T-model c in K and any generalized elements x, x′ : E → F (c) (where
E ∈ S), if for every sort A over Σ and any element y ∈ cA there exists
an epimorphic family {ei : Ei → E | i ∈ I, Ei ∈ S} and for each index
i ∈ I a T-model ai in K, a generalized element hi : Ei → F (ai) and two
T-model homomorphisms fi, f

′
i : c→ ai in K such that fiA(y) = f ′iA(y)

and 〈F (fi), F (f ′i)〉 ◦ hi = 〈x, x′〉 ◦ ei then x = x′.

(ii) F satis�es condition (iii)(b)-(2) of Theorem 5.1 if and only if for any
T-model c in K, any object E of S and any Σ-structure homomorphism
v : c → HomE(E, F̃ (MT)), there exists an epimorphic family {ei :
Ei → E | i ∈ I, Ei ∈ S} and for each index i ∈ I a generalized element
xi : Ei → F (c) such that for every sort A over Σ and any element
y ∈ cA, κF(c,y) ◦ xi = vA(y) ◦ ei.

�

Under the hypothesis that for any sort A over Σ the formula {xA . >}
presents a T-model FA, the model F̃ (MT) is isomorphic to the model inter-
preting each sort A with the object F (FA), and the homomorphism zx : c→
HomE(E, F̃ (MT)) corresponding to a generalized element x : E → F (c) can
be described as follows: for any sort A over Σ, zxA : cA→ HomE(E,F (PA))
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assigns to any element y ∈ cA, corresponding to a T-model homomorphism
sy : FA → c via the universal property of FA, the generalized element
F (sy) ◦ x. Therefore, given two generalized elements x, x′ : E → F (c) and
an element y ∈ cA, zxA(y) = zx′A(y) if and only if F (sy) ◦ x = F (sy) ◦ x′.

Summarizing, we have the following

Theorem 5.13. Let T be a geometric theory over a signature Σ, such that for
any sort A over Σ the formula {xA . >} presents a T-model FA, K be a small
subcategory of T-mod(Set) containing the models FA and F : Kop → E a �at
functor with values in a Grothendieck topos E. Then F satis�es condition
(iii)(b)-(1) of Theorem 5.1 with respect to the category K if and only if for
every T-model c in K the family of arrows {F (sy) : F (c) → F (FA) | A ∈
Σ, , y ∈ cA} is jointly monic.

�

The representation of F̃ (MT) as a �ltered E-indexed colimit established
in section 3.3 allows us to obtain a di�erent reformulation, in terms of the
Σ-structure homomorphisms ξ(c,x) de�ned in that context, of Theorem 5.12:

Theorem 5.14. Let T be a geometric theory over a signature Σ, K a small
full subcategory of T-mod(Set) and F : Kop → E be a �at functor with values
in a Grothendieck topos E. Then

(i) F satis�es condition (iii)(b)-(1) of Theorem 5.1 if and only if for any
T-model c in K and any generalized elements x, x′ : E → F (c), the
Σ-structure homomorphisms ξ(c,x) and ξ(c,x′) are equal if and only if
x = x′.

(ii) F satis�es condition (iii)(b)-(2) of Theorem 5.1 if and only if for any
T-model c in K, any object E of E and any Σ-structure homomorphism
z : c→ HomE(E, F̃ (MT)) there exists an epimorphic family {ei : Ei →
E | i ∈ I} in E and for each index i ∈ I a generalized element xi :
Ei → F (c) such that HomE(ei, F̃ (MT)) ◦ z = ξ(c,xi) for all i ∈ I.

Proof (i) The equality ξ(c,x) = ξ(c,x′) holds if and only if for every sort A
over Σ and any y ∈ cA, ξ(c,x)A(y) = ξ(c,x′)A(y), i.e. κ(c,y) ◦ x = κ(c,y) ◦ x′.
Now, by Proposition 3.8, this latter condition is satis�ed if and only if there
exists an epimorphic family {ei : Ei → E | i ∈ I} in E and for each index
i ∈ I a T-model ai in K, a generalized element hi : Ei → F (ai) and two
T-model homomorphisms fi, f

′
i : c → ai such that fiA(y) = f ′iA(y) and

〈F (fi), F (f ′i)〉 ◦ hi = 〈x, x′〉 ◦ ei, as required.
(ii) It su�ces to notice that the condition that for every sort A over Σ

and every element y ∈ cA, κF(c,y) ◦xi = zA(y) ◦ ei can be reformulated as the

requirement that HomE(ei, F̃ (MT)) ◦ z = ξ(c,xi) (for any i ∈ I). �
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Thanks to this di�erent reformulation of condition (iii)(b)-(1) of Theorem
5.1, we can prove that if all the arrows in C are sortwise monic then T always
satis�es the condition.

First, we need a lemma.

Lemma 5.15. Under the hypotheses speci�ed above, if all the homomor-
phisms in the category K are sortwise monic then for any pair (c, x) consist-
ing of an object c of K and of a generalized element x : E → F (c) such that
E � 0E , the Σ-structure homomorphism ξ(c,x) : a → HomE(E, F̃ (MT)) is
sortwise injective.

Proof For any sort A over Σ, the function ξ(c,x)A : cA → HomE(E,MA)
sends any element y ∈ cA to the generalized element κ(c,y) ◦x. Now, for any
y1, y2 ∈ cA, we have, by Proposition 3.8, that κ(c,y1) ◦ x = κ(c,y2) ◦ x if and
only if there exists an epimorphic family {ei : Ei → E | i ∈ I} in E and for
each index i ∈ I a T-model ai in K, a generalized element hi : Ei → F (ai)
and a T-model homomorphism fi : c→ ai in K such that fiA(y1) = fiA(y2)
and F (fi) ◦ hi = x ◦ ei. If E � 0E then the set I is non-empty, that is there
exists i ∈ I; thus we have that fiA(y1) = fiA(y2), which entails y1 = y2 as
fi is sortwise monic by our hypothesis. �

Corollary 5.16. Let T be a geometric theory over a signature Σ, K a small
full subcategory of T-mod(Set) whose arrows are all sortwise monic homo-
morphisms. Then T satis�es condition (iii)(b)-(1) of Theorem 5.1.

Proof By Proposition 3.11, for any x : E → F (c) and x′ : E → F (c),
the following `joint embedding property' holds: there exists an epimorphic
family {ei : Ei → E | i ∈ I} in E and for each index i ∈ I a T-model ci in
K, homomorphisms fi : c → ci, gi : c → ci in K and a generalized element
xi : Ei → F (ci) such that 〈x, x′〉 ◦ ei = 〈F (fi), F (gi)〉 ◦ xi, HomE(Ei,M) ◦
ξ(c,x) = ξ(ci,xi) ◦ fi and HomE(Ei,M) ◦ ξ(c,x′) = ξ(ci,xi) ◦ gi (for all i ∈ I).
Clearly, we can suppose without loss of generality all the objects Ei to be
non-zero.

Now, since all the arrows in K are sortwise monic homomorphisms, by
Lemma 5.15 for each i ∈ I the arrow ξ(ci,xi) is sortwise monic and hence
ξ(c,x) = ξ(c,x′) implies fi = gi. Therefore x ◦ ei = x′ ◦ ei for all i ∈ I (since
〈x, x′〉 ◦ ei = 〈F (fi), F (gi)〉 ◦ xi), and hence x = x′, as required. �

We shall now proceed to identifying some natural su�cient conditions for
a theory T to satisfy condition (iii)(b)-(2) of Theorem 5.1. Before stating
the relevant theorem, we need a number of preliminary results.

Lemma 5.17. Let Σ be a signature without relation symbols and T a geo-
metric theory over a signature Σ′ obtained from Σ by solely adding relation
symbols whose interpretation in any T-model in a Grothendieck topos is the
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complement of the interpretation of a geometric formula over Σ (for instance,
the injectivization of a geometric theory over Σ in the sense of De�nition
6.33). Let f : M → N and g : P → N be homomorphisms of T-models in
a Grothendieck topos E, and let k be an assignment to any sort A over Σ of
an arrow kA : MA → PA such that gA ◦ kA = fA. Then, if g is sortwise
monic, k de�nes a T-model homomorphism M → P such that g ◦ k = f .

Proof The fact that k preserves the interpretation of function symbols
over Σ′ follows from the fact that f and g do, as g is sortwise monic. It
remains to prove that for any relation symbol R� A1, . . . , An over Σ′ and
any generalized element x : E → MA1 × · · · × MAn in E , if x factors
through RM � MA1 × · · · × MAn then (kA1 × · · · × kAn) ◦ x factors
through RP � PA1 × · · · × PAn. Now, if RP is the complement of the
interpretation iφ : [[φ(~x)]]P � PA1 × · · · × PAn of a geometric formula
φ(~x) = φ(xA1 , . . . , xAn) in the model P , this latter condition is equivalent to
the requirement that the equalizer e of (kA1× · · ·× kAn) ◦x and iφ be zero;
but, since g is a Σ′-structure homomorphism, the subobject e is contained
in the equalizer of the arrows (gA1 × · · · × gAn) ◦ (kA1 × · · · × kAn) ◦ x =
(fA1×· · ·× fAn)◦x and [[φ(~x)]]N � NA1×· · ·×NAn, which is zero since
f is a Σ′-structure homomorphism and RN is the complement of [[φ(~x)]]N .
Therefore e ∼= 0E , as required. �

Lemma 5.18. Let E be a Grothendieck topos. Then the inverse image func-
tor γ∗E : Set→ E of the unique geometric morphism γE : E → Set is faithful
if and only if E is non-trivial (i.e., 1E � 0E).

Proof It is clear that if E is trivial then γ∗E : Set → E is not faithful, it
being the constant functor with value 0E .

In the converse direction, suppose that E is non-trivial. Given two func-
tions f, g : A→ B in Set, the arrows γ∗E(f), γ∗E(g) :

∐
a∈A

1E →
∐
b∈B

1E in E are

characterized by the following identities: for any a ∈ A γ∗E(f) ◦ sa = tf(a)

and γ∗E(g) ◦ sa = tg(a), where sa : 1 →
∐
a∈A

1E and tb : 1 →
∐
b∈B

1E are re-

spectively the a-th and b-th coproduct arrows (for any a ∈ A and b ∈ B);
so γ∗E(f) = γ∗E(g) if and only if for every a ∈ A, tf(a) = tg(a). Now, since a
subobject with domain 1E in a non-trivial topos E cannot be disjoint from
itself, it follows that f(a) = g(a) for every a ∈ A. Therefore f = g, as
required. �

Corollary 5.19. Let T be a geometric theory over a signature Σ, E a non-
trivial Grothendieck topos (i.e., 1E � 0E), M and N two T-models in Set
and f a function sending each sort A over Σ to a map fA : MA → NA
in such a way that the assignment A → γ∗E(fA) : γ∗E(MA) → γ∗E(NA) is a
T-model homomorphism in E. Then the assignment A → fA is a T-model
homomorphism M → N in Set.
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Proof We have to prove that f preserves the interpretation of function
symbols over Σ and the satisfaction of atomic relations over Σ. Since the
preservation of the interpretation of function symbols over Σ can be expressed
as the commutativity of a certain square involving �nite products of sets of
the formMA and NA, its satisfaction follows from that of γ∗E(f) by virtue of
Lemma 5.18. It remains to prove that f preserves the satisfaction of atomic
relations over Σ. Let R� A1, . . . , An be a relation symbol over Σ. From the
fact that γ∗E(f) : γ∗E(M) → γ∗E(N) preserves the satisfaction by R it follows
that for any n-tuple ~a = (a1, . . . , an) ∈ RM , the coproduct arrow : 1E →∐
(b1,...,bn)∈NA1×···×NAn

1E corresponding to the n-tuple (fA1(a1), . . . , fAn(an))

factors through the subobject
∐

(b1,...,bn)∈RN
1E �

∐
(b1,...,bn)∈NA1×···×NAn

1E . But

this immediately implies, since distinct coproduct arrows are disjoint from
each other and the topos E is non-trivial, that f(~a) ∈ RN , as required. �

Corollary 5.20. Let Σ be a signature without relation symbols and T a
geometric theory over a signature Σ′ obtained from Σ by solely adding relation
symbols whose interpretation in any T-model in a Grothendieck topos is the
complement of the interpretation of a geometric formula over Σ (for instance,
the injectivization of a geometric theory over Σ in the sense of De�nition
6.33). Let K be a small full subcategory of T-mod(Set), a and b T-models
in K, M a T-model in a Grothendieck topos E and f : a → HomE(E,M),
g : b → HomE(E,M) Σ′-structure homomorphisms, where E is an object
of E. Let k be an assignment sending any sort A over Σ to a function
kA : aA→ bA such that gA ◦ kA = fA. Suppose that either

(i) there are no relation symbols in Σ′ except possibly for a binary relation
symbol which is T-provably complemented to the equality relation on a
sort of Σ and the Σ′-structure homomorphisms f and g are sortwise
monic; or

(ii) E � 0E and the T-model homomorphism g̃ : γ∗E/E(b)→M correspond-
ing to g under the identi�cation of Proposition 4.5 is sortwise monic.

Then the assignment A → kA de�nes a T-model homomorphism a → b in
Set.

Proof We have to verify that k preserves the interpretation of function
symbols over Σ′ as well as the satisfaction by any binary relation symbol
which is T-provably complemented to the equality relation on some sort over
Σ.

By Lemma 6.34 below, k preserves the interpretation of any binary re-
lation symbol which is T-provably complemented to the equality relation on
some sort over Σ if and only if it is sortwise monic. This holds under hypoth-
esis (i) since f is sortwise monic and for every sort A over Σ, gA ◦ kA = fA.
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On the other hand, under hypothesis (i), the fact that k preserves the inter-
pretation of function symbols over Σ′ follows from the fact that g and f do,
since g is sortwise monic and gA ◦ kA = fA for every sort A over Σ. This
shows that our thesis is satis�ed under hypothesis (i).

Let us now suppose that hypothesis (ii) holds. Consider the T-model
homomorphisms f̃ : γ∗E/E(a) → M and g̃ : γ∗E/E(b) → M corresponding to
f and g under the identi�cation of Proposition 4.5. Clearly, the assignment
A → k̃A = γ∗E/E(kA) satis�es g̃A ◦ k̃A = f̃A for all sorts A over Σ. It

thus follows from Lemma 5.17 that A → k̃A is a T-model homomorphism
γ∗E/E(a) → γ∗E/E(b); but this in turn implies, by Corollary 5.19 (notice that

E � 0E if and only if the topos E/E is non-trivial), that the assignment
A→ kA is a T-model homomorphism a→ b, as required. �

Theorem 5.21. Let Σ be a signature without relation symbols and T a ge-
ometric theory over a signature Σ′ obtained from Σ by solely adding rela-
tion symbols whose interpretation in any T-model in a Grothendieck topos
is the complement of the interpretation of a geometric formula over Σ (for
instance, the injectivization of a geometric theory over Σ in the sense of Def-
inition 6.33). Let K be a small full subcategory of T-mod(Set) whose objects
are all �nitely generated T-models. Suppose that

(i) either all the arrows in K are sortwise monic homomorphisms and there
are no relation symbols except possibly for a binary relation symbol
which is T-provably complemented to the equality relation on a given
sort of Σ or

(ii) all the T-model homomorphisms in any Grothendieck topos are sortwise
monic.

Then T satis�es condition (iii)(b)-(2) of Theorem 5.1 with respect to the
category K.

Proof By Theorem 5.14, we have to verify that for any T-model c in K, any
object E of E and any Σ-structure homomorphism z : c→ HomE(E, F̃ (MT))
there exists an epimorphic family {ei : Ei → E | i ∈ I} in E and for each
index i ∈ I a generalized element xi : Ei → F (c) such thatHomE(ei,M)◦z =
ξ(c,xi) for all i ∈ I.

If E ∼= 0E then the condition is trivially satis�ed; indeed, one can take
I = ∅. We shall therefore suppose E ∼= 0E or, equivalently, that the topos
E/E is non-trivial.

From now on, we shall suppose for simplicity that Σ is one-sorted, but
all our arguments can be straightforwardly extended to the general case.

Let {r1, . . . , rn} be a set of generators for the model c. Consider their
images z(r1), . . . , z(rn) : E → M under the homomorphism z. By Propo-
sition 3.11, for any i ∈ {1, . . . , n} there exists an epimorphic family {eij :
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Eij → E | j ∈ Ii} in E and for each index j ∈ Ji a T-model aij in K, a
generalized element xij : Eij → F (aij) and an element yij ∈ aij such that

ξ(aij ,x
i
j)

(yij) = z(ri) ◦ eij .
For any tuple ~k = (k1, . . . , kn) ∈ J1 × · · · × Jn, consider the iterated

pullback e~k : E~k =: E1
k1
×E · · · ×E Enkn → E. The family of arrows {e~k :

E~k → E | ~k ∈ J1 × · · · × Jn} is clearly epimorphic. For any i ∈ {1, . . . , n}
and ki ∈ Ji, set xi~k : E~k → F (aiki) equal to the composite of the generalized

element xiki : Eiki → F (aiki) with the canonical pullback arrow piki : E~k →
Eiki . For any �xed ~k ∈ J1 × · · · × Jn, by inductively applying the joint
embedding property of Proposition 3.11, we can �nd an epimorphic family

{u~kl : U
~k
l → E~k | l ∈ L~k} and for each index l ∈ L~k a T-model d

~k
l in K, a

generalized element x
~k
l : U

~k
l → F (d

~k
l ), and arrows f

~k
l : aiki → d

~k
l in K such

that xi~k
◦ u~kl = F (f

~k
l ) ◦ x~kl (for all i ∈ {1, . . . , n} and l ∈ L~k).

Let us prove that z(ri) ◦ e~k ◦ u
~k
l = ξ

(d
~k
l ,x

~k
l )

(f
~k
l (yiki)) (for any i,

~k and l).

We have already observed that for any i ∈ {1, . . . , n}, we have z(ri)◦eiki =

ξ(aiki
,xiki

)(y
i
ki

). Composing both sides of the equation with piki and applying

Lemma 3.10(ii) yields the equality z(ri) ◦ e~k = ξ(aiki
,xi
~k

)(y
i
ki

). On the other

hand, by Lemma 3.10(i) we have that ξ(aiki
,xi
~k

)(y
i
ki

) ◦ u~kl = ξ
(d
~k
l ,x

~k
l )

(f
~k
l (yiki)).

Our thesis thus follows by combining the former identity with the one ob-

tained by composing both sides of the latter identity with u
~k
l .

Let us now consider the Σ′-structure homomorphisms

HomE(e~k ◦ u
~k
l , F̃ (MT)) ◦ z : c→ HomE(U

~k
l , F̃ (MT))

and
ξ

(d
~k
l ,x

~k
l )

: d
~k
l → HomE(U

~k
l , F̃ (MT)) .

Since, under either assumption (i) or (ii), the arrows of the category K
are sortwise monic homomorphisms, by Proposition 5.15 the homomorphism
ξ

(d
~k
l ,x

~k
l )
is injective. Therefore, since the image of all the generators r1, . . . , rn

of c under the homomorphism HomE(e~k ◦ u
~k
l , F̃ (MT)) ◦ z is contained in the

image of the homomorphism ξ
(d
~k
l ,x

~k
l )
, an easy induction on the structure

t(r1, . . . , rn) of the elements of c shows that the image of all elements of c
belongs to the image of ξ

(d
~k
l ,x

~k
l )
; in other words, there exists a factorization

k
~k
l : c→ d

~k
l of HomE(e~k ◦ u

~k
l , F̃ (MT)) ◦ z across ξ

(d
~k
l ,x

~k
l )
. By Corollary 5.20,

such factorization is a T-model homomorphism. We have thus found an

epimorphic family on E, namely {e~k ◦ u
~k
l | ~k ∈ J1 × · · · × Jn, l ∈ L~k}, and

for every ~k and l a T-model homomorphism k
~k
l : c→ d

~k
l in K such that

HomE(e~k ◦ u
~k
l , F̃ (MT)) ◦ z = ξ

(d
~k
l ,x

~k
l )
◦ k~kl .
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The composites x
~k
l

′
: U

~k
l → F (c) of the generalized elements x

~k
l : U

~k
l →

F (d
~k
l ) with the arrows F (k

~k
l ) thus yield generalized elements such that

HomE(e~k ◦ u
~k
l , F̃ (MT)) ◦ z = ξ

(d
~k
l ,x

~k
l )
◦ k~kl = ξ

(c,x
~k
l

′
)
, where the last equal-

ity follows by Lemma 3.10(i). This completes our proof. �

Remark 5.22. The assumption that all the arrows in K be sortwise monic
in condition (i) is weaker in general than the requirement of condition (ii)
that all the T-model homomorphisms in any Grothendieck topos be sortwise
monic. Anyway, condition (ii) is a necessary condition for T to be classi�ed
by the topos [K,Set] if all the arrows in K are sortwise monic (cf. Corollary
6.9).

Corollary 5.23. Let T be a geometric theory satisfying the hypotheses of
Theorem 5.21 with respect to a small full subcategory K of T-mod(Set). Then
T is of presheaf type classi�ed by the topos [K,Set] if and only if it satis�es
condition (i) of Theorem 5.1 and condition (ii)(a) of Theorem 5.7.

Proof Condition (iii) of Theorem 5.1 is satis�ed by Theorem 5.21, while
the �rst part of condition (ii) holds by Remark 5.8(a). �

5.3 Abstract reformulation

Thanks to the general theory of indexed �ltered colimits developed in section
2, we can reformulate the conditions of Theorem 5.1 in more abstract, though
less explicit, terms as follows.

Let T be a geometric theory over a signature Σ and K a small full sub-
category of T-mod(Set).

Condition (i) of Theorem 5.1 for T with respect to K can be reformulated
as the requirement that for every model M of T in a Grothendieck topos E ,
the E-indexed category of elements

∫ f
HM of the functorHM (or equivalently

its E-�nal subcategory
∫
HM E

, cf. Theorem 2.13) be E-�ltered.
For any sort A over Σ, we have a functor PA : K → Set of evaluation

of models in K at the sort A. Using the notation of Theorem 2.5, we have
an associated internal diagram (PA)E in [K, E ] and hence E-indexed functor
KE → EE . These functors, with A varying among the sorts over Σ, clearly
lift to a E-indexed functor P : KE → T-mod(E).

In these terms, condition (ii) of Theorem 5.1 for the model M can be
reformulated as the requirement that the canonical E-indexed cone over the
E-indexed functor P ◦ πf

HM
be colimiting (cf. the proof of Proposition 3.11).

Conditions (i) and (ii) can thus be interpreted by saying that every T-
model M in a Grothendieck topos E is canonically a E-�ltered colimit of
constant �nitely presentable T-models in Set which belong to K.

Under the assumption that conditions (i) and (ii) are satis�ed, condi-
tion (iii) is equivalent to the requirement that for any T-model c in K and
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any Grothendieck topos E , the T-model γ∗E(c) be E-�nitely presentable (in
the sense of section 4.4) or, more weakly, that the internal E-indexed hom
functor HomET-mod(E)(γ

∗
E(c),−) : T-mod(E)→ EE preserve E-�ltered colimits

of diagrams of the form γE ◦D, where D is a diagram de�ned on a (E-�nal
subcategory of a) small internal �ltered category. Indeed, the fact that this
condition is necessary for T to be of presheaf type follows from Theorem
4.13, while the fact that it is su�cient, together with conditions (i) and (ii)
of Theorem 5.1, for T to be classi�ed by the topos [K,Set] can be proved
by showing that it implies condition (iii)(a) of Theorem 5.1. In fact, this
immediately follows from the fact that inverse image functors of geometric
morphisms preserve internal (�ltered) colimits in view of the fact that, by
condition (ii), every T-model M in a Grothendieck topos E is canonically a
E-�ltered colimit of `constant' �nitely presentable T-models in K.

