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Abstract

We systematically investigate morphisms and equivalences of to-
poses from multiple points of view. We establish a dual adjunction
between morphisms and comorphisms of sites, introduce the notion of
weak morphism of toposes and characterize the functors which induce
such morphisms. In particular, we examine continuous comorphism
of sites and show that this class of comorphisms notably includes all
fibrations as well as morphisms of fibrations. We also establish a cha-
racterization theorem for essential geometric morphisms and locally
connected morphisms in terms of continuous functors, and a relative
version of the comprehensive factorization of a functor.

Then we prove a general theorem providing necessary and suffi-
cient explicit conditions for a morphism of sites to induce an equi-
valence of toposes. This stems from a detailed analysis of arrows in
Grothendieck toposes and denseness conditions, which yields results
of independent interest. We also derive site characterizations of the
property of a geometric morphism to be an inclusion (resp. a sur-
jection, hyperconnected, localic), as well as site-level descriptions of
the surjection-inclusion and hyperconnected-localic factorizations of a
geometric morphism.
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1 Introduction

In this work we establish a number of results around the theme of morphisms
and equivalences of toposes and their characterizations in terms of sites. Its
contents can be summarized as follows.

In section 2, after establishing a basic result allowing to describe the
subobjects of the sheafification of a certain object A in terms of subobjects
of A which are closed with respect to the associated closure operation, we
show that arrows in a topos Sh(C,J) between objects of the form 5(c) for
c € C (where [§ is the functor C — Sh(C, J) given by the composite of the
Yoneda embedding ye : C — [C°P,Set] with the associated sheaf functor
ay : [C°P,Set] — Sh(C, J)) can all be locally represented in terms of arrows
coming from the site. Then we investigate, more generally, arrows in Sh(C, J)
between objects of the form a;(P), and obtain an explicit characterization
for them in terms of J-functional relations, also describing the operation



of composition of such relations which corresponds to composition of the
corresponding arrows. Further, we discuss the specialization of this charac-
terization in the case of arrows between objects of the form I5(c) for ¢ € C and
its relationship with the alternative description previously obtained. Finally,
we introduce a notion of cofinal functor relative to a Grothendieck topology,
study its properties and derive a number of applications which will be useful
in the subsequent sections, including an explicit characterization of colimits
in a Grothendieck topos in terms of generalized elements.

In section 3 we investigate the notions of morphism and comorphism of
sites. We work in the setting of small-generated sites (in the sense of [14]
— these are called essentially small sites in [7]) rather than in the usual, re-
stricted context of small sites since all the fundamental results for morphisms
of sites, flat functors and comorphisms of sites actually hold at this higher
level of generality and their formulations in the extended setting provide a
much greater flexibility both theoretically and in connection with applicati-
ons. In the context of our general study of comorphisms of sites, we focus in
particular on fibrations, establishing a number of results about them which
will be useful in the following sections; we show in particular that the smallest
Grothendieck topology making a fibration towards a category endowed with
a Grothendieck topology a comorphism of sites admits an explicit descrip-
tion involving cartesian arrows. Then we investigate the relationship between
morphisms and comorphisms of sites, introducing constructions allowing to
naturally turn a morphism of sites into a comorphism of sites inducing the
same geometric morphism, and conversely. We show that these constructions
actually yield a dual adjunction between a category of morphisms under a gi-
ven site and a category of comorphisms over that site. Lastly, we investigate
another fundamental construction, which we call the fibration of generalized
elements of a functor; this notably allows one to represent a geometric mor-
phism induced by an arbitrary comorphism of sites as a morphism induced
by the fibration thus associated with it.

In section 4 we introduce the notion of weak morphism of toposes; by this
we simply mean a pair of adjoint functors, without the requirement that the
inverse image (that is, the left adjoint) preserve finite limits. Then we re-
call, in the context of small-generated sites (C, J) and (D, K), the concept of
(J, K)-continuous (or simply continuous, when J and K can be unambigously
inferred from the context) functor C — D. This notion generalizes that of
morphism of sites (C, J) — (D, K); in fact, we show that (J, K')-continuous
functors are precisely the functors C — D which induce a weak morphism of
toposes Sh(D, K) — Sh(C, J). This results from a general equivalence the-
orem between the category of weak morphisms from a Grothendieck topos
& to a topos Sh(C, J) of sheaves on a small-generated site (C,.J) and the a
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category of continuous functors C — £. We obtain a number of equivalent
characterizations of continuous functors as well as of continuous comorphisms
of sites (C,J) — (D, K), including an explicit characterization involving
relative cofinality conditions. We also derive from the above theorem an
equivalence result between essential geometric morphism Sh(C, J) — £ and
(J, Jg&")-continuous comorphism of sites (C, J) — (£, J§*"), and characterize
the essential geometric morphisms Sh(C, J) — Sh(D, K) that are induced
by a (J, K)-continuous comorphism of sites (C, J) — (D, K) in terms of pro-
perties of the essential images of such morphisms. In particular, we show
that, if the objects coming from the two sites can be characterized by means
of suitable generalized compactness conditions, then the categories of such
objects will be preserved by the essential images of such morphisms. This is
relevant, for instance, in connection with the method for constructing duali-
ties by means of ‘functorializing’ topos-theoretic ‘bridges’ introduced in [4].
In order to describe an arbitrary essential geometric morphism as a morphism
induced by a comorphism of sites, we investigate the operation extending a
comorphism of sites to a comorphism between the associated presheaf topo-
ses, endowed with the presheaf ‘liftings’ of the given Grothendieck topologies.
We also discuss essential morphisms between localic toposes.

Then we prove a theorem asserting that every fibration gives rise to a
continuous comorphism of sites. This result is complemented by the identi-
fication of a general context where the continuity of a comorphism of sites
can be ‘transported’ along a fibration. This analysis leads to a number of
corollaries, asserting in particular the continuity of morphisms of fibrations
and that of all ‘localizations’ of a continuous comorphism of sites. Further,
we investigate locally connected morphisms and establish characterizations
for them, including a criterion providing necessary and sufficient conditions
on a continuous comorphism of sites for the associated geometric morphism
to be locally connected. Lastly, we introduce the notion of terminally con-
nected geometric morphism. This notion generalizes that of connected and
locally connected morphism to the setting of arbitrary essential geometric
morphisms. We show that terminally connected morphisms are orthogonal
to local homeomorphisms in the 2-category of toposes, and prove that every
essential geometric morphism can be (uniquely up to isomorphism) factored
as a terminally connected morphism followed by a local homeomorphism.
Then we introduce a relative version of the comprehensive factorization of a
functor and show that it corresponds, in the case of a continuous comorphism
of sites, to the above-mentioned factorization of the geometric morphism in-
duced by it. In passing, we establish an adjunction between the category of
sheaves on a small-generated site and that of functors towards the category
underlying the site.



In section 5 we recall the notion of a dense morphism of sites and show
that, if the target site is subcanonical, it corresponds precisely to the property
of the associated geometric morphism to be an equivalence. In order to
generalize this result to the setting of arbitrary sites, we introduce the notion
of a weakly dense morphism of sites, giving an explicit characterization of
it, and discuss an example of a weakly dense morphism which is not dense.
The resulting general theorem providing necessary and sufficient conditions
for a morphism of sites to induce an equivalence of toposes represents a
vast extension of Grothendieck’s Comparison Lemma [1]. Next we deduce
from this result a criterion for a .J-continuous flat functor C — £ to induce,
via Diaconescu’s equivalence, an equivalence of toposes € ~ Sh(C, J), and
a criterion for the toposes of sheaves on two small-generated sites to be
equivalent. Lastly, we introduce some notions of local faithfulness, local
fullness and local surjectivity and show that they are naturally related to
our denseness conditions.

In section 6, by applying results obtained in the previous section, we ex-
plicitly characterize the morphisms of sites whose corresponding geometric
morphism is a surjection (resp. an inclusion, hyperconnected, localic); this
applies in particular to continuous flat functors, giving necessary and suffi-
cient conditions for the geometric morphisms corresponding to them to sa-
tisfy such properties. This analysis notably leads to a characterization of the
property of a geometric morphism to be an inclusion entirely in terms of its
inverse image functor. We then give site-level descriptions of the surjection-
inclusion and hyperconnected-localic factorizations, and derive alternative
criteria for a morphism of sites (resp. a continuous flat functor) to induce an
equivalence of toposes. In this section, we also identify a most general fra-
mework for defining induced Grothendieck topologies (which subsumes the
classical notion of Grothendieck topology induced on a dense subcategory),
and investigate a notion of image of a Grothendieck topology under a functor.

In section 7, we investigate the properties of geometric morphisms to be
a surjection (resp. an inclusion, hyperconnected, localic, an equivalence)
in the context of morphisms induced by comorphisms of sites, obtaining
site-theoretic characterizations for them. Some of these results generalize,
in a natural but non-trivial way, a number of known criteria. Lastly, we
investigate functors that are both (weak) morphisms and comorphisms of
sites, and show in particular that every fully faithful functor which is both
a morphism and a comorphism of sites induces a coadjoint retraction of
toposes, defined by two morphisms, one local and the other one essential.



2 Arrows in a Grothendieck topos

In this section we make a detailed site-theoretic analysis of arrows in a
Grothendieck topos, with the purpose of preparing the ground for the re-
sults in the following sections of the paper.

Recall that a small-generated site (in the sense of [14]) (also called an
essentially small site in [7]) is a site (C, J) such that C is locally small and
has a small J-dense subcategory. Notice that, for any Grothendieck topos
E, the site (&, J8"), where J&" is the canonical topology on &, is small-
generated.

Even though a Grothendieck topos is defined as a category equivalent to
the category of sheaves on a small site, it is technically convenient, in the
study of morphisms of toposes, to consider, more generally, small-generated
sites, in order to be able in particular to consider a topos as a site (namely,
its canonical site).

2.1 The closure operation on subobjects

For any small-generated site (C,.J), we shall denote by (§ (or simply by [,
when there is no risk of ambiguity) the functor C — Sh(C, J) given by the
composite of the Yoneda embedding y¢ : C — [C°P, Set]| with the associated
sheaf functor a; : [C°P,Set] — Sh(C,J). We shall say that a family of
arrows in C with common codomain is J-covering if the sieve generated by
it is. The unit of the adjunction between the inclusion functor i of Sh(C, J)
into [C°P, Set| and the associated sheaf functor a; will be denoted by 7, (or
simply by 7).

Notice that we have a closure operation c¢; on subobjects in the presheaf
category [C°P, Set], which admits the following explicit description: for any
subobject A — E in [C°P, Set|, we have

cs(A)(e) ={z € E(c) [{f :d = c| E(f)(x) € A(d)} € J(c)}

for any ¢ € C. Note also that, for any small-generated site (C,.J), the ca-
nonical inclusion functor Sh(C,J) — [C°P,Set] admits a left adjoint a,
which we call, by analogy with the classical case, the associated sheaf func-
tor, and which is (colimit and) finite-limit-preserving. Indeed, if D is a
J-dense small subcategory of C then, by the Comparison Lemma, we have
an equivalence ¢ : Sh(D, J|p) — Sh(C, J) which is the restriction, along the
inclusions Sh(D, J|p) < [D°P, Set| and Sh(C, J) < [C°P, Set], of the functor
[D°P, Set| — [C°P, Set] given by the right Kan extension along the embedding
i of D°P into C°P, whence the composite functor coa,, o (—oi) : [C°?, Set] —
Sh(C, J) yields a left adjoint to the inclusion Sh(C, J) — [C°P, Set].
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The closure operation c; can be notably used for obtaining site-theoretic
descriptions of many properties and constructions on the topos Sh(C, J)
which can be expressed in terms of subobjects in it; for instance, we have
the following result:

Lemma 2.1. Let (C,J) be a small-generated site and o : F — G an arrow
in the presheaf category [C°P, Set]|. Then

(1) a;(a) is a monomorphism in Sh(C,J) if and only if for every ¢ € C
and any elements x,x' € F(c) such that a(c)(x) = a(c)(z’), the sieve

{f:d—c| F(f)(x)=F(f)()} is J-covering.

(11) ay(a) is an epimorphism in Sh(C, J) if and only if for every ¢ € C and
z € G(c), the sieve {f :d — ¢ | G(f)(z) € Im(a(d))} is J-covering.

(111) ay(a) is an isomorphism in Sh(C,J) if and only if both conditions (ii)
and (iii) are satisfied.

Proof (i) An arrow A — B in a category with pullbacks is a monomorphism
if and only if the diagonal monomorphism A — A xXg A is an isomorphism.
We can thus conclude that a;(«) is a monomorphism in Sh(C, J) if and only
if the diagonal arrow ' — F X F is ¢j-dense, that is if and only if for every
c € C and any elements x, 2’ € F(c) such that a(c)(x) = a(c)(a’), the sieve
{f:d—c| F(f)(x)=F(f)()} is J-covering.

(ii) Clearly, « is sent by a; to an epimorphism if and only if its image
Im(a) is c¢j-dense, that is if and only if, for every ¢ € C and z € G(c), the
sieve {f :d — ¢ | G(f)(x) € Im(c(d))} is J-covering.

(iii) This follows from the fact that every topos is a balanced category. (J

Remarks 2.2. (a) Let A., :={f:d — c| G(f)(z) € Im(a(d))} (for each
¢ € C and z € G(c)). Then for any arrow £ : ¢ — ¢ and any elements
r € G(c) and ' € G() such that G(&)(2') = z, Acx = " (Av ).
So, if the codomain of « is a representable y¢(c), condition (ii) becomes
equivalent to the requirement that the sieve {f : d — ¢ | f € Im(«(d))}
be J-covering.

(b) The arrows of [C°?, Set] whose image under the associated sheaf functor
ay is an isomorphism will be called J-bicovering, in comformity with the
terminology “bicouvrante” introduced in section I1.5 of [1] for qualifying
this type of arrows.



2.2 Subsheaves and closed subobjects

The following result is probably well-known, but we did not find a proof of
it in the literature, so we give it here.

Proposition 2.3. Let (C,J) be a small-generated site. Then for any object
F of [C°P, Set], denoting by ClSubcop get)(F) the sub-lattice of Subjcop e (F)
consisting of the cj-closed subobjects, we have a lattice isomorphism

Subsn(c,7)(as(F)) == ClSubcor set) (F)

which sends a subobject in ClSub[Cop,set](F) to its 1mage under ay and a
subobject of a;(F') to the pullback of it under the unit arrow F — a;(F).

Proof Given a subobject m : A — a;(F) in Sh(C, J), let us associate with
it the subobject n : A’ — F of F defined by the following pullback diagram
in [C°P, Set]:

A——A

F "% a,(F)

Recall that the cj-closure c;(k) : A” — F of a subobject & : A’ — F in
[C°P, Set] is characterized by the following pullback diagram:

yp—— aJ(A/)

]c(z(k) LCLJ(}{:)

F—" a,(F)

It thus follows that n is cj-closed, since by applying the pullback-preserving
functor a; to the former pullback square we obtain that m = a;(n). Con-
versely, we associate with any cj-closed subobject n the subobject ay(n) of
Sh(C, J). It is immediate to see that these two operations are inverse to each

other, and that they are order-preserving; so they are lattice isomorphisms.
O

Remarks 2.4. (a) Given an arrow « : P — @ in [C°P, Set], the c,-closed
subobject @), of () corresponding via Proposition 2.3 to the image of the
arrow ay(«) is given by

Qa(c) ={z € Qc) [{f : d = ¢| Q(f)(z) € Im(a(d))} € J(c)}

for any ¢ € C.



(b) Proposition 2.3 clearly generalizes to the setting of elementary toposes,
replacing [C°P,Set| by an arbitrary elementary topos &, J by a local
operator on it and c¢; by the associate closure operation on subobjects
in £.

2.3 Site-theoretic description of arrows between objects
coming from the site

Given a site (C, J), for two arrows h, k : ¢ — d in C we shall write h = k for
J-local equality, that is, to mean that there exists a J-covering sieve S on ¢
such that ho f = ko f for every f € S. Notice that [(h) = [(k) if and only
if h=;k.

Proposition 2.5. Let (C,J) be a small-generated site.

(1) Then for any arrow & : l(c) — I(d) in Sh(C, J) there exists a family of
arrows {fu : cu = ¢, gy cy = d | u € U} such that {f, :cy, = c|ué€
U} generates a J-covering sieve, for any object e and arrows h : e — ¢,
and k : e — ¢y such that f,oh = f, ok we have g,oh =; g ok, and

Eol(fu) =1Ugy) for everyu e U.

(i1) Conversely, any family of arrows F : {fu:cy — ¢, gy :cy — d|u e U}
such that {f, : c, — ¢ | u € U} generates a J-covering sieve and for any
object e and arrows h : e — ¢, and k : e — ¢, such that f,oh = fyok
we have g, o h =; gy o k, determines a unique arrow &x = 1(c) — 1(d)

in Sh(C, J) such that {x o I(f,) = U(gu) for every u € U.

(111) Two families F = {fy : cu = ¢, gy : ¢y > d | u € U} and F' = {f] :
ey = ¢, G, e, = d| v eV} oasin (i) determine the same arrow
l(c) = U(d) (i.e. &5 = Ex) if and only if there exist a J-covering family
{ag : by — ¢ | k € K} and factorizations of it through both of them by
arrows Ty, : by — cypr) and yi b — ey (i.e. JukyoTr = ag = fq’](k)oyk
Jor every k € K) such that guu oz = 9;(1{) oy for every k € K.

(iv) Given two families F = {f, : ¢x = ¢, gy : ¢cu — d | u € U} and
G=Ah,:d, > d,k, : d, — e | v €V}, the composite arrow & o {F -
l(c) — l(e) is induced as in (ii) by the family {f, o x : dom(z) —
¢, kyoy:dom(y) = e | (u,v,2,y) € Z}, where Z = {(u,v,z,y) | u €
U,v € V,dom(z) = dom(y), cod(z) = ¢,, cod(y) = dy, hy oy = g, o x}.

10



Proof (i) Consider the following pullback square in [C°P, Set]:

R ye(d)
T lnyc(d)
£y (c
yele) —<2i(d)

and the sieve S ={f:e — c¢|dg:e— d with (f,g) € R} on c given by the
image in [C°P, Set] of the arrow  : R — yc(c). This sieve is J-covering since it
is sent by a; to an isomorphism. Let us show that for any (f,g) € R, £ol(f) =
I(g). Consider the adjunction between i and a;: the arrow 7y, @q)oyc(g) is the
transpose of {(g) and the arrow & o n,, () © ye(f) is the transpose of £ o I(f),
so it is equivalent to verify that 1y, o yc(9) = & © Nye(e) © ye(f). But this
follows by the commutativity of the above square, since (f, g) € R. To check
that the family of arrows {(f, g) | (f,g) € R} satisfies the required condition,
we have to check that for any (f, g),(f’,¢’) € R and arrows h, h’' such that
foh=foh goh=; ¢ okl equivalently [(g o h) = I(¢' o h’). Since
(foh,goh) € R as R is functorial, we have £ ol(f o h) = I(g o h); similarly,
we have o l(f o h') =1(¢ o h'). Sol(goh)=1(¢ oh'), as required.

(ii) Any sieve S on an object ¢ of C, regarded as a presheaf on C, is
the colimit of the canonical diagram defined on the full subcategory [S
of C/c on the objects which are elements of S. If S is J-covering then
the canonical momonomorphism S — yc(c) is sent by the associated sheaf
functor a; to an isomorphism, so, since a; is colimit-preserving, [(c) is the
colimit of the functor ag : [ S — Sh(C, J) sending any object f : d — ¢
of [S to I(d) and any arrow h : (f :d = ¢) = (f' :d — ¢)in [S
to l(h) : I(d") — I(d). Therefore, giving an arrow [(c¢) — [(d) in Sh(C, J)
amounts to giving a cocone on ag with vertex [(d). Any family of arrows
{fuicu = ¢, gu:cy = d|ue U} such that {f, :c, — ¢ |u € U} generates
a J-covering sieve and for any object e and arrows h: e — ¢, and k : e — ¢
such that f, oh = f, ok we have g, o h =; g, o k, defines such a cocone.
Indeed, by taking S equal to the sieve generated by the family {f, : ¢, — ¢}
we obtain, thanks to the property that for any object e and arrows h : e — ¢,
and k : e — ¢, such that f,oh = f, ok we have g,oh =; g, 0k, a well-defined
family of arrows [(dom(f)) — I(d) (for f € S) satisfying the commutativity
conditions for a cocone. It is clear that the arrow I(c) — [(d) thus defined
satisfies the required property.

(iii) Let us first prove the ‘if” direction. Since the sieve generated by the
family {ax : by — ¢ | k € K} is J-covering, the arrows [(ax) to I(c) are
jointly epimorphic and hence £z = &€& if and only if £x o l(ax) = €7 o l(ay)
for every k € K. But {rol(ar) = & o U fup) © Uzk) = Uguw) © l(zk) =
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U Gueky) 0 k) = UG5y 0 Yk) = Ugywy) © Uyr) = Ex 0 U fowy) 0 Uyr) = &7 0 lar),
where the equality [(guw) © o) = l(g;(k) o yx) follows from the fact that
Gu(k) © T =7 g;(k) o yg. It thus remains to prove the ‘only if’ direction.
Suppose that £ = {x. Let us define the family {ay : by — ¢ | k € K} to be
the intersection of the sieve generated by the family {f, : ¢, = ¢ | u € U}
with that generated by the family {f/ : e, — ¢ | v € V'}; since these two
sieves are .J-covering by our hypotheses, their intersection is .J-covering as
well. Let us choose factorizations xy : by — cyp) and yx : by — ey of it
through the arrows of these families, so that f,) o zx = ax = fqu(k) oy, for
every k € K. We want to prove that, for every k € K, gy oxr =5 g;(k) o Y,
equivalently that I(gu)ozr) = U(g, 4y 0Yr)- But l(guw ozr) = Uguk))ol(zy) =
Er o l(fumy) © Uak) = & 0 U [y © yk) = UGy © Yk), as required.

(iv) First of all, we have to show that the family of arrows {f, o x |
(u,v,z,y) € Z} is J-covering. To this end, consider the pullback

P——H

N

G —yc(d)

where H is the sieve on d generated by the arrows {h, : d, — d | v € I},
G is the sieve on d generated by the arrows {g, : ¢, — d | u € U} and the
arrows are the canonical inclusion monomorphisms.

Since H is J-covering, the canonical monomorphism H — ye(d) is ¢;-
dense and hence the monomorphism P — G in the above square is ¢ -dense
too; this means that for any u € U, the sieve {¢ : dom(§) — ¢, | gu 0 & € P}
is J-covering. But P = H N G, so this means that for any u € U, the sieve
{z : dom(z) — ¢, | v Iy (u,v,z,y) € Z} is J-covering. Since this sieve is
contained in the pullback along f, of the sieve {f, oz | (u,v,x,y) € Z},
it follows from the transitivity axiom for Grothendieck topologies that this
latter sieve is J-covering, as desired.

To conclude the proof of (iv), we have to verify that for every (u,v,z,y) €
Z,égolrol(fy)ol(x)=1(k,)ol(y). Recalling the definitions of {x and &g,
we obtain that g o {x o l(f,) ol(x) = &g ol(gy) ol(x) = &g o l(hy) o l(y) =
I(k,) o l(y) = l(k, oy), as required. O

Remarks 2.6. (a) Proposition 2.5 could alternatively have been derived
from the description of the topos Sh(C,J) as a completion of the site
(C, J) provided by Theorem 8.22 [14].

(b) If we assume the axiom of choice, given a family of arrows {f, : ¢, —
C,Gu i Cy — d | u € U} such that {f, : ¢, — ¢ | u € U} generates a J-
covering sieve and for any object e and arrows h: e — ¢, and k : e — ¢y
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such that f,oh = f,,ok we have g,oh = g,/ ok, as in points (i) and (ii) of
Proposition 2.5, we can clearly suppose without loss of generality U to be
the J-covering sieve on ¢ generated by the family {f, : ¢, — ¢ |u € U}.
So such a family can be equivalently identified with a family of arrows
gs : dom(f) — d indexed by the arrows f of a J-covering sieve S on ¢
with the property that for any arrow h composable with f, gon =5 groh.

(c) Under the identification of Remark 2.6(b), the family {a : by — ¢ | k €
K} in point (iii) of Proposition 2.5 can be assumed to be the intersection
of the sieves U and V.

Proposition 2.7. Let (C,J) be a small-generated site and h : ¢ — d, k : ¢ —
e arrows in C. Then there exists an arrow & : l(e) — I(d) such that £ol(h) =
l(k) if and only if there exists a family of arrows gy : dom(f) — d indezed by
the arrows f of a J-covering sieve S on e such that g¢.. = g¢ 0 2 whenever z
is composable with f, and such that for any x € h*(S), ko X =7 Ghoy-

Proof By Proposition 2.5, giving an arrow & : I(e) — [(d) amounts to
specifying a family of arrows gy : dom(f) — d indexed by the arrows f of
a J-covering sieve S on e such that gs.. = g5 o z whenever z is composable
with f, which satisfies £ o [(f) = I(gy) for each f € S. Now, {ol(h) =
[(k) if and only if £ o I(h) o l(x) = U(k) o I(x) for every x € h*(S) (since,
h*(S) being J-covering as S is, the arrows [(x) are jointly epimorphic). But
§ol(h)ol(x) = Eol(hox) = lgnoy), while I(k) o l(x) = l(koX), so the
condition § o [(h) = I(k) is equivalent to k o x = ghoy, as required. O

Proposition 2.8. Let (C,J) be a small-generated site and £ : A — l(c) an
arrow of Sh(C,J). Then the family of arrows x : I(d) — A, where d € C,
such that £ o x = I(f) for some arrow f :d — ¢ in C is epimorphic on A.