Overall, we can conclude that a geometric theory T is of presheaf type if
and only if every T-model in any Grothendieck topos E is a E-�ltered colimit
of its canonical diagram made of `constant' �nitely presentable models which
are E-�nitely presentable.

6 Faithful interpretations of theories of presheaf

type

In this section we introduce the notion of faithful interpretation of geometric
theories and establish su�cent criteria for faithful interpretations of theories
of presheaf type to be again of presheaf type. We shall treat conditions (i),
(ii) and (iii) of Theorem 5.1 separately.

6.1 General results

De�nition 6.1. A geometric morphism a : Set[T] → Set[T′] between the
classifying toposes of two geometric theories is said to be a faithful interpre-
tation of T′ into T if the induced morphism

aE : T-mod(E)→ T′-mod(E)

of categories of models is faithful, re�ects isomorphisms and the equality
relation between objects.

For any faithful interpretation of T′ into T and any Grothendieck topos
E , we have a subcategory Im(aE) of T′-mod(E) whose objects (resp. arrows)
are exactly the models (resp. the model homomorphisms) in the image of
the functor aE . For any functor F : A → T-mod(E), F is full and faithful
if and only if its composite aE ◦ F with aE is full and faithful as a functor
A → Im(aE).
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Remarks 6.2. (a) Any quotient S of a geometric theory T de�nes a faithful
interpretation of T into S;

(b) Any expansion (in the sense of section 7.3) T of a geometric theory T′
over a signature which does not contain new sorts with respect to the
signature of T de�nes a faithful interpretation of T′ into T; in particular,
the injectivization Tm (in the sense of De�nition 6.33) of a geometric
theory T de�nes a faithful interpretation of T into Tm.

Given a faithful interpretation of T′ into T as above, we can reformulate
the conditions of Theorem 5.1 for the theory T with respect to a small full
subcategory K of T-mod(Set) in alternative ways, as follows.

Condition (iii)(c) of Theorem 5.1 for T with respect to K can be formu-
lated as follows: the composite functor

qE = aE ◦ uK : Flat(Kop, E)→ T′-mod(E)

is full and faithful into the image Im(aE) of aE , where uK is the functor
Flat(Kop, E) → T-mod(E) induced by the canonical geometric morphism
pK : [K,Set]→ Set[T].

Condition (ii) of Theorem 5.1 for T with respect to K can be reformulated
by saying that for any T-model M in a Grothendieck topos E , the canonical
morphism

qE(HM )→ aE(M)

is an isomorphism.
Suppose moreover that the functor

aSet : T-mod(Set)→ T′-mod(Set)

restricts to a functor
f : K → H,

where H is a small full subcategory of T′-mod(Set).
We have a commutative diagram

[K,Set]

pK
��

[f,Set]// [H,Set]

pH
��

Set[T] a
// Set[T′],

where pK (resp. pH) is the canonical geometric morphism determined by the
universal property of the classifying topos of T (resp. of T′).

Also, for any T′-model M in a Grothendieck topos E , the functors aE
induce a E-indexed functor∫

a :

∫
HT
M →

∫
HT′
aE(M)
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between the E-indexed categories of elements
∫
HT
M and

∫
HT′
aE(M) of the

functors
HT
M := HomET-mod(E)(γ

∗
E(−),M) : Kop → E

and
HT′
aE(M) := HomET′-mod(E)(γ

∗
E(−), aE(M)) : Hop → E .

Since a is by our hypothesis a faithful interpretation of theories,
∫
a is

faithful and re�ects equalities and isomorphisms. Suppose now that
∫
a is

moreover E-full (in the sense of De�nition 2.9). Since for any functor F with
values in a Grothendieck topos, F is �at if and only if its E-indexed category
of elements is E-�ltered, we conclude by Proposition 2.11 that if

∫
a is E-�nal

then the theory T satis�es condition (i) of Theorem 5.1 with respect to the
category K if T′ does with respect to the category H. Moreover, Proposition
3.14 and Theorem 2.12 ensure that if T′ satis�es condition (ii) of Theorem
5.1 with respect to the category H then T does with respect to the category
K.

Summarizing, we have the following result.

Theorem 6.3. Let a : Set[T] → Set[T′] be a faithful interpretation of
geometric theories and let K and H be small subcategories respectively of
T-mod(Set) and of T′-mod(Set) such that the functor

aSet : T-mod(Set)→ T′-mod(Set)

restricts to a functor K → H and the E-indexed functor∫
a :

∫
HT
M →

∫
HT′
aE(M)

is E-full and satis�es the equivalent conditions of Proposition 6.5.
Then the theory T satis�es condition (i) (resp. condition (ii)) of Theorem

5.1 with respect to the category K if T′ satis�es condition (i) (resp. condition
(ii)) of Theorem 5.1 with respect to the category H.

�

Remark 6.4. If T is the injectivization of T′ (in the sense of De�nition 6.33)
or if T is a quotient of T′ then the functor

∫
a is E-full. Indeed, in the �rst

case this follows from the fact that if the composite of two arrows is monic
then the �rst one is monic, while in the second it follows from the fact that
the category of models of T is a full subcategory of the category of models
of T′.

The following proposition provides an explicit rephrasing of the �nality
condition for the functor

∫
a.
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Proposition 6.5. Let a : Set[T] → Set[T′] be a faithful interpretation of
geometric theories let M be a T-model in a Grothendieck topos E such that
the functor HT′

aE(M) is �at. Then the following conditions are equivalent:

(a) the functor
∫
a is E-�nal;

(b) For any object E of E, any T′-model c in H, any T-model M in E and
any T′-model homomorphism x : γ∗E/E(c) →!∗E(aE(M)), there exists an

epimorphic family {ei : Ei → E | i ∈ I} in E and for each i ∈ I a
T′-model homomorphism fi : c → aSet(ci), where ci is a T-model in K,
and a T′-model homomorphism xi : γ∗E/Ei(aSet(ci)) →!Ei(aE(M)) such

that xi ◦ γ∗E/Ei(fi) = e∗i (x) for all i ∈ I;

(c) For any object E of E and any Σ-structure homomorphism x : c →
HomE(E, aE(M)), where c is a T′-model in H, there exists an epimor-
phic family {ei : Ei → E | i ∈ I} in E and for each i ∈ I a T′-model
homomorphism fi : c → aSet(ci), where ci is a T-model in K, and a
Σ-structure homomorphism xi : aSet(ci)→ HomE(Ei, aE(M)) such that
xi ◦ fi = HomE(ei, aE(M)) ◦ x for all i ∈ I.

Proof The equivalence between the �rst two conditions immediately follows
from the fact that, HM being �at, the E-indexed category

∫
HM is E-�ltered

and hence Remark 2.10(c) applies, while the equivalence between the second
and the third condition follows from Proposition 4.5. �

Remark 6.6. If E = Set and T is a quotient of T′ the condition rewrites as
follows: for any T-model M in Set, any model c in H and any T′-model ho-
momorphism f : c→M , there exists a T-model d in K and homomorphisms
g : c→ d and h : d→M such that h ◦ g = f .

In the particular case where T′ is the empty theory over a signature Σ,
T is a F-�nitary geometric theory over Σ (in the sense of [32]), H is the
category of �nite Σ-structures and K is the category of �nite T-models, the
condition, required for every model M of T in Set, specializes precisely to
the `�nite structure condition' of [32].

The following result shows a relation between the action on points of a
morphism of classifying toposes and a related induced action on �at functors.

Theorem 6.7. Let a : Set[T] → Set[T′] be an interpretation of geometric
theories and K and H small subcategories respectively of T-mod(Set) and of
T′-mod(Set) such that the functor

aSet : T-mod(Set)→ T′-mod(Set)

restricts to a functor f : K → H. Then for any Grothendieck topos E the
extension functor

Flat(Hop, E)→ Flat(Kop, E)→ T-mod(E)
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along the geometric morphism [f,Set] : [K,Set] → [H,Set] takes values in
the full subcategory Im(aE) of T-mod(E).

Proof The diagram

[H,Set] pH // Set[T′]

[K,Set]

[f,Set]

OO

pK
// Set[T]

a

OO

clearly commutes by de�nition of the functor f . Therefore, in view of Di-
aconescu's theorem, for any Grothendieck topos E we have a commutative
diagram

Flat(Hop, E)
uT
′

(H,E) // T′-mod(E)

Flat(Kop, E)

ξE

OO

uT
(K,E) // T-mod(E),

aE

OO

where uT(K,E) and u
T′
(H,E) are the functors of section 3.3 and ξE is the extension

functor induced by the geometric morphism [f,Set], from which our thesis
immediately follows. �

The following corollary can be obtained as a particular case of the the-
orem by taking T′ to be the geometric theory of �at functors on Cop, T to
be its injectivization (in the sense of De�nition 6.33), H equal to C and K
equal to D.

Corollary 6.8. Let D be a small subcategory of a small category C whose
arrows are all monic (in C), and E a Grothendieck topos. Then

(a) For any object d ∈ D, F̃ (d) is a decidable object of E;

(b) For any natural transformation α : F → G between two �at functors
F,G : Dop → E, α̃(c) : F̃ (c) → G̃(c) is monic in E for every c ∈ C. In
particular, α(d) : F (d)→ G(d) is monic in E for every d ∈ D.

�

The following corollary is obtained by applying the theorem in the case
T is equal to the injectivization of T′ (in the sense of De�nition 6.33) and
H = K = f.p.T′-mod(Set).

Corollary 6.9. Let T be a theory of presheaf type such that all the T-model
homomorphisms between its �nitely presentable (set-based) models are sort-
wise injective. Then every T-model homomorphism in every Grothendieck
topos is sortwise monic.

�
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6.2 Finitely presentable and �nitely generated models

In this section, we discuss, for the purpose of establishing our main criteria for
the injectivization of a theory of presheaf type to be again of presheaf type,
the relationship between �nitely presentable and �nitely generated models
of a given geometric theory.

Throughout this section, we shall assume for simplicity all our �rst-order
signatures to be one-sorted, if not otherwise stated. It is certainly possible
to extend our de�nitions and results to the general situation, but we shall
not embark in the straightforward task of making this explicit.

Let Σ be a �rst-order signature. Recall from [20] that, given a Σ-structure
M and a subset A ⊆ M , the Σ-structure 〈A〉 generated by A is the small-
est Σ-substructure of M containing A; by the proof of Theorem 1.2.3 [20],
〈A〉 can be concretely represented as the union

⋃
n∈N

An, where the subsets

An are de�ned inductively as follows: A0 = A ∪ {cM}, where cM are the
interpretations in M of the constants over Σ, and An+1 = An ∪ {fM (~a) :
for some n > 0, f is a n-ary function symbol of Σ and ~a is a n-tuple of ele-
ments of An}. A Σ-structureM is said to be �nitely generated if there exists
a �nite subset A ⊆M such that M = 〈A〉.

In the category T-mod(Set) of set-based models of a geometric theory
T, we say that an object B is a quotient of an object A if there exists a
surjective T-model homomorphism A→ B.

Proposition 6.10. Let T be a geometric theory over a signature Σ. Then
any quotient in T-mod(Set) of a �nitely generated T-model is �nitely gener-
ated.

Proof Let q : M → N be a surjective homomorphism of T-models. Suppose
that M is �nitely generated, by a �nite subset A ⊆M . Set B = q(A). This
set is clearly �nite, and N is equal to 〈B〉. To prove this we show, by induc-
tion on n, that for any n ∈ N, q(An) = Bn. As q is a Σ-structure homomor-
phism, we have that q(A0) = B0 and if q(An) = Bn then clearly q(An+1) =
Bn+1. Now, as q is surjective, N = q(A) = q(

⋃
n∈N

An) =
⋃
n∈N

q(An) =
⋃
n∈N

Bn,

as required. �

Proposition 6.11. Let T be a geometric theory over a signature Σ whose
axioms are all of the form (φ `~x ψ), where ψ is a quanti�er-free geometric
formula. Then any �nitely presentable T-model is �nitely generated.

Proof First, we notice that any geometric theory over a signature Σ such
that all its axioms are of the form (φ `~x ψ), where ψ is a quanti�er-free
geometric formula, satis�es the property that any substructure of a model
of T is a model of T.
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Let M be a �nitely presentable T-model. We can clearly represent M as
a �ltered colimit (actually, directed union) of its �nitely generated substruc-
tures (equivalently, submodels, cf. the above remark). By de�nition of �nite
presentability, the identity on M factors through one of the embeddings of a
�nitely generated T-submodel of M into M ; such embedding is thus neces-
sarily an isomorphism, and M coincides with its domain. In particular, M
is �nitely generated, as required. �

Proposition 6.12. Let T be a geometric theory over a signature Σ whose
category of set-based models is �nitely accessible (in particular, a theory of
presheaf type). Then any �nitely generated T-model is a quotient of a �nitely
presentable models of T in the category T-mod(Set).

If moreover all the axioms of T are of the form (φ `~x ψ), where ψ is
a quanti�er-free geometric formula, then the �nitely generated T-models are
precisely the quotients of the �nitely presentable models of T in the category
T-mod(Set).

Proof As the category T-mod(Set) is �nitely accessible,M can be expressed
as a �ltered colimit (M = colim(Ni), {Ji : Ni → M | i ∈ I}) of �nitely
presentable models Ni. Let a1, . . . , an a �nite set of generators for M . As
the family of arrows {Ji : Ni → M | i ∈ I} is jointly surjective (since
�ltered colimits in T-mod(Set) are computed pointwise as in Set), for any
generator aj there exists an index kj ∈ I and an element dj of Nkj such
that Jkj (dj) = aj . Now, the set of generators aj being �nite and the index
category I being �ltered, we can suppose without loss of generality that all
the kj are equal. We thus have an index k ∈ I and a string of elements of Nk

which are sent by Jk to the generators of M ; hence the arrow Jk : Nk →M
is surjective.

The second part of the proposition follows from Propositions 6.11 and
6.10, which ensure that every quotient of a �nitely presentable model is
�nitely generated. �

Proposition 6.13. Let Σ be a signature without relation symbols and T a
geometric theory over a larger signature Σ′ obtained from Σ by solely adding
relation symbols whose interpretation in any set-based T-model coincides with
the complement of a geometric formula over Σ (for instance, the injectiviza-
tion of a geometric theory over Σ). Suppose that all the T-model homomor-
phisms between set-based T-models are injective. Then any �nitely generated
T-model is �nitely presentable.

Proof From Proposition 6.11, we know that every �nitely presentable T-
model is �nitely generated. It thus remains to prove the converse.

We observed in [6] (Lemma 6.2) that, given a category D with �ltered
colimits, an object M of D is �nitely presentable in D if and only if for any
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�ltered diagram D : I → D, any arrow M → colim(D) factors through
one of the canonical colimit arrows Ji : D(i) → colim(D) and for any ar-
rows f : M → D(i) and g : M → D(j) in D such that Ji ◦ f = Jj ◦ g,
there exists k ∈ I and two arrows s : i → k and t : j → k such that
D(s) ◦ f = D(t) ◦ g. Now, the latter condition is automatically satis�ed if
all the arrows of D are monic (since the category I is �ltered); in particu-
lar, applying this criterion to the case of our theory T yields the following
characterization of the �nitely presentable T-models: a set-based T-model
M is �nitely presentable if and only if for any �ltered colimit colim(Ni) of
set-based T-models, with colimit arrows Ji : Ni → colim(Ni), any T-model
homomorphism f : M → colim(Ni) factors through at least one arrow Ji in
the category T-mod(Set).

Now, if M is �nitely generated by elements a1, . . . , an, for any of gener-
ator ai of M there exists an index ki of I and an element bi ∈ Nki such that
f(ai) = Ji(bi). As the category I is �ltered, we can suppose without loss of
generality that all the ki are equal to each other. Therefore there exists an
index k ∈ I and elements b1, . . . , bn of Nk such that f(ai) = Jk(bi) for all i.
The image of M under f is thus entirely contained in Nk and hence we have
a function g : M → Nk such that Jk ◦ g = f . Let us prove that g is a Σ′-
structure homomorphism. The fact that g is a Σ-structure homomorphism,
i.e. that it commutes with the interpretation of the function symbols over
Σ, follows from the fact that f is by the injectivity of Jk. Concerning the
preservation of atomic relations over Σ′, this is guaranteed by the fact that,
were they not preserved, f would preserve the relations of satisfaction by
elements of the geometric formulae over Σ de�ning the complements of such
relations, contradicting the fact that f is a Σ′-structure homomorphism. �

A useful su�cient condition for condition (iii)(b)-(1) of Theorem 5.1 to
hold, which is applicable to categories K whose arrows are not necessarily
monomorphisms is the following.

Theorem 6.14. Let T be a geometric theory over a signature Σ, and K a
small full subcategory of T-mod(Set) such that every model in K is a quotient
of a T-model which is �nitely presented by a geometric formula over Σ. Then
T satis�es condition (iii)(b)-(1) of Theorem 5.1 with respect to the category
K.

Proof We have to show that the extension functor

uT(K,E) : Flat(Kop, E)→ FlatJT(CT, E)

of section 3.3 is faithful.
By Theorem 3.5, for any formula {~x . φ} presenting a T-model M{~x.φ},

uT(K,E)(F )({~x . φ}) ∼= F (M{~x.φ}). The thesis thus follows immediately from
Proposition 6.17. �
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6.3 Reformulations of condition (iii) of Theorem 5.1

Let us work in the context of a faithful interpretation of theories as in the
last section.

Let
uT(K,E) : Flat(Kop, E)→ T-mod(E)

and
uT
′

(H,E) : Flat(Hop, E)→ T′-mod(E)

be the functors of section 3.3.
Suppose that T′ is of presheaf type and that H contains a category P

whose Cauchy-completion coincides with the category of �nitely presentable
T′-models (so that T′ is classi�ed by the topos [P,Set]). Notice that, since
the functor f : K → H is a restriction of the functor aSet, K gets identi�ed
under it with a subcategory of H and hence, by Remark 3.2(c), the extension
functor

ξE : Flat(Kop, E)→ Flat(Hop, E)

along the geometric morphism [f,Set] is faithful.
From the fact that T′ faithfully interprets in T (in the sense of De�nition

6.1) it follows that the functor uT(K,E) is faithful (resp. full and faithful) if

and only if the composite functor uT
′

(H,E) ◦ ξE is, when regarded as a functor

with values in the subcategory Im(aE) of T′-mod(E). The interest of this
reformulation lies in the alternative description of the functor

uT
′

(H,E) : Flat(Hop, E)→ T′-mod(E)

which is available under our hypotheses. Indeed, the following proposition
holds.

Proposition 6.15. Under the hypotheses speci�ed above, the functor

uT
′

(H,E) : Flat(Hop, E)→ T′-mod(E) ' Flat(Pop, E)

sends any �at functor F : Hop → E to its restriction F |P : Pop → E, and
acts accordingly on the natural transformations.

Proof This immediately follows from Theorem 3.5 in view of the fact that
H contains P and all the objects of P are �nitely presented T′-models (since
T′ is by our hypothesis of presheaf type classi�ed by the topos [P,Set]). �
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As a corollary of the proposition, we immediately obtain the following
result.

Theorem 6.16. Under the hypotheses speci�ed above, we have that

(i) T satis�es condition (iii)(b)-(1) of Theorem 5.1 with respect to the cat-
egory K if and only if for any Grothendieck topos E, every natural
transformation between �at functors in the image of the functor ξE is
determined by its restriction to the category P;

(ii) T satis�es condition (iii)(b)-(2) of Theorem 5.1 with respect to the cat-
egory K if and only if for any Grothendieck topos E, every natural
transformation between restrictions to P of �at functors in the image
of the functor ξE can be extended to a natural transformation between
the functors themselves.

Let us now consider the satisfaction of condition (iii)(b) of Theorem 5.1
by the injectivization of a geometric theory T satisfying the hypotheses of
Propositions 6.11 and 6.13. Since by the proposition every �nitely generated
T-model is �nitely presentable in T-mod(Set) and every model of T is a
directed union of its �nitely generated submodels, the category T-mod(Set)
is equivalent to Flat(f.g.T-mod(Set)op,Set), where f.g.T-mod(Set) is the
full subcategory of T-mod(Set) on the �nitely generated T-models. The
following theorem shows that condition (iii)(b)-(1) is satis�ed. Before stating
it, we need a lemma.

Lemma 6.17. Let C be a small category, E a topos and F : Cop → E a �at
functor. Then for any epimorphism f : a→ b in C, the arrow F (f) : F (b)→
F (a) is monic in E.

Proof The thesis follows at once from the fact that �at functors preserve
all the �nite limits which exist in the domain category using the well-known
characterization of monomorphisms in terms of pullbacks. �

Theorem 6.18. Let T be the injectivization of a theory of presheaf type T′
(in the sense of De�nition 6.33) such that the every �nitely presentable T′-
model is �nitely generated (cf. for instance Proposition 6.11) and the �nitely
generated T′-models are all quotients (in the sense of section 6.2) of �nitely
presentable T′-models (cf. for instance Proposition 6.12). Then T satis�es
condition (iii)(b)-(1) of Theorem 5.1 with respect to the category of �nitely
generated T′-models.

Proof It su�ces to apply Proposition 6.15 and Lemma 6.17 in conjunction
with Theorem 6.16 by taking K equal to the category of �nitely generated
T′-models and sortwise monic homomorphisms between them, H equal to
the category of �nitely generated T′-models and homomorphisms between
them and P equal to the category of �nitely presentable T′-models. �
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The following proposition can be useful in verifying that condition (ii)
of Theorem 6.16 holds.

Proposition 6.19. Let D be a full subcategory of a category C with �ltered
colimits such that

� for any object c of C there exists an epimorphism a → c in C from an
object a of D to c,

� every object of D is �nitely presentable in C and

� every object c of C can be canonically expressed as a �ltered colimit
colim(di) of objects of D, with colimit arrows Ji : di → c (for i ∈ I).

Let F and G be �at functors Cop → E. Then a natural transformation
β : F |D → G|D lifts (uniquely) to a natural transformation F → G if and
only if for every epimorphism q : a → b of the form Ji, the arrow β(a) :
F (a) → G(a) restricts to an arrow F (b) → G(b) along the monomorphisms
F (q) : F (b)→ F (a) and G(q) : G(b)→ G(a).

Proof Clearly, the `only if' direction is trivially satis�ed, so we only have
to care about the `if' direction. The uniqueness of the extended natural
transformation follows from Proposition 6.17, so we just have to prove the
existence.

Notice that for every object c of C there exists an i ∈ I such that the
arrow Ji : di → c is an epimorphism. Indeed, by our hypotheses there exists
an epimorphism q : a → c to c from an object a of D to c and, since a is
�nitely presentable in C, q necessarily factors through an arrow of the form
Ji, which is necessarily epic as q is.

Let β : F |D → G|D be a natural transformation. Choose an i ∈ I such
that the arrow Ji : di → c is an epimorphism (such arrow exists by the above
remark), and set α(c) equal to the restriction of β(di) along the arrows F (Ji)
and G(Ji).