Proof The family R of arrows to A whose domain is of the form I(e) for some
e € C is clearly epimorphic on A. Let us denote by T the family of arrows
X : l(d) = A, where d € C, such that {ox = [(f) for some arrow f : d — cin
C. To show that T is epimorphic, it clearly suffices, by transitivity, to show
that for any a € R, o*(T) is epimorphic. But this follows from Proposition
2.5(i) applied to the arrow & o «, since that implies that there exists a J-
covering family {f; | i € I'} of arrows on dom(«) and for each ¢ € I an arrow
g; - dom(f;) — c such that £ o a o l(f;) = l(g;); indeed, the family of arrows
{l(f;) | © € I} is epimorphic and contained in o*(7T). O
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Remark 2.9. If A = a,(P) for a presheaf P on C then the collection of
objects (d, z) of of the category [ P of elements of P such that, denoting by
Adz) : I(d) = a;(P) = A the canonical colimit arrow, £ o A is of the form
I(f) for some f : d — c defines a full Jp-dense subcategory of [ P (where
Jp is the Grothendieck topology on [ P whose covering sieves are precisely
those sent by the canonical projection functor f P — C to J-covering sieves).

2.4 Locally functional relations

Let us now consider the problem of explicitly describing arrows in a sheaf
topos Sh(C, J). Given two objects P and @ of [C°P, Set], we shall describe
the arrows a;(P) — ay(Q) in Sh(C,J) by explicitly characterizing their
graphs. Notice that a relation r : R — A x B in a topos is the graph of
an arrow A — B if and only if the composite of the canonical projection
A x B — A with r is an isomorphism. By Proposition 2.3, the relations
r: R — a;(P) %X a;(Q) = a;(P x Q) in Sh(C,J) can be identified with
the cj-closed subobjects of P x (), via the correspondence sending r to its
pullback ' : R' — P x @ along the arrow npxg : P X Q — a;(P X Q); so
R = ay(R'). Notice that a subobject R’ — P x @ is c¢j-closed if and only
if for any ¢ € C and any (x,y) € P(c) x Q(c), if the sieve {f : d — ¢ |
(P(f)(z),Q(f)(x)) € R(d)} is J-covering then (x,y) € R(c). The condition
for R to be the graph of an arrow a;(P) — a;(Q) in Sh(C, J) can thus be
reformulated as the requirement that the arrow 7p o v’ should be sent by
ay to an isomorphism. In light of Lemma 2.1, this motivates the following
definition.

Definition 2.10. In a presheaf topos [C°P,Set], a relation R — P X @
(that is, an assignment ¢ — R(c) to each object ¢ of C of a subset R(c) of
P(c) x Q(c) which is functorial in the sense that for any arrow f:c — ¢ in

P(f) x Q(f) sends R(c) to R(c)), is said to be J-functional from P to Q
if it satisfies the following properties:
€ P(c) x Q(c),
) € B(d)} € J(c) then (z,y) € R(c);
(

2, y) € R(e), if © =2’ then {f :d — ¢|

(i) foranchCandany(xy
if{f:d—c| (P(f)2),Q

(ii) for any ¢ € C and any (z,y
QUf)(y) = QN € J(c

(iii) for any ¢ € C and any x € P(c), {f :d — c¢| Iy € Q(d) (P(f)(x),y) €
R(d)} € J(c).

Remarks 2.11. (a) By the above discussion, the J-functional relations R —
P x @ from P to @ are precisely the c;-closed relations R on [C°P, Set]

N2 A\_/

Y
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whose image under a; is the graph of an arrow a;(P) — a;(Q) in
Sh(C, J), that is the subobjects corresponding to the functional rela-
tions from a;(P) to a;(Q) under the bijection of Proposition 2.3.

(b) Any relation R — Px@ on [C°P, Set] satisfying conditions (ii) and (iii) of
Definition 2.10 admits a J-closure }_%J, consisting of all the pairs (z,y) €

P(c) x Q(c) such that {f : d — ¢ | (P(f)(z),Q(f)(y)) € R(d)} € J(c),

which satisfies all the conditions of the definition.

(c) The J-functional relation R, corresponding to an arrow & : a;(P) —
a;(Q) can be concretely described as follows: for any (z,y) € P(c)xQ(c),

(x,y) € Re if and only if (£ o np)(c)(x) = (no(c))(y), where np : P —
ay;(P) and ng : @ — ay(Q) are the unit arrows.

The following result shows that J-functional relations from P to ) can
be identified with certain ways of assigning (possibly empty) =;-equivalence
classes of elements of () to elements of P.

Proposition 2.12. We have a natural bijection between the J-functional
relations R from P to ) and the functions f assigning to each element x €
P(c) a =j-equivalence class of elements of Q(c) (that is, a subset A of Q(c)
such that for any y € A and y' € Q(c), y =; v if and only if y € A) which
is functorial in the sense that for any arrow g : d — c in C, if y € f(x) then

Q(9)(y) € f(P(g)(x)), J-closed in the sense that if Q(g)(y) € f(P(g)(x)) for
all the arrows g of a J-covering sieve then y € f(x) and J-locally pointed in

the sense that for any x € P(c), {g:d — c| f(P(g9)(x)) # 0} € J(c). This

correspondence sends

e a function [ satisfying the above properties to the relation Ry — P x Q)
consisting of the pairs (x,y) such that y € f(z);

e a J-functional relation R from P to Q) to the function fr given by:

fr(z) ={y € Qo) | (z,y) € R(c)}
for any x € P(c).

Proof First, let us show that the correspondence is well-defined. Given
f, let us verify that R, is a J-functional relation. The functoriality of Ry
follows from that of f. The relation R; satisfies condition (i) by the J-
closedness of f, condition (ii) since f takes values in =j-equivalence classes
and condition (iii) since f is J-locally pointed. Conversely, let us show that,
given a J-functional relation R from P to (), the function fr takes values in
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= -equivalence classes, is functorial, J-closed and J-locally pointed. Given
z € P(c) and v,y € Q(c) such that y € fr(x), let us prove that y =; y
if and only if ' € fr(z). The ‘if’ direction follows at once from the fact
that R satisfies condition (ii), so it remains to prove the ‘only if” one. If
y =y y then there is a J-covering sieve T on ¢ such that for any ¢t € T,
Qt)(y) = Q(t)(y'). Now, since (z,y) € R(c), by the functoriality of R
we have (P(t)(z),Q(t)(y)) € R(dom(t)) for each ¢ € T'; condition (i) thus
implies that (x,y') € R(c), as required. The fact that fz is functorial (resp.
J-closed, J-locally pointed) follows from the fact that R is functorial (resp.
satisfies condition (i), condition (iii)). Now that we have proved that the
assignments R — fr and f — Ry are well-defined, it remains to show that
they are inverse to each other. The equality f = fr, follows from the fact
that for any =, fr, = {y | (v,y) € Rf} ={y |y € f(x)} = f(z), while the
equality R = Ry, follows from the fact that Ry, = {(z,y) | y € fr(z)} = R.

0

Now that we have seen that we can naturally represent arrows a;(P) —
a;(Q) in Sh(C, J) in terms of J-functional relations from P to @, it is na-
tural to consider how composition of arrows in Sh(C, J) can be described in
terms of an operation of composition of such relations in [C°P, Set|. The J-
functional relation corresponding to the composite of two arrows in Sh(C, J)
induced by J-functional relations R and S is the cj-closure of the relation
given by the (relational) composite of R and S in [C°P,Set]. Indeed, the
operation of composition of relations is clearly preserved by geometric func-
tors; but a; is such a functor and, by Proposition 2.3, there is just one
cj-closed subobject whose image under a; is a given subobject. Notice that
the composition of relations in a presheaf topos is computed pointwise.

Summarizing, we have the following result:

Theorem 2.13. Let (C,J) be a small-generated site. Then, for any preshe-
aves P, Q) € [C°P, Set], the arrows a;(P) — a;(Q) in Sh(C, J) are in natural
bijection with the J-functional relations from P to @ in [C°P, Set)].

Moreover, under this bijection, the composition of arrows in Sh(C,J)
corresponds to the cj-closure of the composition in [C°P, Set] of the associated
J-functional relations. This operation, which we shall denote by the symbol
x, admits the following explicit description: given a J-functional relation R
from P to Q and a J-functional relation S from Q to Z, S x R is given by
the formula

(S*R)(c)=A{(x,z) € P(c) x Z(c) | {f :d — c| Ty € Q(d)
(P(f)(x),y) € R(d) and (y, Z(f)(2)) € S(d)} € J(c)}
for any c € C.
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Theorem 2.13 can be notably applied to the description of the full subca-
tegory a;(C) of Sh(C, J) on the objects of the form [(c) for ¢ € C.

Corollary 2.14. Let (C,J) be a small-generated site. Then the full subcate-
gory a;(C) of Sh(C, J) on the objects of the form I(c) for ¢ € C is equivalent
to the category C; defined as follows:

e the objects of C; are the objects of C;

e the arrows ¢ — d are the collections R of pairs of arrows (f 1 e — ¢, g :
e — d) where e varies among the objects of C (we write (f,g) € R(e)
to mean that (f,g) € R and dom(f) = dom(g) = e) satisfying the
following properties:

(i) for any arrow k: e — e, if (f,g) € R then (fok,gok) € R;

(ii) for any e € C and any arrows x :e = c,y:e —d, if {f:¢ — e
(xo f,yof) € R} € J(e) then (z,y) € R;

(11i) for any e € C and any (z,y), (2',y") € R(e), if v = a’ then {f :
¢ —elyof=yoftelle);

(iv) for any e € C and any z : e — ¢, {f : ¢ - e | Jy : ¢ —
d such that (x o f,y) € R(e')} € J(e);

e the composite S x R of two arrows R:c— d and S : d — a is given by
the following formula:

(SxR)e)={(x:e—c,z:e—=a)|{f:¢ 2e|Ty:e —d
(zo fy) € R(¢') and (y,z 0 f) € S(¢)} € J(e)}
for any e € C.

One half of the equivalence C; ~ a;(C) is given by the functor C; — a;(C)
acting on objects by sending any ¢ € Cy to l(c) and any arrow R : ¢ — ¢ in
Cy to the arrow l(c) — I(c) in a;(C) whose graph is a;(R).

O

Remark 2.15. Let us clarify the relationship between the description of
arrows in ay(C) given by Proposition 2.5 with that provided by Corollary
2.14 (modulo the equivalence a;(C) ~ C;). We stress that, unlike the former
description (as equivalence classes of ways of representing them), the latter
is canonical; in particular, the composition operation, not being defined by
using representatives, does not require any choices. Indeed, J-functional
relations are equivalence classes themselves.
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Given an arrow R : ¢ — d in C;, by property (iv) we have (by taking
e = ¢ and x equal to the identity arrow on c¢) that S = {f : e — ¢ |
Jy : e — dsuch that (f,y) € R} € J(c). By using the axiom of choice,
we can therefore choose, for each f € S, an arrow ys : e — d such that
(f,ys) € R, and hence the family {f : e = ¢,ys : e = d | f € S} presents
the arrow I(c) — I(d) corresponding to R in the sense of Proposition 2.5. In
the converse direction, we claim that, given a family 7 = {f : dom(f) —
¢,g5 : dom(f) — d | f € S} inducing an arrow £ : [(c) — I(d) in the sense of
Proposition 2.5 (we present F in the form of Remark 2.6(b) for simplicity),
the J-functional relation R corresponding to the arrow £ admits the following
explicit description:

(h,k) € R if and only if  for all x € h*(S),k o X = Gnoy

By definition of R as the pullback of the graph of the arrow ¢ : (¢) — I(d)
along the arrow 7y, X ny.(q), I is characterized by the following universal
property: for any e € C, (h,k) € R(e) if and only if £ o [(h) = I(k). Now,
since the sieve S is J-covering, for any h, the sieve h*(S) is J-covering as well
and hence the family of arrows {l(x) | x € h*(S)} is epimorphic on I(e). So
€ol(h) =I(k) if and only if £ ol(h) o l(x) = (k) o l(x) for every x € h*(S5).
But { o l(h) ol(x) = £ol(hox) = U(ghoy), While [(k) ol(x) = I(k o X), so
Eol(h)ol(x)=1Uk)ol(x) if and only if I(ghoy) = I(k © X), i.e. if and only if
ko X =7 ghoy, as required.

The following corollary of Theorem 2.13 will be instrumental in section
6.5.4 for obtaining a site-level description of the hyperconnected-localic fac-
torization of a geometric morphism.

Corollary 2.16. Let (C,J) be a small-generated site. Then the full subcate-
gory of Sh(C, J) on the objects of the form a;(S) forc € C and S a (J-closed)
sieve on c s equivalent to the category C5 defined as follows:

e the objects of C5 are the pairs (c,S) consisting of an object ¢ of C and
a (J-closed) sieve S on c;

e the arrows (c,S) — (d,T) are the collections R of pairs of arrows
(x:e—cy:e— d) where e varies among the objects of C (we write
(x,y) € R(e) to mean that (x,y) € R and dom(x) = dom(y) = e)
satisfying the following properties:

(i) for any (z,y) € R, x € S and y € T;
(i1) for any arrow f : e — e, if (x,y) € R then (xo f,yo f) € R;
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(11i) for any e € C and any (x : e —» c,y : e — d) € Sx T, if
{f:¢ =e| (xof,yof)e R} e J(e) then (z,y) € R;

() for any e € C and any (z,y), (2',y") € R(e), if v = a’ then {f :
¢ —elyof=yof}ele);

(v) for anye € C and anyx :e - cin S, {f : ¢ me|Jy:e —
d such that (x o f,y) € R(e')} € J(e);

o the composite R'x R : (¢, S) — (a,Z) of two arrows R : (¢,S) — (d,T)
and R : (d,T) — (a,Z) is given by the following formula:

(RR+R)(e)={(z:e—>cz:e—sa)eSxZ|{f:d »se|Ty:e —d
(xo f,y) € R(€) and (y,z0 f) € R'(¢)} € J(e)}
for any e € C.
0

Remark 2.17. If C is a geometric category (i.e. a well-powered category
which has finite limits, images of arrows which are stable under pullback and
arbitrary unions of subobjects that are stable under pullback) and J is the
geometric topology on it (whose covering sieves are those which contain small
families of arrows the union of whose images is the given object) then C is
closed under subobjects in Sh(C, J), so the category C5 is equivalent to C.

The following proposition characterizes the J-functional relations R from
P to @ which induce a monomorphism (resp. an epimorphism) a;(P) —

a;(Q):

Proposition 2.18. Let R be a J-functional relation from P to Q in [C°P, Set)]
and ag : a;(P) — a;(Q) the arrow in Sh(C, J) induced by R. Then

(i) ag is a monomorphism if and only if for any ¢ € C and any elements
(z,y), (2',y) € R(c) such that y = v/, the sieve {f :d — c| P(f)(z) =
P(f)(z")} is J-covering.

(ii) ag is an epimorphism if and only if for any ¢ € C and y € Q(c), the
sieve {f:d—c| (Fx e P(d))((x,Q(f)(y)) € R(d))} is J-covering.

Proof Given an arrow o : A — B in a topos and its graph R, — A x B,
« is a monomorphism (resp. an epimorphism) if and only if 75 : R, — B
is a monomorphism (resp. an epimorphism). But by Lemma 2.1, ag is a
monomorphism if and only if for every ¢ € C and any elements (z,y), (2/,y') €
R(c) such that y = ¢/, the sieve {f : d — ¢ | P(f)(z) = P(f)(2')} is
J-covering, while agr is an epimorphism if and only if for any ¢ € C and

y € Q(c), the sieve {f : d — ¢ | (3x € P(d)((z,Q(f)(y) € R(d)))} is J-
covering. 0
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It is interesting to describe the arrows [(¢) — a;(P) in a topos Sh(C, J)
of sheaves on a small-generated site (C,J) both from the point of view of
their ‘local’ representation (already investigated in section 2.3 in the context
of arrows I[(c) — [(d) between objects coming from the site) and from the
point of view of J-functional relations.

Proposition 2.19. Let (C,J) be a small-generated site. Then

(i) An arrow & : l(c) — ay(P) in Sh(C,J) (equivalently, an element of
aj(P)(c)) can be identified with an equivalence class of families {x; €
P(dom(f)) | f € S} of elements of P indexed by the arrows f of a
J-covering sieve S on ¢ which are locally matching in the sense that
for any arrow g composable with an arrow f € S, xpoq =5 P(9)(xy),
modulo the equivalence which identifies two such families when they are
locally equal on a common refinement.

(i) Any such family yields a local representation of £ in the sense that
§ol(f) =1y, for each f € S, where ry, is the image under a; of the
arrow ye(dom(f)) — P corresponding to the element x; € P(dom(f))
via the Yoneda lemma.

(1i1) Alternatively, the elements of aj(P)(c) can be identified with functions
sending to each arrow f :d — ¢ in C a (possibly empty) =;-equivalence
class Cy C P(dom(f)) of elements of P(dom(f)) in such a way that

e for any g composable with f, P(g)(Cy) C Cog;

e for any y € P(dom(f)), if {g : dom(g) — dom(f) | P(g)(y) €
Clogt € J(dom(f)) then y € Cy;

e {g:dom(g) = dom(f) | Cyog # 0} € J(dom(f)).

Proof The proof of (i) and (ii) is a straightforward generalisation of that
of Proposition 2.5, while part (iii) follows at once from Theorem 2.13 and
Proposition 2.12. O

Remark 2.20. Proposition 2.19(i) gives an explicit description of the associ-
ated sheaf functor a;(P) of a presheaf P, different from the usual construction
of it by means of the double plus construction. This alternative construction
of the associated sheaf functor seems to have been first discovered (albeit not
published) by Eduardo Dubuc in the eighties.
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2.5 Relative cofinality

In this section we introduce a notion of cofinal functor relative to a site, and
show that it naturally corresponds to the property of inducing an isomor-
phism between colimits in the relevant toposes.

Let (C,J) be a small-generated site and F' : A — C and F : A" — C two
functors to C related by a functor £ : A — A’ and a natural transformation
a: F — F"o& We have an arrow

6[ . Colim[cop7set]<yc (@] F) — Colim[cop7set](yc (@] F,)
in [C°P, Set], defined through the universal property of the colimit by setting

a0 Ay = Xe(a) © Ye(a(a))

(for any a € A), where A, : ye(F(a)) — colimjeor getj(yc © F) (for a € A)
and xo : ye(F'(a")) — colimieop get)(ye © F') (for d' € A’) are the canonical
colimit arrows.

To show that this definition is indeed well-posed, we recall that colimits
in functor categories are computed pointwise; so, for each ¢ € C, we have

colimcor set) (e © F)(c) = (] [ Home(c, F(a)))/R..
acA

where R, is the equivalence relation given by: (z: ¢ — F(a), 2’ : ¢ — F(b)) €
R. if and only if x and z’ belong to the same connected component of the
category (c | F'). Similarly, we have

colimcen get) (e © F')(c) = ( [ Home(c, F(a')))/R.,

a’'e A’

where R is the equivalence relation given by: (y : ¢ — F(d),y : ¢ —
F(V')) € R, if and only if y and 3’ belong to the same connected component
of the category (c | F”).

We thus see that the arrows {x¢.) © yc(a(a)) | a € A} form indeed
a cocone under the diagram yc o F', since they respect these equivalence
relations.

We want to understand under which conditions the arrow & is sent by
the associated sheaf functor a; : [C°P,Set] — Sh(C, J) to an isomorphism.
For this, we can use Lemma 2.1(iii); this yields the following result:

Proposition 2.21. Let (C,J) be a small-generated site and F: A — C and
F': A" — C two functors to C related by a functor £ : A — A" and a natural
transformation o : F — F' o &. Then the canonical arrow

& = colimeon geg] (Yo © F') — colimeop get) (yc © F)
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defined above is sent by ay to an isomorphism
CLJ(&) . COlimSh(ch)(l ©) F) — COlimSh(C’J)(l o F)
if and only if (&, «) satisfies the following ‘cofinality’ conditions:

(i) For any object ¢ of C and any arrow y : ¢ — F'(d') in C there are a
J-covering family {f; : ¢; — c | i € I} and for each i € I an object a;
of A and an arrow y; : ¢; — F(a;) such that (y o f;, a(a;) oy;) € R,,.

(ii) For any object ¢ of C and any arrows x : ¢ — F(a) and ' : ¢ — F(b)
in C such that (a(a) o z,a(b) o 2') € R, there is a J-covering family
{fi:ci = c|i€l} such that (zo f;,x' o f;) € R., for eachi € I.

OJ

To better understand the conditions of Proposition 2.21, it is natural to
consider the fibrations 7 : (I¢ | F) — C and 7f" : (I¢ } F) — C given
by the canonical projection functors (cf. section 3.4.4 for an analysis of
this type of fibrations). Then the natural transformation « yields a functor
agp : (Ie 4 F) — (1¢ | F'), sending to each object (¢,a,z : ¢ — F(a)) of
(1¢ | F) the object (¢,&(a),a(a)ox : ¢ — F'(&(a))) of (1¢ | F'), which is
actually a morphisms of fibrations.

Remarks 2.22. (a) Condition (i) of Proposition 2.21 can be replaced by
the single condition that for any object u := (¢,d’,y : ¢ — F'(d’)) of the
category (l¢ | F’), there is a J-covering family such that the category
((uo f;) | agp) is non-empty for each i € I.

(b) In condition (i) of Proposition 2.21, if the claim is satisfied for an arrow
y . d — F(d’) then it is satisfied by any arrow of the form y o z for an
arrow z composable with y. It follows in particular that if £ is essentially
surjective and « is the identity then the condition is satisfied.

(c) Proposition 2.21 can be notably applied in the context of colimit-preserving
functors
Z :Sh(C,J) — Sh(D, K)

between Grothendieck toposes such that Z ol = [’ o z for some functor
z : C — D (such as, for instance, inverse image functors of geometric
morphisms induced by a morphism of sites, or essential images of essential
geometric morphisms induced by a continuous comorphism of sites, as
investigated in section 4.3). Indeed, the value of such a functor Z on a J-
sheaf @ on C is given by colimgn(p, k) (Z olomg) = colimgnp k) ('0z0mg),
where g : [ Q — C is the canonical projection functor from the category
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(d)

(1)

J @ of elements of Q. See section 4.6 below for an application of this
remark.

We shall see in section 4.3 (cf. Proposition 4.32) that, under the hypothe-
ses of Proposition 2.21, if p is a continuous comorphism of sites (C, J) —
(D, K) such that the essential image of the associated geometric mor-
phism C), is conservative then (&, «) satisfies the conditions of Proposition
2.21 if and only if (&, pa) does.

Let us now apply Proposition 2.21 in two notable cases:

F=¢: A—C, I =1¢, ais the identity. In this case the equiva-
lence relations R, are the total relations, and the proposition yields the
following criterion: the canonical arrow

colimcop get] (Yc © &) — colimycor get] (Yc) = Licor Set]

is sent by a; to an isomorphism

COlimSh(CJ)(l o 5) — 1Sh(C7J)
if and only if the following conditions are satisfied:

(i) For any object ¢ of C there are a J-covering family {f; : ¢; = ¢ |i €
I'} and for each i € I an object a; of A and an arrow y; : ¢; — F(a;).

(ii) For any object ¢ of C and any arrows z : ¢ — F'(a) and 2’ : ¢ — F(b)
in C, there is a J-covering family {f; : ¢; — ¢ | i € I} such that
(xo fi,x' o f;) € R., for each i € I.

Notice that if J is the trivial Grothendieck topology then the above con-
ditions amount precisely to the requirement that for every object ¢ of C,
the category (¢ | &) be non-empty and connected, which means preci-
sely that the functor F' is cofinal (in the classical sense). It is therefore
natural to call J-cofinal a functor F' : A — C which satisfies the two
conditions above (see Definition 2.23 below).

F" is the forgetful functor U,, : C/cy — C for an object ¢ of C, £ is a
cocone {&, : F'(a) — ¢y | a € A} under the functor F' with vertex ¢y and
« is the identity. In this case we have: for any y : ¢ = (U ([p: ¢ — o))
and ¥ 1 ¢ = (Uy(lg: " — «))), (y,y') € R, if and only if poy =qoy'.
So the proposition yields the following criterion: the cocone £ is sent
by the canonical functor C — Sh(C,.J) to a colimit if and only if the
following conditions are satisfied:
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(i) For any object ¢ of C and any arrow y : ¢ — ¢o in C there are a
J-covering family {f; : ¢; — ¢ | i € I} and for each i € I an object
a; of A and an arrow y; : ¢; = F/(a;) such that y o f; = &, o y;.

(ii) For any object ¢ of C and any arrows z : ¢ — F(a) and 2’ : ¢ —
F(b) in C such that &, oz = & o 2’ there is a J-covering family
{fi:¢ci = c|i€l}suchthat (zo f;,2' o f;) € R, for each i € I.

Definition 2.23. Given a small site (C, J), a functor F' : A — C is said to
be J-cofinal if the following conditions are satisfied:

(i) For any object ¢ of C there are a J-covering family {f; : ¢; — c|i € I}
and for each ¢ € I an object a; of A and an arrow y; : ¢; — F(a;).

(ii) For any object ¢ of C and any arrows x : ¢ — F'(a) and 2’ : ¢ — F'(b) in
C there is a J-covering family {f; : ¢; = ¢ | ¢ € I} such that x o f; and
x’ o f; belong to the same connected component of the category (¢; | F')
for each ¢ € [.

The above discussion thus yields the following two corollaries.

Corollary 2.24. Let (C,J) be a small-generated site and F : A — C a
functor. Then F is J-cofinal if and only if the canonical arrow

ColimSh(C,J) (l o F) — 1Sh(C,J)

15 an tsomorphism.

OJ

Given a functor D : A — C and a cocone {&, : D(a) = ¢ | a € A}
under D with vertex co, we can lift D to a functor D¢ : A — C/cy such that
U, 0o D¢ = D. Let J., be the Grothendieck topology on C/c, whose covering
sieves are precisely those whose image under U, is J-covering. Then the
arrow

colimicor get] (yc © D) — colimeor set) (e © Uey) = ye(co)

induced by &, regarded as an arrow in [C°P, Set]/yc(co), corresponds to the
unique arrow

colimi(c /coyor Set] (Y(c/co) © De) =+ Li(c/co)oP Set]

and hence the image of the former under a; corresponds to the image of the
latter under a;, via the equivalence Sh(C,J)/l(co) =~ Sh(C/cy, Ji,). So the
cocone & is sent by the canonical functor C — Sh(C, J) to a colimit if and
only if D¢ is J,,-cofinal:
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Corollary 2.25. Let D : A — C be a functor and & a cocone {&, : D(a) —
co | a € A} under D with vertex c¢o. Then £ is sent by the canonical functor
l:C — Sh(C,J) to a colimit cocone if and only if the functor De¢ is J,-
cofinal, equivalently if and only if the following conditions are satisfied:

(i) For any object ¢ of C and any arrow y : ¢ — ¢ in C there are a J-
covering family {f; : ¢; — ¢ | i € I} and for each i € I an object a; of
A and an arrow y; : ¢; — D(a;) such that y o f; = &,, o y;.