First, let us verify that this de�nition is well-posed, i.e. that it does not
depend on the choice of i ∈ I. For any other index j such that Jj is an
epimorphism with codomain c, the �lteredness of I ensures the existence of
an index k and two arrows ξ : i→ k and χ : j → k in I, whence Jk ◦ ξ = Ji
and Jk ◦ χ = Jj . Now, if we denote by u the restriction of the arrow β(dk)
along the arrows F (Jk) and G(Jk) we obtain, by invoking the naturality of
β with respect to the arrows ξ and χ in I, that u is equal to the unique
restriction of β(di) along the arrows F (Ji) and G(Ji) and to the unique
restriction of β(dj) along the arrows F (Jj) and G(Jj); in particular, these
two restrictions are equal, as required.

104



It remains to show that the assignment c→ α(c) is natural in c, i.e. that
for any arrow f : c→ c′ in C, the following naturality square commutes:

F (c)
α(c) // G(c)

F (c′)

F (f)

OO

α(c′)
// G(c′) .

G(f)

OO

To prove this we observe that, using the fact that there exists an epimorphism
Ji : di → c from an object of D to c, we can suppose without loss of generality
c to lie in D; indeed, since G sends epimorphisms to monomorphisms, the
commutativity of the naturality square above is equivalent, by de�nition of
α(c), to the commutativity of the naturality square relative to the arrow
f ◦ Ji. Now, consider the canonical representation of c′ as a �ltered colimit
colim(ej) (for j ∈ J ) of objects in D, with colimit arrows Kj : ej → c′

(j ∈ J ). Since c lies in D, c is �nitely presentable in C by our hypotheses
and hence there exists an index j ∈ J and an arrow r : c → ej such
that Kj ◦ r = f . The commutativity of our diagram thus follows from the
commutativity of the naturality square of β relative to the arrow r and the
de�nition of α(c′) in terms of β(ej). �

The following result, obtained by combining Theorem 6.45 and Proposi-
tion 6.19, gives a criterion for condition (iii)(b)-(2) to hold.

Theorem 6.20. Let T be the injectivization of a theory of presheaf type T′
such that every �nitely presentable T′-model is �nitely generated (cf. for in-
stance Proposition 6.11), the �nitely generated T′-models are all quotients
(in the sense of section 6.2) of �nitely presentable T′-models (cf. for in-
stance Proposition 6.12) and every monic T′-model homomorphism between
�nitely generated models of T is sortwise monic. Then T satis�es condition
(iii)(b)-(2) of Theorem 5.1 with respect to the category C of �nitely generated
models of T′ and sortwise monic homomorphisms between them if and only
if for any �at functors F,G : Cop → E, denoting by F̃ and G̃ their extension
to the category of �nitely generated T′-models and homomorphisms between
them and by P the full subcategory of C on the �nitely presentable T′-models,
any natural transformation α : F |P → G|P satis�es the following property:
for any quotient T-model homomorphism q : a → b, where a is �nitely pre-
sentable and b is �nitely generated, the arrow α(b) restricts along the monic
arrows F (q) and G(q).

�

Remark 6.21. Notice that if F and G are representable functors then the
condition of the theorem is trivially satis�ed, the category T′-mod(Set) being
�nitely accessible.
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6.4 Quotient theories

Recall from [9] that a quotient of a geometric theory T over a signature Σ is
a geometric theory T′ over Σ such that every axiom of T is provable in T′.

It is often useful, in investigating whether a given geometric theory S is
of presheaf type, to consider it in relation to a theory T of presheaf type of
which S is a quotient.

The following result is a corollary of Theorem 6.3 and Proposition 6.5.

Corollary 6.22. Let T be a theory of presheaf type over a signature Σ and
S be a quotient of T such that all the �nitely presentable S-models are �nitely
presentable as T-models (for instance, T can be the empty theory over a �nite
signature and S can be any geometric theory over Σ whose �nitely presentable
models are all �nite, cf. Theorem 6.4 [6]). Suppose moreover that for any
object E of a Grothendieck topos E and any Σ-structure homomorphism x :
c → HomE(E,M), where c is a �nitely presentable T-model and M is a
S-model in E, there exists an epimorphic family {ei : Ei → E | i ∈ I} in
E and for each i ∈ I a T-model homomorphism fi : c → ci, where ci is
a �nitely presentable S-model, and a Σ-structure homomorphism xi : ci →
HomE(Ei,M) such that xi ◦ fi = HomE(ei,M) ◦ x for all i ∈ I. Then S is
of presheaf type.

Proof Condition (iii) of Theorem 5.1 satis�ed by Proposition 5.11, while
the fact that conditions (i) and (ii) of Theorem 5.1 are satis�ed follows
immediately from Theorem 6.3 in view of Proposition 6.5 (take T equal to S,
T′ equal to T, K equal to the category of �nitely presentable S-models and
H equal to the category of �nitely presentable T-models - the fact that

∫
a

is E-full is clear). �

We shall say that the family of homomorphisms xi in the statement of
the corollary de�nes a `localization' of the homomorphism x.

Remarks 6.23. (a) Corollary 6.22 generalizes Theorem 3.6 [32], whose hy-
potheses, which are expressed syntactically in terms of geometric logic,
once interpreted in topos-theoretic semantics, are stronger than those of
Corollary 6.22 in the particular case where T is the empty theory over
a �nite signature and S is any geometric theory over Σ whose �nitely
presentable models are all �nite.

(b) Theorem 6.28 follows as an immediate consequence of the corollary, ob-
serving that if T and T′ are theories as in the hypotheses of the theorem
then any T-model homomorphism having as codomain a T′-model also
has as domain a T′-model whence the hypotheses of the corollary are
trivially satis�ed.
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(c) Assuming the �rst hypothesis of the corollary, the second is actually
necessary for S to be of presheaf type. Indeed, if S is of presheaf type
then every modelM of S is a E-�ltered colimit of the associated canonical
diagram of `constant' �nitely presentable S-models (cf. sections 4.4 and
5.3), which by the �rst hypothesis are also �nitely presentable T-models;
the E-�nite presentability of c thus implies the second hypothesis of the
corollary (cf. Proposition 4.15).

(d) Corollary 6.22 is often applied to pairs of the form (S,T = Sc), where S is
a geometric theory over a signature Σ and T equal to the cartesianization
(or �nite-limit part) of Sc of S, namely the cartesian theory over Σ
consisting of all the cartesian sequents over Σ which are provable in
S (recall that a S-cartesian sequent is a sequent over Σ involving S-
cartesian formulae over Σ, that is formulae built from atomic formulae
by only using �nitary conjunctions and S-provably unique existential
quanti�cations). Notice that the cartesianization of S is the biggest
cartesian theory over the signature of S of which S is a quotient.

The question of whether for any theory of presheaf type T, every �nitely
presentable T-model is �nitely presentable as a Tc-model is still open and
will be addressed in full generality in another paper. For the moment,
we limit ourselves to remarking that this property is satis�ed by all the
examples of theories of presheaf type considered in this paper (cf. section
8).

Corollary 6.22 can also be applied to pairs consisting of a geometric
theory over a signature Σ and the empty theory over the same signature,
provided that the former satis�es appropriate hypotheses. In order to apply
the corollary in this context, we need the following lemma. Below, when we
say that a Σ-structure c is �nite we mean that for every sort A over Σ, cA
is �nite.

Lemma 6.24. Let T be a geometric theory over a �nite signature Σ with a
�nite number of axioms each of which is of the form (> `~x

∨
i∈I
φi), where the

φi are �nite conjunctions of atomic formulae. Then for any T-model M in a
Grothendieck topos E, any object E of E and any Σ-structure homomorphism
f : c→ HomE(E,M) from a �nite Σ-structure c there exists an epimorphic
family {ei : Ei → E | i ∈ I} in E and for each i ∈ I a �nite Σ-substructure
ci of HomE(Ei,M) which is a model of T and a Σ-structure homomorphism
fi : c → ci such that HomE(ei,M) ◦ f = ji ◦ fi (where ji is the canonical
inclusion of ci into HomE(Ei,M)).

Proof For each axiom σ of the form (> ` ~xσ
∨

i∈Iσ
φσi ) and any �nite tuple

~ξ of elements of c of the same type as ~xσ, since M is by our hypotheses a
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T-model, there exists an epimorphic family {e~ξi : E
~ξ
i → E | i ∈ Iσ} in E such

that for any i ∈ Iσ, f(~ξ) ◦ ~eξi factors through [[ ~xσ . φi]]M . Since there is
only a �nite number of axioms of T and of elements of c, and the �bered
product of a �nite number of epimorphic families is again an epimorphic
family, there exists an epimorphic family {ek : Ek → E | k ∈ K} such that
for any k ∈ K, any axiom σ of T and any tuple ~ξ of elements of c of the
appropriate sorts, the element f(~ξ)◦ek ∈ HomE(Ek,M) satis�es the formula
on the right-hand side of the sequent σ. Hence if we consider, for each
k ∈ K, the surjection-inclusion factorization ik ◦ fk of the homomorphism
HomE(ek,M) ◦ f : c → HomE(Ek,M) (in the sense of Lemma 6.51), we
obtain that ck is �nite, since fk is surjective, and that all the axioms of T
are satis�ed in ck (since the formulae φi are �nite conjunctions of atomic
formulae and ck is a substructure of HomE(Ek,M)), that is all the ck are
models of T. This proves our thesis. �

Corollary 6.25. Let T be a geometric theory over a �nite signature Σ with a
�nite number of axioms each of which is of the form (> `~x

∨
i∈I
φi), where the

φi are �nite conjunctions of atomic formulae. Suppose that for any T-model
M in a Grothendieck topos E and object E of E, every �nitely generated Σ-
substructure of HomE(E,M) has sortwise only a �nite number of elements
besides the constants (for instance, when the signature Σ does not contain
function symbols except for a �nite number of constants). Then T is of
presheaf type, classi�ed by the category of covariant set-valued functors on
the category of �nite models of T.

Proof As the signature of T is �nite, every model which sortwise contains
only �nitely many elements besides the constants is �nitely presentable as a
model of the empty theory over the signature of T (cf. Theorem 6.4 [6]). This
remark ensures, by Lemma 6.24, that the theory T satis�es the hypotheses
of Corollary 6.22 with respect to the empty theory over its signature. Since
the latter theory is clearly of presheaf type, it follows that T is of presheaf
type as well, as required. �

6.4.1 Presheaf-type quotients and rigid topologies

In this section we shall analyze the presheaf-type quotients of a presheaf-type
theory T in terms of the associated subtoposes of the classifying topos for T.

We know from [9] that every quotient T′ a theory of presheaf type T corre-
sponds to a unique Grothendieck topology J on the category f.p.T-mod(Set)op

(under the duality theorem of [9]).
Recall from [21] (De�nition C2.2.18) that a Grothendieck topology J on

a category C is said to be rigid if for every object c of C, the family of all
the arrows to c in C from J-irreducible objects of C (i.e., objects d with the
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property that the only J-covering sieve on d is the maximal one), generates
a J-covering sieve.

We can characterize the topologies J such that the corresponding subto-
pos Sh(f.p.T-mod(Set)op, J) ↪→ [f.p.T-mod(Set),Set] is an essential geo-
metric inclusion (that is, a geometric inclusion whose inverse image which
admits a left adjoint) by using the following site characterizations:

(1) A canonical geometric inclusion Sh(C, J) ↪→ [Cop,Set] from a topos
Sh(C, J) which is equivalent to a presheaf topos and such that C is a Cauchy-
complete category, is essential if and only if the topology J is rigid;

(2) A geometric morphism (resp. geometric inclusion) [C,Set]→ [D,Set],
where D is a Cauchy-complete category, is essential if and only if it is induced
by a functor (resp. by a full and faithful functor) C → D.

The latter characterization is well-known (cf. Lemma A4.1.5 [21] and
Example A4.2.12(b)), while the former can be proved as follows. If J is
rigid then, denoting by D the full subcategory of C on the J-irreducible ob-
jects, the Comparison Lemma yields an equivalence Sh(C, J) ' [Dop,Set]
which makes the canonical inclusion Sh(C, J) ↪→ [Cop,Set] isomorphic to
the canonical geometric inclusion [Dop,Set] ↪→ [Cop,Set] induced by the full
inclusion of categories Dop ↪→ Cop; in particular, the morphism Sh(C, J) ↪→
[Cop,Set] is essential. Conversely, if the canonical geometric inclusion iJ :
Sh(C, J) ↪→ [Cop,Set] is essential then if Sh(C, J) is equivalent to [Dop,Set],
by property (2) iJ is isomorphic to a geometric inclusion [Dop,Set] →
[Cop,Set] induced by a full embedding Dop ↪→ Cop. Now, the topology
JD on C de�ned by saying that a sieve R on c is J-covering if and only if
it contains all the morphisms from objects of D to c is clearly rigid, and
the Comparison Lemma yields an equivalence Sh(C, JD) ' [Dop,Set] which
makes the geometric morphism [Dop,Set] → [Cop,Set] isomorphic to the
canonical inclusion Sh(C, JD) ↪→ [Cop,Set] (cf. Example A2.2.4(d) [21]). It
thus follows that J = JD; in particular, J is rigid.

These site characterizations de�ne the arches of a `bridge' (in the sense
of [13]) leading to the following result (cf. also Theorem 6.8 [6] for a related
result).

Theorem 6.26. Let T′ be a quotient of a theory of presheaf type T, cor-
responding to a Grothendieck topology J on the category f.p.T-mod(Set)op

under the duality theorem of [9]. Suppose that T′ is itself of presheaf type.
Then every �nitely presentable T′-model is �nitely presentable also as a T-
model if and only if the topology J is rigid.

Proof If every �nitely presentable T′-model is �nitely presentable also as
a T-model then the geometric inclusion corresponding via the duality the-
orem to the quotient T′ of T is induced by the inclusion of the respective
full subcategory of f.p.T-mod(Set) on the T′-models. In view of the above
characterizations, the topology J is rigid. Conversely, if J is rigid then
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Sh(f.p.T-mod(Set)op, J) is equivalent to the presheaf topos [D,Set], where
Dop is the full subcategory of f.p.T-mod(Set)op on the J-irreducible objects.
Clearly, this subcategory is Cauchy-complete (as f.p.T-mod(Set) is Cauchy-
complete and the condition of J-irreducibility is stable under retracts) and
hence, since T′ is of presheaf type, it is equivalent to the category of �nitely
presentable T′-models; in particular, any such model is �nitely presentable
as a T-model. �

Remark 6.27. (i) Under the hypothesis that every �nitely presentable
T′-model is �nitely presentable as a T-model, the full subcategory
f.p.T′-mod(Set) of f.p.T-mod(Set) and the topology J can be de�ned
in terms of each other as follows (cf. the proof of the theorem): the
objects of f.p.T′-mod(Set) are precisely the J-irreducible objects of
f.p.T-mod(Set), and a sieve S in f.p.T′-mod(Set) on an object c is
J-covering if and only if it contains all the arrows in f.p.T-mod(Set)
from �nitely presentable T′-models to c.

(ii) If T′ is a presheaf-type quotient of a theory of presheaf type T then for
any �nitely presentable T-model c, any T′-model M and any T-model
homomorphism f : c → M , there exists a T-model homomorphism
g : c → c′ to a �nitely presentable T′-model c′ and a T-model homo-
morphism h : c′ →M such that h◦g = f . Indeed, M can be expressed
as a �ltered colimit of �nitely presentable T′-models c′; therefore, as
c is �nitely presentable as a T-model, f necessarily factors through a
colimit arrow c′ →M .

(iii) Under the hypothesis that every �nitely presentable T′-model is �nitely
presentable as a T-model, by the duality theorem of [9], the syntactic
description of T′ in terms of J given therein and the description of J
in terms of f.p.T′-mod(Set) given in Remark 6.27(a), T′ can be charac-
terized as the quotient of T obtained by adding all the sequents of the
form (φ(~x) `~x

∨
i∈I
∃~xiθi(~xi, ~x)), where {θi(~xi, ~x) : φi(~xi)→ φ(~x)} is the

family of T-provably functional formulae from the formulae φi(~xi) pre-
senting a T′-model to a T-irreducible formula (equivalently, a formula
presenting a T-model) φ(~x).

The following result provides a natural class of presheaf-type quotients
of presheaf-type theories whose associated topologies are rigid.

Theorem 6.28. Let T be a theory of presheaf type over a signature Σ. Then
any quotient T′ of T obtained from T by adding sequents of the form φ `~x ⊥,
where φ(~x) is a geometric formula over Σ, is classi�ed by the topos [T ,Set],
where T is the full subcategory of f.p.T-mod(Set) on the T′-models.

Proof By covering each φ(~x) by T-irreducible formulae in the syntactic
category CT of T, we can suppose without loss of generality all of the φ(~x) to
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be T-irreducible, that is to present a T-model Mφ. Then, by the results of
[9], the quotient T′ is classi�ed by the topos Sh(f.p.T-mod(Set)op, J), where
J is the smallest Grothendieck topology on f.p.T-mod(Set)op which contains
all the empty sieves on the models Mφ presented by the formulae φ involved
in the axioms φ `~x ⊥ added to T to form T′. Let T be the full subcategory
of f.p.T-mod(Set) on the T′-models. Then T is J-dense; indeed, any object
not in T admits an arrow from a model of the formMφ and hence is covered
by the empty sieve. Further, for any object of T , the J-covering sieves on it
are exactly the maximal ones; therefore, the Comparison Lemma yields an
equivalence Sh(f.p.T-mod(Set)op, J) ' [T ,Set], as required. �

6.4.2 Finding theories classi�ed by a given presheaf topos

The following theorem provides a method for constructing theories of presheaf
type whose categories of �nitely presentable models are equivalent, up to
Cauchy-completion, to a given small category of structures.

Theorem 6.29. Let T be a theory of presheaf type and A a full subcategory of
f.p.T-mod(Set). Then the A-completion T′ of T (i.e., the set of all geometric
sequents over the signature of T which are valid in all models in A) is of
presheaf type classi�ed by the topos [A,Set]; in particular, every �nitely
presentable T′-model is a retract of a model in A.

Proof Since every model in A is �nitely presentable as a T-model, we have
a geometric inclusion i : [A,Set] ↪→ Set[T] ' [f.p.T-mod(Set),Set] induced
by the canonical inclusion A ↪→ f.p.T-mod(Set). This subtopos corresponds,
by the duality theorem of [9], to a quotient T′ of T classi�ed by the topos
[A,Set], which can be characterized as the collection of all geometric se-
quents which hold in every model in A, that is, as the A-completion T′ of T
(recall that theories of presheaf type have enough set-based models). There-
fore T′ is of presheaf type classi�ed by the topos [A,Set]; but the �nitely
presentable T′-models are the �nitely presentable objects of Ind-A, that is
the retracts of objects of A in Ind-A ' T′-mod(Set). This completes the
proof of the theorem. �

Remarks 6.30. (a) Theorem 6.29 is a generalization of Joyal and Wraith's
recognition theorem (Theorem 1.1 [2]), as well as of Proposition 5.3 [22].
Indeed, the former theorem can be obtained as the particular case of
Theorem 6.29 when T′ has enough set-based models and every set-based
model of T′ is a �ltered colimit of �nitely presentable models of T′ which
are also �nitely presentable as T-models, while Proposition 5.3 [22] can
be obtained as the specialization of this latter theorem to the case when
T′ is a disjunctive theory and T is a cartesian theory (in view of the fact,
proved in [22], that the category of set-based models of a disjunctive
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theory is multiply �nitely presentable and hence that every set-based
model of a disjunctive theory can be expressed as a �ltered colimit of
�nitely presentable models of it).

(b) It is worth to compare Theorem 6.29 with Theorem 5.1. If T′ is a quotient
of a theory of presheaf type T and K is a small category of set-based T′-
models such that every model in K is �nitely presentable as a T-model
then, in order to conclude that T′ is of presheaf type classi�ed by the
topos [K,Set], we can either verify conditions (i) and (ii) of Theorem
5.1 or to verify that the models in K are jointly conservative for T′; in
fact, as observed in Remark 5.2(c), conditions (i) and (ii) of Theorem
5.1 together imply that the models in K are jointly conservative for T′.

Corollary 6.31. Assuming the axiom of choice, every coherent theory (or,
more generally, any theory in a countable fragment of geometric logic as in
the hypotheses of Theorem 5.1.7 [27]) T over a �nite relational signature
whose axioms do not contain existential quanti�cations is of presheaf type.

Proof Since the axioms of T do not contain quanti�cations, every substruc-
ture of a model of T is a model of T. Moreover, since the signature of T
is relational, every �nitely generated substructure over the signature of T
contains only a �nite number of elements besides the constants. Therefore
every �nitely presentable model of T contains only a �nite number of ele-
ments besides the constants (as any model of T is a �ltered union of its �nite
submodels); on the other hand, since the signature of T is �nite, every such
model is �nitely presentable as a model of the empty theory over the signa-
ture of T (cf. Theorem 6.4 [6]). Therefore condition (iii) of Theorem 5.1
is satis�ed (cf. Proposition 5.11(i)). Now, under the axiom of choice, every
theory satisfying the hypotheses of Theorem 5.1.7 [27], in particular any co-
herent theory, has enough models, whence our thesis follows from Theorem
6.29. �

It is nonetheless important, from a constructive viewpoint, to be able to
prove that a theory is of presheaf type without invoking the axiom of choice.
Theorem 5.1 allows us to do so in a great variety of cases.

Theorem 6.29 shows that a good �rst step in constructing a geometric
theory classi�ed by a presheaf topos [K,Set] consists in �nding a theory of
presheaf type T such that the category K can be identi�ed as a full sub-
category of the category of �nitely presentable models of T. Indeed, under
these hypotheses, Theorem 6.29 ensures the existence of a quotient TK of
T classi�ed by the topos [K,Set], which can be characterized as the theory
consisting of all the geometric sequents over the signature of T which are
valid in every model in K. In most cases, if one has a natural candidate S
for a theory classi�ed by the topos [K,Set], the theory T can be chosen to
be the Horn part of S or the cartesianization Sc of S.

112



Of course, the abstract characterization of TK as the theory consisting of
all the geometric sequents over the signature of T which are valid in every
model in K is not very useful in speci�c contexts, where one looks for an
axiomatization of TK as simple and `economical' as possible. To this end, we
observe that if everyM in K is strongly �nitely presented as a model of T as
well as �nitely generated (in the sense that for any sort A over the signature
of T the elements of the set MA are precisely given by the interpretations
in M of terms tA(~x) (or more generally of T-provably functional predicates)
over the signature of T, where ~x are the generators of M as strongly �nitely
presented model of T) then we dispose of an explicit axiomatization of the
theory TK, as given by the following

Theorem 6.32. Let T be a geometric theory over a signature Σ and K a full
subcategory of the category set-based T-models such that every T-model in K
is both strongly �nitely presentable and �nitely generated (with respect to the
same generators). Then the following sequents (where we denote by P the set
of geometric formulae over Σ which strongly present a T-model in K), added
to the axioms of T, yield an axiomatization of a quotient of T classi�ed by the
topos [K,Set] via a Morita-equivalence induced by the canonical geometric
morphism [K,Set]→ Sh(CT, JT).

In particular, if the theory T is of presheaf type (whence every �nitely
presentable T-model is strongly �nitely presentable) and all the models in the
full subcategory K of T-mod(Set) are �nitely presented and �nitely gener-
ated (with respect to the same generators), the following sequents yield an
axiomatization of the theory TK de�ned above:

(i) The sequent

(> `[]

∨
φ(~x)∈P

(∃~x)φ(~x));

(ii) For any formulae φ(~x) and ψ(~y) in P, where ~x = (xA1
1 , . . . , xAnn ) and

~y = (yB1
1 , . . . , yBmm ), the sequent

(φ(~x)∧ψ(~y) `~x,~y
∨

χ(~z)∈P,tA1
1 (~z),...,tAnn (~z)

s
B1
1 (~z),...,sBmm (~z)

(∃~z)(χ(~z) ∧
∧

i∈{1,...,n},
j∈{1,...,m}

(xi = ti(~z) ∧ yj = sj(~z)))),

where the disjunction is taken over all the formulae χ(~z) in P and all
the sequences of terms tA1

1 (~z), . . . , tAnn (~z) and sB1
1 (~z), . . . , sBmm (~z) whose

output sorts are respectively A1, . . . , An, B1, . . . , Bm and such that, de-
noting by ~ξ the set of generators of the model M{~z.χ} (strongly) �nitely

presented by the formula χ(~z), (tA1
1 (~ξ), . . . , tAnn (~ξ)) ∈ [[~x . φ]]M{~z.χ} and

(sB1
1 (~ξ), . . . , sBmm (~ξ)) ∈ [[~y . ψ]]M{~z.χ} ;
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(iii) For any formulae φ(~x) and ψ(~y) in P, where ~x = (xA1
1 , . . . , xAnn ) and

~y = (yB1
1 , . . . , yBmm ), and any terms tA1

1 (~y), sA1
1 (~y), . . . , tAnn (~y), sAnn (~y)

whose output sorts are respectively A1, . . . , An, the sequent

(
∧

i∈{1,...,n}

(ti(~y) = si(~y)) ∧ φ(t1/x1, . . . , tn/xn) ∧ φ(s1/x1, . . . , sn/xn) ∧ ψ(~y)

`~y
∨

χ(~z)∈P,uB1
1 (~z),...,uBmm (~z)

((∃~z)(χ(~z) ∧
∧

j∈{1,...,m}

(yj = uj(~z))),

where the disjunction is taken over all the formulae χ(~z) in P and
all the sequences of terms uB1

1 (~z), . . . , uBmm (~z) whose output sorts are

respectively B1, . . . , Bm and such that, denoting by ~ξ the set of gener-
ators of the model M{~z.χ} (strongly) �nitely presented by the formula

χ(~z), (uB1
1 (~ξ), . . . , uBmm (~ξ)) ∈ [[~y . ψ]]M{~z.χ} and ti(u1(~ξ), . . . , um(~ξ)) =

si(u1(~ξ), . . . , um(~ξ)) in M{~z.χ} for all i ∈ {1, . . . , n};

(iv) For any sort A over Σ, the sequent

(> `xA
∨

χ(~z)∈P,tA(~z)

(∃~z)(χ(~z) ∧ x = t(~z))),

where the the disjunction is taken over all the formulae χ(~z) in P and
all the terms tA(~z) whose output sort is A;

(v) For any sort A over Σ, any formulae φ(~x) and ψ(~y) in P, where
~x = (xA1

1 , . . . , xAnn ) and ~y = (yB1
1 , . . . , yBmm ), and any terms tA(~x) and

sA(~y), the sequent

(φ(~x) ∧ ψ(~y) ∧ t(~x) = s(~y) `~x,~y
∨

χ(~z)∈P,pA1
1 (~z),...,pAnn (~z)

q
B1
1 (~z),...,qBmm (~z)

(∃~z)(χ(~z)∧

∧
∧

i∈{1,...,n},
j∈{1,...,m}

(xi = pi(~z) ∧ yj = qj(~z))),

where the disjunction is taken over all the formulae χ(~z) in P and all
the sequences of terms pA1

1 (~z), . . . , pAnn and qB1
1 (~z), . . . , qBmm (~z) whose

output sorts are respectively A1, . . . , An, B1, . . . , Bm and such that, de-
noting by ~ξ the set of generators of the model M{~z.χ} (strongly) �nitely

presented by the formula χ(~z), (pA1
1 (~ξ), . . . , pAnn (~ξ)) ∈ [[~x . φ]]M{~z.χ}

and (qB1
1 (~ξ), . . . , qBmm (~ξ)) ∈ [[~y . ψ]]M{~z.χ} and t(p1(~ξ), . . . , pn(~ξ)) =

s(q1(~ξ), . . . , qm(~ξ)) in M{~z.χ}.
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Proof Let R be the geometric theory obtained from T by adding all the
sequents speci�ed above. The objects in K are clearly models of R (cf.
Remarks 5.6(a) and 5.10). From the fact that they are strongly �nitely
presentable it follows by Proposition 5.11(ii) that condition (iii) of Theorem
5.1 is satis�ed by the theory R with respect to the category K. By Theorems
5.3 and 5.9 and Remarks 5.6(a) and 5.10, R also satis�es conditions (i)
and (ii) of Theorem 5.1 with respect to K. Theorem 5.1 thus implies that
R is of presheaf type classi�ed by the topos [K,Set]. Moreover, it can be
readily seen that the resulting Morita-equivalence is induced by the canonical
geometric morphism from [K,Set] to the classifying topos for T; this ensures
in particular that if T is of presheaf type then R is equal to the theory TK.�

6.5 Injectivizations of theories

For any geometric theory T, we can slightly modify its syntax so to obtain a
geometric theory whose models in Set are the same as those of T and whose
homomorphisms between them are precisely the sortwise injective T-model
homomorphisms.

This construction is useful in many contexts. For instance, in [9] we
showed that if the category f.p.T-mod(Set) of �nitely presentable models
of a theory of presheaf type T satis�es the amalgamation property then
the quotient of T corresponding to the subtopos Sh(f.p.T-mod(Set)op, Jat)
of [f.p.T-mod(Set),Set] (where Jat is the atomic topology) via the duality
theorem of [9] axiomatizes the homogeneous T-models (in the sense of [5]) in
any Grothendieck topos. Now, the notion of homogeneous T-model, which
is strictly related to the notion of weakly homogeneous model considered in
classical Model Theory (cf. [20]), is mostly interesting when the arrows of
the category T-mod(Set) are all monic; indeed, as shown in [6], a necessary
condition for T to admit an associated `concrete' Galois theory, is that all
the arrows in f.p.T-mod(Set) should be strict monomorphisms.

This motivates the following formal de�nition.

De�nition 6.33. Let T be a geometric theory over a signature Σ. The
injectivization Tm of T is the geometric theory obtained from T by adding
a binary predicate DA � A,A for each sort A over Σ and the coherent
sequents

(DA(xA, yA) ∧ xA = yA) `xA,yA ⊥)

and
(> `xA,yA DA(xA, yA) ∨ xA = yA) .

The models of Tm in an arbitrary topos E coincide with the models M
of T in E which are sortwise decidable, in the sense that for every sort A
over the signature of T the object MA of E is decidable, i.e. the diagonal
subobject of MA is complemented (by the interpretation of DA in M).
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As shown by the following lemma, the arrows M → N in the category
Tm-mod(Set) are precisely the T-model homomorphisms f : M → N such
that for every sort A over the signature of T, fA : MA→ NA is a monomor-
phism in E .

Lemma 6.34. Let A and B be decidable objects in a topos E and f : A→ B
an arrow in E. Let DA � A× A and DB � B × B denote respectively the
complements of the diagonal subobjects δA : A� A×A and δB : B� B×B.
Then f is a monomorphism if and only if f × f : A× A→ B × B restricts
to an arrow DA → DB.

Proof It is immediate to see that f : A → B is a monomorphism if and
only if the diagram

A

δA
��

f // B

δB
��

A×A
f×f
// B ×B,

is a pullback.
Since pullback functors preserve arbitrary unions and intersections of

subobjects in a topos (they having both a left and a right adjoint), we have
that (f × f)∗(DB) ∼= ¬(f × f)∗(δB). Now, f × f : A×A→ B ×B restricts
to an arrow DA → DB if and only if DA ≤ (f ×f)∗(DB). But this condition
holds if and only ifDA∩(f×f)∗(δB) ∼= 0, i.e. if and only if (f×f)∗(δB) ≤ δA,
which is equivalent to the condition (f×f)∗(δB) ∼= δA (as δA ≤ (f×f)∗(δB)).

�

Several injectivizations of theories of presheaf type have been considered
in the literature, e.g. in [26] and in [21]; see also [7] and [6] for some appli-
cations of this type of theories in the context of topos-theoretic Galois-type
equivalences.

As we shall see below, under certain conditions, the injectivization of a
theory of presheaf type is again of presheaf type.

The following proposition is a corollary of Theorem 4.3.

Proposition 6.35. Let T be a geometric theory. Then for any T-models M
and N in a Grothendieck topos E which are sortwise decidable there exists an
object HomETm-mod(E)(M,N) of E satisfying the following universal property:

for any object E of E we have an equivalence

HomE(E,Hom
E
Tm-mod(E)(M,N)) ∼= HomTm-mod(E/E)(!

∗
E(M), !∗E(N))

natural in E ∈ E.

Remarks 6.36. (a) For any E , M and N , HomETm-mod(E)(M,N) embeds

canonically as a subobject of HomET-mod(E)(M,N).
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(b) Let T be a geometric theory over a signature Σ, c a �nitely presentable
T-model andM a sortwise decidable model of T in a Grothendieck topos
E . Then the subobject

HomETm-mod(E)(γ
∗
E(c),M)� HomET-mod(E)(γ

∗
E(c),M)

can be identi�ed with the interpretation of the formula

χc :=
∧

A sort over Σ,
x,y∈cA, x 6=y

(πA(f(γ∗E(x)), πA(f(γ∗E(y))) ∈ DMA,

written in the internal language of the topos E , where

πA : HomET-mod(E)(M,N)→ NAMA

is the arrow de�ned in Remark 4.4(b) and x, y : 1→ c are the arrows in
Set corresponding respectively to the elements x and y of cA. Indeed, a
T-model homomorphism f : γ∗E(c)→ M is sortwise monic if and only if
for every sort A over Σ and any distinct elements x, y ∈ cA, fA(γ∗E(x))
and fA(γ∗E(y)) are disjoint, in other words they satisfy the relationDMA.

It follows that if for every �nitely presentable T-model c, the formula
χc is equivalent to a geometric formula over the signature of Tm, for
instance when Σ only contains a �nite number of sorts and for any sort
A and any �nitely presentable T-model the set cA is �nite, then the
theory Tm satis�es condition (iii)(a) of Theorem 5.1 with respect to the
category of �nitely presentable T-models if T does.

(c) Let T be a geometric theory over a signature Σ, c a �nitely presentable T-
model andM a sortwise decidable model of T in a Grothendieck topos E .
If c is strongly �nitely presented by a geometric formula φ(~x) over Σ then
the subobjectHomET-modm(E)(γ

∗
E(c),M) ofHomET-mod(E)(γ

∗
E(c),M) ∼= [[~x .

φ]]M can be identi�ed with the intersection of the interpretations in M
of the formulae of the form ¬(∃xA)(θ1(~x, xA) ∧ θ2(~x, xA)), where A is a
sort over Σ and θ1, θ2 are T-provably functional formulae from {~x . φ}
to {xA . >}.

Lemma 6.37. Let T be a geometric theory over a signature Σ, c a set-
based T-model and M a T-model in a Grothendieck topos E. A general-
ized element x : E → GM (c) = HomETm-mod(E)(γ

∗
E(c),M) can be identi�ed

with a Σ-homomorphism ξx : c → HomE(E,M) which is sortwise disjunc-
tive in the sense that for every sort A over Σ, the function ξxA : cA →
HomE(E,MA) has the property that for any distinct elements z, w ∈ cA,
the arrows ξxA(z), ξxA(w) : E →MA have equalizer zero in E.
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Proof The thesis follows from Proposition 4.5, observing that, by Lemmas
6.41 and 6.43, an arrow τA : γ∗E/E(cA) →!∗E(MA) in E/E is monic in E/E
if and only if the corresponding arrow ξA : cA → HomE(E,MA) satis�es
the property that for any distinct elements z, w ∈ cA, the arrows ξA(z) :
E →MA and ξA(w) : E →MA have equalizer zero (notice that two arrows
s, t : (a : A → E) → (b : B → E) in E/E have equalizer zero in E/E if and
only if the arrows s : A→ B and t : A→ B have equalizer zero in E). �

Remark 6.38. Suppose that the formula {xA . >} strongly presents a T-
model FA. Then a Σ-structure homomorphism s : FA → HomE(E,M),
corresponding to a generalized element z : E → MA, is sortwise disjunc-
tive if and only if for any sort B over Σ and any two T-provably inequiv-
alent T-provably functional geometric formulae θ1 and θ2 from {xA . >}
to {xB . >}, the generalized elements [[θ1]]M ◦ z and [[θ2]]M ◦ z are dis-
joint. Indeed, from the proof of Theorem 4.1 we know that that for any
sort B and T-provably functional geometric formula θ from {xA . >} to
{xB . >}, the function [[θ]]FA : FAA = HomCT({xA . >}, {xA . >}) →
FAB = HomCT({xA . >}, {xB . >}) coincides with [θ] ◦ − : HomCT({xA .
>}, {xA . >})→ HomCT({xA . >}, {xB . >}), while the generator uA of FA
is precisely the identity arrow on {xA . >}. Now, it is immediate to see that
for any Σ-structure homomorphism s : FA → HomE(E,M) and any sort B
over Σ, the diagram

FAA

[θ]◦−
��

sA // HomE(E,MA)

[[θ]]M◦−
��

FAB
sB // HomE(E,MB)

commutes, i.e. sA(uA) = sB(θ). From these remarks, our claim immediately
follows.

Note that if T is a universal Horn theory (in the sense of [3]) then we
can suppose without loss of generality θ1 and θ2 to be functional formulae of
the form xB = t(xA), where t is a term of type A→ B over Σ (cf. Remark
4.2(a)).

6.5.1 Condition (iii) of Theorem 5.1 for injectivizations

In this section we shall establish a general result about injectivizations of
theories of presheaf type, namely that for any theory of presheaf type T such
that all the monic arrows in the category f.p.T-mod(Set) are sortwise monic,
the injectivization of T satis�es condition (iii) of Theorem 5.1 with respect
to the category f.p.T-mod(Set).

Before proving this theorem, we need a series of preliminary results.
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Lemma 6.39. Let r : R � A × A a subobject in a Grothendieck topos E,
e : E → A × A an arrow in E and {fi : Ei → E | i ∈ I} an epimorphic
family in E. If for every i ∈ I the arrow e◦fi factors through r then e factors
through r.

Proof The arrow
∐
i∈I
fi :

∐
i∈I
Ei → E induced by the universal property of the

coproduct is an epimorphism, since by our hypothesis the family {fi : Ei →
E | i ∈ I} is epimorphic. The factorizations bi : Ei → R of the arrows e ◦ fi
through r induce an arrow b :=

∐
i∈I
bi :

∐
i∈I
Ei → R, such that r ◦ b = e ◦

∐
i∈I
fi.

Consider the epi-mono factorization b = h ◦ k in E of the arrow b, where
k :

∐
i∈I
Ei � U and h : U � R, and the epi-mono factorization e = m ◦ n

of the arrow e in E , where n : E � T and m : T � A. Clearly, the arrow
e◦

∐
i∈I
fi factorizes both asm◦(n◦

∐
i∈I
fi) and as (r◦h)◦k. Now, asm, r◦h are

monic and n ◦
∐
i∈I
fi, k are epic, the uniqueness of the epi-mono factorization

of a given arrow in a topos implies that there exists an isomorphism i : T ∼= U
such that r ◦h ◦ i = m and i ◦n ◦

∐
i∈I
fi = k. The arrow h ◦ i ◦n thus provides

a factorization of e through r, as required. �

Lemma 6.40. Let {fi : Ai → B | i ∈ I} be a family of arrows in a
Grothendieck topos E. Then the arrow

∐
i∈I
fi →

∐
i∈I
Ai → B is monic if

and only if for every i ∈ I, fi is monic and for every i, i′ ∈ I, either i = i′

or the subobjects fi : Ai� B and f ′i : Ai′ � B are disjoint.

Proof The `if' direction follows from Proposition IV 7.6 [26], while the `only
if' one follows from the fact that coproducts in a topos are always disjoint
(cf. Corollary IV 10.5 [26]) and the composite of a given monomorphism
with two disjoint subobjects yields two disjoint subobjects. �

Remark 6.41. If in the statement of Lemma 6.40 the objects Ai are all
equal to the terminal object 1E of E then the arrows fi are automatically
monic and any two of them are disjoint if and only if their equalizer is zero.

The notation employed in the statements and proofs of the following
results is borrowed from section 3.2.

Lemma 6.42. Let F : Dop → E be a �at functor from a subcategory D of a
small category C to a Grothendieck topos E and x : E → F̃ (d) a generalized
element which factors through χFd : F (d)→ F̃ (d) as χFd ◦x′. Then the natural
transformation αx : γ∗E/E ◦ yCd →!∗E ◦ F̃ corresponding to x is equal to α̃x′ ,
where αx′ is the natural transformation γ∗E/E ◦yDd→!∗E ◦F corresponding to

x′.

Proof Straightforward from the results of section 3.2. �
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Given a small category C, we shall write Cm for the category whose objects
are the objects of C and whose arrows are the monic arrows in C between
them. The following results concern extensions F̃ of �at functors F along
the embedding Cm ↪→ C.

Below, for a given �at functor H : Cop → E with values in a Grothendieck
topos E and any object E of E , we write HE for the �at functor !∗E ◦ H :
Cop → E/E.

Proposition 6.43. Let C be a small category and and F : Cmop → E a �at
functor. Then for any object c ∈ C and any generalized element x : E →
F̃ (c), x factors through χFc : F (c) → F̃ (c) if and only if the corresponding
natural transformation γ∗E/E ◦ yCc→ ˜!∗E ◦ F is pointwise monic.

Proof The `only if' direction follows at once from Lemma 6.42 and Theorem
6.8. To prove the `if' one, thanks to the localization technique, we can
suppose without loss of generality E = 1E .

Suppose that the natural transformation αx : γ∗E ◦yCc→ F̃ corresponding
to the generalized element x : 1 → F̃ (c) is pointwise monic. We want
to prove that x factors through χFc : F (c) → F̃ (c). Recall that αx(d) :∐
f∈HomC(d,c)

1E → F̃ (c) is de�ned as the arrow which sends the component of

the coproduct indexed by f to the generalized element F̃ (f) ◦ x : 1→ F̃ (d).
By Lemma 6.40, if αx is pointwise monic then for any object d ∈ C and

arrows f, g : d → c in C, either f = g or the equalizer of F̃ (f) ◦ x and
F̃ (g) ◦ x is zero. Consider the pullbacks of the jointly epimorphic arrows
κ(a,z) : F (a)→ F̃ (c) along the arrow x : 1E → F̃ (c):

E(a,z)

h(a,z) //

e(a,z)

��

F (a)

κ(a,z)
��

1 x
// F̃ (c)

We shall prove that the epimorphic family {e(a,z) : E(a,z) → 1E | (a, z) ∈ Ac}
satis�es the condition that for any (a, z) ∈ Ac, the composite arrow x◦ e(a,z)

factors through χFc : F (c) → F̃ (c); this will imply our thesis by Lemma
6.39. As if E(a,z)

∼= 0 then x ◦ e(a,z) factors through χFc : F (c) → F̃ (c),
we can suppose E(a,z) � 0. Under this hypothesis, the arrow z : c → a is
monic in C. Indeed, for any two arrows f, g : b → c such that z ◦ f = z ◦ g,
F̃ (f) ◦ x ◦ e(a,z) = F̃ (f) ◦ κ(a,z) ◦ h(a,z) = F̃ (f) ◦ F̃ (z) ◦ χFa ◦ h(a,z) = F̃ (g) ◦
F̃ (z)◦χFa ◦h(a,z) = F̃ (g)◦κ(a,z)◦h(a,z) = F̃ (g)◦x◦e(a,z), whence either f = g

or the the equalizer of F̃ (f) ◦ x and F̃ (g) ◦ x is zero. But if the equalizer
of F̃ (f) ◦ x and F̃ (g) ◦ x were zero then E(a,z) would also be isomorphic to
zero (since it would admit an arrow to zero), contrary to our hypothesis; so
f = g, as required. �
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Remark 6.44. By Proposition 6.35, Proposition 6.43 can be reformulated
as follows: for any object c ∈ C, F (c) ∼= HomETCm-mod(E)(γ

∗
E ◦ yCc, F̃ ), where

TCm is the geometric theory of �at functors on Copm .

Theorem 6.45. Let C be a small category and Flatm(Cop, E) the subcategory
of Flat(Cop, E) whose objects are the same as Flat(Cop, E) and whose arrows
are the natural transformations between them which are pointwise monic.
Then the extension functor

ξE : Flat(Cmop, E)→ Flat(Cop, E),

along the embedding Cm ↪→ C, which by Theorem 6.8 takes values into
Flatm(Cop, E), is full on this latter category.

Proof Let F,G be �at functors Cmop → E with values in a Grothendieck
topos E , and let β : F̃ → G̃ be a pointwise monic natural transformation
between them. We want to prove that there exists a natural transformation
α : F → G such that β = α̃. It su�ces to show that for any c ∈ C, β(c) :
F̃ (c)→ G̃(c) restricts (along the arrows χFc : F (c)→ F̃ (c) and χGc : G(c)→
G̃(c)) to an arrow F (c) → G(c). To this end, we de�ne a function γE :
HomE(E,F (c)) → HomE(E,G(c)) natural in E ∈ E . By Remark 3.2(iii),
the set HomE(E,F (c)) (resp. the set HomE(E,G(c))) can be identi�ed
with the set of arrows E → F̃ (c) (resp. with the set of arrows E → G̃(c))
which factor through χFc (resp. through χGc ). By Proposition 6.43, for any
�at functor H : Cop → E , the arrows E → H̃(c) which factor through χHc
correspond precisely to the natural transformations γ∗E/E ◦ yCc→ H̃E which

are pointwise monic. Now, since β is pointwise monic then !∗E ◦β : F̃E → G̃E
is also pointwise monic (since the functor !∗E preserves monomorphisms, it
being the inverse image of a geometric morphism); hence any generalized
element E → F̃ (c) which factors through χFc gives rise, by composition
with !∗E ◦ β of the corresponding, pointwise monic, natural transformation
γ∗E/E◦yCc→ F̃E , to a poitwise monic natural transformation γ∗E/E◦yCc→ F̃E ,

that is to a generalized element E → G̃(c) which factors through χGc . But
this generalized element is precisely βc ◦ x. So β(c) : F̃ (c) → G̃(c) restricts
to an arrow F (c)→ G(c), as required. �

We can now prove the following

Theorem 6.46. Let T be a theory of presheaf type over a signature Σ. Then
the injectivization of T satis�es condition (iii)(b)-(1) of Theorem 5.1 with
respect to the category f.p.T-mod(Set)m, and condition (iii)(b)-(2) with re-
spect to the same category if every monic arrow in f.p.T-mod(Set) is sortwise
monic (for instance, by Proposition 6.47, if for every sort A over Σ there
exists the free T-model on A).
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Proof By Theorem 6.7, the composite functor

ξE : Flat(f.p.T-mod(Set)m
op, E)→ Flat(f.p.T-mod(Set)op, E) ' T-mod(E),

takes values in the subcategory Tm-mod(E) of T-mod(E). The functor ξE
is faithful by Proposition 3.2(iii) and full on Tm-mod(E) by Theorem 6.45
in view of the fact that for any sortwise monic T-model homomorphism
f : M → N in E , the natural transformation αf : FM → FN corresponding
to it under the Morita-equivalence

Flat(f.p.T-mod(Set)op, E) ' T-mod(E)

for T is pointwise monic. This latter fact can be proved as follows. For
any object D of the category f.p.T-mod(Set), the value of αf at D can be
identi�ed with the arrow [[~x . φ]]M → [[~x . φ]]N canonically induced by
f , where φ(~x) is `the' formula which presents the model D; therefore if f
is sortwise monic then αf (D) is monic in E , it being the restriction of a
monic arrow (namely fA1×· · ·× fAn, where ~x = (xA1 , . . . , xAn)) along two
subobjects. �

The following proposition identi�es a class of theories of presheaf type T
with the property that the monic arrows of the category f.p.T-mod(Set) are
sortwise monic.