(11) For any object ¢ of C and any arrows x : ¢ — D(a) and ' : ¢ — D(b) in
C such that {,0x = & oa’ there is a J-covering family {f; : c; = c |1 €
I} such that x o f; and 2’ o f; belong to the same connected component
of the category (¢; L D) for each i € I.

OJ

Corollary 2.25 can be applied in particular to characterize colimits in a
Grothendieck topos in terms of generalized elements:

Corollary 2.26. Let D : A — & be a functor from a small category A
to a Grothendendieck topos € and & a cocone {&, : D(a) — ey | a € A}
under D with vertex eq. Then £ is a colimit cocone if and only if the functor
Dy is (J&")e,-cofinal, equivalently if and only if the following conditions are
satisfied:

(i) For any object e of £ and any arrow y : e — ey in £ there are an
epimorphc family {f; : e; — e |i € I} in € and for each i € I an object
a; of A and an arrow y; : e; — D(a;) such that y o f; = &,, o y;.

(ii) For any object e of £ and any arrows x : e — D(a) and 2’ : e — D(b)
in € such that §, o x = & o ' there is an epimorphic family {f; : e; —
eli€l}in & such that x o f; and 2’ o f; belong to the same connected
component of the category (e; | D) for each i € I.

The following proposition expresses a natural relation between the notion
of J-cofinality and the conditions of Proposition 2.21 (see section 4 for the
notions of continuous functor and weak morphism of toposes):

Proposition 2.27. Let A : A — C be a functor and v : (C,J) — (C',J)
a continuous functor (that is, a weak morphism of sites). If A is J-cofinal
then it satisfies, together with the identical natural transformation on v o I,
the conditions of Proposition 2.21. Moreover, the converse holds if Sh(v)*
reflects isomorphisms.
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Proof Since v is continuous, the following square commutes:

C———=(

ICL Lyg
Sh(v)*

Sh(C, J) 2L sn(c, J)
By Corollary 2.24, F'is J-cofinal if and only if the unique arrow

colimgn(c,/)(lc © F') = lsn(c,y)

is an isomorphism. Since (C,); is colimit-preserving and the above square
commutes, we have

Sh(v)*(colimgnc ) (lc o F)) = colimgpcr j)(ler 0 v o F)

and
Sh(v)*(lsh(cJ)) = COlimSh(C’,J/)(lC’ ¢} U)

So if the above arrow is an isomorphism then the canonical arrow
COlimSh(c/J/)ac/ ovo F) — colimSh(c,J,)(Zc/ o U)

induced by F' is an isomorphisms (that is, F' satisfies the conditions of Pro-
position 2.21 together with the identical natural transformation on v o F),
and the converse holds if Sh(v)* reflects isomorphisms. O]

3 Morphisms and comorphisms of sites

3.1 Geometric morphisms and flat functors

Recall that any functor A : C — £ from an essentially small category C to
a Grothendieck topos & induces an adjuction (La - Ra), where Ry : £ —
[C°P Set] is the ‘hom’ functor Homg(A(—),—) and L, : [C°P,Set] — & is
the unique (up to isomorphism) colimit-preserving functor which extends A
along the Yoneda embedding yc : C — [C°P, Set|, in other words, the left
Kan extension of A along the Yoneda embedding yc : C — [C°P, Set], which
sends each presheaf P on C to the colimit of the diagram A o mp, where
mp : [ P — C is the canonical projection from the category [ P of elements
of P (see, for instance, section 1.5 of [10]). The functor A is said to be flat if
L 4 preserves finite limits. In this case, the pair (L4 < R4) defines a geometric
morphism & — [C°P, Set]. If J is a Grothendieck topology on C and A is flat
then the geometric morphism (Ly 4 Ra4) : € — [C°P, Set| factors through
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the canonical geometric inclusion Sh(C, J) < [C°P, Set] if and only if A is J-
continuous. In other words, we have a categorical equivalence, usually called
Diaconescu’s equivalence

Geom(&,Sh(C, J)) ~ Flat,;(C, &),

where Geom(&,Sh(C, J)) is the category of geometric morphisms from & to
Sh(C, J) and Flat,;(C, £) is the category of J-continuous flat functors C — £.

In section VIL.9 of [10], the flat functors C — £ are characterized precisely
as the functors C — & that are filtering, in the sense of the following result:

Theorem 3.1 (Theorem VII.9.1 [10]). A functor A : C — & is flat if and
only if it is filtering in the sense that it satisfies the following conditions:

(1) The family of arrrows A(c) — lg (for ¢ € C) is epimorphic in E;

(11) For any objects c and d of C, the family of arrows of the form (A(u), A(v)) :
A(b) — A(c) x A(d), where b is an object of C u and v are arrows re-
spectively b — ¢ and b — d in C, is epimorphic in &;

(111) For any two arrows u,v :c — d in C, let i : Eq(A(u), A(v)) — A(c) be
the equalizer of A(u) and A(v) in £. Then the family of factorizations
A(b) — Eq(A(u), A(v)) through i of arrows of the form A(w) : A(b) —
A(c), where w : b — ¢ is an arrow in C such that wow = v ow, is
epimorphic.

3.2 Morphisms of sites

In [1] (Exposé IIL.1), a functor F': C — D between the underlying categories
C and D of two (small-generated) sites (C,J) and (D, K) is defined to be
(what is now called) a morphism of sites (C,J) — (D, K) if it induces a
geometric morphism f : Sh(D, K) — Sh(C, J), in the sense that there is a
commutative diagram

C e D

| !

Sh(C,.J)—~Sh(D, K),

where [ and [’ are the canonical functors.
If F'is a morphism of sites (C,J) — (D, K), the geometric morphism
Sh(D, K) — Sh(C, J) that it induces will be denoted by Sh(F).
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By Diaconescu’s equivalence, the geometric morphisms
Sh(D, K) — Sh(C, J)

correspond precisely to the flat J-continuous functors C — Sh(D, K), and,
thanks to Theorem 3.1 and Proposition 2.5(i) (which allows us to K-locally
represent the arrows in the image of I’ in terms of arrows in D), we can
explicitly rephrase the condition for a functor F': C — D that I’ o F' be flat
and J-continuous. This leads to the following characterization/definition of
morphisms of sites:

Definition 3.2. A functor F' : C — D is said to be a morphism of sites
(C,J) — (D, K), where J is a collection of sieves in C and K is a Grothendieck
topology on D, if it satisfies the following conditions:

(i) F sends every J-covering family in C into a K-covering family in D.
(ii) Every object d of D admits a K-covering family
di—d, 1€1,
by objects d; of D which have morphisms
d; — F(c)
to the images under F' of objects ¢, of C.
(iii) For any objects ¢y, ¢y of C and any pair of morphisms of D
g1:d— F(c1), ¢2:d— F(co),
there exists a K-covering family
gi:di—d, i€el,
and a family of pairs of morphisms of C
fiid —ser, fiid—c, i€l,
and of morphisms of D
hi:d; — F(c), i€l,

making the following squares commutative:

hZL Lgl hll LQQ
F(f1) F(f3)
F(d) —= F(a) F(¢) — F(c)
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(iv) For any pair of arrows fi, fo : ¢; =2 ¢z of C and any arrow of D
g:d— F(c)

satisfying
F(fi)eg=F(f2)og,

there exist a K-covering family

gid;i —d, 1€1,
and a family of morphisms of C

ki:ci—c, 1€l,

satisfying
fioki= faok;, Viel,

and of morphisms of D
hi:di — F(c), iel,

making the following squares commutative:

Remarks 3.3. (a) A functor F' : C — D is a morphism of sites (C,J) —
(D, K) (in the sense of Definition 3.2) if and only if I'o F' is a J-continuous
flat functor C — Sh(D, K), and, conversely, for any small-generated site
(C,J) and any Grothendieck topos &, a J-continuous flat functor C — &
is precisely a morphism of sites (C,J) — (&€, J&").

(b) The above characterization of morphisms of sites (C, J) — (D, K) as the
functors F' : C — D which induce a geometric morphism f : Sh(D, K) —
Sh(C, J) actually holds for arbitrary collections J of sieves in C, if we
define Sh(C, J) := Sh(C, J), where .J is the Grothendieck topology on C
generated by J (cf. Proposition 3.4 below).

(c) Definition 3.2 is equivalent to the one given in |14], which specifies that
a functor is a morphism of sites when it is cover-preserving and covering-
flat (in the sense that for any finite diagram D in C every cone over an
object of the form F'(c¢) factors locally through the F-image of a cone
over D), and also proves the characterization in (b) by using this latter
definition.
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Proposition 3.4. Let J' a collection of sieves on a category C, and J the
Grothendieck topology on C generated by it. Then any morphism of sites
(C,J") = (D, K) is a morphism of sites (C,J) — (D, K).

Proof We have to show that a morphism of sites F' : (C,J) — (D, K)
is cover-preserving as a morphism (C, J) — (D, K) (the other conditions in
the notion of morphism of sites being independent from the Grothendieck
topology in the source site). For this, it clearly suffices to prove that the
collection of sieves S in C such that F'(S) generates a K-covering sieve is a
Grothendieck topology containing .J'.

The maximality and transitivity axioms are clearly satisfied, so it remains
to prove the pullback-stability axiom. We shall deduce this from the fact
that F' : (C,J') — (D, K) satisfies conditions (ii) and (iii) in the definition
of morphism of sites. We have to prove that if S is a sieve on ¢ such that
the sieve (F'(S)) generated by F(S) is K-covering then for any arrow f :
' — ¢, the sieve (F'(f*(S))) generated by F(f*(5)) is also K-covering. For
this, using the transitivity axiom for K, we are reduced to verifying that for
each £ : d — F(c) in F(f)*((F(95))), &(F(f*(S)))) is K-covering. Since
£ € F(f)*((F(S))), there exist s : ¢ — c¢in S and x : d — F(¢") in D such
that F'(f) o = F(s) o x. By condition (ii) of Definition 3.2, there exist a
K-covering family

gi:di—d, i€el,

and a family of pairs of morphisms of C
fiod,—d, fidi—=d, iel,
and of morphisms of D
hi :d; — F(c), i€el,

such that F(f{)ohl = xog; and F(fi)oh; = £ogl. Now, for each i € I, consider
the arrows so f}, fo f3: ¢, = ¢, which satisfy F(so fi)oh; = F(f o fi) o h,.
By condition (iii) of Definition 3.2, there exist a K-covering family

g;:d;-—>di, j e Ji,
and a family of morphisms of C

k;-:c';- —d, jeJ;,

satisfying o o
sofioki=fofiokl, Vjel,
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and of morphisms of D
hy:od; — F(c5), j€i,

such that h; o gf = F(k%) o hZ.

Therefore, the family of arrows {g; o gJL |iel,je J}is K-covering and
is contained in the sieve £*((F(f*(5)))). Indeed, o gjogl = F(f3)oh;og, =
F(f3 0 k}) o hl, which belongs to (F(f*(S))) since the equality so f] o ki =
fo fsok! implies that fjok? € f*(S) and hence that F(f;ok?) € F(S). So
E*((F(f*(S)))) is K-covering, as desired. O

3.3 Comorphisms of sites

Recall that a comorphism of sites (D,K) — (C,J) (where J and K are
Grothendieck topologies respectively on C and D) is a functor F' : D — C
which has the covering lifting property, that is the property that for every
d € D and any J-covering sieve S on F'(d) there is a K-covering sieve R on
c such that F(R) C S.

As it is well-known (cf. Theorem VIL.5 [10]), every comorphism of sites
F:(D,K)— (C,J) induces a J-continuous flat functor

Ap:C— Sh(D, K),

which assigns to each object ¢ of C the K-sheaf given by ax(Home(F(—),c))
(and acts on the arrows in the obvious way), and hence, by Diaconescu’s equi-
valence, a geometric morphism Cr : Sh(D, K) — Sh(C, J) (whose inverse
image C% : Sh(C, J) — Sh(D, K) sends a J-sheaf P to ax(Po F°P)). In fact,
more generally, a functor F': D — C is a comorphism of sites (D, K) — (C, J)
if and only if the following diagram commutes:

—oF°P

P, Set] L2 [D°P, Set]

Sh(C, J) —%- Sh(D, K).

We shall also write Dy for the functor — o F°P : [C°P  Set] — [D°?, Set].
Notice that the canonical geometric inclusion Sh(C, J) — [C°P, Set| can
be seen either as induced by the morphism of sites (C,T7) — (C,J) given by
the identity functor 1¢ on C, where T is the trivial Grothendieck topology on
C, or as induced in this way by the comorphism of sites 1¢ : (C,J) — (C,T).
Comorphisms of sites notably arise in the context of flat functors inducing
equivalences of toposes. Let F' : C — £ be a flat functor on an essentially
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small category C with values in a Grothendieck topos &, and let Jg be the
induced Grothendieck topology on C (in the sense of Proposition 6.5). Sup-
pose that F induces an equivalence £ ~ Sh(C, Jr) (equivalently, satisfies the
conditions of Corollary 5.11, that is, is Jp-full and the objects of the form
F(c) for ¢ € C form a separating family of objects of £). Then F' is both a
morphism and a comorphism of sites (C, Jp) — (&£, J§") (cf. Corollary 5.22),
and the geometric morphisms

Sh(F) : Sh(E, J&) — Sh(C, Jr)

and
Cp : Sh(C, Jp) — Sh(E, J&)

are quasi-inverse to each other.
For any small-generated site (C,J) the canonical functor

L:(C,J) = (Sh(C,J), Jshic.)

is a comorphism of sites (which induces the identity geometric morphism on
Sh(C, J)), and for any site of definition (D, K') of a Grothendieck topos &, a
comorphism of sites (C, J) — (&, J&") yields a comorphism of sites (C,.J) —
(D, K) if and only if it factors through the canonical functor D — Sh(D, K).

3.3.1 The smallest Grothendieck topology making a functor a co-
morphism of sites

Recall (see, for instance, Lemma C2.3.19(i) [7]) that, given a functor A :
C — D and a Grothendieck topology K in D, there is a smallest Grothendieck
topology on C which makes A a comorphism of sites to (D, K). This topology,
which we denote by M7, is generated by the (pullback-stable) family of sieves
of the form S := {f : dom(f) — ¢ | A(f) € R} for an object ¢ of C and a
K-covering sieve R on A(c).

Lemma 3.5. Let (C,J) be a site and F : C — D a functor. Let us suppose
that K is a Grothendieck topology on D generated by a pullback-stable family
of sieves K on D. Then, if for every sieve R in K on an object of the
form F(c) there is a J-covering sieve S on ¢ such that F(S) C R, F is a
comorphism of sites (C,.J) — (D, K).

Proof We can explicitly describe K in terms of K as follows: the K-
covering sieves are precisely those which contain a finite multicomposition of
K-covering sieves. But the covering-lifting property is clearly inherited by

taking bigger sieves or multicompositions of sieves, whence our thesis follows.
O
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Corollary 3.6. Let G : A — C and F : C — D be functors such that F o G
is a comorphism of sites (A, A) — (D, L). Then G is a comorphism of sites
(A, A) — (C, M]).

If F is full and faithful, then F : (C, ME) — (D, L) is cover-reflecting.

Proof Our thesis follows at once from Lemma 3.5 in light of the fact that, as
recalled above, the Grothendieck topology M} is generated by the pullback-
stable collection of sieves of the form {f : dom(f) — ¢ | F(f) € R} where R
varies among the L-covering sieves on F'(c).

Let us now suppose that F'is full and faithful. If S is a sieve such that
F(S) is K-covering then the family {g € C | F/(g) € (F(S))} is M¥-covering.
But, since F' is full and faithful, F(g) € (F(S)) if and only if g € (S), so S
is MFE-covering, as required. |

We shall now proceed to investigate the Grothendieck topologies of the
form MY, where i : D — C is a full and faithful functor.

Consider the geometric morphism C; : [D°P, Set] — [C°P, Set] induced by
i; it is an inclusion (cf. Remark 7.7) and hence we have a bijective correspon-
dence between the subtoposes of [D°P, Set] (equivalently, the Grothendieck
topologies on D) and the subtoposes of [CP, Set] which are contained in C;
(equivalently, the Grothendieck topologies J on C which contain the rigid
topology R; whose covering sieves on an object ¢ are the sieves containing
all the arrows from objects of the form i(d) to ¢). Given a Grothendieck
topology K on D, the Grothendieck topology on C associated with it via this
correspondence is precisely the topology K* coinduced by K along i (in the
sense of Proposition 6.11). On the other hand, for any Grothendieck topology
J on C, the Grothendieck topology on D associated with the intersection of
the subtoposes Sh(C, J) < [C°P, Set] and C; (that is, with the Grothendieck
topology on C generated by R; and J) is the smallest Grothendieck topology
M’ on D which makes i a comorphism of sites to (C,J). Indeed, M} is
characterized in the proof of Lemma C2.3.19 |7] by the pullback square

Sh(D, Mi) — Sh(C, J)

| |

[D°P, Set] —~ [C°P, Set],

from which it is clear that subtopos given by the composite of Sh(D, M?) —
[D°P, Set| with C; is precisely the subtopos of [C°P, Set] given by the inter-
section of the subtoposes Sh(C,.J) < [C°?,Set] and C;. This shows that
JV R; = (M5)".
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Notice that, since the equivalence
Sh(D, M%) ~ Sh(C,J V R;)

makes the square
Sh(D, M%) ——=Sh(C,J V R;)

| |

(D, Set] — > [C°P, Set],

commute (the morphism Sh(D, M) — Sh(C,J) is the composite of the
equivalence Sh(D, M%) ~ Sh(C, JV R;) with the canonical inclusion Sh(C, JV
R;) < Sh(C, J)), the functor 7 is a comorphism of sites (D, M%) — (C, JVR;)
(cf. section 3.3).

In the converse direction, for any Grothendieck topology K on D, we have
a commutative square

Sh(D, K) —= Sh(C, K)

| |

[DP, Set] —~*~ [C°P, Set],

where the upper horizontal morphism is an equivalence (by the universal

property of the topology K*). This square is thus a pullback and hence from

the pullback characterization of the topology Mj,, it follows that K = Mj..,.
Summarizing, we have the following result:

Theorem 3.7. Let i : D — C be a full and faithful functor. Then the
assignments .

J — M3
and '

K~ K

between the classes of Grothendieck topologies J on C and K on D satisfy
the following properties:

(i) JV R; = (M%), where R; is the rigid topology on D associated with i;
(ii) K = M.

Moreover, for any J and any K, the functor © is a comorphism of sites
(D, M%) — (C,J V R;) inducing an equivalence of toposes

Sh(D, M?) ~ Sh(C, ] V R,),
and a comorphism of sites (D, K) — (C, K") inducing an equivalence

Sh(D, K) ~ Sh(C, K*).
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As remarked in the proof of Lemma C2.3.19 |7], the topology M’ does not
in general admit an easy explicit description in terms of JJ and i. Nonetheless,
if ¢ is (MY, J)-continuous, it admits an alternative characterization, as a
consequence of the following result:

Proposition 3.8. Let i be a K-full and K-faithful (K, J)-continuous comor-
phism of sites (D, K) — (C,J). Then K can be explicitly characterized in
terms of J as follows: for any sieve T on an object d of D, T € K(d) if and
only if the morphism Lan;eo (mr) is J-bicovering, where my : T — yp(d) is
the monomorphism in [D°P, Set| corresponding to the sieve T and Langep is
the left Kan extension functor [D°P,Set] — [C°P, Set] along i°P.

Proof We preliminarily observe that, since i is K-full and K-faithful, C;
is an inclusion by Proposition 7.6, equivalently the functor (C;), is full and
faithful. So (C;); reflects isomorphisms. Since i is (K, J)-continuous, by
Corollary 4.25 we have a commutative square

Lan;op

[D°P, Set] —— [C°P, Set]

-
(Ci)

Sh(D, K) 2~ Sh(C, J)

Now, the commutativity of this diagram implies that the canonical morphism
my : T — yp(d) is sent by (C;), o ax to an isomorphism (equivalently, since
(Cy)1 reflects isomorphisms, T' is K-covering) if and only a; sends Lan;e» (mr)
to an isomorphism. O]

Remark 3.9. Proposition 3.8 asserts precisely that K coincides with the
Grothendieck topology induced by i, regarded as a functor to the site (C, J),
in the sense of section III-3 of [1] (by Proposition III-3.2 therein — cf. also
Remark 4.12(c)); that is, K is the largest Grothendieck topology which makes
1 continuous.

Corollary 3.10. Let (C,J) be a small-generated site and i a full and faithful
morphism of sites (D, Tp) — (C, JV R;), where Tp is the trivial Grothendieck
topology on D. Then for any sieve T on an object d of D, T € M4(d) if and
only if it is i(T) is (J V R;)-covering.

Proof As observed above, i is a comorphism of sites (D, M%) — (C, JV R;).
On the other hand, by our hypothesis, i is also a morphism of sites (D, M) —
(C,J V R;) and hence it is (K, J V R;)-continuous. We can therefore apply
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Proposition 3.8 to it. But, since ajyg, o Lanr preserves finite limits and
hence monomorphisms, Lan;es (myr) is (J V R;)-bicovering if and only if the
flat functor a; o Lans o yp = l¢ o4 sends T to an epimorphic family of
Sh(C, JV R;), that is, if and only if 7 sends 7" to a (J V R;)-covering family. [J

The following result shows that, under some specific hypotheses, the
Grothendieck topology J V R; admits a particularly simple description.

Proposition 3.11. Let ¢ be a full and faithful functor D — C and J a
Grothendieck topology on C such that for every J-covering sieve T on an
object of the form i(d) for d € D, TNIm(i) € J(i(d)). Then the Grothendieck
topology J V R; admits the following explicit description: for any sieve T on
an object ¢ of C, T € (JV R;)(c) if and only if for every arrow & : i(d) — c,
§(T) € J(i(d)).

Proof Let W be the collection of sieves on C defined as follows: for any sieve
T on an object c of C, T' € Wy(c) if and only if for every arrow ¢ : i(d) — ¢,
&(T) € J(i(d)). Then J C W; and R; € W;. Also, W; C JV R; by
the transitivity axiom for Grothendieck topologies. So, to show that W; =
JV R;, it remains to verify that, under our assumption, W; is a Grothendieck
topology. The fact that the maximality and pullback stability axioms are
satisfied is clear, as it is the fact that any sieve containing a sieve in W;
lies again in W,. So it remains to show that arbitrary multicompositions
of sieves in W lie in W;. So, suppose that S € W;(c) and that, for each
fesS, SyeWy(dom(f)). Then the sieve S*{S; | f € S} belongs to W;(c)
since for any £ : i(d) — ¢, £ (S« {Sy | f € S}) contains the multicomposition
(&*(S)NIm(7))*{Seoqg | g € (£*(S)NIm(i))}, all of whose sieves are J-covering
(note that Sy is J-covering for any arrow f whose domain is of the form i(d)
for an object d € D). O

3.3.2 Fibrations as comorphisms of sites

Given a fibration p : C — D to a category D endowed with a Grothendieck
topology K, it is natural to regard it as a comorphism of sites (C, M}.) —
(D, K). This point of view on fibrations is extensively developed in a forthco-
ming joint work with Riccardo Zanfa, in the context of which the following
theorem, providing an explicit characterization of the Grothendieck topology
MY, has been discovered. Before stating it, we shall establish a number of
technical results about fibrations.

Recall that, given a functor p : C — D, an arrow ¢ : ¢ — ¢ is said to be
cartesian (relative to p) if for any arrow ¢ : ¢’ — cin C and g : p(¢”") — p(¢)

36



such that p(¢) o g = p(v)), there exists a unique arrow x : ¢’ — ¢ such that
1 = ¢oy and p(x) = g. We shall say that an arrow of C is said to be vertical
if its image under p is an isomorphism.

Commonly, a functor p is said to be a fibration if for any d € D and
any arrow f :d — p(c) in D, there is a cartesian arrow ¢ : ¢ — ¢ such that
p(¢) = f. This definition of fibration, whilst equivalent to the original one by
Grothendieck ([2]) and found almost everywhere in the categorical literature
on fibrations, is ill-posed since it does not even include functors which are one
half of an equivalence of categories. Indeed, the equality p(¢) = f implies
in particular the equality of objects dom(f) = p(dom(¢)), which is a form
of surjectivity of the functor p which is too strong and unnatural from a
categorical point of view. Indeed, surjectivity at the level of objects should
always be replaced by essential surjectivity within a categorical framework.
The good, categorically-invariant, definition, already pointed out by R. Street
(see |11]), is as follows: a functor p : C — D is a fibration if for any arrow
f :d — p(c) in D, there is a cartesian arrow ¢ : ¢ — ¢ and an isomorphism
a : p(d) = d such that foa = p(¢). Notice that this definition covers in
particular the case of a functor p which is part of an equivalence of categories;
indeed, in such a situation every arrow is cartesian and one can obtain an
adjoint equivalence between p (right adjoint) and its quasi-inverse ¢; this
adjunction provides in particular, for any arrow f : d — p(c) in D, an
isomorphism « : p(q(d)) = d given by the inverse of the unit of the adjunction
at d, and an arrow ¢ : ¢(d) — ¢, given by the transpose of f along the
adjunction, such that foa = p(¢).

Fibrations satisfy a number of elementary properties: the identity arrow
on each object is cartesian, the composite of two cartesian arrow is cartesian,
and any arrow u of C can be decomposed, uniquely up to isomorphism, as
the composite of a vertical arrow followed by a cartesian arrow. We shall call
‘the’ cartesian arrow arising in this factorization, which is determined up to
unique compatible isomorphism between the domains, the cartesian image
of u, and denote it by ¢,.

We shall call a family of arrows with common codomain a presieve.

Given a functor p : C — D we have two operations P — p(P) and
R St :={f :dom(f) — c| p(f) € R} sending presieves on C to presieves
on D and conversely. As shown by the following result, if p is a fibration
then these operations are naturally related to each other.

The sieve (P) generated by a presieve P on an object c¢ is the collection

of arrows to ¢ which factor through an arrow of P. We shall denote by P
the collection of arrows f such that f o« € P for some isomorphism «. If
p: C — D is a fibration and P is a presieve in C on an object ¢, we denote
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by Pt the collection of cartesian images of arrows in P, and by P the
collection of the arrows of the form f oz where f € P and z is a vertical
arrow. Notice that P C P (since every arrow of C can be factored as
a vertical arrow followed by its cartesian image) but the converse inclusion
does not hold in general.

Lemma 3.12. Let p: C — D be a fibration. Then
(i) For any presieve P in C, we have p((P))Z = (p(P)).

) 4 . 4 Py ap
(ii) For any presieve R on an object p(c) in D, <S§i> = S<R>.

(11i) For any presieve P in C, SP(P)Z, = Pt In particular (cf. also (ii)),
P

if P entirely consists of cartesian arrows (whence P = Fi) then
P _ Qb _
(SE oy = Shiry = P

(iv) For any presieve R on an object p(c) in D, R = p(S%)i; in particular,
(R) = (p(S%)}, so, if R is a sieve, then R = (p(S})).

(v) For any sieve R on an object p(c) in D, ST, = ((Sk)").

(vi) For any presieve P on an object ¢ of C entirely consisting of cartesian
arrows, and any arrow [ : ¢ — ¢ inC,

(vii) For any presieve P on an object ¢ of C entirely consisting of cartesian
arrows, the sieves of the form f*((P)), for an arrow f : ¢ — c in
C, have the property that they contain all the cartesian images of their
arrows.

Proof (i) The inclusion C is obvious (and holds in general), so we have to
show the converse one. Given r € (p(P)), r = p(f) o § for some f € P and
arrow 3 in D. Since p is a fibration, there is an isomorphism « such that
B oa = p(g) for some arrow g to dom(f) in C. Soroa =p(f)ofoa =
p(f)op(g) = p(f og); in other words, r = p(f o g)oa™t. Since fog € (P),
r € p((P)) , as required.

(i) The inclusion C is obvious (and valid in general), so we only have to
prove the converse one. Given f € S7n, p(f) € (R), i.e. p(f) = ro~ for some
r € R. Since f is a fibration, there is a cartesian arrow ¢ and an isomorphism
d such that rod = p(¢). Now, since ¢ is cartesian and p(f) = p(¢)o (6 1o7),
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there exists a unique arrow 1 such that p(¢)) =6 1o~y and f = ¢ o). Now,
since p(¢) =rod, ¢ € S%i, whence f € (S%).

(iii) Let us first prove that S’%i D peart” | Let us consider ‘the’ factori-

p
zation ¢, oy of u as a vertical arrow followed by a cartesian arrow. Given
fe Peart’ there is an arrow u € P and a vertical arrow s such that f = ¢yuos,
where ¢, is ‘the’ cartesian image of u. Then p(f) = p(¢u) o p(s) and, since

p(s) is an isomorphism, p(f) = p(u) o p(y)~' o p(s) € p(P)’, as required.
Conversely, let us suppose that f € Sﬁ(P)i' Then p(f) = p(u) o « for some
arrow v € P and some isomorphism «a. Since ¢, is cartesian, there is an
arrow 1 such that p(v) = p(y) o and f = ¢, 0. So 1) is a vertical arrow
and hence f € Part’ | as required.

The second statement follows from the first in light of (ii).

(iv) Let us start showing that R C p(S%i), equivalently, that R C

p(S%Z-) . Given r € R, since p is a fibration, there is a cartesian arrow ¢
to ¢ and an isomorphism « such that r = p(¢) o a. Therefore ¢ € S%L- and

hence r € p(S%,L-)Z. Conversely, suppose that u € p(S%,L-)Z. Then u = p(f) oo
for some arrow f € S%i and isomorphism d. Now, since f € S%i, p(f)=rop
for some arrow r € R and isomorphism 5. So u = r o (o o ) and hence
ueR.

The second statement clearly follows from the first, since taking the sieve
generated by a presieve S is the same as taking the sieve generated by the
presieve S

(v) This follows from the fact that S% satisfies the property that for any
vertical arrow v and any arrow b composable with it bowv € S% if and only if
b € ST (since p(v) is an isomorphism and R is a sieve).

(vi) Let us set R := p(f)*({p(P))). By (iv), we have R = (p(S%)), so it
is equivalent to prove that (p(S%h)) = (p(f*((P)))). Let us first show that

(p(f*((P)))) € (p(SR)). or equivalently that p(f*((P))) C (p(S%)). This
inclusion does not exploit the hypothesis that P only consist of cartesian

artows. Given s € p(f*((P))), 5 = p(g) where g € f*(({P)). Now, g € S&,
Indeed, p(g) € R = p(f)*((p(P))) as p(f) o p(g) = p(fog) € p((P)) C
(p(P)). So g = p(s) € p(S%), as required. Conversely, let us show that
p(Sh) € (p(f*((P)))). Given s € p(S%), we have an arrow g € S%, such that
s = p(g). Let us show that g € f*({P)). Since p(g) € R = p(f)*((p(P))),
p(f) o p(g) = & o for some arrow & € P and some arrow . Now, since ¢ is
cartesian (by our hypothesis every arrow of P is cartesian), there is a unique
arrow v in C such that p(¢)) = v and ot = fog. So g € f*((P)), as
required.
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(vii)) We know from (iii) that, if P entirely consists of cartesian arrows
then (P) = S0, py- We want to prove that if g € f*((P)) (equivalently,

fog € (P)) and we have a factorization g = ¢’ o h where ¢’ is cartesian and
h is vertical, then ¢’ € f*((P)) (equivalently, f o ¢" € (P)). But this follows

from (v) (take R = (p(P)), vis hand bis fog’). O

Theorem 3.13. Let p : C — D be a fibration. Then a sieve R is Mz, -
covering if and only if the collection of cartesian arrows in R is sent by p to
a K-covering famaly.

Proof Let us first show that the collection S of sieves R such that the col-
lection of their cartesian arrows is sent by p to a K-covering family defines
a Grothendieck topology on C. The maximality axiom is trivially satisfied;
S is clearly closed under taking bigger sieves and under multicomposition of
arrows (since K is closed under taking bigger sieves and under multicompo-
sition and the composite of two cartesian arrows is always a cartesian arrow).
So it remains to prove that it satisfies the pullback stability property. Given
a sieve R on an object ¢ and an arrow f : ¢ — ¢ in C, suppose that the pre-
sieve P = {f | f € R and f is cartesian} is sent by p to a K-covering family.
Then by Lemma 3.12(vii) the sieve f*((Pgr)) satisfies the property that all the
cartesian images of the arrows in it lie again in it. Now, by Lemma 3.12(vi),
f*({(Pr)) is sent by p to a K-covering family, since the sieve generated by
p(f*({Pgr))) is equal to the pullback sieve p(f)*({(p(Pr))), which is K-covering
since (p(Pg)) is K-covering. It follows that the collection (f*((Pg)))®"* of
cartesian images of arrows in f*((Pg)), which is contained, as we said, in
f*((Pgr)) and hence a fortiori in f*(R), is sent by p to a K-covering family.
Therefore f*(R) lies in S, as required.

Now that we have proved that S is a Grothendieck topology on C, it
remains to show that it coincides with M7.. The fact that M7}, is contained
in S follows from the fact that for any K-covering sieve R on an object of the
form p(c), the sieve S% lies in S since, by Lemma 3.12(iv), R = (p(S%)) and,
by Lemma 3.12(v), S, = ((S%)®"), whence the collection (S%)®"*, which is
contained in S%, is sent by p to a K-covering family. To show the converse
inclusion & C M7y, it suffices to observe that, given a sieve R in S, the
presieve Pg consisting of the cartesian arrows in R satisfies the property that
(p(Pg)) is K-covering; so the sieve S () Li€S in M7, But S (o(Pr) = = (Pg)
by Lemma 3.12(iii), so (Pg), and a fortzorz R, which contains it, is in M%.. O
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3.4 Relating morphisms and comorphisms of sites

In this section we shall describe a procedure for turning any morphism of
sites into a comorphism of sites and conversely, by replacing the domain
site with another site giving rise to the same topos. These constructions
are applicable in many contexts; indeed, there are many situations where
working with morphisms (resp. comorphisms) of sites is more natural than
with comorphisms (resp. morphisms) of sites; think for instance of pullbacks
of toposes, which admit natural descriptions in terms of comorphisms of sites,
or to certain bilimits of toposes which can be effectively described in terms
of colimits of morphisms of sites.

Proposition 3.14. Let (C,J) and (D, K) be small-generated sites, and F' :
C—DAG:D — C adjoint functors. Then

(i) F has the covering-lifting property if and only if G is cover-preserving.

(i1) G is a morphism of sites (D,Tp) — (C,T¢), where Te and Tp are
the trivial topologies respectively on C and D, and induces an essential
geometric morphism [C°P, Set] — [D°P, Set];

(11i1) G is a morphism of sites (D, K) — (C,J) (equivalently, by (i), G is
cover-preserving) if and only if F is a comorphism of sites (C,J) —
(D, K).

(iv) In the situation of (iii), the geometric morphism Cr induced by F co-
incides with the geometric morphism Sh(G) induced by G.

Proof (i) This is Lemma 3(ii) at p. 410 of [10].

(ii) By definition of morphism of sites, G is a morphism of sites (D, Tp) —
(C,T¢) if and only if the functor L,..¢ : [D°?, Set] — [C°P, Set| preserves fi-
nite limits. But L,..¢ is left adjoint to D¢ : [C°P, Set] — [D°P, Set]|. On the
other hand, the adjunction F' 4 G entails an adjunction Dp : [D°P, Set] —
[C°P Set] 4 D¢ : [C°P, Set] — [D°P, Set], so, by the uniqueness (up to iso-
morphisms) of adjoints, we conclude that L,..c = Dp; in particular, it
follows that L,..c preserves arbitrary limits. So the geometric morphism
[C°P Set] — [D°P, Set] induced by G is essential. The fact that the functor
ye o G is flat was also proved as Lemma 3(i) at p. 410 of [10].

(iii) This follows immediately from (i) in light of (ii). Indeed, since G is a
morphism of sites (D, Tp) — (C, 1), it is a morphism of sites (D, K') — (C, J)
if and only if it is cover-preserving.

(iv) By definition of geometric morphisms induced by a morphism or by a
comorphism of sites, the inverse image of Sh(G) is the functor axoLangepoi,
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where Langor is the left Kan extension functor along G°P, while the inverse
image of Cr is ag o Dpoiy. Now, since F' 4 G, Dp - Dg, whence Langop =
Dy, as required. O

Remark 3.15. Proposition 3.14(iii)-(iv) generalize Lemma C2.5.1 and Scho-
lium C2.5.2 [7].

3.4.1 From morphisms to comorphisms of sites

The idea, for turning a morphism of sites into a comorphism of sites, is to
replace the original domain site with a site related to it by a weakly dense
morphism such that the composite of the given morphism of sites with it
admits a left adjoint; this left adjoint will then be a comorphism of sites
inducing the same geometric morphism (by Proposition 3.14).

We shall denote by (F | G), for two functors F': A — C and G : B — C,
the comma category whose objects are the triplets (a,b,«) where a € A,
b€ B and «ais an arrow F'(a) — G(b) in C (and whose arrows are defined in
the obvious way).

We will consider in particular comma categories of the form (1¢ | F') and
(F | 1¢). Given a functor F' : C — D as in the following theorem, the objects
of (1p | F) are triplets of the form (d,c,a : d — F(c)) where c € C, d € D
and « is an arrow in D.

Theorem 3.16. Let F : (C,J) — (D, K) be a morphism of small-generated
sites. Let ip be the functor C — (1p | F) sending any object ¢ of C to
the triplet (F(c),c,1r)) (and acting on arrows in the obvious way), and
me: (Ip L F) = C and mp : (1p | F') — D the canonical projection functors.

Let K be the Grothendieck topology on (1p | F) whose covering sieves are
those whose image under wp is K-covering. Then

(i) m¢ Vip, Tpoir = F, i is a morphism of sites (C,J) — ((1p | F),K)
and cp := 7¢ is a comorphism of sites ((1p L F), K) — (C, J);

(ii) 7 : ((Ip | F),K) = (D,K) is both a (K-full, K-dense and cover-
reflecting) morphism of sites and a comorphism of sites inducing equi-
valences

C

D

:Sh((1p | F), K) — Sh(D, K)

and
Sh(np) : Sh(D, K) — Sh((1p | F), K)
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which are quasi-inverse to each other and make the following triangle

commute:
- Crp N
Sh((lDLF),K) ) ~ § Sh(D,K)
Sh(mp)
Cﬂcgm Sh(F)
Sh(C, J)

Proof (i) It is immediate to see that m¢ 4 ip. Let us show that mp : ((1p |
F),T) — (D, K) is a morphism of sites, where T is the trivial Grothendieck
topology on (1p | F'). Notice that this will ensure that the collection of sieves
K defined in the statement of the theorem is indeed a Grothendieck topology,
since it will be the Grothendieck topology induced by the morphism of sites
m: ((1p | F),T) — (D, K) (in the sense of Proposition 6.5).

We will deduce that 7p : ((1p | F),T) — (D, K) satisfies properties (ii),
(iii) and (iv) in the definition of morphism of sites (that is, Definition 3.2)
from the fact that F' does.

Let us start with condition (ii). Since F' : (C,J) — (D, K) satisfies it,
every object d of D admits a K-covering family

di—d, 1€1,
by objects d; of D which have morphisms
h; - d; — F(c))
to the images under F' of objects ¢, of C. Then we have, for each i € I, an
object (¢}, d;, h; : di — F(c})) of the category (1p | F') and morphisms
d; — mp((c, di, hi - di — F(c))) = d;

given by the identity arrows on the d;. So 7p satisfies condition (ii) in the
definition of morphism of sites.

Let us now turn to condition (iii). Given objects (¢1,dy,aq : dy — F(cy))
and (cg,ds, 9 : dy — F(c2)) and arrows ki : d — 7p((c1,dy, 1+ dy —
F(c1))) = dy and ko : d = 7p((c2,da, 0 : do — F(cg))) = dy in D, consider
the arrows g1 :== @y oky : d = F(c¢q) and g9 := ay 0 ky : d — F(cg). Then,
since F' is a morphism of sites, there is a K-covering family

g; cd; — d, 1€ [,
and a family of pairs of morphisms of C

i, ] . ) .
fiicg—c, [fy:¢—c, 1€1,
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and of morphisms of D
hldl—>F(Cg), ie[,

making the following squares commutative:

d—2 o4 d—2 o4
hlj Lgl hzl jg2
F(ey) 2L Fiey) F(ey) 22 F(ey)

These yield objects (c},d;, h; : d; — F(c})) of the category 1p | F (for
i € I) and arrows

(fi-krog)): (¢ di by - d; — F(c)) = (e1,dr,on 2 dy — Fler))
and
(f3 ka0 gi): (¢iydiy by = dy — F(¢)) = (ca,dy, 0 = dy = F(c2))
and morphisms of D
Lyt ds = 7p((cdi s dy — F(c))) = d;

(for each ¢ € I) making the following squares commutative:

g; 9i
14, jlﬂ 1a; l jkg
kiog! koog!
di —=d, di —= dy

So mp satisfies condition (iii) in the definition of morphism of sites.
Lastly, let us consider condition (iv). Let (fi, k1), (fo, k2) : (c1,d1, oy :
di — F(c1)) = (eg,da, an = do — F(c2)) be a pair of arrows in the category
(Ip L F)and z : d = mp((c1,dy,0q : di = F(c1))) = dy be an arrow of D
satisfying
kioz=kyoz.

Let g be the arrow a; 0z. We have F'(f;)og = F(fy)og. Indeed, F(f))og =
F(fi)oajoz=ayo0kjoz=ayo0kyoz=F(fy)oajoz= F(f:)og. So
the fact that I satisfies condition (iv) in the definition of morphism of sites
ensures that there exist a K-covering family

giidi—>d, iGI,
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and a family of morphisms of C
wiici— ¢, i€,

satisfying
Jiow; = faow;, Vi€,

and of morphisms of D
hzdz—>F(Ci), iEI,

making the following squares commutative:

Then, for each i € I, we have an object (¢}, d;, h; : d; — F(c})) of the category
(1p | F), and the commutativity of the above square ensures that (w;, z o g;)
defines an arrow

(wi, z0g;): (¢, di, hy = di — F()) = (e1,dy, a1 : dy — F(ey))
in (1p | F'). These arrows satisfy the property
(f1, k1) o (wi, 20 g;) = (f2, k2) © (ws, 2 0 g;)
and the identity morphisms
lg, : di = wp((c;,ds, by = d; — F(c)))) = d;

make the following squares commutative:

d
» l
d

This shows that 7p satisfies condition (iv) in the definition of morphism
of sites.

The functor mp is also a comorphism of sites ((1p | F), K) — (D, K).
Indeed, given an object (¢,d,«v : d — F(c)) of (1p | F) and a K-covering
sieve T on mp((c,d, v : d — F(c))) = d, the sieve generated by the family
{(1¢,9) : (¢,dom(g),a 0 g :dom(g) = F(c)) — (¢,d,a:d — F(c)) | g€ T}

;

<

9i

d
20gi j

209 g

<
[y
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is K -covering and satisfies the required property since its image under mp is
precisely T

Next, let us show that 7p is K-full and K-dense. This will imply, by
Proposition 7.18, that it induces an equivalence of toposes Sh((1p | F), K) ~
Sh(D, K) one half of which is the morphism C,, and whose other half is
Sh(ﬂ'p).

To show that 7p is K -full, let us consider an arrow gin D from mp((cy, dy, o :
di — F(c1))) = dy to mp((ca,da, 0 : do — F(c))) = dy. By applying
condition (iii) in the definition of morphism of sites for F' to the arrows
ay :dy — F(ep) and ag 0 g : dy — F(c2) we obtain a K-covering family

gi:di—dy, i€l
and a family of pairs of morphisms of C
fiid—seci, fiici—c, i€l,
and of morphisms of D
hi :d; — F(c), i€el,

making the following squares commutative:

d,— g, d;—2—d,
hll h; lagog
F(e) 2 pey) F(e) 2 Fiey)

Now, the commutativity of these squares ensures that we have, for each
1 € I, arrows

(f1,90) : (cydishi s di = F(c})) = (cr,dv, a0 di = Fen))
and
(f3:909;) : (chydiy hi = di = F(c})) = (2, da, a2 dy — F(cp))
arrows in the category 1p | F. These arrows clearly satisfy the condition
gomo((f1,97) = mp((f3,9° gi)),

and the family {(f{,qj) | i € I} is K-covering (since {g/ | i € I} is K-
covering). This shows that mp is K-full, as desired.
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Let us now prove that mp is K-dense. Given d € D, using the fact that
F satisfies condition (ii) in the definition of morphism of sites, we obtain a
K-covering family
di—d, 1€1,

by objects d; of D which have morphisms

to the images under F' of objects ¢, of C. Since we can write d; = mp(c}, d;, h; :
d; — F(c})), it follows that d can be K-covered by objects in the image of
the functor mp, which proves that this functor is K-dense, as required.

Let us now show that 7 is a comorphism of sites ((1p | F), K) — (C, J).
Given a sieve S on an object of the form ne(c,d, o : d — F(c)) = ¢, since
F' is cover-preserving, the family {F(f) | f € S} is K-covering on F(c)
and hence the pullback o*(R) along « of the sieve R generated by it is K-
covering on d. So, for any g € a*(R), there is an element i, € I and an arrow
By - dom(g) — F(dom(f;,)) such that oo g = F'(dom(f;,)) o 54. So the sieve
generated by the family of arrows

(fig> 9) = (dom(f;,), dom(g), By - dom(g) — F(dom(f;,))) = (¢,d, o - d = F(c))

satisfies the required property since its image under 7¢ is contained in S.
Since 7¢ is a comorphism of sites ((1p | F), K) — (C,J) and me 4 ip, it
thus follows from Proposition 3.14(iii) that i is a morphism of sites (C, J) —
O

Remark 3.17. One can prove that the property of F' being a morphism of
sites (C,T") — (D, K) (where T" is the trivial topology on C) is not only
a sufficient but also a necessary condition for mp to be a morphism of sites
(1c 4 F),T) > (D, K).

3.4.2 From comorphisms to morphisms of sites

The following result represents a sort of ‘dual’ of Theorem 3.16, allowing to
turn arbitrary comorphisms of sites into morphisms of sites.

Below, we shall abbreviate by D the category of presheaves on a small
category D.

Theorem 3.18. Let F': (D, K) — (C, J) be a comorphism of small-generated
sites. Let m, : (F' | 1¢) — C and 7 : (F' | 1¢) — D be the canonical
projection functors and jp : D — (F | 1¢) the functor sending any object
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d of D to the triplet (d, F(d), 1r@). Let K be the Grothendieck topology on
(F | 1¢) whose covering families are those which are sent by 7l to K -covering
families. Then

(i) jrp A7, Thojr = F, m is a comorphism of sites (F | 1¢, K) — (C, J)
and jr is a (full anifaithful) comorphism and dense morphism of sites
(D,K) = (F {1c,K);

(ii) 7 is both a morphism and a comorphism of sites (F | 1¢), K) —
(D, K) inducing equivalences

Cry : Sh((F | 1¢), K) = Sh(D, K)

and
Sh(n},) : Sh(D, K) — Sh((F | le), K)

which are quasi-inverse to each other and make the following triangle

commute:
Crr =Sh(jr) .
Sh((F | 1¢),K) | ~ ’ Sh(D, K)
Sh(np)=C;
Crr, Cr
Sh(C, J)

(iii) With F we can associate a morphism of sites mp : (C,J) — (D, K),
where mp is the functor sending an object ¢ of C to the presheaf Home(F(—), ¢)
and K is the extension of the Grothendieck topology K along the Yo-
neda embedding D — D (in the sense of section 4.4), which induces a
geometric morphism Sh(mpg) making the following triangle commute:

A Sh(yp) .
Sh(D, K) ~ ’ Sh(D, K)
< CyD
Sm %
Sh(C, J)

Proof (i) It is clear that jrp - 7}, and that 7/ o jp = F. Since 7 is
cover-preserving, it follows from Proposition 3.14(i) that j is a comorphism
of sites (D, K) — ((F | 1¢), K). The fact that 7/, is a comorphism of sites
((F | 1¢),K) — (C,J) follows from the fact that F : (D, K) — (C,/J) is.
Indeed, given an object (¢,d, v : F(d) — ¢) of the category (F' | 1¢) and a J-

covering sieve S on 7, ((d,c,a: F(d) — ¢)) = ¢, o*(S) is J-covering on F(d)
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and hence contains the image under F' of a K-covering sieve R on d. We thus
have, for each g € R, an arrow f, : F'(dom(g)) — c¢in S such that ao F'(g) =
fg- The family {(g, f,) : (dom(g), F(dom(g)), Lr(om(g))) — (d;c,a: F(d) —
¢) | g € R} is therefore K-covering and its image under 7 is contained in S.
It is clear that jg is full and faithful and cover-preserving, so to conclude that
it is a dense morphism of sites, it suffices to show that it is K-dense. But this
follows from the following observation: for any object (d,c,« : F(d) — ¢) of
the category (F' | 1l¢), the arrow (14, ) : (d, F'(d), 1pq) : F(d) — F(d)) —
(d,c,a : F(d) — ¢) is K-covering.

(ii) The fact that 77 is a morphism of sites ((F | 1¢), K) — (D, K) follows
from the fact that its left adjoint jg is by (i) a comorphism of sites (D, K) —
((F | 1¢), K) in light of Proposition 3.14(iii). Let us show that it is also a
comorphism of sites. Given an object (¢,d,« : F(d) — ¢) of the category
(F' ] 1¢) and a K-covering sieve T on d, the family {(dom(g), 1., 0 F(g) :
F(dom(g)) — ¢ | g € T} is K-covering and its image under 77, is contained in
T. By Proposition 7.18, to show that 7}, induces an equivalence of toposes
as in the statement of the theorem, it suffices to show that it is K-dense
and K-full. Since 7}, is surjective (for any d € D, d = 7 ((d, F(d), 1r@))),
it is a fortiori K-dense. To show that 7, is K-full, consider two objects
(dy,c1,a1 : F(dy) — ¢1) and (do, 2, g : F'(dy) — ¢3) of the category (F | 1¢)
and an arrow ¢ : d; — do in D. Then we have a K-covering arrow

(1g,,00) : (di, F(dv), Lp@y) : F(di) = F(di)) = (di,c1,00 0 Fdy) = ¢1)
(its image under 77, is the identity arrow on d;) and an arrow
(g,020F(g)) : (di, F'(dv), Lp@y) : F(di) = F(d1)) = (dg, co, 00 1 F(dg) = c2)
in (F | 1¢) satisfying the condition

(g, @20 F(9))) = g o mp((Lay, a1)).

This shows that 7, is K-full, as desired.

(iii) We know that the functor mp : C — [D°, Set] sending an object
c of C to the presheaf Homp(F(—),c) is flat and that its composite with
the associated sheaf functor ax : [D°, Set] — Sh(D, K) is J-continuous.
So we can regard mp as a morphism of sites (C,J) — (D, K). The fact
that the triangle in the statement of the theorem commutes follows from
Proposition 4.43 and the fact that ax o mp is the flat functor corresponding
via Diaconescu’s equivalence to the geometric morphism Cp. 0
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Remarks 3.19. (a) The property that I’ be a comorphism of sites (D, K) —
(C, J) is not only a necessary but also a sufficient condition for 7 to be
a comorphism of sites. Notice the analogy with Remark 3.17.

(b) The canonical projection functor m : (F' | 1¢) — C is a split fibration,
corresponding to the internal category in [C°P, Set| given by ¢ — (F(c) |
D).