Proposition 6.47. Let T be a theory of presheaf type over a signature Σ
in which for every sort A over Σ the formula {xA . >} presents a T-model,
and let f : M → N be a homomorphism of �nitely presentable T-models M
and N . Then f is monic as an arrow of f.p.T-mod(Set) (equivalently, as an
arrow of T-mod(Set)) if and only if it is sortwise monic.

Proof Let A be a sort over Σ. As {xA . >} presents a T-model FA then
for any model P of T in Set we have an equivalence HomT-mod(Set)(FA, P ) ∼=
PA natural in P . In particular we have equivalencesHomT-mod(Set)(FA,M) ∼=
MA and HomT-mod(Set)(FA, N) ∼= NA under which the function f ◦ − :
HomT-mod(Set)(FA,M) → HomT-mod(Set)(FA, N) corresponds to the func-
tion fA : MA → NA. Now, if f is monic then the function f ◦ − :
HomT-mod(Set)(FA,M) → HomT-mod(Set)(PA, N) is injective, equivalently
fA : MA→ NA is injective, as required. �

6.5.2 A criterion for injectivizations

In this section we shall establish a result providing a su�cient condition for
the injectivization of a theory of presheaf type of a certain form to be again
of presheaf type. Before stating it, we need some preliminaries.

The following de�nition gives a natural topos-theoretic generalization of
the standard notion of congruence on a set-based structure.
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De�nition 6.48. Let Σ be a one-sorted �rst-order signature and M a Σ-
structure in a Grothendieck topos E . An equivalence relation R� M ×M
on M in E is said to be a congruence if for any function symbol f over Σ of
arity n, we have a commutative diagram

Rn

��

// (M ×M)n ∼= Mn ×Mn

fM×fM
��

R //M ×M .

Proposition 6.49. Let Σ be a one-sorted �rst-order signature and M a Σ-
structure in a Grothendieck topos E. For any congruence R onM there exists
a Σ-structure M/R on E whose underlying object is the quotient in E of M
by the relation R, and a Σ-structure epimorphism pR : M → M/R given
by the canonical projection. Conversely, for any Σ-structure epimorphism
q : M → N , the kernel pair Rq of q is a congruence on M such that q is
isomorphic to M/Rq.

Proof The proof of the proposition is immediate by using the exactness
properties of Grothendieck toposes relating epimorphisms and equivalence
relations. �

Proposition 6.50. Let T be a geometric theory over a one-sorted signature
Σ and M a T-model in a Grothendieck topos E. If the axioms of T are all of
the form (φ `~x ψ), where φ does not contain any conjunctions, then for any
congruence R on M the Σ-structure M/R is a T-model.

Proof The thesis can be easily proved by induction on the structure of
geometric formulae over Σ, using the fact that the action of the canonical
projection homomorphism pR : M → M/R on subobjects (of powers of
M) preserves the top subobject, the natural order on subobjects, image
factorizations and arbitrary unions. �

The following lemma shows that one can always perform image factor-
ization of homomorphisms of structures in regular categories.

Lemma 6.51. Let Σ be a �rst-order signature and C a regular category.
Then any Σ-structure homomorphism f : M → N in C can be factored as
h ◦ g, where h : N ′ � N is a Σ-substructure of N and g : M → N ′ is
sortwise a cover.

Proof First, we notice that in any regular category �nite products of cov-
ers are covers; indeed, composite of covers are covers (this can be easily
proved by using the de�nition of cover as an arrow orthogonal to the class
of monomorphisms), and the product of two covers f × g, where f : A→ B
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and g : C → D, is equal to the composite (1B × g) ◦ (f × 1C) of two arrows
which are pullbacks of covers.

For every sort A over Σ we set N ′A equal to Im(fA), gA equal to the
canonical cover MA → Im(fA) and hA equal to the canonical subobject
N ′A� NA. For any function symbol ξ : A1, . . . An → B over Σ, we set N ′ξ
equal to the restrictionN ′A1×· · ·×N ′An → N ′B ofNξ : NA1×· · ·×NAn →
NB. This restriction actually exists (and is unique) since f is a Σ-structure
homomorphism and gA1 × · · · × gAn is a cover. For any relation symbol
R over Σ of type A1, . . . , An, we set N ′R equal to the intersection of NR
with the canonical subobject N ′A1× · · · ×N ′An� NA1× · · · ×NAn. It is
clear that f = h ◦ g, that g is sortwise a cover and that h is a substructure
homomorphism, as required. �

The following proposition, giving an explicit characterization of decidable
objects in terms of their generalized elements, was stated in [26] as Exercise
VIII.8(a).

Proposition 6.52. Let E be a cocomplete (in particular, a Grothendieck)
topos and A an object of E. Then A is decidable if and only if for any
generalized elements x, y : E → A there exists an epimorphic family (possibly
consisting of just two elements) {ei : Ei → E | i ∈ I} such that for any i ∈ I,
either x ◦ ei = y ◦ ei or the equalizer of x ◦ ei and y ◦ ei is zero.

Proof Let us suppose that A is decidable. Let p : P � A × A be the
complement of the diagonal subobject ∆ : A� A×A. Consider the pullback
of 〈x, y〉 : E → A×A along p:

E′

s
��

u // P

p

��
E

〈x,y〉// A×A .

The equalizer i : R� E′ of x ◦ s and y ◦ s is zero; indeed, by de�nition of
P , the diagram

0 //

��

A

∆
��

P p
// A×A

is a pullback, and the arrows z := x◦s◦i = y◦s◦i : R→ A and u◦i : R→ P
satisfy the condition ∆ ◦ z = p ◦ u ◦ i.

Let us denote by t : E′′� E the pullback of the subobject ∆ : A� A×A
along 〈x, y〉. The arrows s : E′ → E and t : E′′ → E are jointly epimorphic,
they being the pullbacks of arrows which are jointly epimorphic, namely ∆
and p.
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Therefore, by setting I = {0, 1}, E0 = E′, E1 = E′′, e0 : E0 → E equal to
s and e1 : E1 → E equal to t, we have that the family {ei : Ei → E | i ∈ I}
satis�es the condition in the statement of the proposition.

Conversely, let us suppose that the condition in the statement of the
proposition is satis�ed. To prove that A is decidable, we have to show that
the subobject ∆∨¬∆� A×A is an isomorphism, in other words that any
subobject 〈x, y〉 : E � A×A factors through it.

Notice that for any generalized elements x′, y′ : E′ → A, the arrow
〈x′, y′〉 : E′ → A × A factors through ¬∆ � A × A if and only if the
equalizer of x′ and y′ is zero. Indeed, 〈x′, y′〉 factors through ¬∆ if and
only if its image does, and by de�nition of ¬∆ this holds if and only if the
pullback of it (or equivalently, of 〈x′, y′〉) along ∆ is zero, i.e. if and only if
the equalizer of x′ and y′ is zero.

Now, by our hypotheses, there exists an epimorphic family {ei : Ei →
E | i ∈ I} such that for any i ∈ I, either x ◦ ei = y ◦ ei or the equalizer of
x ◦ ei and y ◦ ei is zero. By Lemma 6.39, to prove that 〈x, y〉 factors through
∆ ∨ ¬∆ � A × A it su�ces to prove that for any i ∈ I, 〈x ◦ ei, y ◦ ei〉
factors through ∆ ∨ ¬∆ � A × A. But by our hypothesis, for any given
i ∈ I, either x ◦ ei = y ◦ ei (which implies that 〈x ◦ ei, y ◦ ei〉 factors through
∆ : A� A× A) or the equalizer of x ◦ ei and y ◦ ei is zero (which implies,
as we have just seen, that 〈x ◦ ei, y ◦ ei〉 factors through ¬∆� A×A� A);
therefore for any i ∈ I, 〈x ◦ ei, y ◦ ei〉 factors through ∆ ∨ ¬∆� A× A, as
required. �

Proposition 6.53. Let Σ be a one-sorted signature, c a �nite Σ-structure
in Set, M a Σ-structure in a Grothendieck topos E whose underlying object
is decidable and E an object of E. Then for any Σ-structure homomorphism
f : c → HomE(E,M) there exists an epimorphic family {ei : Ei → E | i ∈
I} in E and for each i ∈ I a quotient map qi : c → ci, where ci is a �nite
Σ-structure, and a disjunctive Σ-structure homomorphism (in the sense of
Lemma 6.37) Ji : ci � HomE(Ei,M) such that Ji ◦ qi = HomE(ei,M) ◦ f
for all i ∈ I:

c
f //

qi

��

HomE(E,M)

f
��

ci
Ji
// HomE(Ei,M) .

Proof Let us suppose that c has n elements x1, . . . , xn. We know from
Proposition 6.52 that for any pair (i, j) where i, j ∈ {1, . . . , n}, there exist
arrows e(i,j) : E(i,j) → E and e′(i,j) : E′(i,j) → E such that e(i,j) and e

′
(i,j) are

jointly epimorphic, f(xi) ◦ e(i,j) = f(xj) ◦ e(i,j) and f(xi) ◦ e′(i,j), f(xj) ◦ e′(i,j)
are disjoint. The iterated �bered product of all these epimorphic families
(corresponding to the pairs (i, j) such that i, j ∈ {1, . . . , n}) thus yields an
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epimorphic family {uk : Uk → E | k ∈ K} such that for every k ∈ K there
exists a subset Sk ⊆ {1, . . . , n} × {1, . . . , n} such that for every (i, j) ∈ Sk,
f(xi) ◦ uk = f(xj) ◦ uk and for every (i, j) /∈ Sk, f(xi) ◦ uk and f(xj) ◦ uk
are disjoint. For each k ∈ K, consider the quotient qk : c → cq of c by
the congruence generated by the pairs of the form (xi, xj) for (i, j) ∈ Sk.
By de�nition of this congruence relation, the Σ-structure homomorphism
HomE(ek,M) ◦ f factors through qk, and the resulting factorization is a
disjunctive Σ-structure homomorphism. We have thus found a set of data
satisfying the condition in the statement of the proposition, as required. �

Proposition 6.54. Let T be a theory of presheaf type over a signature Σ
such that the �nitely presentable T-models coincide with the �nitely pre-
sentable Tm-models. Suppose that the following condition is satis�ed: for
any Grothendieck topos E, object E of E and Σ-structure homomorphism
x : c → HomE(E,M), where c is a �nitely presentable T-model and M is
a sortwise decidable T-model, there exists an epimorphic family {ei : Ei →
E | i ∈ I} in E and for each i ∈ I a T-model homomorphism fi : c → ci of
�nitely presentable T-models and a sortwise disjunctive Σ-structure homo-
morphism xi : ci → HomE(Ei,M) such that xi ◦ fi = HomE(ei,M) ◦ x for
all i ∈ I. Then the injecti�cation Tm of T satis�es conditions (i) and (ii) of
Theorem 5.1 (with respect to its category of �nitely presentable models).

Proof The proposition represents the particular case of Theorem 6.3 for the
faithful interpretation of T into its injectivization, with K = H equal to the
category of �nitely presentable T-models. The hypotheses of the theorem
are satis�ed since the functor

∫
a is full (cf. Remark 6.4). �

Remark 6.55. Any geometric theory T such that the �nitely presentable T-
models are precisely the �nitely generated ones and all its axioms are of the
form (φ `~x ψ), where ψ is a quanti�er-free geometric formula, satis�es the
�rst of the hypotheses of the Corollary. Indeed, every �nitely presentable T-
model is clearly �nitely presentable as a Tm-model, and since by Proposition
6.11 the substructures of models of T are again models of T, every model of
T can be expressed as the directed union of its �nitely generated submodels;
so the �nitely presentable Tm-models are precisely the �nitely generated
T-models.

Corollary 6.56. Let T be a theory of presheaf type over a signature Σ such
that the �nitely presentable T-models coincide with the �nitely presentable
Tm-models and the monic T-model homomorphisms in Set are precisely the
homomorphisms which are sortwise monic. Suppose that the following condi-
tion is satis�ed: for any Grothendieck topos E, object E of E and Σ-structure
homomorphism x : c → HomE(E,M), where c is a �nitely presentable T-
model and M is a sortwise decidable T-model, there exists an epimorphic
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family {ei : Ei → E | i ∈ I} in E and for each i ∈ I a T-model ho-
momorphism fi : c → ci of �nitely presentable T-models and a sortwise
disjunctive Σ-structure homomorphism xi : ci → HomE(Ei,M) such that
xi ◦ fi = HomE(ei,M) ◦ x for all i ∈ I. Then the injecti�cation Tm of T is
of presheaf type.

Proof By Theorem 6.46, Tm satis�es condition (iii) of Theorem 5.1 (since
all the the monic arrows in the category f.p.T-mod(Set) are injective func-
tions), while Proposition 6.54 ensures that conditions (i) and (ii) of Theorem
5.1 are satis�ed. We can thus conclude that the theory Tm is of presheaf
type. �

As a consequence of Corollary 6.56, we obtain the following result.

Corollary 6.57. Let T be a geometric theory over a one-sorted signature Σ
such that any quotient of a �nitely presentable T-model is a T-model (for
instance, a theory whose axioms are all of the form (φ `~x ψ), where φ
does not contain any conjunctions - cf. Proposition 6.50). Suppose that
the �nitely presentable T-models are exactly the �nite T-models and that all
the the monic arrows in the category f.p.T-mod(Set) are injective functions.
Then if T is of presheaf type, Tm is of presheaf type as well.

Proof Propositions 6.50 and 6.53 ensure that all the conditions of Corollary
6.56 are satis�ed. We can thus conclude that Tm is of presheaf type, as
required. �

7 Expansions of theories

7.1 General theory

In this section we introduce the syntactic notion of expansion of a geometric
theory, and show that it corresponds in a natural way to having a geometric
morphisms between the respective classifying toposes. Further, we charac-
terize the expansions of theories whose corresponding geometric morphisms
are localic and hyperconnected. This section has been inspired by section
6.2 of [17], which contains a brief informal discussion of this topic.

De�nition 7.1. Let T be a geometric theory over a signature Σ.

(i) A geometric expansion of T is a geometric theory obtained from T by
adding sorts, relation or function symbols to the signature Σ and ge-
ometric axioms over the resulting extended signature; equivalently, a
geometric expansion of T is a geometric theory T′ over a signature con-
taining Σ such that every axiom of T, regarded as a geometric sequent
in the signature of T′, is provable in T′.
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(ii) A geometric expansion T′ of T is said to be localic if no new sorts are
added to Σ to obtain the signature of T′.

(iii) A geometric expansion T′ of T is said to be hyperconnected if no new
function or relation symbols which only involve sorts over Σ are added
to Σ to form the signature of T′, and for any geometric sequent σ over
Σ, σ is provable in T′ if and only if it is provable in T.

Notice that if T′ is an expansion of a geometric theory T then there is
a canonical morphism of sites (CT, JT) → (CT′ , JT′) inducing a geometric
morphism pT

′
T : Set[T′]→ Set[T].

We say that a geometric expansion T′ of T is faithful (resp. fully faithful)
if for every Grothendieck topos E , the induced functor

(pT
′
T )E : T′-mod(E)→ T-mod(E)

is faithful (resp. full and faithful).
We know from Theorem 9.1 [9] that the inclusion part of the surjection-

inclusion factorization of the geometric morphism pT
′
T : Set[T′]→ Set[T] can

be identi�ed with the classifying topos of the quotient of T consisting of all
the sequents over Σ which are provable in the theory T′.

Recall (cf. for instance section A4.6 of [21]) that a geometric morphism
f : F → E is localic if every object of F is a subquotient (i.e. a quotient
of a subobject) of an object of the form f∗(a), where a is an object of E ;
the morphism f is hyperconnected if f∗ is full and faithful, and its image is
closed under subobjects in F .

The following technical lemma will be useful in the sequel.

Lemma 7.2. Let f : F → E a geometric morphism between Grothendieck
toposes and C a full subcategory of E which is separating for E. Suppose that
the following conditions are satis�ed:

(i) C is closed in E under �nite products;

(ii) f satis�es the property that the restriction f∗|C : C → F of f∗ to C is
full and faithful;

(iii) for any family of arrows T in C with common codomain, if the image
of T under f∗ is epimorphic in F then T is epimorphic in E, and

(iv) every subobject in F of an object of the form f∗(c) where c is an object
of C, is, up to isomorphism, of the form f∗(m) (where m is a subobject
in E).

Then f is hyperconnected.

128



Proof We have to prove that, under the speci�ed hypotheses, f∗ : E → F
is full and faithful and its image is closed under subobjects in F .

To prove that f∗ is faithful, we have to verify that for any arrows h, k :
u→ v in E , f∗(h) = f∗(k) implies h = k. Since C is a separating set for E , we
can suppose without loss of generality u to lie in C. Now, h = k if and only if
the equalizer z : w� u of h and k is an isomorphism. The family of arrows
from objects of C to w is epimorphic, whence, as f∗(z) is an isomorphism
(since f∗(h) = f∗(k)), the family formed by the composition of these arrows
with z is epimorphic on u; indeed, the members of this latter family all lie
in C and the image of this family under f∗ is epimorphic. It follows that z
is an epimorphism, equivalently an isomorphism, that is h = k, as required.

To prove the fullness of f∗, we have to verify that for any objects a and
b of E and any arrow s : f∗(a) → f∗(b) in F , there exists a (unique) arrow
t : a→ b in E such that f∗(t) = s. As C is a separating set for E there exist
epimorphic families {fi : ci → b | i ∈ I} and {gj : dj → a | j ∈ J} in E
consisting of arrows whose domains lie in C.

For any i ∈ I and j ∈ J , consider the pullback square

ri,j

qj

��

pi // f∗(ci)

f∗(fi)
��

f∗(dj)
s◦f∗(gj)

// f∗(b) .

By the universal property of pullbacks, the arrow 〈pi, qj〉 : ri,j → f∗(ci) ×
f∗(dj) ∼= f∗(ci × dj) is a monomorphism. Since ci × dj lies in C by our
hypothesis, ri,j lies in the image of f∗ and hence can be covered by arrows

hi,jk : f∗(ei,jk )→ ri,j (for k ∈ Ki,j) where each object ei,jk lies in C. Consider
the arrows pi ◦ hi,jk : f∗(ei,jk )→ f∗(ci) and qj ◦ hi,jk : f∗(ei,jk )→ f∗(dj). Since

the family {f∗(gj ◦ mi,j
k ) | i ∈ I, j ∈ J, k ∈ Ki,j} is epimorphic in F , our

hypotheses ensure that the family {gj◦mi,j
k : ei,jk → A | i ∈ I, j ∈ J, k ∈ Ki,j}

is epimorphic in E . To de�ne an arrow t : a→ b in E it is therefore equivalent
to specify, for each i ∈ I, j ∈ J and k ∈ Ki,j , an arrow vi,jk : ei,jk → b in such
a way that the compatibility conditions of Corollary 2.8 are satis�ed. Take
vi,jk equal to fi ◦ li,jk . The compatibility conditions hold since the images of
them under the functor f∗ do and, as we have proved above, f∗ is faithful.
Thus we have a unique arrow t : a→ b in E such that t ◦ gj ◦mi,j

k = fi ◦ li,jk .
The fact that f∗(t) = s follows at once.

To conclude the proof of the lemma, it remains to show that the image of
f∗ is closed under subobjects in F . Let a be an object of E and k : z� f∗(a)
a subobject in F . Since C is a separating set for E , the canonical arrow from
the coproduct of all objects in C to a is an epimorphism y; by pulling back
f∗(y) along the monomorphism k we obtain a monomorphism u from z′ to
dom(f∗(y)) and an epimorphism e : z′ → z. Now, by our hypotheses, the
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pullbacks of u along the coproduct arrows belong to the image of f∗; from
the fact that f∗ preserves coproducts it thus follows that u itself belongs
to the image of f∗, it being of the form f∗(m), where m is a coproduct in
E of subobjects in C. Now, since e is an epimorphism, z is isomorphic to
the coequalizer of its kernel pair r : w � f∗(b) × f∗(b) ∼= f∗(b × b), where
b = dom(m). Using the coproduct representation of m and the fact that C is
closed under �nite products in E , one can prove by considering the pullbacks
of r along the images under f∗ of the coproduct arrows to b×b, that r lies, up
to isomorphism, in the image of f∗; therefore, as f∗ preserves coequalizers,
k is isomorphic to a subobject in the image of f∗, as required. �

Theorem 7.3. Let T be a geometric theory over a signature Σ and T′ a
geometric expansion of T over a signature Σ′. If T′ is a hyperconnected (resp.
a localic) expansion of T then pT

′
T : Set[T′] → Set[T] is a hyperconnected

(resp. a localic) geometric morphism.
In particular, the hyperconnected-localic factorization of the geometric

morphism pT
′
T : Set[T′] → Set[T] is given pT

′′
T ◦ pT

′
T′′ , where T

′′ is the inter-
mediate expansion of T obtained by adding to the signature Σ of T no new
sorts and all the relation and function symbols over Σ′ which only involve
the sorts over Σ, and all the sequents over this extended signature which are
provable in T′.

Proof Suppose that T′ is localic over T. We have to prove that every object
of Set[T′] is a quotient of a subobject of an object of the form f∗(H) where
H is an object of Set[T]. Since the signature of T′ does not contain any
sorts already present in the signature of T and the objects of the category
CT′ form a separating set for the topos Set[T′], we can conclude that the
subobjects of the objects of the form pT

′
T
∗
({~x . >}) form a separating set

for Set[T′]. Therefore any object of Set[T′] is a quotient of a coproduct of
subobjects of objects of the form pT

′
T
∗
({~x . >}) ∼= {~x . >}; but the fact that

pT
′
T
∗
preserves coproducts immediately implies that any such coproduct is a

subobject of an object in the image of pT
′
T
∗
.

Suppose instead that T′ is hyperconnected over T. We have to prove
that pT

′
T
∗
is hyperconnected. It su�ces to apply Lemma 7.2 by taking E

equal to Set[T] and C equal to the syntactic category CT; the fact that the
hypotheses of the lemma are satis�ed follows immediately from the fact that
T′ is hyperconnected over T. �

Theorem 7.4. Let T be a geometric theory, E a Grothendieck topos and M
a model of T in E. Then E is the classifying topos for T and M is a universal
model for T if and only if the following conditions are satis�ed:

(i) The family F of objects which can be built from the interpretations in
M of the sorts, function symbols and relation symbols over the signature
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of T by using geometric logic constructions (i.e. the objects given by
the interpretations in M of geometric formulae over the signature of
T) is separating for E;

(ii) The model M is conservative for T; that is, for any geometric sequent
σ over the signature of T, σ is valid in M if and only if it is provable
in T;

(iii) Any arrow k in E between objects A and B in the family F of point
(i) is de�nable; that is, if A (resp. B) is equal to the interpretation of
a geometric formula φ(~x) (resp. ψ(~y)) over the signature of T, there
exists a T-provably functional formula θ from φ(~x) to ψ(~x) such that
the interpretation of θ in M is equal to k.