(c) If F: D — C has a right adjoint G : C — D then G is a morphism
of sites (C,J) — (D, K) and mr = yp o G; in other words, there is no
need in this case to go to the presheaf topos D in order to turn F' into a

morphism of sites inducing the same morphism, since Cr is isomorphic
to Sh(G) (cf. Proposition 3.14).

We observe in passing that not only every comorphism of sites (D, K) —
(C, J) induces a morphism of sites (C,.J) = (D, K), but the same is true for
any comorphism of sites (D, K) — (C,.J). Notice also that every comorphism
of sites (D, K) — (C,J) can be extended along the Yoneda embedding yp
to a unique colimit-preserving comorphism of sites (ﬁ,f() — (é, j), this
morphism is precisely the left Kan extension functor along F' which has as
right adjoint the functor F*, which is therefore a morphism of sites (C,.J) —
(15, K’), in fact, the composite of this functor with the Yoneda embedding is
precisely the morphism of sites mp corresponding to F'.

Theorem 3.20. Let (C,J) and (D, K) be small-generated sites.

(i) Let F : (C,J) — (D, K) be a morphism of sites, with corresponding
comorphism of sites cp : ((1p L F),K) — (C,J) as in Theorem 3.16.
Let mp : ((1p | F),K) — (D, K) be the canonical projection functor,
and let

WEg (1D\LF) — (CF\Llp)

be the functor j.., sending an object A of (1p | F) to the object
(A, cp(A), Lep(ay : cr(A) = cp(A)). Then wp is both a (full and fait-
hful) comorphism and a dense morphism of sites ((1p | F),K) —
((cp | 1p), K) satisfying the relation 7% o wp = mp and inducing an
equivalence relating F' and cg, which makes the following diagram com-

mute (where ©fy denotes the canonical projection functor (cp | 1p) —
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D):

Sh(D, K) | = ’ Sh(D, K)
CﬁgTZlSh(WDW) Sh(wp)>C CﬂDTZlSh(WD)
_ T ey B
Sh((cp | 1p), K) | ~ " Sh((1p | F), K)
CwFESh(ﬂElDV
Xﬂé Cep
Sh(C, J)

(ii) Let G : (D, K) — (C,J) be a comorphism of sites, with corresponding
morphism of sites m¢ : (C,J) — (D, K) as in Theorem 3.18. Let

el (G\L 1c) — (1@¢mg)

be the functor sending any object (d,c,a : G(d) — ¢) of (G | 1¢) to the
object (yp(d),c,@ : yp(d) = mea(c)) of (15 4 ma), where @ is the arrow
corresponding to the element o of mg via the Yoneda Lemma. Then
zg 18 both a (full and faithful) comorphism and a dense morphism of
sites (G ] 1¢), K) = ((1p L mg), K) satisfying the relation mp o zg =
yp o mp and inducing an equivalence relating G and mg, which makes
the following diagram commute:

A Sh(yp) .
Sh(D, K) | ~ " Sh(D, K)
N Cy
CﬂﬁTngh(ma) D Sh(jG)%CﬂD,TZJ(Sh(m’D)ng
~ Sh(zg) . .
[
C,,CNSW) Car,
Sh(C, J)

Proof (i) The fact that wp is both a morphism and a comorphism of sites

(1p | F),K) = ((¢r | 1p), K) inducing equivalences which make the di-
agram in the statement of the theorem commute follows from the equality
mp owp = mp in light of Theorems 3.18 and 3.16. The fact that wr = j.,. is
full and faithful and a dense morphism of sites follows from Theorem 3.18.

(ii) The fact that z¢ is both a morphism and a comorphism of sites ((G |

1¢), K) = ((1p | mg), K) inducing equivalences making the diagram in the
statement of the theorem commute follows from the equality m5026 = yponp
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in light of Theorems 3.18 and 3.16. It is clear that 2 is full and faithful, so

it remains to show that it is A-dense. But this easily follows from the fact
that every presheaf on D is K-covered by representables. 0

We shall call a functor which both a morphism and a comorphism of sites
a bimorphism of sites.

Remark 3.21. Theorem 3.20 shows that the relationship between a mor-
phism F' (resp. comorphism G) of sites and the associated comorphism cp
(resp. morphism mpg) of sites is captured by the equivalence

Sh((1p | F),K) =~ Sh((cr | 1p), K)

(resp.

Sh((G | 1¢), ) = Sh((1p L ma), K))

of toposes over Sh(C, J) induced by the bimorphism of sites wp (resp. z¢)
over C. Recall that two functors H : A — B and K : B — A are adjoint
to each other (K on the left and H on the right) if and only if the comma
categories (K | 14) and (15 | H) are equivalent over the product A x . Our
theorem then tells us that /' and cg are not adjoint to each other in a concrete
sense (that is, at the level of sites), since they are not defined between a pair
of categories, nor the categories (1p | F') and (cg | 1p) (resp. the categories
(G ] 1¢) and (15 J mg)) are equivalent in general; nonetheless, they become
‘abstractly’ adjoint in the world of toposes since toposes naturally attached
to such categories are equivalent. This is a compelling illustration of the
philosophy of toposes as ‘bridges’.

3.4.3 The dual adjunction between morphisms and comorphisms
of sites

Recall that every morphism F' : (C,J) — (D, K) of small-generated sites
induces a geometric morphism Sh(F") : Sh(D, K) — Sh(C, J) and that every
comorphism of sites G : (D,K) — (C,J) induces a geometric morphism
Cs : Sh(D,K) — Sh(C,J). In fact, the constructions Sh and C define
functors from the category of small-generated sites and morphisms (resp.
comorphisms) between them to the category of Grothendieck toposes.

Let us define the following categories:

Definition 3.22. Let (C, J) be a small-generated site.
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(a) The category Mor ¢, ;) has as objects the morphisms of sites from (C, J)
to a small generated site (D, K) and as arrows

(F:(,J)— (D,K))— (F':(C,J)— (D',K"))
between any two such morphisms the geometric morphisms
f:Sh(D',K') — Sh(D, K)
such that Sh(F') o f = Sh(F’):

sh(c,J) S sh(D, K)

Sl:(F’)\ fT

Sh(D', K')

(b) The category Coh ;) has as objects the comorphisms of sites from a
small-generated site (D, K) to (C,J) and as arrows

(U:(D,K)— (C,J))— (U :(D,K")— (C,J))
between any two such comorphisms the geometric morphisms
g :Sh(D,K) — Sh(D', K')

such that Cy o g = Cy:

Sh(D, K) —<Y Sh(C, J)
=

Sh(D', K')

Let us first show how the assignments F' +— cp and G — m¢ introduced
in the last sections naturally define two functors

C: (MOI’(CJ))OP — COh(CJ)

and
M : Cohc ) — (Mor )

Given morphisms of sites F': (C,J) = (D, K) and F': (C,J) = (D', K')
related by a geometric morphism f : Sh(D’, K') — Sh(D, K) such that
Sh(F) o f =2 Sh(F"), f corresponds under the equivalences

Sh(D, K) ~ Sh((1p | F), K)
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and .
Sh(D/, K,) >~ Sh((lp/ \L F/), K,)

of Theorem 3.16 to a geometric morphism C(f) : Sh((lp | F'),K’) —
Sh((1p | F), K) such that C., o C(f) C.,,, which then defines an arrow
cpr — cp in the category Cohc 7). This defines the action of C' on arrows.

Notice that if the geometric morphism f is of the form Sh(H) for some
morphism of sites H : (D, K) — (D', K') such that F' o H = F then the
functor H : (1p | F) — (1p | F') sending any object (d,c,a : d — F(c))
of (1p | F) to the object (H(d),c,H(«) : H(d) — H(F(c)) = F'(c)) of
(1pr | F') is a morphism of sites H : ((1p | F), K) — ((1p | F'), K’) such
that Sh(H) = f, and cp o H = cpr.

In the converse direction, given two comorphisms of sites (U : (D, K) —
(C,J)) and (U’ : (D',K') — (C,J)) related by a geometric morphism g :
Sh(D, K) — Sh(D’, K') such that Cy o g = Cyy, g corresponds, under the
equivalences

Sh(D, K) — Sh(D, K)

and o
Sh(D',K’) — Sh(D', K')

of Theorem 3.18, to a geometric morphism M(g) : Sh((F | 1¢),K) —
Sh((F' | 1¢), K’) such that Sh(mz) o M(g) = Sh(mz). This defines the
action of M on arrows.

Notice that if the geometric morphism g is of the form Cpy for a co-
morphism of sites H : (D, K) — (D', K’) such that U’ o H = U then the
functor Dy : D' — D is a morphism of sites (D', K’) — (D, K) such that
g = Sh(Dp) (cf. Remark 4.42) and Dy o myr = my.

As shown by the following result, the functors C' and M define a dual
adjunction between the categories Morc ;) and Coh j:

Theorem 3.23. The functors
(O (MOI‘(CJ))OP — COh(Q])

and
M - COh(C’J) — (MOI‘(CJ))OP
are (2-categorically) adjoint (C on the right and M on the left) and quasi-

inwverse to each other.

Proof Let us define the unit 1 and counit € of the dual adjunction.
Given a morphism of sites I : (C,J) — (D, K), the corresponding co-
morphism of sites c¢p : ((1p | F),K) — (C,J) is given by the canonical
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projection functor (1p | F') — C. The morphism of sites associated with cp
is

-~

Mep = (C,J) —>((1D¢F) K),
where m,(c) = Homc(cF(—),c/)@r any ¢ € C).

Let us define £ : D — (1p | F) as the functor sending any object d €
D to the presheaf Homp(mp(—),d), where 7p is the canonical projection
functor (1p | F)) — D, and acting on the arrows in the obvious way. The
functor & yields a morphism of sites (D, K) — ((1;¢\F),f(), since it is
precisely the morphism of sites m,, associated as in Theorem 3.18(iii) with
the comorphism of sites 7p : ((1p | F), K) — (D, K) (note that mp is indeed
a comorphism of such sites by Theorem 3.16(ii)).

Let us check that, whilst not necessarily commuting at the level of mor-
phisms of sites, the diagram

(€, J) — s ((Ip L F), K)

(D, K)

commutes after applying the functor Sh to it, i.e. Sh( JoSh(¢r) = Sh(m,,).
Since C,_, : Sh((1p | F),K) — Sh((lp | F),K) is an equivalence (cf.

Y

Proposition . 43), to show that Sh(F ) o Sh({r) = Sh(m,,) it is equiva-
lent to prove that Sh(F) o Sh(é’p) y(l = Sh(me,) o Gy, . Now,
by Theorem 3.18(iii), Sh({r) o Cy, ) = Sh(mzp,) o Cy, . = Cr, and

Sh(m,,) o C,

YaplF)
required.

The morphism Sh(¢r) : Sh((1p | F),K) — Sh(D, K) is actually an
equivalence. Indeed, by Theorem 3.18(iii), Sh({r) = Sh(m,, ) is an equiva-
lence if and only if C,_ is, and by Theorem 3.16(ii), C,,  is an equivalence
if and only if Sh(7p) is, which is the case by Theorem 3.16(ii). We set the
component €x : m,,, — F at I of the counit € of our adjunction equal to the
geometric morphism Sh(r) (note that this is actually an arrow F' — me,
in Mor ¢ ;), that is, an arrow m., — F' in (Mor, ;))°P).

Let us now define the unit of our dual adjunction.

Let G be a comorphism of sites (D, K') — (C, J). The comorphism of sites

= C.p. But Sh(F) o C,, = C., by Theorem 3.16(ii), as

tme (15 L ma), K) — (C,J) associated with the morphism of sites mg :
(C,J) = (D, K) via Theorem 3.16(iii) is given by the canonical projection
functor (15 | mqg) — C. We define the component g : G — ¢, of the unit
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at G as the geometric morphism

Cy. : Sh(D, K) — Sh((15 | mg), K)

induced by the comorphism of sites

~

xa : (D, K) = ((1p | me), K)
given by the functor D — (1 | mg) sending any object d of D to the
object (yp(d),G(c),a : yp(d) — ma(G(d)), where « is the natural trans-
formation corresponding to the identity on G(d), regarded as an element of
ma(G(d))(d), via the Yoneda lemma. Notice that x¢ is indeed a comorphism

~

of sites (D, K) — ((1p | ma), K), since x¢ = 2¢ © ja, where ji and zg are
the comorphisms of sites considered in Theorem 3.20(ii). Moreover, C,, is
an equivalence, since, by that theorem, both C, and C,,, are.

The diagram

(D, K) ¢ > (C,J)

Jre

((1p 4 me), K)

of comorphisms of sites clearly commutes (without the need of applying the
functor C to it).

The verification that the unit and counit satisfy the triangular identities
is an immediate consequence of their definition in light of the commutativity
of the diagrams in Theorems 3.16 and 3.18; the details are straightforward
and left to the reader. OJ

The dual adjunction of Theorem 3.23 shows that, from the point of view
of toposes, morphisms and comorphisms of sites are dual to each other.

3.4.4 The fibration of generalized elements of a functor

Given a comorphism of sites F' : (D,K) — (C,J), the dual comma con-
struction (1¢ | F') also plays an important role, as shown by the following
result:

Theorem 3.24. Let F': (D, K) — (C, J) be a comorphism of small-generated
sites, i, the canonical functor D — (1¢ | F) and K'r the Grothendieck
topology on (1¢ L F) coinduced by K along i} (in the sense of Proposition

6.11). Let 75 and 75 be the canonical projections from (1¢ | F) respectively
to C and D. Then
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(i) 7h iy, 7l ol = F, nf is a comorphism of sites ((1¢ | F), K'r) —
(C,J) and 7% is a comorphism of sites ((1¢ | F), K%) = (D, K);

(i1) i is both a (full and faithful) comorphism of sites and a dense mor-
phism of sites (D, K) — ((1¢ | F), K'r) inducing equivalences

Cy, :Sh(D, K) — Sh((1¢ | F), Kir)

and

Sh(i%) : Sh((1¢ | F), K'r) — Sh(D, K)

which are quasi-inverse to each other and make the following triangle

commute:
Sh(ij)=C, p
Sh((l¢ | F), K'F) | ~ ” Sh(D, K)
Ci/F /
C_r Cr
Sh(C, J)

Proof (i) The fact that 75 - i is clear. By definition of coinduced topology
K'r, ", is a comorphism of sites (D, K) — ((1¢ | F), K'), which is also
cover-preserving (i being full). So, by Proposition 3.14(i), its left adjoint
74 is a comorphism of sites ((1¢ | F), K% ) — (D, K) and i’ is a morphism of
sites (D, K) — ((1¢ } F), K'r). It remains to show that % is a comorphism
of sites Sh((1¢ | F), K'r) — (C,J). Let (c,d,a : ¢ — F(d)) be an object
of (1¢ | F), and let us suppose that R is a J-covering sieve on the object
¢ = 78((c,d,a : ¢ = F(d))). Let R be the sieve in (1o | F) on (¢, d, o :
¢ — F(d)) generated by by the arrows of the form (f, 1) : (dom(f),d,ao f :

dom(f) = F(d)) — (¢,d,a : ¢ = F(d)). Clearly, the image of R under m%
is contained in R, so if we show that R is Kr-covering, we are done. Now,
R is K'r-covering if and only if for any arrow & = (&,&) in (1¢ | F) to
(c,d,a : ¢ = F(d)) from an object of the form i(d") = (F(d'),d, 1p@)),
€*(R) contains the image under 7/, of a K-covering sieve on d’. Notice that,
since { = (&,&) is an arrow (F(d'),d, 1p@a)) — (c,d,a : ¢ = F(d)) in
(¢ | F), we have a0 & = F(&). Consider the sieve &(R) on F(d'); it
is J-covering as it is the pullback of a J-covering sieve. So, since F' is,
by our hypothesis, a comorphism of sites (D, K) — (C,J), there is a K-
covering sieve T on d' such that F(T) C &f(R). Let us show that ix(T) C
{*(R). Forany t € T, {oifp(t) = (&1.&) o (F(1),1) = (&0 F(t),&0t) -
(F(dom(t)),dom(t), 1 pom(t))) — (¢;d,a: ¢ = F(d)). But & o F(t) € R and
hence the arrow (& o F(t),14) : (F(dom(t)),d,x0& o F(t) : F(dom(t)) —
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F(d)) = (¢,d,a : ¢ — F(d)) lies in R. But the arrow (£, o F(t),& ot) can
be written as the composite of this arrow with the arrow (1pom)),&20t) :
(F(dom(t)),dom(t), 1 p(dom(ty)) — (F(dom(t)),d,cc0 & o F(t) : F(dom(t)) —
F(d)), which is indeed an arrow in (1¢ | F') since F(& ot) = a o0& o F(t)
(this follows from the previously remarked fact that a o § = F(&)). So
(& 0 F(t),& ot) also lies in R, as desired.

(ii) To show that i induces equivalences in the statement of the theorem,
by Proposition 7.18 we are reduced, in light of (i), to prove that it is K-full
and K'r-dense. The functor i is actually full, so a fortiori K-full, and it is
K%-dense by Proposition 6.11. O

Remark 3.25. The comorphisms of sites F'o 7k and 7/ are not in general
isomorphic in spite of the fact that they induce isomorphic geometric mor-
phisms; indeed, CroCrr = Crr by the commutativity of the above diagram).
This provides an example of a pair of comorphisms of sites which are non-
trivially equivalent to each other (in the sense of Remark 4.22 and section
4.4).

Notice that the objects of the category (l¢ | F') are the generalized
elements of the functor F, and the canonical projection functor 7% : (1¢ |
F) — C is a split fibration, since it is the result of applying the Grothendieck
construction to the internal category F to [C°P, Set] given by ¢ — (¢ | F).
This motivates the following definition:

Definition 3.26. Let F': D — C be a functor. The fibration of generalized
elements of F is the canonical projection functor nf : (1¢ | F) — C.

Remark 3.27. As shown in [9], the assignment (F : C — D) — (7f : (1¢ |
F) — C) yields an endofunctor 7" on Cat/C which has the structure of a
monad, whose unit 7y is the functor i’ : D — (1¢ | F). If F is a fibration
then every cleavage for it defines an algebra r : (1¢ | F') — D for this monad
which is actually a morphism of fibrations; in particular, rony = 1p, whence
F is actually a retract of the split fibration 75 in the category Cat/C (but
not in the category of fibrations over C since nr is not in general a morphism
of fibrations). Notice that if F' is a fibration then every object of (1¢ | F') can
be expressed as the cartesian image of an arrow in the image of the functor
nr. Indeed, given an object (¢,d,f : ¢ — F(d)), take a cartesian arrow
g :d — din D such that F(g) o« = f for some isomorphism « : ¢ — F(d');
then the arrow nr(g) = (F(g),9) factors as (f, 14) o («, g), where (f,14) is
vertical and (o, g) is cartesian (with respect to the fibration w/).

The equivalence of Theorem 3.24(ii) between Cr and Cr makes it possi-
ble to transfer many notions and constructions between F' and its fibrations
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of generalized elements. In particular, it is interesting to relate the Grothen-

F
dieck topologies ME and M7¢ respectively on D and on (1¢ | F) (see section
3.3 for the notation):

Proposition 3.28. Let (C,J) be a small-generated site and F : D — C a
functor. Then

(i) A sieve S on an object (¢,d, o : ¢ — F(d)) of the category is (1¢ | F') is
F
M;C -covering if and only if it contains a family of arrows of the form
{(fis1a) : (¢ciyd,a : ¢ = F(d)) = (¢,d,cv : ¢ — F(d))} such that the
family {fi : ¢; = c| i € I} is J-covering.

(ii) MT = M'" .
1,
. 7k T .. .
(i) (ME)r = M° V Ry, where Ry = T¢'" is the rigid topology associated

with the inclusion i, (here Te denotes the trivial Grothendieck topology
on C).

Proof (i) This is an immediate consequence of Theorem 3.13.

(ii) This follows from the (2-dimensional) pullback lemma, which implies
that the left-hand square in the following diagram (where the unnamed ver-
tical arrows are the canonical geometric inclusions) is a pullback (since the
right-hand square and the outer rectangle are):

Sh(D, M) — Sh((l¢ | F), M}¢ ) — [D*, Set]

Ci’ C F

™

(D%, Set] — == [(1¢ | F)*?, Set] —<— [C°P, Set]

(notice that the composite of the lower horizontal arrows is Cr).
(iii) This follows from (ii) and Theorem 3.7. O

Proposition 3.29. Let (C,J) be a small-generated site and F : D — C a
functor. Then, for any sieve T on an object d of D, T is M¥ -covering if and

TI'F . .
only if it is sent by ip to a (M;° V Ry )-covering family.

Proof This follows from Corollary 3.10, applied to the morphism of sites
i (D, Tp) — ((1¢ 4 F), (M¥)'), in light of Proposition 3.28(iii). O
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4 Weak morphisms and continuous comorphisms
of sites

In this section we first introduce the notion of weak morphism of toposes
(meaning simply a pair of adjoint functors between them, without the requi-
rement that the left adjoint should preserve finite limits) and establish an
equivalence result between the weak morphisms to a sheaf topos Sh(C, J)
and the class of continuous functors C — &, which notably includes that
of J-continuous flat functors. Then we apply this result to obtain an equi-
valence between the essential geometric morphisms Sh(C,J) — £ and the
comorphisms of sites (C,J) — (&, J&") which are J-continuous (recall that
a geometric morphism f : F — & is said to be essential if its inverse image
f*: & — F admits a left adjoint, usually denoted by f, : F — &£, and which
we shall call its essential image). Then, after obtaining a number of equiva-
lent characterizations for the notion of canonicity for comorphisms of sites,
we discuss how the operation of extension of Grothendieck topologies on a
category to the corresponding presheaf topos can be used for describing any
essential geometric morphism Sh(C, J) — Sh(D, K) as induced by a comor-
phism of sites from (C, J) to a site naturally attached to (D, K) (namely, the
site ([D°, Set], K), where K is the extension of K from D to [D°, Set]).

4.1 Weak morphisms of toposes

It is sometimes useful to consider pairs of adjoint functors between toposes
which do not yield geometric morphisms since the inverse image functor does
not preserve finite limits.

This motivates the following definition:

Definition 4.1. A weak morphism of toposes f : &€ — F is a pair of adjoint
functors (f* 4 f.).

As in the case of geometric morphism, we shall call the functor f, (resp.
f*) the direct image (resp. the inverse image) of the weak morphism f.

Clearly, the identity is a weak morphism and the composite of two weak
morphisms is again a weak morphism. The category whose objects are the
weak morphisms from £ to F and whose arrows f — ¢ are the natural
transformations f* — ¢* will be denoted by Wmor(&, F).

Weak morphisms of toposes allow us in particular to treat under the
same roof both geometric morphisms and pairs of functors of the form (f,
f*), where f is an essential geometric morphism. In fact, some results and
constructions valid for geometric morphisms naturally generalize to weak
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morphisms and then can be applied to derive results about essential geometric
morphisms. An example of such a result is the equivalence between the
property of a right adjoint functor to be faithful and the property that its
left adjoint is locally surjective (cf. Corollary 6.17 and Remark 6.18):

Proposition 4.2. Let £ and F categories and L 4 R a pair of adjoint
functors R : &€ — F and L : F — &. The the following conditions are
equivalent:

(i) R is faithful.
(ii) For any e € &, there is u € F and an epimorphism L(u) — e.

If & and F are Grothendieck toposes respectively with separating sets C
and D then condition (ii) is equivalent to the following one: for any ¢ € D,
the family of arrows L(d) — ¢ (where d € D) is epimorphic.

Proof (i) = (ii). Since R is faithful, for any object e of £, the component
€. : L(R(e)) — e of the counit of the adjunction L - R is an epimorphism.
So condition (ii) is satisfied.

(ii) = (i). Any arrow « : L(u) — e, « factors through the component e,
at e of counit of the adjunction L 4 R. Soif o : L(u) — e is an epimorphism,
€. is also an epimorphism. Since this holds for every e, it implies that R is
faithful.

It remains to prove the last assertion of the proposition. The fact that
it suffices to require condition (ii) for every e in C follows from the fact that
every object e of £ admits an epimorphic family from objects in C. On the
other hand, since D is separating for F, requiring, for a given object ¢, that
there should be an epimorphism L(u) — ¢, is equivalent to the condition
that the family of all arrows L(d) — ¢ (where d € D) is epimorphic (since L
preserves colimits, having a right adjoint, and hence epimorphic families). O

Remark 4.3. In general, for a given property P of functors, in order to
find a property P, such that whenever R 4 L, R satisfies P if and only if,
one can proceed to reformulate it in terms of the generalized elements of the
objects in the image of R, and then rewrite the obtained condition in terms
of L by using the bijective correspondence between the generalized elements
b — R(a) of R(a) and the arrows L(a) — b provided by the adjunction
between R and L. Another possibility is to find a categorical property [
such that the category (1 | R) satisfies [ if and only if R satisfies P, in which
case one can obtain a property P, by unraveling what it means in terms of
L for the category (L | 1) to satisfy I (since having an adjunction R - L
between two categories amounts precisely to having a categorical equivalence
(14 R) ~ (L { 1) over the product of the two categories).
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The following result, which generalizes the classical one for geometric mor-
phisms, characterizes the weak morphisms which factor through a geometric
inclusion:

Proposition 4.4. Let i : F — &£ be the geometric inclusion of a subtopos
F of a Grothendieck topos & into &£, and let f: G — & be a weak morphism
from a Grothendieck topos G. Then the following conditions are equivalent:

(i) The weak morphism f factors through i;
(i) The direct image f. takes values in F (that is, factors through i, );

(11i) The inverse image f* factors (necessarily uniquely up to isomorphism)
through v*.

Proof The implications (i) = (ii) and (i) = (iii) are clear. The fact that, in
(iii), if the factorization exists then it is unique (up to isomorphism) can be
proved as follows. Since i* o4, = 17 and ¢* preserves colimits, if f* factors
as r o ¢* then the functor r preserves colimits and hence has a right adjoint;
let us call it 5. Now, since f* = r o ¢*, passing to the right adjoints we
obtain that f, = i, o j; in other words, f. factors (necessarily uniquely up
to isomorphism) through i, and j identifies with this factorization. So r is
uniquely determined as the left adjoint to this factorization. This argument

actually proves that (iii) = (i). Similarly, we can prove that (ii) = (i). O

Corollary 4.5. Let A : C — & be a functor from an essentially small category
C to a Grothendieck topos &£, and J be a Grothendieck topology on C. Then
the following conditions are equivalent:

(i) The weak morphism (La - Ra) factors through the canonical geometric
inclusion i : Sh(C, J) < [C°P, Set];

(i) The functor R4 takes values in Sh(C, J);

(iii) The functor L factors (necessarily uniquely up to isomorphism) through
the associated sheaf functor ay : [C°P, Set] — Sh(C, J).

O
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Remark 4.6. Interestingly, if A is not flat the property of J-continuity,
whilst a necessary condition for R4 to take values in Sh(C,.J), is no longer
sufficient in general for this to hold: take for example the functor A : C — Set
sending any object of C to the singleton 1ge¢ and an arrow of C to the identity
on lget. The functor Ry : Set — [C°P,Set] thus sends any set E to the
constant presheaf on C with value E; now, for any Grothendieck topology J
on C, these presheaves are all J-sheaves if and only if the site (C, J) is locally
connected in the sense of section C3.3 [7] (that is, every J-covering sieve on
an object ¢ is connected as a full subcategory of the slice category C/c). So,
if (C, J) is not locally connected then the functor R4 does not take values in
Sh(C, J), in spite of A being J-continuous.

In the next section we shall investigate the functors between sites which
induce weak morphisms between the associated toposes.

4.2 (J, K)-continuous functors

The results in the above section naturally lead us to consider the following
notion:

Definition 4.7. (a) Given a small-generated site (C, J), we say that a func-
tor A : C — & is J-continuous if the hom functor Ry : € — [C°P, Set]
takes values into Sh(C, J) (equivalently, by Corollary 4.5, if the functor
L, :[C°, Set] — & factors through a; : [C°P, Set] — Sh(C, J)).

(b) Given small-generated sites (C,J) and (D, K), a functor A : C — D
is said to be (J, K)-continuous if I’ o A is J-continuous, where !’ is the
canonical functor D — Sh(D, K).

As shown by Proposition 4.8 below, a functor A : C — D is (J, K)-
continuous in the sense of Definition 4.7(b) if and only if it is a continuous
functor (C,J) — (D, K) in the sense of section III.1 of [1] (that is, satisfies
condition (ii) of Proposition 4.8), which explains our terminology.

Proposition 4.8. Let (C,J) and (D, K) be small-generated sites and A :
C — D a functor. Then the following conditions are equivalent:

(i) A is (J, K)-continuous.
(i) The functor
Dy :=(—o0 A°?) : [D°?, Set] — [C°P, Set]

restricts to a functor Sh(D, K) — Sh(C, J).
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Proof By definition, A is (J, K)-continuous if and only if the functor
Ryoa : Sh(D, K) — [C°?, Set]
takes values in Sh(C, J) C [C°, Set]. But we have
Ryoa = Dyoig.
Indeed, for any E € Sh(D, K),
Rioa(E) = Homgnp i) ((I'0 A) (=), E) =2 E 0 A = (D4 oiig)(E)

naturally in E. From this our thesis immediately follows. OJ

Remark 4.9. From the characterization of Proposition 4.8 it follows at once
that any (J, K)-continuous functor A : C — D is (J', K')-continuous for
every J' C J and every K’ D K.

Example 4.10. Let P and @ be presheaves on a category C. Then, for any
morphism « : P — @, the comorphism of sites [« : ([ P, Jp) — ([ Q, Jg)
is (Jp, Jg)-continuous (where Jp and J are the Grothendieck topologies de-
fined in Remark 2.9). Indeed, this follovvs from Proposition 4.8 by observing
that the functor Dy, := (= o (f@)”) : [([Q)”,Set] — [(f P)*,Set] re-
stricts to a functor Sh( [ @, Jg) — Sh( f P, Jp). In particular all the comor-
phisms of the form 7p : ([ P, Jp) — (C, J) are (Jp, J)-continuous. Alternati-
vely, the continuity of [« : ([ P, Jp) — ([ @, Jg) follows from Corollary 4.23
below by observing that the geometric morphism Sh(C, J)/a;(«) : Sh(C, J)/
a;(P) — Sh(C, J)/a;(Q) induced by the arrow aJ( ) ay(P) = a;(Q) is
essential and the following diagram, where Z,, ) is the functor Sh(C,J)/

a;(P) — Sh(C, J)/a;(Q) given by composition With ay(a) (that is, the es-
sential image of Sh(C, J)/a;(«)) and the vertical functors are the canonical
ones modulo the equivalences of section 6.7, commutes:

[ ——— Y

| |

Sh(C, J)/as(P) X2 Sh(C, J)/a,(Q)
See also Theorem 4.55 below.

The following result shows in particular that, in the case of a flat functor
A :C — & (but not in general), A is J-continuous in the sense of Definition
4.7 if and only if it is J-continuous in the sense of section VIL.7 [10].
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Proposition 4.11. Let (C,J) and (D, K) be small-generated sites and € a
Grothendieck topos. Then

(i) A functor A:C — & is J-continuous if and only if for any J-covering
steve S on an object ¢

Al)= lim A(d)

fid—ceS

for each J-covering sieve S on an object ¢ (where the colimit is indezed
by the category [ S of elements of S).

(ii)) A functor A : C — D is (J, K)-continuous if and only if for any J-
covering sieve S on an object ¢ the canonical cocone with vertex A(c)
on the diagram {A(dom(f)) | f € S} indexed over [ S is sent by ' to
a colimit in the topos Sh(D, K).

(iii) Every J-continuous functor A : C — & is J-continuous in the sense
of Definition 4.7(a) is J-continuous in the sense of section VIL7T of
[10] (that is, sends J-covering families to epimorphic families), and the
converse is true if A is flat (but not in general, c¢f. Remark 4.6). More
generally, every (J, K)-continuous functor (C,J) — (D, K) is cover-
preserving, and every morphism of sites (C,J) — (D,K) is (J,K)-
continuous.

(iv) For any functor A :C — &, there is a largest Grothendieck topology J
on the category C such that A is J-continuous. This topology, denoted
by Z 4, admits the following explicit description: for any sieve S on an
object ¢ of C, S is Za-covering if and only if for any arrow g : d — c,
A(d) - hﬂh:e%ng*(S) A(e)

Proof (i) and (ii) are immediate, since stating that all the functors of
the form Ra(e) = Homg(A(—),e) (for e € &) satisfy the sheaf condition
with respect to a sieve S on an object ¢ amounts precisely to saying that
A(C): hﬂf:d%ces A(d) ) o )

(iii) The equality A(c) = hglf:d—mes A(d) implies in particular that the
family of arrows {A(dom(f)) — A(c) | f € S} is epimorphic, i.e. that A is
J-continuous. If A is flat then the geometric morphism (L4 4 R,4) factors
through the canonical inclusion Sh(C,.J) < [C°P,Set]| if and only if A is
J-continuous (see, for instance, Corollary 4 at p. 394 of [10]). The second

assertion, about morphisms of sites, follows from the first about flat functors
by Remark 3.3(a).

65



(iv) This follows from the fact that, for any collection P of presheaves
on a given category C, there is a largest Grothendieck topology for which
all of them are sheaves. This topology can be explicitly characterized as
the topology having as covering sieves precisely the sieves S such that every
presheaf P in P satisfies the sheaf condition with respect to all the pullback
sieves g*(.5) (see, for instance, the proof of Proposition C2.1.9 [7]). If P is the
class of presheaves in the image of the functor R4 then this condition amounts
precisely to requiring that for any arrow g : d — ¢, A(d) = hﬂh:e_)deg*(s) Ale)
(cf. the proof of (i)). O

Remarks 4.12. (a) The condition for A to be J-continuous can be interpre-
ted as a sort of cofinality condition. Indeed, if A is J-continuous then A
sends any J-covering sieve S on an object ¢ of C to an epimorphic family
and hence A(c) is the colimit of the cocone under the diagram whose
vertices are the objects of the form A(d) where d is the domain of an
arrow f :d — cin S and whose arrows are all the arrows in £ over A(c)
between such objects. So the condition for A to be J-continuous amounts
precisely to the assertion that A be J-continuous and that this colimit
be equal to the colimit ligf:d_mésA(d). See Remark 4.14(a) below for

more details.

(b) We shall obtain further characterizations for the property of a functor
A : C — D (or more specifically a comorphism of sites (C,J) — (D, K))
to be (J, K)-continuous in Proposition 4.13 and Corollary 4.25. See also
Proposition III-1.2 [1] for alternative characterizations.

(c) The existence of the topology Z4 as in point (iv) of Proposition 4.11 was
already shown in [1] (cf. Proposition I11-3.2 therein), where this topology
is called the Grothendieck topology induced by A, regarded as a functor
to the site (&, Jg"). For an explicit description of this topology, see
Remark 4.14(b) below.

In general, the condition for a cocone under a diagram D : 7 — D
with vertex L to be sent by the canonical functor I’ : D — Sh(D, K) to
a colimiting cocone can be expressed as the requirement that the canonical
arrow colim(yp o D) — yp(L) is sent by the associated sheaf functor ax to
an isomorphism; these conditions are made explicit in Corollary 2.25. In our
case, the diagram to be considered is the functor

D§:[S—D

sending any (d, f) of [ S to A(d), together with the cocone {4 with vertex
A(c) under it (whose legs are the arrows A(f) : A(d) = D5((d, f)) — A(c)
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for any object (d, f) of [S). Applying this result in connection with Propo-
sition 4.11(i), we thus obtain the following explicit characterization of (J, K)-
continuous functors:

Proposition 4.13. Let (C,J) and (D, K) be small-generated sites. Then a
functor A : C — D is (J, K)-continuous if and only if it is cover-preserving
(i.e., sends J-covering families to K-covering ones) and for any J-covering
sieve S on an object ¢ and any commutative square of the form

d A(d)
j lA(f)
A(e") =2 Afe),

where f 1 — ¢ and g : " — ¢ are arbitrary arrows of S, there is a K-
covering family {d; — d | i € I} such that for each i € I, the composites
d; — A(d) and d; — A(c") belong to the same connected component of the
category (d; | D%).

O

Remarks 4.14. (a) The conditions of Proposition 4.13 are equivalent to the
requirement that that the lift

(Des [ S = D/A(c)

of the diagram D% to D/A(c) induced by the cocone &4 (in the sense
of Corollary 2.25) be K 4(,-cofinal (where the notation is that of section
2.5). In fact, the property that A be cover-preserving is equivalent to
condition (i) of Corollary 2.25, which reads as follows: for any J-covering
sieve S on an object ¢ of C, for any arrow y : d — A(c) in D there are a
K-covering family {g; : d; — d | i € I} and for each ¢ € I an arrow f; of
S and an arrow y; : d; — (A(dom(f;))) in D such that yo g, = A(fi) oy

(b) By Proposition 4.13, the largest topology Z4 which makes a functor
A : C — D continuous to (D, K) (as in point (iv) of Proposition 4.11)
consists precisely of the sieves S such that the functor A satisfies the
conditions of Proposition 4.13 with respect to all the sieves S” which are
of the form ¢*(S) for some arrow g, in the sense that A sends any such
S’ to a K-covering family and for any commutative square of the form

d A(d)
LA(f)
A(e") =2 Afo)



where f : ¢ — cand g : ¢ — ¢ are arbitrary arrows of S/, there is an
epimorphic family {d; — d | i € I} in £ such that for each i € I, the
composites d; — A(d) and d; — A(c”) belong to the same connected
component of the category (d; | D%,).

Recalling from section 3.3.1 the definition of the smallest Grothendieck
topology making a functor a comorphism of sites, we deduce from Proposition
4.11(iv) the following result:

Proposition 4.15. Let A : C — D be a functor and K a Grothendieck
topology on D. Then for any Grothendieck topology J on C such that M C
J C Zy, the functor A is a (J, K)-continuous comorphism of sites (C,J) —
(D, K). We have M# C Z, if and only if for any arrow g : d — ¢ of C and
any K-covering sieve R on A(c),

Ad)= lim  Ale).

h:e—deg*(Sg)

O

The following example shows that a comorphism of sites (C,.JJ) — (D, K)
can be cover-preserving without being (J, K)-continuous.

Example 4.16. Let L be alocale. Then the comorphism of sites (L, J"L) —
(2,J5*") sending 0 to 0 and every non-zero element of L to 1 is cover-
preserving but not (J§", J§*")-continuous if L is not locally connected (see
the proof of Proposition 4.40(iii) below).

We shall denote by [C, ] (resp. by [C,D],) the full subcategory of [C, &]
(resp. of [C,D]) on the J-continuous functors.

Proposition 4.17. Let C a locally small category and £ a Grothendieck
topos.

(i) There is an equivalence
Wmor (&, [CP, Set]) ~ [C, &]
sending a weak morphism f = (f* 4 f.) to the functor f*oyc.

(ii) For any Grothendieck topology J on C making (C,J) a small-generated
site, the above equivalence restricts to an equivalence

Wmor(&,Sh(C, J)) ~ [C,€&],

sending a weak morphism g = (g* - g«) to the functor g* ol.
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Proof (i) One half of the equivalence is given by the assignment A — (L4
R4); the other half sends a weak morphism f to the functor f* o ye. The
two correspondences are quasi-inverses to each other since, on the one hand,
for any functor A : C — &, Lyoyes = A and, on the other hand, for any
weak morphism f : & — [C°P, Set|, f* = Loy, since both functors preserve
arbitrary colimits (as they have right adjoints) and their composites with the
Yoneda embedding are isomorphic to the same functor (namely, f* o yc).
(ii) If A is J-continuous then R, factors through the canonical inclusion
Sh(C,J) — [C°P,Set]. Regarded as a functor &€ — Sh(C, J), it preserves
arbitrary limits (since Sh(C, J) is closed in [C°P, Set] under arbitrary limits),
so it has a left adjoint and hence defines a weak morphism of toposes g :
&€ — Sh(C, J) which, composed with the canonical geometric inclusion i; :
Sh(C, J) < [C°P, Set], gives the weak morphism induced by A; in particular,
the inverse image ¢g* : Sh(C, J) — £ of this morphism satisfies g* o a; = L.
This also shows that the functor A corresponding to ¢; o g is given by g* o ;
indeed, A = Ljoye = g*oajoyec = g*ol. Conversely, given a weak morphism
f & — [C°,Set| corresponding as in (i) to a functor A : C — & (so that
f* = Laand f. = Ry), if f factors through Sh(C,J) — [C°P, Set] then
f+ (that is, R4) factors through the direct image of the geometric inclusion
Sh(C, J) < [C°P, Set|, that is, A is J-continuous. O

Proposition 4.17 motivates the following generalization of the notion of
morphism of sites.

Definition 4.18. Let (C,J) and (D, K) be small-generated sites. A functor
F :C — D is said to be a weak morphism of sites if it is (J, K)-continuous.

We can thus derive from Proposition 4.17 the following result, whose first
part was already established in Proposition III-1.2 [1]:

Proposition 4.19. Any weak morphism F : (C,J) — (D,K) of small-
generated sites induces a weak geometric morphism Sh(F') : Sh(D, K) —
Sh(C, J) such that the following diagram commutes:

C r D

zl Lz’
Sh(F)*

Sh(C, J) = Sh(D, K)

Conversely, any weak geometric morphism f = (f* - f.) such that f* ol
factors through U' is induced by a (necessarily unique, if K is subcanonical)
weak morphism of sites (C,J) — (D, K).

O
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4.3 Continuous comorphisms of sites and essential geo-
metric morphisms

The following result provides an equivalence between continuous comor-
phisms of sites and essential geometric morphisms.

Theorem 4.20. Let (C, J) be a small-generated site, £ a Grothendieck topos.
Let Geomes(Sh(C, J), &) be the category of essential geometric morphisms,
and Comeon:((C, J), (€, JE™)) the category of J-continuous comorphisms of
sites (C,J) — (&€, J&"). Then we have an equivalence

Geomess(Sh(Ca J)v 5) = Comcont((ca J)> (5’ Jgan))

sending an essential geometric morphism f = (fy 7 f* - f.) to the comor-
phism of sites fiol and a J-continuous comorphism of sites A to the geometric
morphism Cy induced by it.

Proof We have to prove that:

(i) For any J-continuous comorphism of sites A : (C,J) — (&, J@"), the
geometric morphism Cy it induces is essential.

(ii) For any essential geometric morphism Sh(C,J) — &, the functor f, ol
is a J-continuous comorphism of sites (C,.J) — (€, J&").

(ili) Any essential geometric morphism f : Sh(C, J) — £ is equal to C/,o.

(iv) Any J-continuous comorphism of sites A : (C,J) — (&, J&*") satisfies
A = (CA)! ol.

(i) By Proposition 4.17(ii), A induces a pair of adjoint functors L 4 Ry,
where R, is the functor &€ — Sh(C, J) given by: e — Homg(A(—),e). Now,
R 4 corresponds to the inverse image of the geometric morphism C'4 induced
by A under the equivalence £ ~ Sh(&, J§"); indeed, by Theorem 4 at p. 412
of [10], C%4(P) = ay(P o A°) for any P € Sh(&, J§"), whence, by taking
P = Homg(—, ), C%(Home(—,¢e)) = Ra(e), as required.

(i) Any essential geometric morphism of sites induces an adjunction (f; 4
1*); so, by Proposition 4.17(ii), the functor fiol is J-continuous. It remains
to prove that fy ol is a J-continuous comorphism of sites (C,J) — (&, J&").
Since f, has a right adjoint, namely f*, which preserves covers, it satisfies
the covering lifting property; from this it immediately follows that f, ol also
satisfies the covering lifting property.

(iii) By (ii), fiol is a J-continuous comorphism of sites (C, J) — (&, J&*").
So, by (i), the geometric morphism C}; it induces is essential. To show
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that f = C},, it thus suffices to show that the essential images of the two
geometric morphisms are isomorphic. Now, we saw in the proof of (i) that the
essential image u of U, satisfies the relation uoa; = Ly, while the essential
image of f is fi. In order to prove that fi = Ly 0ay, since both functors are
colimit-preserving, it is equivalent to show that they give isomorphic functors
when composed with [. But uol =wuoajoye = Ly oye = fiol, as required.

(iv) By Proposition 4.17(ii), A : (C,J) — (&, J&") satisfies A = (Cx) 01
if and only if A and (C4), 0l induce the same weak morphisms & — Sh(C, J).
Now, since A and (Cy); o I are both J-continuous comorphisms of sites
(C,J) — (&,J8") (the latter by (i), which ensures that C, is essential,
and then by (ii)), by the proof of (i) the inverse image of the weak morphism
induced by A is (C4), and the inverse image of the weak morphism induced
by (Ca)iolis (Cicuye)i- But (iii) ensures that for any essential geometric
morphism f : Sh(C,J) — &, f = Cjq, equivalently fi = (Cjo)i; applying
this to f = C4 thus yields our thesis. O

The following example shows that the condition for a comorphism of
sites to be J-continuous is not necessary for the corresponding geometric
morphism to be essential:

Example 4.21. Let (C,J) be any site and 1 be the category with only
one object and one morphism (the identity on it), endowed with the trivial
Grothendieck topology T on it. Then the unique functor !¢ : C — 1 is
clearly a comorphism of sites (C,J) — (1,7") and hence induces a geometric
morphism Sh(C,J) — Sh(1,T) ~ Set which is necessarily the unique (up
to isomorphism) geometric morphism Sh(C,J) — Set. Now, the functor
Ry, = Set — [C°P, Set| clearly sends any set E to the constant functor with
value F. Now, all the constant functors are J-sheaves if and only if the site
(C,J) is locally connected (that is, every J-covering sieve on an object c is
connected as a full subcategory of the slice category C/c). However, it is
not necessary that (C,.J) be locally connected for the topos Sh(C, J) to be
locally connected (in the sense that its unique geometric morphism to Set
is essential); for instance, for any locally connected locale L, the canonical
site (L, J§*") is clearly not locally connected (the empty sieve covers the zero
element of L) but the topos Sh(L) is locally connected (by Proposition C1.5.9
[7]). We have thus found an example of a functor !z, : L — 1 which is cover-
preserving but not canonical as a comorphism of sites (L, J§*") — (1,7),
and which induces an essential geometric morphism.

Remark 4.22. Different comorphisms of sites (C,J) — (&, J&") may in-
duce the same geometric morphism. In fact, the equivalence relation ~
given by A ~ A’ if and only if C'y = Cx can be explicitly characterized,
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by Theorem 2.13, in terms of functional J-equivalence relations, as follows:
A ~ A’ if and only if there are, for each e € £, J-functional relations be-
tween Homg(A(—),e) and Homg(A'(—), e) which are inverse to each other,
naturally in e € £. In these terms, the proposition can be interpreted as
saying that J-continuous comorphisms of sites are exactly the canonical re-
presentatives of equivalence classes of comorphisms of sites (C, J) — (€, J&*")
inducing an essential geometric morphism Sh(C, J) — &; more precisely, the
J-continuous comorphism of sites representing the equivalence class of a co-
morphism of sites inducing an essential geometric morphism f is given by
fiol. In particular, a comorphism of sites A : (C,J) — (&£, J¢") induces an
essential geometric morphism if and only if there is a J-continuous comor-
phism of sites A" : (C,J) — (€, J&") such that A ~ A'.

Corollary 4.23. Let (C,J) and (D, K) be small-generated sites. Then we
have an equivalence between the essential geometric morphisms f : Sh(C, J) —
Sh(D, K) such that fyol : C — Sh(D, K) factors through the canonical
functor I' : D — Sh(D, K) and the (J, K)-continuous comorphism of sites
(C,J) — (D, K), considered up to K-equivalence.

Remarks 4.24. (a) If A: (C,J) — (D, K) is both a morphism and a co-
morphism of sites then it is a (J, K)-continuous (by Proposition 4.11(iii))
and hence by Corollary 4.23 the geometric morphism C'4 it induces is es-
sential.

(b) The fact that a (J, K)-continuous comorphism of sites induces an essen-
tial geometric morphism was already proved as Proposition I11-2.6 [1].

The following result provides several equivalent characterizations of the
(J, K)-continuity property of a comorphism of sites A : (C,J) — (D, K).
Before stating it, we need to make a number of remarks.

The direct image of the geometric morphism C'4 induced by a comorphism
of sites A : (C,J) — (D, K) is the restriction to sheaves of the right Kan
extension functor Ran4er (see, for instance, Proposition 2.3.18 [7]); in other
words, the following diagram commutes:

[CP, Set] 2% Do, Set]
iy ix
Sh(C,.J) ‘4 Sh(D, k)
Recall that the functors Ranser and Lanaer (namely, the right and left Kan
extension functors along A°P) are respectively right and left adjoints to the
functor Dy := (— o A°) : [D°P, Set| — [C°P, Set].
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By taking left adjoints to all the functors in the above square, we obtain
that

Choax =ZajoDy.

Let us now suppose that the geometric morphism C} is essential, i.e. that
C’ has a left adjoint (C4);. Denoting by 74 : Licop get) — Da 0 Lanor the
unit of the adjunction between D4 and Lan 400, we have a morphism

((Ca)ioas)na: (Ca)roay — (Ca)ioayoDyoLangep
which, composed with the isomorphism
(Ca)roayoDyoLange = (Cy) o0 Ch oak o Lanop
induced by the isomorphism C% o ax = ay o Dy, yields a morphism
((Ca)roas)na: (Ca)roay — (Ca)oChoag oLange.
Composing this morphism with the morphism
ealax oLangep) : (Ca)y 0 C 0 ag o Lan gop — ag o Lan op,

where €4 : (Ca)1 0 (Ca)* — lgn,k) is the counit of the adjunction between
(Ca), and C%, thus yields a morphism

(Ca)yoay — ag o Lan g,
which we call z4.

Corollary 4.25. Let A: (C,J) — (D, K) be a comorphism of sites. Then
the following conditions are equivalent:

(i) A is (J, K)-continuous.

(i) The left Kan extension functor Lanaes : [C°P, Set] — [D°P, Set] along
A°P satisfies the property that ax oLan aep factors (necessarily uniquely)
through ay.

(111) The geometric morphism Cy induced by A is essential and its essential
image (Cy); makes the following diagram commute:

Lan 4op

[C°P Set] —= [D°P, Set]

laJ lax

Sh(C, J) ‘L Sn(D, k)
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If A induces an essential geometric morphism Cy then there is a canonical
morphism (Cy) ol — ' o A (given by zayc, modulo the canonical isomor-
phism ag o Langes o ye = 1" 0 A), and A is (J, K)-continuous if and only if
this morphism 1s an isomorphism, equivalently if and only if the canonical
morphism

ZA (CA)! ocajy — ag OLaHAop

defined above, is an isomorphism.

Proof (i)=-(ii). By Proposition 4.8, D4 restricts to a functor Sh(D, K) —
Sh(C, J). Then the following diagram commutes:

(D, Set] —2~ [C°?, Set]

iK iy

Sh(D, K) L sn(e, J).

Indeed, (C'4)* is given, by definition, by the functor a; o D4 o ig; so, if
D4 o i takes values in Sh(C, J) then i; 0 (Cy)* = Dy oig.

Taking the left adjoints to all the functors in the above square (notice
that C4 is essential by Theorem 4.20, since A is J-continuous, equivalently
satisfies condition (ii)) thus yields an isomorphism ax o Laner = (C4)y 0 ay;
in particular, ax o Lan4o» factors through a;, as required.

(i) = (iii) We first notice that, by the compatibility of adjoints with
respects to composition, condition (ii) is equivalent to condition (ii) of Pro-
position 4.8 and hence, by that proposition, to condition (i). But we have
already observed, in the proof that (i) = (ii), that (i) actually implies (iii).

(iii) = (i) By Theorem 4.20, it suffices to show that {0 A = (Cy)i0l. But
this immediately follows from the commutativity of the square in condition
(iii), by composing both functors with ye.