Proof By the universal property of the geometric syntactic category CT of
T, the T-modelM corresponds to a geometric functor FM : CT → E assigning
to each object (or arrow) of CT its interpretation in M . Condition (ii) in
the statement of the theorem is equivalent to the assertion that the functor
FM is faithful, while condition (iii) is equivalent to saying that FM is full.
Therefore under conditions (ii) and (iii), CT embeds as a full subcategory of
E . Now, condition (i) ensures that CT is dense in E , whence the Comparison
Lemma yields an equivalence E ' Sh(CT, J), where J is the Grothendieck
topology on CT induced by the canonical topology on E , that is the geometric
topology on CT. By the syntactic construction of classifying toposes and
universal models, we can thus conclude that E is `the' classifying topos for
T and M is a universal model for T. �

As immediate corollaries of Theorem 7.4, one recovers the following
known results:

(i) Let C be a separating set of objects for a Grothendieck topos E , and
ΣC the signature consisting of one sort pcq for each object c of C and
one function symbol pfq for each arrow f in E between objects in C.
Then there exists a geometric theory T over the signature ΣC classi�ed
by E , whose universal model is given by the `tautological' ΣC-structure
in E (cf. p. 837 [21]);

(ii) Let B be a pre-bound for E over Set (that is, an object such that the
subobjects of its �nite powers form a generating set for E); then there
exists a one-sorted geometric theory T classi�ed by E and a universal
model for T whose underlying object is B (cf. Theorem D3.2.5 [21]).

The �rst result can be obtained from Theorem 7.4 by observing that the
theory T of the tautological ΣC-structure obviously satis�es all the hypothe-
ses of the theorem. That the �rst two conditions are satis�ed is obvious,
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while the fact that the third holds can be proved as follows. Since every
object of the syntactic category of T is a subobject of a �nite product of

objects of the form {xpcq . >} (for c ∈ C), it is enough to prove that every
arrow k : R→ c in E having as codomain an object c in C is de�nable. Sup-
pose that R = [[~x . φ]]M , where the sorts of the variables in ~x = (x1, . . . , xn)
are respectively pc′1q, . . . , pc

′
nq, and denote by r : R → c′1 × · · · × c′n the

corresponding subobject. Since C is a separating set for E , the family of
arrows {fi : ci → R | i ∈ I} from objects of C to R is epimorphic; hence the
geometric formula∨

i∈I
(∃zpciqi )(x1 = pg1q(zi) ∧ · · · ∧ xn = pgnq(zi) ∧ xpcq = pk ◦ fiq(zi)),

where r ◦ fi = 〈g1, . . . , gn〉, is T-provably functional from {~x . φ} to {xpcq .
>} and its interpretation coincides with k. By Diaconescu's theorem, the
theory T can be explicitly characterized as the theory of �at JCE -continuous
functors on C, where JCE is the Grothendieck topology on C induced by the
canonical topology on E .

The second result can be deduced from Theorem 7.4 by taking T to be
the theory of the tautological structure over the one-sorted signature ΣB

consisting of an n-ary relation symbol pRq for each subobject R� Bn in E .
The fact that T satis�es the �rst two conditions of the theorem is obvious,
while the validity of the third condition follows from the fact that the graphs
of morphisms Bn → B in E are interpretations of (n + 1)-relation symbols
over ΣB.

The following theorem provides a converse to Theorem 7.3.

Theorem 7.5. Let p : E → Set[T] be a geometric morphism to the classi-
fying topos of a geometric theory T. Then p is, up to isomorphism, of the
form pT

′
T for some geometric expansion T′ of T. If p is hyperconnected (resp.

localic) then we can take T′ to be a hyperconnected (resp. localic) expansion
of T.

Proof Choose a triplet T = (Cob, Carr, Crel) consisting of a set Cob of objects
of E , of a set Carr of arrows in E from �nite products of objects of Cob to
objects of Cob and of a set Crel of subobjects of �nite products of objects of
Cob with the property that the family of objects of E which can be built out
of objects in Cob, arrows in Carr and subobjects in Crel by using geometric
logic constructions is separating for E . By de�nition of Grothendieck topos,
such a triplet always exists. Let us de�ne an expansion TT of T as follows:
the signature ΣTT of TT is obtained by adding to the signature of T one
sort pcq for each object c in Cob which is not of the form f∗(H) for some
object H of CT ↪→ Set[T], one function symbol pfq for each arrow f in Carr
whose domain or codomain is not of the form f∗(H) (with the obvious sorts),
one relation symbol for each subobject in Crel (with the obvious sorts, the
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ones corresponding to an object of the form f∗({~x . φ}) being the sorts of
the variables ~x) and an additional relation symbol pRq for any subobject
R � c1 × · · · × cn in E (where c1, . . . , cn are objects in Cob) which cannot
be obtained from the data in T by means of geometric logic constructions
(whose sorts are the obvious ones).

Consider the tautological TT -structure M in E obtained by interpreting
each sort pcq by the corresponding object c (and similarly for the function
and relation symbols added to the signature of T), and each sort A over the
signature of T by the object f∗({xA . >}) (and similarly for the function
and relation symbols over the signature of T). De�ne T′ to be the theory of
M over the signature TT . The theory T′ satis�es the conditions of Theorem
7.4; the validity of the �rst two conditions is obvious, while the validity of
the third follows from the fact that any subobject of a product of objects
in Cob is de�nable in T′ and the model M is conservative for T′, whence
the formula de�ning the graph of the given arrow is T′-provably functional
from the formula de�ning the domain to the formula de�ning the codomain.
Therefore T′ is classi�ed by the topos E with universal model M . Notice
that T′ is an expansion of T. This proves the �rst part of the theorem.

Suppose now that f is localic. We can de�ne a triplet T = (Cob, Carr, Crel)
satisfying the conditions speci�ed above as follows: we set Cob equal to the
set of objects of the form f∗(H) where H is an object of CT ↪→ Set[T], Carr
equal to the empty set and Crel equal to the set of all subobjects of (�nite
products of) objects in Cob. Alternatively, one can take Cob to be the set of
objects of the form f∗({xA . >}) (where A is any sort over the signature of
T), Carr to be the set of arrows of the form f∗([θ]), where [θ] is an arrow in
CT, and Crel to be the set of all subobjects of (�nite products of) objects in
Cob. In either case, the signature of the resulting expansion will contain no
new sorts with respect to the signature of T and hence it will be localic.

Suppose instead that f is hyperconnected. Given any set of objects K
of E which, together with the objects of the form f∗(H) (where H is an
object of CT ↪→ Set[T]), form a separating set of E , we can de�ne a triplet
T = (Cob, Carr, Crel) satisfying the required conditions by setting Cob = K,
Carr = ∅ and Crel = ∅. Since f is hyperconnected, f∗ is full and the image
of f∗ is closed under subobjects; hence the signature of TT does not contain
any relation or function symbol only involving the sorts of T. On the other
hand, any geometric sequent over the signature of T is provable in T′ if and
only if it is provable in f∗(MT), where MT is the universal model of T lying
in Set[T] (since f∗ is full and faithful), i.e. if and only if it is provable in T′.
Hence T′ is a hyperconnected expansion of T, as required.

This completes our proof. �

Theorem 7.5 yields, in view of the equivalence between conditions (iii)(b)
and (iii)(c) of Theorem 5.1 and Remark 5.2(d), the following reformulation
of a particular case of Theorem 6.46.
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Theorem 7.6. Let T be a theory of presheaf type such that the �nitely pre-
sentable models of T coincide with the �nitely presentable models of Tm.
Then there is a faithful expansion (in the sense of section 7.1) of the in-
jectivization of T which is classi�ed by the topos [f.p.T-mod(Set)m,Set].
If moreover all the monic homomorphisms in T-mod(Set) are all sortwise
monic then this expansion can be taken to be fully faithful.

�

A simple example of a theory satisfying both of the hypotheses of the
theorem is the theory A of commutative rings with unit. Indeed, the �nitely
presented commutative rings with unit coincide precisely with the �nitely
generated ones, that is with the �nitely presentable models of Am; also, the
monic ring homomorphisms are precisely the injective ones.

Another consequence of Theorem 7.4 is the following criterion for a geo-
metric theory to be of presheaf type.

Theorem 7.7. Let T be a geometric theory over a signature Σ. Then T is
of presheaf type if and only if the following conditions are satis�ed:

(i) Every �nitely presentable model is presented by a geometric formula
over Σ;

(ii) Every property of �nite tuples of elements of a (�nitely presentable)
T-model which is preserved by T-model homomorphisms is de�nable by
a geometric formula over Σ;

(iii) The �nitely presentable T-models are jointly conservative for T.

Proof The fact that any theory of presheaf type satis�es the given conditions
was established in [13]. It thus remains to prove the `if' part of the theorem.

Consider the Σ-structure U in the topos [f.p.T-mod(Set),Set] given by
the forgetful functors at each sort. Clearly, U is a T-model.

To deduce our thesis, we shall verify that T satis�es the conditions of
Theorem 7.4 with respect to the model U .

Since every �nitely presentable T-model is presented by a geometric for-
mula over Σ, the �rst condition of the theorem is satis�ed; indeed, any
representable functor Homf.p.T-mod(Set)(c,−) is isomorphic to the interpre-
tation of a formula φ(~x) in the model U (take as φ(~x) any formula presenting
c). The second condition of the theorem follows immediately from the fact
that the �nitely presentable T-models are jointly conservative for T. It re-
mains to show that the third condition of the theorem is satis�ed. To this
end, we observe that for any geometric formulae φ(~x) and ψ(~y) over the
signature of T, the graph of any arrow [[~x . φ]]U → [[~y . ψ]]U in the topos
[f.p.T-mod(Set),Set] is a subobject of the product [[~x . φ]]U × [[~y . ψ]]U in
[f.p.T-mod(Set),Set] and hence it de�nes a property of tuples of elements

134



of �nitely presentable models of T which is preserved by T-model homomor-
phisms; therefore, by our assumptions, there exists a formula θ(~x, ~y) over
Σ such that its interpretation in U coincides with such subobject. Since
U is conservative and such subobject is the graph of an arrow in the topos
[f.p.T-mod(Set),Set], the formula θ(~x, ~y) is T-provably functional from φ(~x)
to ψ(~y), as required. �

7.2 Expanding a geometric theory to a theory of presheaf

type

In this section we shall discuss the problem of expanding a geometric theory
T to a theory of presheaf type classi�ed by the topos [f.p.T-mod(Set),Set].
We shall say that a geometric theory is a presheaf completion of a geomet-
ric theory T if it is an expansion of T such that the geometric morphism
pT
′
T : Set[T′] → Set[T] is isomorphic to the canonical geometric morphism

[f.p.T-mod(Set),Set]→ Set[T].
The results of section 7.1 show that in order to obtain a presheaf com-

pletion of a given geometric theory T we can add a new sort pcq for each
�nitely presentable T-model c which is not presented by a geometric for-
mula over the signature of T, and a relation symbol for each subobject
of a �nite product of objects of [f.p.T-mod(Set),Set] which are either of
the form Homf.p.T-mod(Set)(c,−) (where c is not presented by any geomet-
ric formula over the signature of T), or of the form UA (evaluation functor
f.p.T-mod(Set) → Set at the sort A) where A is a sort over the signature
of T (the sort corresponding to such a representable Hom(c,−) being pcq
and to a functor UA being A). Indeed, by Theorem 7.4, the theory of the
tautological structure over this extended signature will be an expansion of
the theory T classi�ed by the topos [f.p.T-mod(Set),Set]. Notice that if T
satis�es the property that every �nitely presentable model of T is presented
by a geometric formula over its signature then this expansion of T is localic
over T.

Of course, as it is clear from the results of section 7.1, there are in general
many syntactic ways of `completing' a given geometric theory to a theory
of presheaf type; the procedure described above represents just a particular
choice which is by no means canonical. In fact, what is most interesting in
practice is to obtain explicit axiomatizations of presheaf-type completions of
a given theory T directly from the axioms of T (cf. section 8 below for some
examples). Nonetheless, the results established above provide a useful guide
in seeking such axiomatizations, as they indicate that in order to complete a
geometric theory T to a theory classi�ed by the topos [f.p.T-mod(Set),Set]
one should expand the language of T in order to make each �nitely pre-
sentable T-model presented by a formula in the extended signature and ev-
ery property of �nite tuples of elements of �nitely presentable models of T
de�nable by a geometric formula in the extended signature; we shall see con-
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crete applications of these general remarks in section 8. In fact, Theorem 7.7
ensures that making every �nitely presentable model T �nitely presented by
a formula written in a possibly expanded signature is a necessary condition
for the resulting theory to be classi�ed by the topos [f.p.T-mod(Set),Set].
Moreover, if one is able to prove that any �nitely presentable T-model is
strongly �nitely presented as a model of the theory T, when the latter is
considered over an extended signature Σ′, condition (iii) of Theorem 5.1 is
automatically satis�ed, while conditions (i) and (ii) can be made to hold
at the cost of adding further axioms to T over the signature Σ′ (cf. The-
orem 6.29). On the other hand, by Theorem 7.7, in order to complete T
to a theory of presheaf type classi�ed by the topos [f.p.T-mod(Set),Set],
one should also expand the signature of T by adding relation symbols for
making any property of �nitely presentable T-models which is preserved by
homomorphisms of models de�nable over the extended signature (if it is not
already de�nable over the original signature).

The following lemma shows that, under appropriate conditions, models
which are �nitely presented over a given signature remain �nitely presented
over a larger signature obtained from the former by adding relation symbols
characterized by disjunctive sequents of a certain form.

Lemma 7.8. Let T be a geometric theory over a signature Σ, Σ′ a signature
obtained from Σ by only adding relation symbols R and S a geometric theory
over Σ′ obtained from T by adding pairs of axioms of the form (> `~z R(~z)∨∨
i∈I
φRi (~z)) and (R ∧

∨
i∈I
φRi (~z) `~z ⊥), where for each i ∈ I φRi is a geometric

formula over Σ such that there exists a geometric formula ψRi (~z) over Σ with
the property that the sequents (φRi ∧ ψRi `~z ⊥) and (> `~z φRi ∨ ψRi ) are
provable in S.

Let R be the cartesianization of S (in the sense of Remark 6.23(d)) and
φ(~x) = φ(x1, . . . , xn) a R-cartesian formula over Σ′ with the property that
there exists a R-model Mφ with n generators ~ξ = (ξ1, . . . , ξn) ∈ [[~x . φ]]Mφ

such that for any R-model N , the elements of the interpretation [[~x . φ]]N
are in natural bijective correspondence with the Σ-structure homomorphisms
f : Mφ → N such that f(~ξ) ∈ [[~x . φ]]N through the assignment f → f(~ξ).
Then Mφ is �nitely presented by the formula {~x . φ} as a R-model.

Proof We have to prove that, for any R-model N and any tuple ~a ∈ [[~x .
φ]]N , the unique Σ-structure homomorphism f : Mφ → N such that f(~ξ) = ~a
preserves the satisfaction of all the relation symbols R in Σ′, i.e. that for
any such symbol R of arity m and any m-tuple (y1, . . . , ym) of elements of
Mφ satisfying RMφ

, the m-tuple (f(y1), . . . , f(ym)) satis�es RN .
As Mφ is by our hypothesis generated by the elements ξ1, . . . , ξn, each yi

is equal to the interpretation in Mφ of a term ti(ξ1, . . . , ξn) evaluated in the

tuple ~ξ = (ξ1, . . . , ξn). For each i ∈ I, consider the formula ψ′i
R(x1, . . . , xn)

obtained by replacing each of the variables z1, . . . , zm in the formula ψRi with
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the corresponding term ti. Let us show that the sequent φ `~x ψ′Ri is valid in
every R-model. This amounts to showing that for any R-model P and any
tuple~b ∈ [[~x . φ]]P ,~b satis�es the formula ψ

′R
i . To prove this, we observe that,

since Mφ is by our hypotheses a S-model, the m-tuple (y1, . . . , ym) satis�es
the formula ψRi (for each i ∈ I). Now, (y1, . . . , ym) ∈ [[~y . ψRi ]]Mφ

means that

(ξ1, . . . , ξn) ∈ [[~x . ψ′i
R]]Mφ

, which implies, since f~b : Mφ → P is a Σ-structure

homomorphism, that ~b ∈ [[ψ′Ri ]]N , as required. Since R has enough models

as it is cartesian, we can conclude that the sequent φ `~x ψ′Ri is provable
in R and hence in S (for each i ∈ I). It follows that the cartesian sequent
φ `~x R(t1/z1, . . . , tm/zm) is provable in R. By evaluating this sequent in the
model N at the tuple f(~ξ) ∈ [[~x . φ]]N , and using the fact that Σ-structure
homomorphisms commute with the interpretation of Σ-terms, we obtain that

(f(y1), . . . , f(ym)) = (f(t
Mφ

1 (~ξ)), . . . , f(t
Mφ
m (~ξ))) = (tN1 (f(~ξ)), . . . , tNm(f(~ξ)))

satis�es RN , as required. �

Notice that if a model of a geometric theory T is �nitely presentable as
a model of its cartesianization then it is strongly �nitely presented. In fact,
any structure of the form HomE(E,M), where M is a model of T in a topos
E , is a model of the cartesianization of T, as it is obtained by applying a
global section functor, which is cartesian, to a model of T. Conversely, if
a theory T is of presheaf type then any �nitely presentable model of T is
strongly �nitely presented (cf. Corollary 4.10) and hence �nitely presented
relatively to whatever sub-theory S of T (that is, theory S of which T is a
quotient) whose set-based models admit representations as global sections
HomE(E,M) of models M of T in Grothendieck toposes (pairs of theories
satisfying these conditions are investigated for instance in [14] and [16]).
This remark can be often pro�tably applied to the cartesianization of T,
even though it is not known in general if it is always the case that every
model of it admits a sheaf representation of the above kind.

Summarizing, we have the following theorem.

Theorem 7.9. Let T be a theory of presheaf type and S be a sub-theory of T
such that every set-based model of S admits a representation as a structure
of global sections HomE(1,M) of a model M of T in a Grothendieck topos
E. Then every �nitely presentable model of T is �nitely presented as a model
of S.

�

7.3 Faithful expansions

Let T be a geometric theory over a signature Σ and T′ a geometric expansion
of T over a signature Σ′.
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Suppose that C is a subcategory of the category of �nitely presentable
T′-models such that the canonical functor

(pT
′
T )Set : T′-mod(Set)→ T-mod(Set)

induced by the geometric morphism pT
′
T : Set[T′] → Set[T] restricts to a

functor
j : C → f.p.T-mod(Set) .

Then we have a commutative diagram

Sh(CT′ , JT′)
pT
′

T // Sh(CT, JT)

[C,Set]

sT
′
C

OO

[j,Set]
// [f.p.T-mod(Set),Set],

tT

OO

where the geometric morphisms

sT
′
C : [C,Set]→ Sh(CT′ , JT′)

and
tT : [f.p.T-mod(Set),Set]→ Sh(CT, JT)

are the canonical ones and [j,Set] is the geometric morphism canonically
induced by the functor j. We shall refer to this diagram as to (∗).

Theorem 7.10. Let T be a theory of presheaf type over a signature Σ and T′
a geometric expansion of T over a signature Σ′. Suppose that T′ is classi�ed
by the topos [C,Set], where C is a full subcategory of f.p.T′-mod(Set) such
that the functor (pT

′
T )Set : T′-mod(Set)→ T-mod(Set) restricts to a faithful

functor j : C → f.p.T-mod(Set). Then for any model c of T′ in C whose
associated T-model j(c) is �nitely presented by a geometric formula φ(~x)
over Σ, there exists a geometric formula ψ(~x) over Σ′ in the context ~x which
presents the T′-model c and such that the sequent ψ `~x φ is provable in T′.

Before giving the proof of the theorem, we need to recall the following
straightforward lemma, of which we give a proof for the reader's convenience.

Lemma 7.11. Let R : A → B and L : B → A be a pair of adjoint functors,
where R is the right adjoint and L is the left adjoint. Let η : 1B → R ◦ L be
the unit of the adjunction and b an object of B. Then η(b) is monic if and
only if for any arrows f, g in B with codomain b, Lf = Lg implies f = g. In
particular, η is pointwise monic if and only if the functor L is faithful.

Proof Let us denote by τa,b the bijection between the sets HomA(Lb, a)
and HomB(b, Ra) given by the adjunction. By the naturality in b of τa,b, for
any arrow h : b′ → b in B, the arrow ηb ◦ h corresponds under τLb,b′ to the
arrow Lh. Therefore, as τLb,b′ is a bijection, ηb ◦ f = ηb ◦ g if and only if
Lg = Lf . From this the thesis follows at once. �
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We can now prove the theorem.

Proof The geometric morphism

[j,Set] : [C,Set]→ [f.p.T-mod(Set),Set]

is essential, that is its inverse image [j,Set]∗ admits a left adjoint [j,Set]!,
namely the left Kan extension along the functor j, and the following diagram
commutes:

[C,Set]
[j,Set]! // [f.p.T-mod(Set),Set]

Cop
yC

OO

jop
// f.p.T-mod(Set)op,

y

OO

where yC and y are the Yoneda embeddings.
The functor

[j,Set]! : [C,Set]→ [f.p.T-mod(Set),Set]

satis�es the property that for any object c of C and any arrows α, β : P →
yC(c), where P is an object of [C,Set], [j,Set]!(α) = [j,Set]!(β) implies
α = β. Indeed, this is clearly true for P equal to a representable by the
commutativity of the above diagram, the full and faithfulness of the Yoneda
embeddings yC and y′ and the fact that the functor j is faithful by our
hypotheses, and one can always reduce to this case by considering a covering
of P in [C,Set] by representables.

Now, by our hypotheses the geometric morphisms sT
′
C and tT de�ned

above are equivalences. Lemma 7.11 thus implies that the geometric mor-
phism pT

′
T is essential and the unit of the adjunction between (pT

′
T )∗ (right

adjoint) and (pT
′
T )! (left adjoint) is monic when evaluated at any object

of the form yCT′ ({~y . χ}), where χ(~y) is a formula presenting a T′-model.
Let c be a T′-model in C. Since T′ is classi�ed by the topos [C,Set], c is
�nitely presented by a formula {~x . χ} over the signature Σ′ of T′. The
commutativity of the above square and of diagram (∗) thus implies that
that (pT

′
T )!(yCT′ ({~y . χ})) ∼= yCT({~x . φ}), where φ(~x) is a formula over

the signature Σ which presents the model j(c) and yCT : CT → Sh(CT, JT),
yCT′ : CT′ → Sh(CT′ , JT′) are the Yoneda embeddings. By de�nition of the

geometric morphism pT
′
T , we have that (pT

′
T )∗(yCT({~x . φ})) = yCT′ ({~x . φ})

(where the latter φ is considered as a formula over the signature Σ′). The
unit of the adjunction between (pT

′
T )∗ and (pT

′
T )! thus yields a monic ar-

row yCT′ ({~y . χ}) � pT
′
T
∗
(pT

′
T !(yCT′ ({~y . χ}))) ∼= yCT′ ({~x . φ}) in the topos

Sh(CT′ , JT′), in other words a monic arrow {~y . χ}� {~x . φ} in the geomet-
ric syntactic category CT′ . Therefore {~y . χ} is isomorphic, as an object of
CT′ , to an object {~x . φ′} such that the sequent (φ′ `~x φ) is provable in T′;
hence φ′(~x) presents c as a T′-model, as required. �
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8 Examples

In this section we shall discuss in detail various non-trivial examples of the-
ories of presheaf type in light of the theory developed in the paper.