It remains to prove the last part of the corollary. We preliminarily note
that, since both functors (C'4),0a; and axolLan 4er preserve arbitrary colimits,
z4 is an isomorphism if and only if zaye : (Ca)iol = 1" 0o Ais. If z4yc is an
isomorphism then A is J-continuous by Theorem 4.20. Conversely, if A is
J-continuous then, as we have proved above, condition (iv) is satisfied, with
the isomorphism (C4)) 0 a; = ax o Lan e being precisely z4. O

Remark 4.26. From Corollaries 4.23 and 4.25 we may deduce the following
criterion, alternative to that of Remark 4.22, for a comorphism of sites A :
(C,J) — (D, K) to induce an essential geometric morphism: Cj, is essential
if and only if there is a J-continuous comorphism of sites A" : (C,J) —
Sh(D, K) and a natural transformation o : A — I’ o A which is sent by
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ar to an isomorphism (notice that this latter condition admits an explicit
reformulation obtained by applying Lemma 2.1(iii)).

The following result provides a natural relation between the sheafification
operation and that of composition with the opposite of a functor inducing a
comorphism of sites:

Proposition 4.27. Let F' : (C,J) — (D, K) be a comorphism of sites and
P a presheaf on D. Then the canonical arrow

P o F — ap(P)o F

in [C°P, Set| is sent by the associated sheaf functor ay : [C°P, Set] — Sh(C, J)
to an isomorphism.

If moreover F is (J, K)-continuous (for instance, if F' is a morphism of
sites (C,J) — (D, K) — ¢f. Proposition 4.11(iii)) then the above arrow yields
an tsomorphism

aj(Po F°P) = qg(P) o F°P.

Proof Let (F°P)* be the functor D := (— o F°P) : [D°? Set| — [C°P, Set].
Then the arrow in the statement of the proposition is precisely np(F°P)*,
where np : P — ax(P) is the component at P of the unit of the adjunction
between ax and the inclusion functor of K-sheaves into presheaves.

As we observed in section 4.4, since F' is a comorphism of sites (C,J) —
(D, K), we have a commutative diagram

(D, Set] £~ [C°P, Set]

Sh(D, K) <~ Sh(C, J).

From this it immediately follows that, since 7p is sent by ax to an isomor-
phism, a; sends np(F°P)* to an isomorphism, as required.

Now, if F' is (J, K)-continuous then, by Proposition 4.8, the presheaf
ag(P)oF°P is already a J-sheaf, whence the final assertion of the proposition
follows. O

Let us now consider localizations of geometric morphisms induced by a
comorphism of sites.

For any comorphism of sites F': (C,J) — (D, K) and any presheaf @) on
D, we have a comorphism of sites

PG ([(Qo F®), Jgorer) = ([ Q. Jg)

sending every object (¢,z) € [(Q o F°P) to the object (F(c),z) of [ Q (and
acting on arrows accordingly).
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Proposition 4.28. Let F': (C,J) — (D, K) be a comorphism of sites and
Q a presheaf on D. The geometric morphism

C'pg : Sh( [(Q o F°P), Jgorer) — Sh([ Q, Jg)
induced by pg corresponds under the equivalences
Sh([ Qo F°P, Jgoper) =~ Sh(C, J)/a;(Q o F°P)

and
Sh([ @, Jo) ~ Sh(D, K)/ax(Q)

of section 6.7 to the geometric morphism
Cr/ak(Q) : Sh(D, K)/ax(Q) = Sh(C, J)/Cp(ax(Q))
modulo the equivalence
Sh(C, J)/Cr(ax(Q)) = Sh(C, J)/a;(Q o F*P)
induced by the isomorphisms

Crlax(Q)) = ax(Q) o F* = a,(Q o FP),

the first of which results from the fact that F is a continuous comorphism of
sites (C,J) — (D, K) and the second of which is that of Proposition 4.27.

Proof This is an immediate verification in light of the example of section
6.7. O

The following result shows that the property of a comorphism of sites to
be continuous naturally behaves with respect to ‘relativization’:

Proposition 4.29. Let F : (C,J) — (D, K) be a (J, K)-continuous comor-
phism of sites. Then, for any presheaf Q) on D, the comorphism of sites

o+ (J(QoF®), Jgorw) = ( Q. Jq)
is (Jgoror, Jg)-continuous.

Proof Since F' is continuous, by Corollary 4.23 the geometric morphism
Cr :Sh(C,J) — Sh(D, K) is essential.

So, by Proposition 4.28, the geometric morphism Cpg induced by pg is
also essential, as it is (isomorphic to) a localisation of the essential geometric
morphism Cp.
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By Corollary 4.23, we can prove that pg is continuous by showing that
the diagram

F

[(Qo Fo») “ 0

lf(@oFOP)l . llm
Sh([(Q o F°), Jgorer) ——=Sh([ Q. Jo)

commutes.
Now, consider the following cube:

C £ > D
I
Po v
J(Q o F°P) > [ Q
A %«Q» 1 /K«w

Sh(C. )/ Ci(ar(Q) . Sh(D, K)/ax(Q)

(Cr/ax(Q)):

where V() and Vs (ax (@) are obvious forgetful functors and the vertical
unnamed arrows are the canonical ones modulo the equivalences of Proposi-
tion 4.28.

In light of the Proposition, we have to prove that the frontal face of the
cube commutes. But this follows from the fact that the functor V. q) reflects
isomorphisms, since the top face of the cube commutes by definition of pg, the
lateral faces commute by Example 4.10, the bottom face commutes since the
square consisting of the right adjoints of the given functors clearly commutes,
and the back face commutes by Corollary 4.23 as by our hypothesis F' is
continuous. 0

The following proposition characterizes the morphisms of sites which in-
duce an essential geometric morphism whose essential image restrict to re-
presentables:

Proposition 4.30. Let (C,J) and (D, K) be small-generated subcanonical
sites and g : Sh(C,J) — Sh(D, K) be a geometric morphism induced by a
morphism of sites G : (D,K) — (C,J). Then the following conditions are
equivalent:
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(i) g is essential and its essential image restricts to the representables;
(i1) G : D — C has a left adjoint F : C — D which is (J, K)-continuous.

Proof (i)=(ii) Suppose that ¢ = Sh(G) is essential. Let us denote by F' the
restriction of g to the representables. We know from Corollary 4.23 that F'
is (J, K)-continuous. It thus remains to prove that F' 4 G. But this follows
from the fact that g; 4 g*, since F'is the restriction of g to the representables
and G is the restriction of ¢g* to the representables.

(ii) = (i) By Proposition 3.14(iv), Cp = Sh(G). Since F'is (J, K)-
continuous then, by Corollary 4.23, Cr = Sh(G) is essential and its essential
image restricts to the representables, as desired. O

Remark 4.31. Proposition 4.40(iii) shows that, if the essential image of ¢
does not restrict to representables, its restriction C — Sh(D, K) to C does
not necessarily take the same values as I’ o F', if a left adjoint F' to G exists
(in fact, this happens precisely when F'is not (J, K)-continuous).

Let us now prove a useful result concerning cofinality conditions (in the
sense of Proposition 2.21) in the context of a continuous comorphism of sites
whose essential image of the associated geometric morphism is conservative.

Proposition 4.32. Let p : (C,J) — (D, K) be a continuous comorphism
of small-generated sites such that (Cy,) is conservative, and F : A — C
and F : A" — C two functors to C related by a functor £ : A — A" and a
natural transformation « : F — F' o &. Then (£, «) satisfies the conditions
of Proposition 2.21 if and only if (£, pa) does.

Proof The canonical arrow

ay(&) : colimgn(e,)(l o F)) — colimgn(c,s)(l o F)
in Sh(C, J) induced by (&, ) correponds, under the isomorphisms
(Cp)i(colimgne, ) (lo F)) = colimgnp, k) (Cp)rolo F) = colimgnp k) (I’ opo F)
and
(Cp)i(colimgpe, ) (loF")) = colimgn(p, k) (Cp)1olo F') = colimgnp, i) (I'opo F')

resulting from the fact that (C,), preserves colimits and that (C,)i 0l =1'op
(cf. Corollary 4.23), to the canonical arrow

ag (pbé) . COlimSh(pJ{)(l/ opo F) — COlimsh(QK)(l, opo F)
in Sh(D, K) induced by (£, pa). The thesis thus follows from the conserva-
tivity of (Cp):. O
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Remark 4.33. Any a fibration p of the form 7o : [ Q — D, where Q is a
presheaf on D satisfies the hypotheses of the proposition (that is, (C}) is con-
servative). Indeed, the geometric morphism C,, is isomorphic (over Sh(D, K))
to the local homeomorphism Sh(D, K)/ax(Q), and hence its essential image
corresponds to the forgetful functor Sh(D, K)/ax(Q) — Sh(D, K), which is
clearly conservative.

4.3.1 Generalized compactness conditions

In relation to Theorem 4.20, it is worth remarking that, as shown by the
following proposition, the essential images of essential geometric morphisms
preserve a wide class of generalized compactness properties. Hence, in the
presence of subcanonical sites (C,.J) and (D, K) such that the objects of
the form I(c) (resp. I'(d)) can be characterized as the objects of the topos
Sh(C, J) (resp. Sh(D, K)) which satisfy such compactness properties, they
restrict along [ and ', thus yielding ((J, K)-continuous) comorphisms of sites
(C,J) — (D, K) inducing these morphisms. This is relevant in connection
with the method, introduced in [4], for constructing dualities or equivalences
by means of functorializing topos-theoretic ‘bridges’.

We say that a property P of presieves is stable if whenever f : F — £ is
a weak morphism of toposes, if a presieve S satisfies P then f*(S) satisfies
P. Examples of stable properties include to be finite, to be a singleton, to
contain the identity arrow, etc.

We say that a family R of arrows to a given object e of a topos £ refines
a family S of arrows to e in £ if every arrow in R factors through an arrow
in S. Given a property P of presieves, we say that an object e of a topos is
P-compact if every epimorphic family of arrows to e admits an epimorphic
refinement satisfying property P.

Proposition 4.34. Let P be a stable property of presieves and let f be an es-
sential geometric morphism. Then fi sends P-compact objects to P-compact
objects.

Proof Let f : F — &£ be an essential geometric morphism and a a P-
compact object of F. We want to prove that fi(a) is P-compact. Let {e; :
u; — fi(a) | i € I} be an epimorphic family to fi(a). Then the family
{f*(e;) - f*(w;) = f*(fila)) | i € I} is also epimorphic, and so is its pullback
along the unit arrow 7, : a — f*(fi(a)). In other words, given the pullbacks

&

C;—>

'

() L (i)
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the family {&; : ¢; — a} is epimorphic. Since a is P-compact, there is an
epimorphic family of arrows {x : by — a | k € K} satisfying P and, for each
k an index ) and a factorization &;, o 2, of xj through &;, . Therefore the
image {fi(xx) : filbx) = fi(a) | K € K} under f; of this family is epimorphic
(since fi preserves colimits) and satisfies P. It remains to show that this
family refines {e; : u; — fi(a) | © € I}. For each k € K, let wy be the
arrow s;, o zy : by — f*(u;,), and wy : fi(by) — w;, be its transpose along
the adjunction fi -+ f*. Let us show that, for each k € K, fi(xx) = €;, o Wy;
this will establish our thesis. By applying f* to both sides and composing
the obtained arrow with the unit 7, : by — f*(fi(bg)), our equality rewrites
as f*(filxx)) o Mo, = f*<€z'k o0 Wy) © - But J*(filxe)) © Moy, = Ma © Xk, While
f*(eik Ow—k) O My, = f*(elk> o f*(w_k> O My, = f*<€lk) oWk = f*(elk) O 8if, O 2k =
Na © &y, © 2k = Ta © Xk- O

While we are on the topic of P-compact objects, let us record a result
about them which will be useful too in connection with the method for ge-
nerating dualities through ‘bridges’ introduced in [4].

Recall that a sieve S on an object ¢ of a category C is said to be effective-
epimorphic if the canonical cone with vertex ¢ under the (large) diagram Dg
given by the canonical projection [ S — C is a colimit. We shall say that a
family T of arrows to c is effective-epimorphic if the sieve S generated by
it is effective-epimorphic. For a family 7" of arrows to ¢, we shall denote the
diagram Dg,. associated with the sieve Sy generated by 7" simply by Dp. A
sieve in C is said to be universally effective-epimorphic if its pullback along
arbitrary arrows in C is effective-epimorphic. The canonical topology on a
category C, defined as the largest one for which all the representable functors
are sheaves, can be characterized as the topology whose covering sieves are
precisely the universally effective-epimorphic ones (see, for instance, pp. 542-
4 of [7]).

Lemma 4.35. Let C be a separating set for a Grothendieck topos € and S a
sieve in C (regarded as a full subcategory of €) such that the colimit in € of
the diagram D, where S is the sieve generated by S in £, lies in C. Then
the following conditions are equivalent:

(1) S is J@&"|c-covering.
(11) S is effective-epimorphic in C.
(111) S is universally effective-epimorphic in C.

Proof (i)=-(iii) This follows from the fact that Jg"|¢ is subcanonical and
hence contained in the canonical topology on C.
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(iii) = (ii) This is obvious.

(i) = (i) If S is effective-epimorphic in C then c is the colimit of Dg in C.
Now, since the colimit of Dg in & lies in C by our hypothesis, it necessarily
yields a colimit of Dg in C and hence it coincides with c¢. Indeed, since C
is separating for £, any cone over Dg in C can be uniquely extended to a
cone over Dz in £ (with the same vertex). So S is epimorphic in &, that is,
S e J@e(e). O

We shall use the notation * to denote the operation of multicomposition
of families of arrows, defined as

Fx{Giliely={fiog. licl jeJ}

for any family of arrows F := {f; : dom(f;) — ¢ | i € I} and families of
arrows G; := {g} : dom(g}) — dom(f;) | j € Ji} for each i € I.

Before stating the following proposition, we need to introduce some ter-
minology.

We shall say that a property P of families of arrows in a topos with
common codomain is fractal if it is stable under arbitrary multicompositions,
and that it is stable under pullback if for any family { f; : dom(f;) - wu |7 € I}
satisfying P and any arrow ¢ : v — u, the family {¢*(f;) : dom(g*(f;)) —
v | i € I} also satisfies P. We shall say that P is hereditary if whenever
we have families {g; : a; = ¢ | i € I} and {f; : b — ¢ | i € I} and
monomorphisms {m; : a; — b; | i € I} such that f; om; = g; for every i € I,
if {fi:b; = c| 1€ I} satisfies P then {g; : a; — ¢ | ¢ € I} also satisfies P;
notice that this is a form of stability under ‘pointwise’ refinement. We shall
say that P relativizes to a separating set C of a Grothendieck topos & if there
is a property P|c of families of arrows in C (regarded as a full subcategory
of £) with common codomain such that such a family F satisfies P|¢ if and
only if F, regarded as a family of arrows in &, satisfies P. We say that
P relativizes to separating sets if it relativizes to every separating set of a
Grothendieck topos.

Proposition 4.36. Let P be a property of presieves in a topos, £ a Grothen-
dieck topos and E% the full subcategory of £ on the P-compact objects. Sup-
pose that

(1) &% is separating for &,

(2) P is fractal and relativizes to separating sets (or at least to the separating

set £ of ),
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(3) for any effective-epimorphic family R = {r; : dom(r;) = c|i€ I} in EH
satisfying Plee,, the family of canonical colimit arrows {\i : dom(r;) —
e| i1 € I}, where e is the colimit of the diagram Dg in &, also satisfies

P.

Then the Grothendieck topology Ji on Ef induced by the canonical topology
on € can be intrinsically characterized (in terms of £5) as follows: the J§-
covering sieves on an object ¢ of Ef are precisely those which contain a family
of arrows to ¢ which satisfies P‘glg and is effective-epimorphic (equivalently,
universally effective-epimorphic).

Conditions (2) and (3) can be replaced by the following condition:

(4) The category E5 is closed in € under colimits of diagrams of the form
Dyr, where R is an effective-epimorphic family of arrows in Ef sa-
tisfying P

&s-

which in fact implies (3), and is implied by (3) assuming (1) and (2).
Condition (8) is satisfied if P is stable under pullback and hereditary.

Proof Since the topology J§ is subcanonical, it is contained in the canonical
topology on £5. In particular, all its covering sieves are universally effective-
epimorphic. To show that every Jp-covering sieve contains a family of arrows
to ¢ which satisfies P and which is universally effective-epimorphic, it suffices
to prove that every Jp-covering sieve contains a Jp-covering family which
satisfies property P. But this follows at once from the P-compactness of c.

Conversely, we want to show that if a sieve S on an object c of £ contains
a family of arrows to ¢ which satisfies P and which is effective-epimorphic
then S'is Jp-covering. This will follow at once from Lemma 4.35 once we have
proved that if R is a sieve generated by a family of arrows {r; | i € I} in €5
satisfying P then the colimit e in £ of the diagram Dy lies in C. We have to
show that e is P-compact. The universal property of the colimit yields colimit
arrows {\; : dom(r;) — E | i € I} and an arrow « : e — ¢ such that ao); = r;
for each i € I. By condition (3), the family {)\; : dom(r;) — e | ¢ € I} satisfies
property P.

Let F be an epimorphic family on e, which can suppose to be a sieve
without loss of generality. We want to prove that it admits an epimorphic
refinement satisfying P. For each ¢ € I, the family \!(F) is epimorphic on
dom(r;). Since dom(r;) is P-compact, Af(F) is refined by an epimorphic
family of arrows F; to dom(r;) satisfying P. So the multicomposite family
{Ni|iel}«{F; |ie I} satisfies P (since P is fractal). Since this family
is also epimorphic (notice that the family {); | ¢ € I} is epimorphic by the
universal property of the colimit) and clearly refines F, our thesis is proved.
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By the above arguments, if conditions (1) and (2) are satisfied, then
condition (3) implies condition (4). Conversely, (4) implies (3). Indeed, if
R = {r; : dom(r;) — ¢ | ¢ € I} is such a family then the family of canonical
colimit arrows {)\; : dom(r;) — e | ¢ € I} corresponds to R under the
identification e = ¢ and hence a fortiori satisfies P since R does.

On the other hand, conditions (1) and (4) alone ensure, by Lemma 4.35,
that if a sieve S on an object ¢ of £f contains a family of arrows to ¢ which
satisfies P and which is effective-epimorphic then S is Jg-covering, so they
allow to conclude the thesis of the proposition.

Finally, let us show that if P is stable under pullback and hereditary then
condition (3) is satisfied.

Consider the pullbacks s; of the arrows r; along o : e — ¢. By the
universal property of the pullback, there is a unique arrow m; : dom(r;) — w;
such that s; om; = A; and ¢; o m; = lgom(r,):

1

dom(r;) r\(ml
~

u; —s dom(r;)

[

_—
e o C

It follows in particular that m; is a (split) monomorphism (for each i € I).
Since P is stable under pullback and {r; | i € I} satisfies P, the family
S := {s; | i € I} also satisfies P. Then, the fact that P is hereditary implies
that the family {)\; | i € I'} also satisfies P. O

Remark 4.37. The proposition generalizes to any full dense subcategory C
of £5 (to which P relativizes) which is closed in £ under colimits of diagrams
of the form Dz, where R is an effective-epimorphic family of arrows of C
satisfying P|c, giving an intrinsic description of the induced topology J%"|¢
as the topology on C whose covering sieves are precisely those which con-
tain a family of arrows to ¢ which satisfies P|¢ and is effective-epimorphic
(equivalently, universally effective-epimorphic).

Examples 4.38. (a) The property of a presieve to be finite (resp. a single-
ton, to consist of pairwise disjoint arrows) is fractal, stable under pull-
back and hereditary. The first two properties also relativize to arbitrary
separating sets.

(b) The property P of being a singleton family only consisting of the iden-
tity arrow is fractal, stable under pullback, relativizes to separating sets
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but is not hereditary. Still, it clearly satisfies condition (4) (the given
colimit is trivial). Notice that P-compactness coincides in this case with
irreducibility.

(c) Many important classes of toposes admit separating sets consisting of P-
compact objects (for some property P of families of arrows with common
codomain). For instance, presheaf toposes are generated by P-compact
objects where P is the property “to contain the identity” (that is, by
irreducible objects), regular toposes are generated by P-compact objects
where P is the property “to be a singleton” (that is, by supercompact
objects) and coherent toposes are generated by P-compact objects where
P is the property “to be finite” (that is, by compact objects). Also, as
shown in [12], toposes of continuous actions of a topological monoid on
discrete sets are generated by supercompact objects.

4.3.2 Continuous locale homomorphisms

In this section we shall address the problem of characterizing the locale ho-
momorphisms L — L’ whose corresponding geometric morphism Sh(L) —
Sh(L’) is essential.

Recall that a frame is a complete partially ordered sets in which arbitrary
joins distribute over finite meets. The category Loc of locales is the opposite
of the category Frm of frames and frame homomorphisms between them; so a
locale is just a frame, but considered as an object of the category Loc. Notice
that the canonical topology J7*" on a frame L has as covering families on a gi-
ven element [ € L the families {l; — [ | 7 € I} such that [ =\/,.; ;. A frame
L can be recovered from the corresponding topos Sh(L) := Sh(L, J{*") as the
frame of its subterminal objects. Since every frame homomorphism L' — L
defines a morphism of sites (L', J§3") — (L, J{"), every locale homomor-
phism « : L — L’ induces a geometric morphism Sh(u) : Sh(L) — Sh(L’),
from which one can recover the associated frame homomorphism L' — L as
the restriction of Sh(u)* to the subterminal objects. In fact, in this way the
category Loc fully embeds as a subcategory of the category of Grothendieck
toposes and geometric morphisms between them; the toposes of the form
Sh(L) for a locale L are called localic. We shall say that a locale homo-
morphism f : L — L’ (or the associated frame homomorphism f : L' — L)
is complete if f : L' — L preserves arbitrary meets; notice that this con-
dition is equivalent, by the Special Adjoint Functor Theorem, to it having
a left adjoint L — L’; note that such a left adjoint need not be a frame
homomorphism since it might not preserve finite meets.

First, we notice that the essential image of an essential geometric mor-
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phism does not in general restrict to subterminal objects. Take for example
a locally connected but not connected topos &; then the unique geometric
morphism from &£ to Set is essential and its essential image sends an object
of £ to the set of its connected components - if applied to 1, it yields the
set of connected components of 1, which is not a (subobject of the) singleton
since &£ is by our hypothesis non-connected. Interestingly, not even essential
geometric morphisms induced by functors between posets satisfy in general
the property that their essential image sends subterminal objects to subter-
minal objects (in spite of the fact that it sends the subterminal ‘generators’
to subterminal objects). Take for instance the unique functor !p : P — 1.
The topos [P, Set] is locally connected (being a presheaf topos), and hence
the essential image of the unique (up to isomorphism) geometric morphism
from [P, Set] to Set sends any object to the set of its connected components;
now, the terminal object of [P, Set] is not necessarily indecomposable (take,
for instance, P equal to the discrete preorder with two elements), and hence
it is not sent by the essential image to a subterminal object.

We notice that if A : (C,J) — (D, K) is a cover-preserving comorphism
of sites then A might be not J-continuous but its localic reflection satisfies
the analogue of this property for locales. Indeed, while the functor D, might
not restrict to all sheaves, it does restrict to subterminal objects, and sends
subterminal sheaves to subterminal sheaves, that is, J-ideals to K-ideals.

This motivates the consideration, in the context of locales, of a weaker
form of the notion of essential geometric morphism, namely the property of
a morphism consisting in the fact that the restriction of the inverse image
functor to subterminals admits a left adjoint (of frames):

Definition 4.39. A geometric morphism f : F — & is said to be weakly
essential if the frame homomorphism [*|sup.1s) : Subg(lg) — Subr(1x)
admits a left adjoint.

One might wonder whether any complete frame homomorphism ¢ : L —
L’ induces an essential geometric morphism Sh(L’) — Sh(L). The answer
to this question is negative, as shown by the following proposition.

Proposition 4.40. (i) Every essential geometric morphism f : F — & is
weakly essential; in fact, more generally, all the frame homomorphisms
of the form f*|subg(a) : Subg(A) = Subg(f*(A)), where A is an object
of A, are complete (equivalently, they admit a left adjoint).

(ii) For any locales L and L', the weakly essential geometric morphisms
Sh(L) — Sh(L') correspond precisely to the complete frame homomor-
phisms L' — L.
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(iii) Letw : L' — L be a complete locale homomorphism whose corresponding
geometric morphism Sh(u) : Sh(L') — Sh(L) is essential. Then the
left adjoint to the frame homomorphism associated with u does not in
general take the same values as the restriction of the essential image of
Sh(u) to the subterminal objects of Sh(L).

(iv) There are weakly essential morphisms between localic toposes which are
not essential; in other words, the property of a frame homomorphism
being complete is a necessary but not sufficient condition for the asso-
ciated geometric morphism to be essential.

(v) Any weakly essential morphism between toposes which can be represen-
ted as the toposes of presheaves on some posets is essential.

Proof (i) It is easy to see that a left adjoint to

" lsube(a) = Subg(A) — Subz(f*(A))

is given by m € Subg(A) — Im(e4 o fi(m)), where €4 : fi(f*(A)) — A is the
component at A of the counit of the adjunction f; 4 f*.

(ii) This is clear by definition of weakly essential geometric morphism.

(iii) Take L = 2 = {0,1}, L" arbitrary and u equal to the unique frame
homomorphism L — L’; then u is clearly complete, and hence it has a left
adjoint ' — 2. By Proposition 3.14(i), this preorder map is therefore a
comorphism of sites (L', J&) — (2, J5*"), which induces the unique geo-
metric morphism Sh(L’) — Sh(2, J$?") ~ Set. This comorphism sends 0
to 0 and any non-zero element of L' to 1. Now, if L’ is locally connected
then this morphism is essential but if L’ is not connected then the essential
image of this morphism sends the terminal object to the set of its connected
components rather than to an element of 2.

(iv) Take L = 2 = {0, 1} and L’ to be any not locally connected locale and
u equal to the unique frame homomorphism L — L’. Then u is complete but
the geometric morphism Sh(u) : Sh(L’) — Sh(2) ~ Set which it induces is
not essential (cf. point (iii) above).