8.1 Theories whose �nitely presentable models are �nite

As an application of Corollary 6.25, one can recover at once the well-known
results that the following theories are of presheaf type:

1. The theory of decidable objects (cf. [23] and p. 907 of [21]);

2. The theory of decidable Boolean algebras (cf. Example D3.4.12 [21]);

3. The theory of linear orders;

4. The theory of total orders with endpoints (cf. section VIII.8 of [26])

Notice that the former two theories are injectivizations of two cartesian
theories, namely the empty theory over a signature consisting exactly of one
sort and the algebraic theory of Boolean algebras. The latter two theories
clearly satisfy the hypothesis of Corollary 6.57; hence their injectivizations
are of presheaf type as well.

8.1.1 The theory of abstract circles

The theory C of abstract circles has been introduced by I. Moerdijk and
shown in [28] to have the property that the points of Connes' topos of cyclic
sets (cf. [15]) can be identi�ed with the set-based models of C. In the
same paper it is also stated that Connes' topos actually classi�es C, but the
argument given therein seems incomplete.

We shall prove in this section, by using Corollary 6.22, that C is of
presheaf type classi�ed by Connes' topos. Speci�cally, we shall show that C
satis�es the hypotheses of the corollary with respect to its Horn part (i.e.,
the Horn theory consisting of the collection of all Horn sequents which are
provable in C). We will also prove that the injectivization of C is of presheaf
type as well.

The signature Σ of the theory C consists of two sorts P and S (variables
of type P will be denoted by letters x, y, . . ., while variables of type S will
be denoted by letters a, b, . . .), two unary function symbols 0 : P → S and
1 : P → S, two unary function symbols δ0 : S → P and δ1 : S → P , one
unary function symbol ∗ : S → S and a ternary predicate R of type S. The
axioms of C can be formulated as follows:

1. Non-triviality axioms:

(> `[] (∃x)(x = x));
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(> `x,y (∃a)(δ0(a) = x ∧ δ1(a) = y));

(0(x) = 1(x) `x ⊥)

2. `Equational' axioms:
(> `a a∗∗ = a);

(> `a δ0(a∗) = δ1(a));

(> `x δ0(0(x)) = x ∧ δ1(0(x)) = x);

(> `x 0(x)∗ = 1(x));

(δ0(a) = x ∧ δ1(a) = x `x,a a = 0(x) ∨ a = 1(x));

3. Axioms for concatenation:

(R(a, b, c) ∧R(a, b, c′) `a,b,c,c′ c = c′);

(R(a, b, c) `a,b,c δ0(c) = δ0(a) ∧ δ1(c) = δ1(b));

(R(a, b, c) `a,b,c R(c∗, a, b∗));

R(a, b, d) ∧R(c, d, e) `a,b,c,d,e (∃e′)(R(b, c, e′) ∧R(a, e′, e));

(R(a, b, 0(x)) `a,b,x a = 0(x));

(δ0(a) = x `a,x R(0(x), a, a);

(δ1(a) = δ0(b) `a,b (∃c)R(a, b, c) ∨ (∃d)R(b∗, a∗, d)) .

A model of C in Set is said to be an abstract circle. Any set of points P
of the circle S1 de�nes an abstract circle SP whose segments a ∈ S such that
δ0(a) = x and δ1(a) = y are the oriented arcs on S1 from the point x to the
point y. For any natural number n > 0, there is exactly one abstract circle,
up to isomorphism, whose set of points has n elements; we shall denote it by
the symbol Cn.

To prove that C is of presheaf type, we �rst notice that the sequent

(δ0(a) = δ0(b) ∧ δ1(a) = δ1(b) `a,b a = b)

is provable in C. We shall refer to it as to the `uniqueness axiom'. This
sequent can be easily deduced as a consequence of the seventh axiom of
group 3 and the �fth axiom of group 2.

It follows that, modulo the non-triviality axioms and the uniqueness ax-
iom, we can replace any expression of the form (∃c)φ(c) arising in an axiom
of C with the requirement that the unique segment d such that δ0(d) = δ0(c)
and δ1(d) = δ1(c) satis�es φ. In particular, the fourth axiom of group 3 is
provably equivalent, modulo the non-triviality axioms and the uniqueness
axiom, to the following sequent:

(δ0(u) = δ0(b)∧δ1(u) = δ1(c)∧R(a, b, d)∧R(d, c, e) `a,b,c,d,e,u R(b, c, u)∧R(a, u, e)) .
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Similarly, the seventh axiom of group 3 is provably equivalent, modulo
the non-triviality axioms and the uniqueness axiom, to the following sequent:

(δ0(c) = δ0(a)∧ δ1(c) = δ1(b)∧ δ1(a) = δ0(b) `a,b,c R(a, b, c)∨R(b∗, a∗, c∗)) .

From these remarks we see that C admits a presentation in which all
the axioms do not contain quanti�cations except for the �rst and second of
group 1.

Let us show that C satis�es the hypotheses of Corollary 6.22 with respect
to its Horn part and the category of �nite C-models.

Given a homomorphism f : c→ HomE(E,M), where c is a �nite model
of the Horn part of C,M is a model of C in a Grothendieck topos E and E is
an object of E , we can `localize' f (in the sense of section 6.4) a �nite number
of times (once for the �rst axiom and once for each point of c for the second
axiom) to obtain Σ-substructure homomorphisms fi : ci ↪→ HomE(Ei,M)
such that the structures ci are �nite models of the Horn part of C satisfying
the non-triviality axioms (notice that any substructure of a structure of
the form HomE(Ei,M), where M is a model of C in E , satis�es all the
Horn sequents provable in C). We can clearly further localize each of these
homomorphisms so to obtain the satisfaction of all the other axioms of C;
since this can be done without modifying their domains, the �nal result will
be a family of homomorphisms whose domains are structures which satisfy
all the axioms of C.

Next, we notice that for any set-based model M of the Horn part of C,
any point x ∈MP and any segment a ∈MS there exists a �nite substructure
N of M such that NP contains x and NS contains a (take N equal to the
substructure of M given by the sets

NP = {x, δ0(a), δ1(a)}

and

NS = {a, 0(x), 1(x), 0(δ0(a)), 0(δ1(a)), 1(δ0(a)), 1(δ1(a)))}) .

Moreover, any two �nite substructures N1 and N2 of M are contained in a
common substructure N ofM (take N equal to the substructure ofM given
by NP = N1P ∪N2P and N1S = N1S ∪N2S).

This discussion, combined with the argument above (specialized to the
case E = Set), shows that every model of C in Set is a directed union of
�nite models of C. It follows in particular that every �nitely presentable
C-model is �nite (it being a retract of a �nite model). On the other hand,
every �nite model of C is �nitely presentable as a model of the Horn part
of C (cf. Theorem 6.4 [6]). We can thus conclude that the hypotheses of
Corollary 6.22 are satis�ed, whence C is of presheaf type classi�ed by the
topos of covariant set-valued functors on the category of �nite models of C.
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Due to the presence of conjunctions in the premises of some axioms of
C, we cannot directly apply Corollary 6.57 to conclude that the the injec-
tivization Cm of C is of presheaf type. We shall instead apply Corollary
6.56. Since every C-model in Set is a directed union of �nite C-models,
the �nitely presentable Cm-models are exactly the �nite C-models. More-
over, by Proposition 6.47, the monic C-model homomorphisms in Set are
precisely the homomorphisms which are sortwise injective; indeed, the for-
mulae {xP . >} and {xS . >} strongly present respectively the C-models
C1 and C2. To show that the hypotheses of Corollary 6.56 are satis�ed, it
remains to verify that for any Grothendieck topos E , object E of E and Σ-
structure homomorphism x : c→ HomE(E,M), where c is a �nite C-model
and M is a sortwise decidable C-model, there exists an epimorphic family
{ei : Ei → E | i ∈ I} in E and for each i ∈ I a C-model homomorphism
fi : c → ci of �nite C-models and a sortwise disjunctive Σ-structure homo-
morphism xi : ci → HomE(Ei,M) such that xi ◦ fi = HomE(ei,M) ◦ x for
all i ∈ I.

In order to apply Proposition 6.53, we make C into a one-sorted theory
by identifying points x with the segments 0x and rewriting the axioms appro-
priately. The proposition yields an epimorphic family {ei : Ei → E | i ∈ I}
in E and for each i ∈ I a sortwise surjective homomorphism qi : c → ci,
where ci is a �nite Σ-structure, and a disjunctive Σ-structure homomor-
phism (in the sense of Lemma 6.37) Ji : ci � HomE(Ei,M) such that
Ji ◦ qi = HomE(ei,M) ◦ f for all i ∈ I. Now, since c is a C-model and qi
is sortwise surjective, the structure ci satis�es the non-triviality axioms. We
can clearly suppose Ei � 0 without loss of generality, and hence the arrows Ji
to be injective. If we consider the image factorizations of the Σ-structure ho-
momorphisms Ji (in the sense of Lemma 6.51), we thus obtain substructures
c′i� HomE(Ei,M) whose underlying sets are the same as those of ci (since
the Ji are injective) and Σ-structure homomorphisms q′i : c → c′i. Since the
c′i have the same underlying set as ci, they all satisfy the non-triviality ax-
iom, and, at the cost of re�ning the epimorphic family {ei : Ei → E | i ∈ I},
we can suppose them to satisfy all the other axioms of C (cf. the argument
given above for showing that C satis�es the hypotheses of Corollary 6.22
with respect to its Horn part and the category of �nite C-models). So the
hypotheses of Corollary 6.56 are satis�ed, and we can conclude that Cm is of
presheaf type classi�ed by the topos of covariant set-valued functors on the
category of �nite models of C and injective homomorphisms between them.

8.1.2 The geometric theory of �nite sets

In this section we shall revisit, from the point of view of the theory developed
in the paper, a well-known example of a non-trivial theory of presheaf type,
namely the geometric theory T of �nite sets. Recall from [21] (Example
D1.1.7(k)) that the signature Σ of T consists of one sort A and a n-ary
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relation symbol Rn for each n > 0. The axioms of T are the following: for
each n, one has the axiom

σn := (Rn(x1, . . . , xn) `~x,y
∨

1≤i≤n
y = xi),

expressing the requirement that if an n-tuple of individuals satis�es the re-
lation Rn then it exhausts the members of (the set interpreting) the sort A.
(The case n = 0 of this axiom is (R0 `[] ⊥), which says that if R0 holds
then the interpretation of the sort A must be empty.) We also have, for each
n > 0, the axiom

(> `[]

∨
1≤i≤n

(∃x1) · · · (∃xn)Rn(x1, . . . , xn)) .

Finally, to ensure that the interpretations of the Rn are uniquely determined
by that of the sort A (i.e. that Rn holds for all n-tuples which exhaust the
elements of the interpretation of sort A, and not just for some of them), one
adds the axioms

(Rn(x1, . . . , xn)) `x1,...,xn Rm(xf(1), . . . , xf(m)))

whenever f : {1, 2, ...,m} → {1, 2, ..., n} is a surjection, and

(Rn(x1, . . . , xn) ∧ xi = xj `x1,...,xn Rn−1(x1, . . . , xi−1, xi+1, . . . , xn))

whenever 1 ≤ i < j ≤ n.
We can deduce that T is of presheaf type as an application of Corollary

6.22.
The models of T in Set can be identi�ed with the �nite sets, while the

T-model homomorphism are the precisely the surjective functions between
them.

We can regard T as a quotient of its Horn part (i.e. of the theory consist-
ing of all the Horn sequents over the signature of T which are provable in T).
The criterion for �nite presentability given by Lemma 6.2 [6] ensures that
every �nite set, regarded as a model of T, is �nitely presentable as a model
of the Horn part of T. Indeed, the �niteness of the structure immediately
implies that the second condition of the lemma is satis�ed (cf. the proof of
Theorem 6.4 [6]), while the satisfaction of the �rst condition follows from
the fact that every function from a �nite model of cardinality n of the Horn
part of T to a set-based model M of the Horn part of T which preserves the
predicate Rn preserves the predicate Rm for any m < n (by the `introduc-
tion' and `elimination' rules expressed by the last two groups of axioms for
T).

To apply Corollary 6.22, it thus remains to prove that the second con-
dition in the statement of the corollary is satis�ed. Given a homomorphism
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f : a → HomE(E,M), where a is a �nite model of the Horn part of T and
M is a T-model in a Grothendieck topos E , if the cardinality of aA is n then
for any m > n, the sequent σm is satis�ed in a provided that σn is. Indeed,
if m ≥ n then for any m-tuple (y1, . . . , ym) of elements in aA there exists a
sub-n-tuple of elements of aA obtained by removing m−n repetitions, which
satis�es the relation Rn if the m-tuple (y1, . . . , ym) satis�es the relation Rm,
since a, as a model of the Horn part of T, satis�es the Horn sequent express-
ing the `elimination' rule (i.e., the last group of axioms for T). Similarly, by
invoking the `introduction' rules, one can prove that if the cardinality of aA
is n then for any k < n, the sequent σk is satis�ed in a provided that σn is.

Let us show that we can inductively localize the morphism f to eventually
arrive at Σ-structure homomorphisms fi : ai → HomE(Ei,M) de�ned on Σ-
structures ai which satisfy all the axioms of T. Notice that if the Σ-structure
homomorphisms hi : a → ai in such localization are quotient maps (in the
sense that a tuple in ai satis�es a relation if and only if it is the image under
hi of a tuple satisfying that relation in a) then the fact that the ai satisfy
the last two groups of axioms of T will follow automatically from the fact
that a does. It will thus be enough to show, by the above considerations,
that each ai satis�es the sequent σni , where ni is the cardinality of aiA, and
the second axiom of T.

Starting from a Σ-structure homomorphism f : a→ HomE(E,M), where
a is a �nite model of the Horn part of T, from the fact that M is a model of
T it follows that there exists an epimorphic family {ei : Ei → E | i ∈ I} and
for each i ∈ I a natural number ni and a ni-tuple (ξ1, . . . , ξni) of generalized
elements Ei →MA such that 〈ξ1, . . . , ξni〉 factors through the interpretation
of Rni in M . By taking ai to be the Σ-substructure of HomE(Ei,M) on the
�nite subset consisting of the elements ξ1, . . . , ξni plus all the elements in the
image of the homomorphism HomE(ei,M) ◦ f , we clearly obtain a structure
satisfying the second axiom of T. This structure will also satisfy the last
two groups of axioms for T (the validity of Horn sequents is inherited by
substructures). Now, in order to obtain from this family of Σ-structure
homomorphisms a localization such that the domains of its homomorphisms
satisfy all the axioms of T, for each i ∈ I, it su�ces to localize each fi a �nite
number of times (one for each (ni + 1)-tuple ~u of elements of ai, where ni is
the cardinality of ai), endowing the sets di arising in the surjective-injective
factorizations of the homomorphisms with the quotient structure induced
by the domains ai via the relevant quotient map qi (in the sense that the
interpretation of each relation symbol R over the signature of T in such a set
di is de�ned to be equal to the image of the interpretation of R in ai under
the quotient map qi). By the above remarks, these structures will satisfy all
the axioms of T.

This completes the proof of the fact that the hypotheses of Corollary 6.22
are satis�ed by the theory T with respect to its Horn part and the category
C of �nite T-models; therefore the theory T is of presheaf type classi�ed by
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the topos [C,Set].

8.2 The theory of Diers' �elds

As observed in [22], the coherent theory T of �elds is not of presheaf type.
In fact, one can easily identify two properties which are preserved by homo-
morphisms of �elds but which are not de�nable by geometric formulae in
the signature of the coherent theory of �elds: the property of a �eld to have
characteristic 0, and the property of a tuple (x1, . . . , xn, xn+1) of elements of
a �eld that the element xn+1 is transcendental over the sub�eld generated
by the elements x1, . . . , xn. This can be easily seen by arguing as follows.
Assuming the axiom of choice, the theory T has enough Set-based models (it
being coherent). Hence if the property of having characteristic 0 were de�n-
able by a geometric sentence φ over the signature of �elds then the sequent
(> `[] φ∨

∨
p∈P

φp), where P is the set of prime numbers and φp (for each p ∈ P)

is the sentence p . 1 = 0 expressing the property of having characteristic p,
would be provable in T. But, T being coherent, the in�nitary disjunction
on the right-hand side of the sequent would then be provably equivalent to
a �nite subdisjunction, which is absurd as it would imply that the set of
all possible characteristics of a �eld is �nite. A similar argument works for
the other property, which, like the former, is the complement of a property
de�nable by a strictly in�nitary geometric formula.

In order to make such properties de�nable and possibly obtain a presheaf
completion of the theory T, it is thus necessary to enlarge the signature of
T with new relation symbols. In fact, Johnstone introduces in [22] a 0-ary
predicate R0, expressing the property of a �eld to have characteristic 0, and
for each natural number n ≥ 0 a n + 1-predicate Rn+1(x1, . . . , xn, xn+1)
expressing the property of xn+1 of being transcendental over the sub�eld
generated by the elements x1, . . . , xn. Let Σ′ be the resulting signature.
Formally, one has to impose the following axioms over Σ′ to ensure that these
predicates have indeed the required meaning (below we use the abbreviation
Inv(z) for the formula (∃x)(x · z = 1 ∧ z · x = 1)):

(> ` R0 ∨
∨
p∈P

p . 1 = 0);

(R0 ∧ p . 1 = 0 ` ⊥)

(for each p ∈ P);

(> `x1,...,xn+1 Rn(x1, . . . , xn, xn+1)∨(
∨

m∈N, ~cn1 ,..., ~cnm

(
m∑
j=0

P ~cnj
xjn+1 = 0)∧

∨
i∈{0,1,...,m}

Inv(P ~cni
)))

(for each natural number n ≥ 0), where the former disjunction is taken over
all the natural numbers m ≥ 0 and all the tuples ~cni (for i ∈ {0, . . . ,m}) of
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integer coe�cients (i.e., coe�cients of the form 1+ · · ·+1 an integer number
of times) of polynomials in n variables x1, . . . , xn of degree ≤ m and the
expression P ~cni

(for each i ∈ {0, . . . ,m}) denotes the polynomial term in the

variables x1, . . . , xn corresponding to the tuple ~cni , and

(Rn(x1, . . . , xn, xn+1)∧(
∨

m∈N, ~cn1 ,..., ~cnm

(

m∑
j=0

P ~cnj
xjn+1 = 0)∧

∨
i∈{0,1,...,m}

Inv(P ~cni
))) `x1,...,xn+1 ⊥) .

Let D be the theory, called in [22] of Diers �elds, obtained from T by
adding these new predicates and the above-mentioned axioms.

Note that the geometric formula

∨
m∈N, ~cn1 ,..., ~cnm

(
m∑
j=0

P ~cnj
xjn+1 = 0) ∧

∨
i∈{0,1,...,m}

Inv(P ~cni
))

is D-provably equivalent to a disjunction of geometric formulae, namely,

the formulae (
m∑
j=0

P ~cnj
xjn+1 = 0) ∧ Inv(P ~cni

) (for each m, ~cn1 , . . . , ~c
n
m and

i ∈ {0, . . . ,m}), each of which has a D-provable complement, namely the

formula Inv(
m∑
j=0

P ~cnj
xjn+1 = 0) ∨ P ~cni = 0.

Notice also that, for any tuples ~cni (for i ∈ {0, . . . ,m}) of integer coe�-
cients of polynomial expressions P ~cni

in the variables x1, . . . , xn, the cartesian
sequent

(∗) (Rn(x1, . . . , xn, xn+1) ∧ Inv(P ~cni
) `x1,...,xn+1 Inv(

m∑
j=0

P ~cnj
xjn+1 = 0))

is provable in D.
Following [22], we observe that the theory D satis�es the property that

every �nitely presentable model of it, i.e. any �nitely generated �eld, is
�nitely presented as a model of its cartesianization. This will follow from
Lemma 7.8 once we have proved that every �nitely generated �eld F is
presented by a �nite set of generators, in the weak sense of the lemma, by a
formula over the signature of D. To this end, we regard T as axiomatized in
the signature of von Neumann regular rings, which contains a unary function
for the operation of pseudoinverse; indeed, over this signature, every �nitely
generated �eld (in the sense of �eld theory) becomes �nitely generated (in
the sense of model theory).

Notice that, by the above remarks, D satis�es the �rst set of hypotheses
of Lemma 7.8 with respect to the theory T.

We shall prove that every �nitely generated �eld F is (weakly) presented
(as a model of the cartesianization of D) by a geometric formula over the
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signature of D by induction on the number n of generators of F . If n = 0
then F is equal to its prime �eld; so, either F has characteristic p, in which
case it is equal to Zp, or F has characteristic 0, in which case it is equal
to Q. Now, the �eld Zp is clearly (weakly) presented by the formula p .
1 = 0, while the �eld Q is (weakly) presented by the formula R0 since the
sequent R0 ` Inv(n . 1) is provable in the cartesianization of D for each
non-zero natural number n. Now, consider a �eld F generated by n + 1
elements x1, . . . , xn, xn+1. If we denote by F0 its prime �eld, we have that
F = F0(x1, . . . , xn)(xn+1).

Suppose that F0(x1, . . . , xn) is (weakly) presented by a formula in n
variables φ(~x) with the elements x1, . . . , xn as generators.

There are two cases: either the element xn+1 is transcendental over the
�eld F0(x1, . . . , xn) or not.

In the �rst case, F is isomorphic to the �eld of rational functions in
one variable with coe�cients in F0(x1, . . . , xn), and it is (weakly) presented
by the formula φ ∧ Rn(x1, . . . , xn, xn+1) with generators x1, . . . , xn, xn+1;
in other words, for any model (A, {(Rn)A n ∈ N}) of the cartesianization
of D, the function which assigns a ring homomorphism f : F → A with
the property that f(x1, . . . , xn, xn+1) ∈ (Rn+1)A ∩ [[~x . φ]]A to the element
f(x1, . . . , xn, xn+1) is injective and surjective on (Rn+1)A ∩ [[~x . φ]]A. This
can be proved as follows. Since F is generated by the elements x1, . . . , xn+1,
the injectivity is clear, so it remains to prove the surjectivity, i.e. that for
any (n+ 1)-tuple (a1, . . . , an, an+1) ∈ (Rn+1)A ∩ [[~x . φ]]A there exists a ring
homomorphism F → A which sends xi to ai for each i ∈ {1, . . . , n + 1}.
By the induction hypothesis, since (a1, . . . , an) ∈ [[~x . φ]]A, there exists a
unique ring homomorphism g : F0(x1, . . . , xn) → A such that g(xi) = ai
for each i ∈ {1, . . . , n}. By de�nition of F , there exists a ring homo-
morphism f : F → A which extends g and sends xn+1 to an+1 if and
only if for every polynomial P with a non-zero coe�cient P ~cni

(x1, . . . , xn)

in F0(x1, . . . , xn),
m∑
j=0

g(P ~cnj
)aj is invertible in A. But since P ~cni

(x1, . . . , xn)

is non-zero (equivalently, invertible) in the �eld F0(x1, . . . , xn), its image
g(P ~cni

(x1, . . . , xn)) = P ~cni
(g(x1), . . . , g(xn)) under the homomorphism g is

invertible in A; therefore, since the sequent (∗) holds in A, the condition

(f(x1), . . . , f(xn), a) ∈ (Rn)A entails the fact that
m∑
j=0

g(P ~cnj
)aj is invertible

in A, as required.
In the second case, consider the minimal polynomial P for xn+1 over

F0(x1, . . . , xn); then F is isomorphic to the quotient of F0(x1, . . . , xn) by
the ideal generated by the polynomial P . It is immediate to see that F is
(weakly) presented by the formula in n + 1 variables φ ∧ P (xn+1) = 0 with
generators x1, . . . , xn, xn+1.

These arguments show that the theories T and D satisfy the hypotheses
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of Lemma 7.8. It follows that all the �nitely generated �elds are �nitely
presented models of the cartesianization of D, as required. Condition (iii)
of Theorem 5.1 is therefore satis�ed (cf. Proposition 5.11(i)). Alternatively,
we could have deduced the fact that the theory D satis�es condition (iii) of
Theorem 5.1 from Corollary 5.16 and Theorem 5.21.

In [22], Johnstone shows that D is a theory of presheaf type by assuming
a form of the axiom of choice to ensure that D has enough set-based mod-
els. Theorem 5.1 allows to prove that D is of presheaf type directly, without
assuming any non-constructive principles. Having already proved that con-
dition (iii) of the theorem is satis�ed, it remains to see that conditions (i)
and (ii) hold as well.

The fact that condition (ii)(a) of Theorem 5.7 holds follows immediately
from the above-mentioned discussion in view of Remark 5.8(b). Condition
(ii)(c) of Theorem 5.3 is automatically satis�ed while condition (ii)(a) of
Theorem 5.7 follows from condition (ii)(a) of Theorem 5.7 (cf. Remarks
5.4(b)-(c)), By Remark 5.8(a), to prove that condition (ii)(b) of Theorem
5.7 holds, it su�ces to verify that condition (ii)(b) of Theorem 5.3 does.
It thus remains to verify that condition (ii)(b) of Theorem 5.3 holds, i.e.
that for any �nitely generated �elds c and d, D-model M in a Grothendieck
topos E and Σ′-structure homomorphisms x : c→ HomE(E,M) and y : d→
HomE(E,M), there exists an epimorphic family {ei : Ei → E | i ∈ I} in E
and for each i ∈ I a �nitely generated �eld bi, �eld homomorphisms ui : c→
bi, vi : d → bi and a Σ′-structure homomorphism zi : bi → HomE(Ei,M)
such that HomE(ei,M) ◦ x = zi ◦ ui and HomE(ei,M) ◦ y = zi ◦ vi.

We can prove this by induction on the sum n of the minimal number of
generators of c and of d.

Before proceeding with the proof, it is convenient to remark the follow-
ing fact: for any non-zero model (A, {(Rn)A n ∈ N}) of the cartesianization
of D (for instance, a Σ′-structure of the form HomE(E,M), where M is a
model of D in the topos E and E is a non-zero object of E) and any �eld
e, considered as a model of D, all the Σ′-structure homomorphisms e → A
re�ect the satisfaction of the relations Rn, i.e. f(x1, . . . , xn) ∈ (Rn)A implies
(x1, . . . , xn) ∈ (Rn)e. This easily follows from the disjunctive axioms of D
de�ning Rn and the cartesian axiom (∗). Note also that such homomor-
phisms are always injective (since their domain is a �eld and their codomain
is a non-zero ring).

In proving our claim, we can suppose without loss of generality all the
objects E arising in Σ′-structure homomorphisms to structures of the form
HomE(E,M) to be non-zero (since removing zero arrows from an epimorphic
family leaves the family epimorphic).

If n = 0 (that is, if both c and d are equal to their prime �elds) then c
and d have the same characteristic; indeed, equalities of the form n . 1 = 0
are preserved and re�ected by the homomorphisms x and y (cf. the above
remarks). So c and d are isomorphic, whence the claim is trivially satis�ed.
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Let us now assume that the condition is true for all k ≤ n and prove it for
n + 1. We can represent c as c′(x) in such a way that a set of generators
for c can be obtained by adding x to a set of generators for c′; then by the
induction hypothesis there exists an epimorphic family {ei : Ei → E | i ∈ I}
and for each i ∈ I a �nitely generated �eld ui, �eld homomorphisms fi : c′ →
ui and gi : d→ ui and a Σ′-structure homomorphism ri : ui → HomE(Ei,M)
such that ri ◦ fi = HomE(E,M) ◦ f |c′ and ri ◦ gi = HomE(E,M) ◦ g. Now,
consider for each i ∈ I the element f(x) ◦ ei ∈ HomE(Ei,M). Suppose
that c′ has m generators χ1, . . . , χm; then for each i ∈ I, by the disjunctive
axiom of D involving Rm, there exists an epimorphic family {fi,j : Fi,j →
Ei | j ∈ Ji} such that for any j ∈ Ji, either Rm((ri◦fi)(χ1)◦ei◦fi,j , . . . , (ri◦
fi)(χm) ◦ ei ◦ fi,j , f(x) ◦ ei ◦ fi,j) or f(x) ◦ ei ◦ fi,j is the root of a non-zero
polynomial P with coe�cients belonging to the von Neumann regular sub-
ring ofHomE(Fi,j ,M) generated by the elements (ri◦fi)(χ1)◦ei◦fi,j , . . . , (ri◦
fi)(χm) ◦ ei ◦ fi,j . In the �rst case, f(x) ◦ ei ◦ fi,j is transcendental over c′
via the embedding HomE(fi,j ,M) ◦ ri ◦ fi and over ui via the embedding
HomE(fi,j ,M) ◦ ri (apply the above remarks to these two embeddings); it
follows that the homomorphism fi extends to a homomorphism from c =
c′(x) to ui.

In the second case, the homomorphism HomE(ei ◦ fi,j ,M) ◦ f being
injective, there exists a non-zero polynomial P with coe�cients in c′ such
that f(x) ◦ ei ◦ fi,j is a root of the image of P under HomE(fi,j ,M) ◦ ri ◦
fi = HomE(ei ◦ fi,j ,M) ◦ f |c′ . It follows that x is a root of P in c. We
can thus clearly suppose P to be irreducible without loss of generality, and
represent c = c′(x) as c = c′[z]/P (z), via an isomorphism sending z to x;
denoting P ′ the image of P under the homomorphism fi, we thus obtain
that the arrow fi yields an arrow c = c′[z]/P (z) → ui[w]/P ′(w) and the
homomorphism HomE(fi,j ,M) ◦ ri factors through the quotient map ui →
ui[w]/P ′(w) yielding a ring homomorphism which is in fact a Σ′-structure
homomorphism (by Lemma 7.8, cf. the argument given above for proving
that every �nitely generated �eld is �nitely presented as a model of the
cartesianization of D).

From these remarks it is now straightforward to obtain a set of data
satisfying the requirements of our condition.

We could have alternatively proved that D satis�es condition (ii)(b) of
Theorem 5.3 either by using Remark 5.4(d) or by applying Theorem 5.5.

8.3 The theory of algebraic extensions of a given �eld

Let F be a �eld. We de�ne the theory TF of algebraic extensions of F as the
expansion of the coherent theory of �elds obtained by adding one constant
symbol a for each element a ∈ F and the following axioms:

(> ` 1F = 1);
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(> ` 0F = 0);

(> ` a+ b = a+F b),

for any elements a, b ∈ F (the symbol +F denotes the addition operation in
F );

(> ` a · b = a ·F b),

for any elements a, b ∈ F (the symbol ·F denotes the multiplication operation
in F ), plus the algebraicity axiom

(> `x
∨

n∈N,a0,...,an−1,an∈F
anx

n + an−1x
n−1 + · · ·+ a0 = 0) .

We shall prove that TF is of presheaf type. Clearly, the �nitely pre-
sentable models of TF are exactly the �nitely generated algebraic extensions
of F , that is the �nite extensions of F . One can prove, by adapting the
argument used in the proof of the result that every �nitely generated �eld is
�nitely presented as a model of the cartesianization of the theory of Diers'
�elds established in section 8.2, that every �nite extension of F is �nitely
presented as a model of the cartesianization of TF . Speci�cally, every �nite
extension F (x1, . . . , xn) of F is presented by the conjunction of the formulae
of the form Pi(x1, . . . , xi+1)(xi) = 0 (for i = 0, . . . , n − 1), where P is the
minimal polynomial for the element xi+1 over the �eld F (x1, . . . , xi).

Condition (iii) of Theorem 5.1 is thus satis�ed by the theory TF with
respect to the category of �nite extensions of F (cf. Proposition 5.11(i)).

In verifying that conditions (i) and (ii) of Theorem 5.1 are satis�ed, one
is reduced as in section 8.2 to check that condition (ii)(b) of Theorem 5.3
holds; this can be done again by adapting the argument given in section 8.2
to this case. We can thus conclude that TF is of presheaf type classi�ed by
the topos of covariant set-valued functors on the category of �nite extensions
of F .

Next, let us consider the theory SF of TF of separable extensions of F ,
that is the quotient of TF obtained by adding the following sequent:

(> `x
∨

n∈N,(a0,...,an−1,an)∈SnF

anx
n + an−1x

n−1 + · · ·+ a0 = 0),

where SnF is the set of n-tuples of elements a1, . . . , an of F such that the
polynomial anZ

n+an−1Z
n−1 + · · · ,+a0 ∈ F [Z] is irreducible and separable.

Clearly, the �nitely presentable SF -models are precisely the �nite sep-
arable extensions of F . In particular, every �nitely presentable SF -model
is �nitely presentable as a TF -model. In fact, by Artin's primitive element
theorem, every �nite separable extension of F is presented by a formula of
the form {x . anxn + an−1x

n−1 + · · ·+ a0 = 0}.
The hypotheses of Corollary 6.22 are trivially satis�ed; indeed, for any

TF -model homomorphism M → N (in an arbitrary Grothendieck topos), if
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N is separable (i.e., a model of SF ) then M is a fortiori separable as well.
We can thus conclude that also the theory SF is of presheaf type, classi�ed
by the category of covariant set-valued functors on the category of �nite
separable extensions of F .

Remark 8.1. The theory of �elds of a �xed �nite characteristic p which are
algebraic over their prime �eld, which was proved in [11] to be of presheaf
type classi�ed by the category of covariant set-valued functors on the cate-
gory of �nite �elds of characteristic p, is (trivially) Morita-equivalent to the
theory TZp introduced above.

8.4 Groups with decidable equality

In this section we shall study the injectivization G of the (algebraic) theory
of groups.

Clearly, the �nitely presentable G-models are precisely the �nitely gen-
erated groups.

Even if G satis�es condition (iii) of Theorem 5.1 with respect to the
category of �nitely generated groups and injective homomorphisms between
them (by Theorem 5.21 and Corollary 5.16), G is not of presheaf type. To see
this, consider the property of an element x of a group G to be non-nilpotent.
This property is clearly preserved by injective homomorphisms of groups, so
if G were of presheaf it would be de�nable by a geometric formula φ(x) over
the signature of G. Then the sequent

(> `x
∨
n∈N

φ ∨ (xn = 1)),

would be provable in G (since G has enough set-based models and this se-
quent is valid in every set-based G-model by de�nition of φ) and hence, as
G is coherent, the disjunction on the right hand side would be G-provably
equivalent to a �nite sub-disjunction; but this is absurd since it implies that
there exists a natural number n such that every nilpotent element x of a
group satis�es xn = 1.

To obtain a presheaf completion of the theory G, we add to the signature
of G a relation symbol RnN for each natural number n and any normal sub-
group of the free group Fn on n generators, and the following axioms (where
the symbol 6= denotes the predicate of G which is G-provably complemented
to the equality relation):

(> `~x RnN (~x)∨(
∨

w(~x),w′(~x)∈Fn | ww′−1∈N

w 6= w′)∨(
∨

w(~x),w′(~x)∈Fn | ww′−1 /∈N

w = w′))

and

(RnN (~x)∧(
∨

w(~x),w′(~x)∈Fn | ww′−1∈N

w 6= w′∨
∨

w(~x),w′(~x)∈Fn | ww′−1 /∈N

w = w′) `~x ⊥)
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(for any n ∈ N and any normal subgroup N of Fn), and

(> `~x
∨

N∈Nn

RnN (~x)),

where Nn is the set of normal subgroups of Fn (for any n ∈ N).
Let Gp be the resulting theory; we shall prove that it is of presheaf type.
Notice that the theories G and Gp satisfy the �rst set of hypotheses of

Lemma 7.8.
Let us �rst show that every �nitely generated group is �nitely presented

as a model of the cartesianization of Gp. By Lemma 7.8, to prove that Fn/N
is presented by the formula RnN (~x) as a model of the cartesianization of Gp,
it su�ces to verify that for any set-based model (G′, {(RnN )G | n ∈ N, N ∈
Nn}) of the cartesianization of Gp, denoting by ~ξ = (ξ1, . . . , ξn) the gen-
erators of the group Fn, the group homomorphisms f : Fn/N → G′ such
that f(~ξ) ∈ [[~x . RnN ]]G′ correspond exactly to the n-tuples ~y of elements
of G′ which belong to the interpretation in G′ of the formula RnN (via the

assignment f → f(~ξ)). Given a n-tuple ~y of elements of G′ which belong
to the interpretation of RnN in G′, we can de�ne a function f : Fn/N → G′

by setting f([w]) = wG′(~y). This is a well-de�ned injective group homomor-
phism since the following sequents are provable in the cartesianization of Gp
and hence are valid in G′:

(RnN `~x w = w′)

for any w,w′ ∈ Fn such that ww′−1 ∈ N , and

(RnN `~x w 6= w′)

for any w,w′ ∈ Fn such that ww′−1 /∈ N . Since every �nitely generated
group is, up to isomorphism, of the form Fn/N for some natural number n
and a normal subgroup N of Fn, we can conclude that the theory Gp satis�es
condition (iii) of Theorem 5.1 (cf. Proposition 5.11(i)). An alternative way
to prove this would have been to invoke Corollary 5.16 and Theorem 5.21.

As in the case of Diers �elds treated in section 8.2, in order to verify that
the theory Gp satis�es conditions (i) and (ii) of Theorem 5.1, one is reduced
to show that condition (ii)(b) of Theorem 5.3 is satis�ed; but this follows
from Remark 5.4(d). The theory Gp is thus of presheaf type classi�ed by
the topos [f.g.Grp,Set], where f.g.Grp is the category of �nitely generated
groups and injective homomorphisms between them.

The category f.g.Grp is cocartesian; indeed, it has an initial object
(namely, the trivial group) and pushouts (given by the free product with
amalgamation construction, cf. [30]). It follows the topos [f.g.Grp,Set] is
coherent. The theory Gp, in spite of being in�nitary, is thus classi�ed by
a coherent topos. This fact has various implications for Gp. For instance,

153



the coherence of the classifying topos for Gp implies that every formula over
the signature of Gp presenting a �nitely generated group (regarded as a Gp-
model) is not only Gp-irreducible, but also a coherent object of the classifying
topos; in particular, for any Gp-compact formula {~x . φ} over the signature
of Gp, the formula {x, y . φ(x) ∧ φ(y)} is also Gp-compact (recall that a
formula {~z . χ} over the signature Σ of a geometric theory T is T-compact if
whenever {~z . χ} T-provably entails a disjunction of geometric formulas over
Σ, {~z . χ} T-provably entails a �nite sub-disjunction of it). Semantically, a
formula {~x . φ} is Gp-compact if whenever {Si | i ∈ I} is a family of assign-
ments G → SGi ⊆ Gn sending each �nitely generated group G to a subset
SGi ⊆ [[~x . φ]]G in such a way that every injective homomorphism f : G→ G′

of groups sends tuples in SGi to tuples in SG
′

i , if [[~x . φ]]G =
⋃
i∈I
SGi for all

G then there exists a �nite subset J ⊆ I such that [[~x . φ]]G =
⋃
i∈J
SGi . The

fact that the classifying topos of Gp is coherent also implies, by Deligne's
theorem (assuming the axiom of choice), the existence of set-based mod-
els for any non-contradictory quotient of Gp whose associated Grothendieck
topology on f.g.Grpop is of �nite type.

8.5 Locally �nite groups

Let A be the algebraic theory of groups. Since every �nite group is �nitely
presented as a A-model (cf. Theorem 6.4 [6]) and A is of presheaf type,
Theorem 6.29 ensures that there exists a quotient U of A classi�ed by the
topos [C,Set], where C is the category of �nite groups and homomorphisms
between them, which can be characterized as the set of all geometric sequents
over the signature of A that are valid in every �nite group. On the other
hand, since U is classi�ed by the topos [C,Set], the set-based models of U
are exactly the groups which can be expressed as �ltered colimits of �nite
groups, such groups are exactly the groups which validate all the geometric
sequents over the signature of A which hold in every �nite group. As a
by-product, we obtain the following characterization of locally �nite groups
(equivalently, of the groups which can be expressed as �ltered colimits of
�nite groups).

Proposition 8.2. The locally �nite groups are exactly the groups which sat-
isfy all the geometric sequents over the signature of the theory of groups which
hold for all �nite groups.

Proof In view of the above remarks, it remains to verify that a group is
locally �nite (in the sense that all its �nitely generated subgroups are �nite)
if and only if it is a �ltered colimit of �nite groups. This can be proved
as follows. If a group is locally �nite then it is the �ltered union of all its
�nitely generated (and hence �nite) subgroups. Conversely, suppose that G
is a �ltered colimit of �nite groups. Then G is the directed union of the
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images in G of these �nite subgroups, which are again �nite. It follows that
every �nitely generated subgroup H of G is contained in one of them (notice
that, since the union is �ltered, there exists one of them which contains all
the generators of H) and hence it is a fortiori �nite, as required. �

The injectivization of A is also of presheaf type (by Corollary 6.57) and
can be characterized as the quotient of G consisting of all the geometric
sequents over the signature of the injectivization G of the theory of groups
which hold in all �nite groups.

8.6 Vector spaces

Let VK be the expansion of the algebraic theory of vector spaces over a
�eld K obtained by adding a n-ary predicate Rn for each natural number n
expressing the property of a n-tuple of elements to be linearly independent,
i.e. the following sequents:

(> `~x Rn(~x) ∨
∨

(k1,...,kn)∈Kn

ki 6=0 for some i

k1x1 + · · ·+ knxn = 0),

and
(Rn(~x) ∧ (

∨
(k1,...,kn)∈Kn

ki 6=0 for some i

k1x1 + · · ·+ knxn = 0) `~x ⊥) .

The category of models of the theory VK in Set has as objects the vector
spaces over K and as arrows the injective homomorphisms between them.
The �nitely presentable VK-models are precisely the �nite-dimensional vec-
tor spaces over K.

By using techniques analogous to those employed in section 8.2, one can
prove that VK is of presheaf type.

Also, by using Corollary 6.22, one can easily prove that for any �xed
natural number n, both the expansion of the theory of vector spaces over a
�eld K and of the theory VK obtained by adding the sequent

> `(x1,...,xn+1)

∨
(k1,...,kn+1)∈Kn+1

ki 6=0 for some i

k1x1 + · · ·+ kn+1xn+1 = 0)

are of presheaf type.
The models in Set of the latter theory are precisely the vector spaces

over K of dimension ≤ n.

8.7 The theory of abelian l-groups with strong unit

Recall that an abelian l-group with strong unit is a lattice-ordered group
(G, 0,≤) with a distinguished element u, called the unit of the group, such
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that for any element x ∈ G such that x ≥ 0 there exists a natural number n
such that x ≤ nu, where nu = u + · · · + u n times. We refer the reader to
chapter 2 of [31] as an introduction to the theory of lattice-ordered groups.

We can axiomatize the theory Lu of abelian l-groups with strong unit over
a signature Σ consisting of four binary function symbols +, −, inf , sup, two
constants 0 and u and a binary relation symbol ≤, by using Horn sequents to
formalize the notion of abelian l-group and the following geometric sequent
to express the property of strong unit:

(x ≥ 0 `x
∨
n∈N

x ≤ nu) .

The following lemma will be useful in showing that the theory Lu is of
presheaf type.

Lemma 8.3. Let G be an abelian group with a distinguished element u and
generators x1, . . . , xn. If for every i ∈ {1, . . . , n} there exists a natural num-
ber ki such that |xi| ≤ kiu then u is a strong unit for G.

Proof Recall that the absolute value |x| of an element x of an abelian l-
group with unit (G, 0,+,−,≤, inf, sup) is the element sup(x,−x). For any
x ∈ G, |x| ≥ 0 |x| = | − x|, and for any x, y ∈ G, the triangular inequality
|x+ y| ≤ |x|+ |y| holds.

Since G is generated by elements x1, . . . , xn, every element x of G can be
expressed as the interpretation t(x1, . . . , xn) of a term t over the signature
Σ. We shall prove that there exists a natural number n such that |x| ≤ nu
by induction on the structure of t. This will clearly imply our thesis, since
if x ≥ 0 then |x| = x. If t is a variable then the claim is clearly true by
our hypothesis. If x = x′ + x′′ with |x′| ≤ n′u and |x′′| ≤ n′′u then by the
triangular inequality we have |x| ≤ n′+n′′, and similarly for the subtraction.
The inf and sup cases are similarly straightforward. �

Let us now verify that the theory Lu satis�es the hypotheses of Corollary
6.22 with respect to its Horn part H.

We have to prove that for any �nitely presentable H-model c, any model
G of Lu in a Grothendieck topos E , any object E of E and any Σ-structure
homomorphism f : c→ HomE(E,G), there exists an epimorphic family {ei :
Ei → E | i ∈ I} in E and for each i ∈ I a �nitely presentable model ci of Lu
and Σ-structure homomorphisms fi : c→ ci and ui : ci → HomE(Ei, G) such
that HomE(ei, G)◦f = ui◦fi for all i ∈ I. Let us suppose that c is presented
as a H-model by a cartesian formula φ(~y) with generators x1, . . . , xn. Since
G is a l-group with strong unit, there exists an epimorphic family {ei : Ei →
E | i ∈ I} in E and for each k ∈ {1, . . . , n} and i ∈ I a natural number mk,i

such that f(|xi|)◦ ei ≤ mk,iuHomE(Ei,G) (where uHomE(Ei,G) denotes the unit
of the `-group HomE(Ei, G)). For each i ∈ I, let ci the H-model presented
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by the cartesian formula φ(x1, . . . , xn) ∧ |x1| ≤ m1,i ∧ . . . ∧ |xn| ≤ mn,i. For
each i ∈ I, we have a natural quotient homomorphism fi : c → ci through
which HomE(ei, G) ◦ f factors; the resulting factorization ui satis�es the
required property HomE(ei, G) ◦ f = ui ◦ fi. Since H is a Horn theory, each
ci is generated by the n-tuple fi(x1), . . . , fi(xn) which presents it as a H-
model (cf. Remark 4.2(a)). Therefore the ci are l-groups with strong unit
by Lemma 8.3.

This argument also shows that the �nitely presentable Lu-models are
exactly the �nitely presented H-models whose unit is strong (cf. Theorem
6.26).

Therefore all the hypotheses of Corollary 6.22 are satis�ed and we can
conclude that the theory Lu is of presheaf type. In fact, Lu is Morita-
equivalent to the (algebraic) theory of MV-algebras (cf. [12]).
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