(v) Let f: F — & be a weakly essential geometric morphism and F ~
[Q°P, Set], & ~ [P°P, Set], where P and Q are posets. Then F ~ Sh(Id(Q)),
& ~ Sh(Id(P)), where Id(P) and Id(Q) are respectively the frame of ideals
of P and of Q. Indeed, these are exactly the frames of subterminal objects
of [P°P, Set] and [Q°P, Set|. Therefore the geometric morphism f is induced
by a frame homorphism n : Id(P) — 1d(Q), which is given by the restriction
of its inverse image f* to subterminals. Since f is by our hypothesis weakly
essential, it thus follows n admits a left adjoint. This implies that the left
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adjoint to n restricts to a poset homomorphism u : Q@ — P (cf. the proof of
Proposition 4.34 below) and hence that n can be identified with the frame
homomorphism Id(u) : Id(P) — Id(Q). So f can be identified with the
geometric morphism induced by wu, since they have isomorphic inverse image
functors; in particular, f is essential, as required. 0

4.4 Presheaf lifting of Grothendieck topologies

We have seen that, given two small-generated sites (C,J) and (D, K), not
every essential geometric morphism f : Sh(C, J) — Sh(D, K) is induced by
a comorphism of sites (C, J) — (D, K); however, as shown by Corollary 4.23,
the only condition for this is that the composite of f with the canonical func-
tor [ : C — Sh(C, J) factor through the canonical functor I’ : D — Sh(D, K).
Now, as shown below, we can replace (D, K) with a larger site giving rise
to the same topos so that this condition is always satisfied and so every
essential geometric morphism Sh(C, J) — Sh(D, K) can be seen as being
induced by a comorphism from (C, J) to this larger site. This involves the
well-known operation of extension of a Grothendieck topology on a category
to a Grothendieck topology on the corresponding presheaf topos.

Recall from [1] (Exposé I1.5) that, for any small-generated site (C,.J),
there is a Grothendieck topology .J on the topos [C°P Set] such that the site
([CoP, Set], J) is small-generated and we have (by the Comparison Lemma)
an equivalence

Sh(C,.J) ~ Sh([C°?, Set], J).

The Grothendieck topology J can be characterized as the topology coindu-
ced by J along the Yoneda embedding yc : C — [C°P, Set| (in the sense of
Proposition 6.11). Concretely, it has as covering sieves those sent by a; to
epimorphic families.

Denoting by I’ : [C°P,Set] — Sh([C"p,Set],j) the canonical functor,
it sends any object of the form !'(P), where P € [C°P,Set|, to a,;(P) €
Sh(C, J); in particular, the other half of the equivalence sends any @ €
Sh(C, J) to I'(Q). Indeed, this follows at once from the general fact that
for any (co)morphism of sites i : (D, Jp) — (C, J) satisfying the hypotheses
of the Comparison Lemma and inducing an equivalence C; : Sh(D, Jp) —
Sh(C, J), the diagram

Sh(C,.J) —<~ Sh(D, Jp)

[C°P, Set| —— [DOP Set]

87



commutes, observing that (— o y¢) © yjcor set] = 1jcor Set]-
The Yoneda embedding ye : C — [C°, Set] and the associated sheaf
functor a; respectively define comorphisms of sites

ye - (C,J) — ([C°, Set], J)

and R
ay: ([C°?, Set], J) — (Sh(C, J), §‘if§c7j))

(cf. also Proposition 4.43 below).

We shall call J-equivalence the relation identifying two presheaves P and
@ on C which have isomorphic J-sheafifications. By Theorem 2.13, the rela-
tion of J-equivalence can be explicitly characterized in terms of J-functional
relations: P and @) are J-equivalent if and only if there exist J-functional
relations R from P to @) and R’ from @ to P such that Ro R’ is the identical
relation on Q and R’ o R is the identical relation on P.

As we had anticipated, we can profitably use this construction for re-
presenting essential morphisms to a topos Sh(D, K) of sheaves on a site
(D, K) as induced by comorphisms of sites towards a topos of sheaves on
a site through which they factor. Indeed, by Theorem 4.20, any essential
geometric morphism f : Sh(C,J) — Sh(D, K) induces a comorphism of
sites (C,.J) — ([D°,Set], K) (given by fi o[, regarded as taking values
in [D°P, Set]), since the composite of the latter with the canonical functor

A

[D°P,Set] — Sh([D, Set|, K) is isomorphic to the composite of fi with
the equivalence Sh(D, K) ~ Sh([D, Set], K'). Clearly, again by the above
remark (this time applied in the converse direction), two comorphisms of

sites A, A’ : (C,J) — ([D°, Set], K) induce the same geometric morphism
Sh(C,.J) — Sh(D, K) ~ Sh([D, Set], K) if and only if A(c) and A’(c) are
K-equivalent for any ¢, naturally in ¢ € C. In particular, if A = yp o F' and
A’ = ypo F’ then A and A’ induce the same geometric morphism if and only
if, for any ¢ € C, there is an isomorphism between the images of F(c) and
F’(¢) under the canonical functor I’ : D — Sh(D, K), natural in ¢; if K is
subcanonical then A and A’ induce the same geometric morphism if and only
if I and F’ are isomorphic.

Let us now describe the functorial behaviour of the passage from a site

A

(C,J) to ([C°P, Set], J).

Proposition 4.41. Any comorphism of sites f : (C,J) — (C', J') extends to
a comorphism of sites f : (|[C°P, Set|, J) — ([C'°P, Set], J') given by the left
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Kan extension along f°P, and the following diagram commutes:

Sh(C,.J) — Sh([C®®, Set], .J)

4

Sh(C’, J') — Sh([C'*", Set], J')

Proof The commutativity of the above diagram will follow from the functo-
riality of the geometric morphisms induced by comorphism of sites, once we
have proved that f : ([C°, Set], J) — ([, Set], J’) is a comorphism of sites.
Since f has a right adjoint, namely the inverse image functor E(f)" =Dy :=
(— o f°P) of the essential geometric morphism E(f) : [C"°P, Set] — [C°P, Set]
induced by f, it is equivalent to show that this latter functor sends J '-covering
families to J-covering families (cf. Proposition 3.14(i)). For this, we observe
that, since f is a comorphism of sites (C,J) — (C’,J’), the direct image of
the geometric morphism C induced by it is given by the restriction to she-
aves of the direct image of E(f); passing to the left adjoints, we obtain the
commutative diagram

e Set] 2L [cop Set]

C*

Sh(c’, J') —L=Sh(C, J),

from which it immediately follows that E(f)* sends J'-covering families to
J-covering families. OJ

Remark 4.42. As we observed in the proof of Proposition 4.41, if f :
(C,J) — (C',.J') is a comorphism of sites then the functor Dy = — o fP :
C" — C is a morphism of sites (C’,.J") — (C,J) (since it clearly preserves
finite limits and is cover-preserving), and the geometric morphism Sh(Dy)
can be identified with C (cf. Proposition 3.14).

We shall abbreviate by C the category [C°P, Set| of presheaves on a cate-
gory C.

As shown by the following result, the Yoneda embedding yo : C —
[C°P  Set] can be used not only for turning comorphisms of sites towards a
site with underlying category C to a site with underlying category [C°P, Set)]
but also for doing the same for morphisms of sites:
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Proposition 4.43. Let (C,J) be a small-generated site. Then the Yoneda
embedding yc : C — [C°P, Set] is both a morphism and a comorphism of sites
(C,J) — (C,J). It is moreover J-dense (and J-full), so (cf. Proposition
7.18) it induces an equivalence of toposes

Sh(C,.J) ~ Sh(C, J)
one half of which is Cy, and whose other half is Sh(yc).

Proof Since a sieve S on an object ¢ is J-covering if and only if it is sent by
the associated sheaf functor a; to an isomorphism, y¢ is a comorphism of sites
(C,J) = (C,J). To see that it is also a morphism of sites (C,.J) — (C,.J), we
have to show that [s o y¢ is a J-continuous flat functor C — Sh(C,.J). But
the Comparison Lemma yields an equivalence

Sh(C,.J) ~ Sh(C, J),

under which this functor corresponds precisely to the functor a; o ye, which
is clearly flat and J-continuous.

It remains to show that yc is J-dense and J-full. But yc is full and hence a
fortiori J-full, while the J-denseness follows from the fact that every presheaf
is a colimit of representables, whence it is J-covered by them in C. OJ

4.5 Fibrations as continuous functors

In this section we prove the continuity of fibrations, regarded as comorphisms
of sites as in section 3.3.2. We refer to section 4.2 for the notation.

Theorem 4.44. Let p : C — D be a fibration. Then, for any Grothen-
dieck topology K on D, the comorphism of sites p : (M%.,C) — (D, K) is
continuous.

Proof To show that p : (M%}.,C) — (D, K) is continuous, we shall apply
the criterion of Proposition 4.13. First, it is clear from the characterization
of the topology MY given by Theorem 3.13 that p is cover-preserving. So
it remains to prove that, given a MF.-covering sieve S on an object ¢ and a
commutative diagram of the form

d—=p(c)
z p(f)
p(e") 22 p(e),
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where f: ¢ — cand g : ¢ — ¢ are two arrows of S, there is a K-covering
family {d; — d | i € I} such that for each i € I, the composites d; — p(c’)
and d; — p(c”) belong to the same connected component of the category
(d; | D%). Our K-covering family on d will be given by the sieve x*({p(Ps))),
where Ps is the presieve consisting of the cartesian arrows in .S and y is the
arrow p(f) ow = p(g) o z witnessing the commutativity of the above square.
Notice that, by Theorem 3.13, this sieve is indeed K-covering. We have to
check that, for any o € x*((p(Ps))), the arrows w o « : dom(a) — p(c’) and
zoa :dom(a) — p(c¢”), regarded as objects of the category (dom(a) | DY),
belong to the same connected component. Since o € x*({p(Ps))), there is a
cartesian arrow £ in S and an arrow « such that yoa = p(§)o~y. The arrow &
will actually serve as a means for connecting our two arrows; indeed, we will
show that, on the one hand, v : dom(a) — p(dom(¢)) and wo « : dom(ar) —
p(c’) belong to the same connected component of (dom(a) | DY) and that,
on the other hand, v : dom(a) — p(dom(§)) and z o a : dom(ar) — p(c”)
belong to the same connected component of (dom(a) | DY), from which it
follows by transitivity that woa : dom(a) — p(¢’) and zoa : dom(a) — p(c”)
belong to the same connected component, as desired.

To prove that v : dom(a) — p(dom(§)) and woa : dom(a) — p(c’) belong
to the same connected component of (dom(«) | D%), we observe that, since p
is a fibration, there are an object ¢ of C, an isomorphism 7 : dom(a) — p(c’)
and an arrow h : ¢ — ¢ such that p(h) o7 = w o a. Next, we notice that,
since x = p(f) ow and y o v = p(&) oy, we have p(f) owoa = p(§) oy and
hence p(f)op(h)oT = p(£)o~y, equivalently, p(foh) = p(§)oyor~ L. From the
fact that & is cartesian, it thus follows that there is an arrow 1 : ¢ — dom(¢)
such that p(¢)) =yo77! and £ 0oy = f o h. We thus see from the following
diagram that v and w o o belong to the same component of (dom(a) | DY)
(where the vertical unnamed arrow is p(f o h) = p(§ o ¥)):

m(a

’ > .
p(c)

The proof that v : dom(a) — p(dom(&)) and z o« : dom(a) — p(c”) also

belong to the same connected component of (dom(a) | D%) is completely
analogous. 0

do

|

p(dom(€)) <22
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The following results enlighten a context where the continuity of a co-
morphism of sites can be deduced, under appropriate hypotheses, from that
of a comorphism of sites of which it represents a ‘lifting’ along a fibration.

Lemma 4.45. Let C : D — D’ be a fibration.

(i) Let f : d — d be a cartesian arrow. Then for any parallel arrows
hk:d"—d, if C(foh)=C(fok) then h = k.

(ii) Every arrow of D can be functorially (and uniquely up to unique iso-
morphism) factored as a vertical arrow followed by a cartesian arrow.

(11i)) Let A : C — D be a functor and S a sieve in C which supports a
functorial factorization g = g. o g, for any arrow g in S, such that
ge lies in' S, A(g.) is a cartesian arrow and A(g,) is a vertical arrow.
[Note that if B : C — D' is a fibration and A is a morphism of fibrations
from B to C, then every sieve S containing the cartesian images of all
its arrows admits such a functorial factorization of arrows.] Then any
two objects (f : ¢ = c,a:d— A(d)) and (g : " — ¢, :d — A())
of the category (d | D%) belong to the same connected component if
and only if the objects (f : ¢ — ¢,C(a) : C(d) — C(A())) and
(g:" = ¢,C(B) : C(d) — C(A(")) of the category (C(d) | D§°4)

belong to the same connected component.

Proof (i) This is an immediate consequence of the uniqueness of the filling
arrow in the definition of cartesian arrow.

(i) It is well-known that, since C' is a fibration, every arrow of D can be
(uniquely up to unique isomorphism) factored as a vertical arrow followed
by a cartesian arrow. It remains to show that this factorization is functorial.
But this follows immediately from the universal property of cartesian arrows.

(iii) The ‘only if’ direction is trivial, so we only have to show the con-
verse one. So, let us suppose that (f : ¢ — ¢,C(a) : C(d) — C(A()))
and (g : ' — ¢,C(B) : C(d) — C(A(c"))) belong to the same connected
component of the category (C(d) | D§°4). Given a zig-zag connecting these
two objects, we can obtain, by the functoriality of the factorizations of ar-
rows in S, a zig-zag connecting the objects (f. : dom(f.) = ¢, C(A(f,) o) :
C(d) — C(A(dom(f.)))) and (g. : dom(g.) — ¢,C(A(gy) 0o B) : C(d) —
C(A(dom(g.)))), where the intermediate objects have the form (h : dom(h) —
c,u : C(d) — C(A(dom(h)))) for a cartesian arrow h in S. Now, it is easy
to see, by means of an inductive argument starting from one or the other of
the two extremes of the zig-zag connecting (f. : dom(f.) — ¢, C(A(f,) o @) :
C(d) — C(A(dom(f.)))) and (g. : dom(g.) — ¢,C(A(gy) 0 B) : C(d) —
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C(A(dom(g.)))), by using the cartesianness of the arrows h, that each arrow
u is actually the image under C of an arrow v : d — A(dom(h)) which makes
the relevant triangle commute in the category D. Indeed, suppose given two
objects (r : dom(r) — c,u : C(d') — C(A(dom(r)))) and (s : dom(s) — ¢, v :
C(d') — C(A(dom(s)))) of the category (C(d’) | D§°), where the arrows
A(r) and A(s) are cartesian, related by an arrow ¢ : dom(s) — dom(r) in C
such that r ot = s, in the sense the following diagram commutes:

C(A(dom(r)))

C(A()

x /(Aw)

C(A(dom(s)))

If v = C(p) for some arrow p : d — A(dom(s)) then u = C(A(t)) ov =
C(A(t) o p) and the following diagram commutes:

A(dom(r))
A(t)op A(r)
d A Alc)
\ Als)
A(dom(s))

If u = C(6) for some arrow 0 : d — A(dom(r)) then, by the cartesiannes
of the arrow A(s) and part (i) of the lemma (applied to the cartesian arrow
A(r)), there is a unique arrow p : d — A(dom(s)) such that A(t) o p = 0.
The following diagram thus commutes:

A(dom(r))
/ A(r)
d A A(e)
S -
A(dom(s))

So in both cases we have a lift of the connection between the objects
(r : dom(r) = c,u : C(d') — C(A(dom(r)))) and (s : dom(s) — c,v :
C(d") — C(A(dom(s)))) from the category DS to the category D4.
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So our zig-zag can be lifted to a zig-zag connecting the objects (f. :
dom(f,) = ¢, A(fy) o : d = A(dom(f.))) and (g. : dom(g.) — ¢, A(g,) 0 3 :
d — A(dom(g.))), and hence between the objects (f : dom(f.) — c,a:d —
A(d)) and (g : " — ¢,8 :d — A(")), since (f. : dom(f.) — ¢, A(fy) o :
d — A(dom(f.))) (resp. (g.:dom(g.) — ¢, A(g,) o B :d — A(dom(g.)))) is
in the same connected component as (f : dom(f.) — ¢, : d — A()) (resp.
(g: " —c,B:d— A()).

The last statement of (iii) follows from (ii), since every morphism of
fibrations sends cartesian arrows to cartesian arrows and vertical arrows to
vertical arrows. O

Proposition 4.46. Let A : (C,J) — (D,K), B : (C,J) — (&£,L) and
C:(D,K) — (&, L) be comorphisms of sites related by a natural isomorphism
CoA=™B. If Bis (J,L)-continuous and C is a fibration then A satisfies
the conditions of Proposition /.18 with respect to every J-covering sieve S
which satisfies the property that there is a functorial factorization g = g.o g,
for any arrow g in S such that g. lies in S, A(g.) is a cartesian arrow and
A(g,) 1s a vertical arrow (whence the factorization A(g) = A(g.)oA(gy) yields
‘the” decomposition of A(g) in D as a vertical arrow followed by a cartesian
arrow); that is, for any such sieve S on an object ¢, A(S) is K-covering and
for any commutative square of the form

d A(d)
] lA(f)
A(e") =2 Afe),

where f 1 ¢ — ¢ and g : " — ¢ are arbitrary arrows of S, there is a K-
covering family {d; — d | i € I} such that for each i € I, the composites
d; — A(d) and d; — A(c") belong to the same connected component of the
category (d; | D%).

Proof The fact that S admits a functorial statement as in the statement of
the proposition implies that S which is generated by a presieve P of arrows
f such that A(f) is cartesian (indeed, one can take P to consist precisely
of the arrows g. for g € S). Let us first prove that A(S) is K-covering.
From the existence of an isomorphism C' o A = B and the fact that B is
cover-preserving, it follows that the family {C'(A(f)) | f € S} is L-covering
on C(A(c)). Now, since C' is a comorphism of sites, the sieve S(%C(A(fmfeS})
is K-covering (we refer to section 3.3.1 for the notation). But by Lemma
3.12(iii), since the presieve {A(f) | f € P} entirely consists of cartesian
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arrows, SGoagyresy = (A | f € Physo ({A(f) | f € P}) is K-

covering, as required.
Let us now suppose that we have a commutative square of the form

d—2 A(d)
lf lA(f)
A(e") =2 Afe),

where f,g € S.
Consider the image of this square under the functor C': using the isomor-
phism C' o A = B, we obtain a commutative square

O(d) —— B(¢)
l B(f)
B(") 29 B,

The (J, L)-continuity of B thus ensures the existence of a L-covering family
{ri - e, > C(d) | i € I} such that the composite arrows ¢; — B(c') and
e; — B(") belong to the same connected component of the category (e; |
DZ%). Now, since C is a comorphism of sites, there is a K-covering family
{9 : d. — d | z € Z} whose image under C is contained in the sieve
generated by the family {e; — C(d) | i € I}. So for each z € Z there are an
element i, € [ and an arrow h, : d, — e;_ such that r;_ o h, = C(g,)
We thus have a commutative square

O(d.) — 2% o(A(e))
C(&og=) lC(A(f))
I C(A(g))
C(A(c")) = C(A(0)),

where the objects C'(x o g,) and C(§ o g,) belong to the same connected
component of the category (C(d,) | D§°4). Let us show that the objects
X © g, and £ o g, belong to the same connected component of the category
(d. | D). This will clearly imply our thesis. But this follows from the fact
that, more generally, for any arrows a : d — A(¢) and 5 : d — A(¢") in
D such that C(«) and C(f) belong to the same connected component of the
category (C(d') { D§°4), o and 3 belong to the same connected component
of the category (d' | D§°4), which is an immediate consequence of Lemma
4.45(ii). O
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Corollary 4.47. Let FF : C — &€ and G : D — & be fibrations and H a
morphism of fibrations F — G, that is, a functor H : C — D which sends
cartesian arrows to cartestan arrows and such that there is an isomorphism
GoH<=F. Then H is (ME, M&)-continuous.

Proof Lemma 4.45(iii) ensures that H satisfies the hypothesis of Proposition
4.46 with respect to every sieve which contains all the cartesian images of
its arrows (notice that a sieve has this property if and only if it is generated
by a presieve entirely consisting of cartesian arrows). Now, not every MFE-
covering sieve has this property, but M} is generated by sieves with this
property. So, proving that H is (M}, M&)-continuous amounts precisely (by
Proposition 4.11(iv)) to showing that H satisfies the continuity condition
with respect to all the pullbacks of the sieves with the above property. But
by Lemma 3.12(vii) this class of sieves is closed under pullback, whence our
thesis follows. OJ

Corollary 4.48. Let p : D — D’ be a discrete fibration, K a Grothendieck
topology on D" and F : (C,J) — (D, M¥Y.) a comorphism of sites. Then Fop
s continuous if and only if F is.

Proof Since p is a discrete fibration, every arrow of D is cartesian and
hence, by Proposition 4.46, if F' o p is continuous then F' trivially satisfies
the hypotheses of Proposition 4.13 with respect to every (J-covering) sieve
on C, that is, F' is continuous. Conversely, if F' is continuous then F' o p also
is, since p is continuous being a fibration. O

The following other corollary of Proposition 4.46 shows that the property
of continuity of a comorphism of sites under relativisation. It should be
regarded as a natural companion to Proposition 4.29.

Corollary 4.49. Let F : (C,J) — (D, K) be a continuous comorphism of
sites. Then, for any object ¢ of C, the functor

F/C . (C/C, Jc) — (D/F(C), KF(c))
is a continuous comorphism of sites (C/c, J.) = (D/F(c), Kp(c))-

Proof Since the canonical projection D/F(c) — D is a discrete fibration,
all the arrows of D/F(c) are cartesian. Therefore every sieve S in C trivially
satisfies the property in Proposition 4.46, namely that there is a functorial
factorization g = g. o g, for any arrow ¢ in S such that g. lies in S, A(g.) is
a cartesian arrow and A(g,) is a vertical arrow for any functor A : C — D/
F(c). Our thesis thus follows from the proposition by taking A to be the
functor F'/c, and B to be the composite of F' and the projection functor
C/c — C, and C to be the projection functor D — D/F(c); note that B is
continuous as it is the composite of two continuous comorphisms of sites. [
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The following technical result about morphisms of fibrations will be in-
strumental in the next section, for proving that such morphisms induce lo-
cally connected morphisms of toposes:

Proposition 4.50. Let F : C — £ and G : D — & be fibrations and H a
morphism of fibrations I — G. Then H satisfies the following property: for
any object ¢ of C and arrow g : d — H(c) in D, there is a cartesian (with
respect to F') arrow f : ¢ — ¢ and a vertical arrow v : d — H() such
that g = H(f) o v (note that H(f) is cartesian with respect to G since f is
cartesian and H is a morphism of fibrations). In other words, the cartesian
image of an arrow towards an object in the image of H also lies in the image

of H.

Proof Let o be an isomorphism F' — G o H. Given an arrow g : d — H(c)
in D, consider its image

G(g) : G(d) — G(H(c))

under G. Then its composite with a(c)™! : G(H(c)) — F(c) yields an arrow
G(d) — F(c) in €. The fact that F' is a fibration implies that there is an
isomorphism v : G(d) — F(¢) and a cartesian arrow f : ¢ — ¢ such that
a(e) ™o Glg) = F(f) o .

Now consider the arrow
v F(d) = G(d).

Since G is a fibration, there are a cartesian arrow k : d — d and an iso-
morphism 3 : G(d') — F(c) such that v7' o 3 = G(k). Since k is cartesian
and G(k) is an isomorphism, it follows that & is an isomorphism. On the
other hand, since f is cartesian (with respect to F') and H is a morphism of
fibrations, the arrow H(f) : H(d) — H(c) is cartesian (with respect to G).
Now, we have
G(H(f)) e (a(d) o B) = G(g o k).

Indeed, G(H(f)) o a(c’) o f = ac) o F(f) o B (by the naturality of «), and
a(c)o F(f)o B =G(g)oy ' oB=Gg)oG(k)=Glgok).

So the cartesianness of H(f) implies that there is a unique arrow u : d’ —
H () such that H(f)ou = gok, equivalently g = H(f)o(uok™!). To conclude
our proof, it remains to observe that the arrow u o k! is vertical; but this
follows from the fact that G(uo k™) = G(u) o G(k™) = a(d)ofof oy =
a(c’) o7, which is an isomorphism. O
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Remark 4.51. Given a fibration p : C — D, we denote by C;art the subcate-
gory of C whose objects are the objects of C and whose arrows are the arrows
of C which are cartesian with respect to the fibration p (note that this is a
well-defined category since, for any fibration, identical arrows are cartesian
and the composite of two cartesian arrows is cartesian). Then a morphism
of fibrations H as in the statement of Proposition 4.50 yields by restriction
a discrete fibration C$#"™ — D&™ by the property of H stated in Proposition
4.50.

Notice that, conversely, any fibration p : D — C can be seen as a mor-
phism of fibrations from p to the identical fibration on C (since all the arrows
of C are cartesian with respect to the latter).

4.6 Locally connected morphisms

The class of locally connected morphisms consistutes an important class of
essential geometric morphisms. In light of the results of section 4.3, it is
interesting to investigate them from the point of view of comorphisms of sites.
Recall (see, for instance, section C3.3 of [7]) that a geometric morphism f :
F — & is said to be locally connected if f* has an £-indexed left adjoint. By
Proposition C3.3.1 |7], a geometric morphism f : F — & if locally connected
if and only if, for any arrow h: A — B in &, the square

EJA—" /B
l(f/A)* l(f/B)*
N My (ny M
F/f(A) —=F/[*(B),

where IIj, and IIz+ () are respectively the direct images of the geometric mor-
phisms £/A — £/B and F/f*(A) — F/f*(B) induced respectively by h
and by f*(h), commutes.

Let us preliminarily notice that if f : F — & is essential then f/FE :
F/f*(E) — E/E is also essential for every object E of £. Indeed, if f
is left adjoint to f* then the functor F/f*(E) — &/FE sending an object
ly:Y — f(E)] of F/f*(E) to the object [eg o fi(y) : i(Y) — EJ, where
eg : [i(f*(F)) — E is the component at F of the counit € : fio f* — 1 of
the adjunction between f, and f*, and acting on arrows in the obvious way,
is left adjoint to (f/E)*.

In light of this observation, we can rephrase the above condition in terms
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of the left adjoints, as follows: for any arrow h: A — B in &, the square

Flf () e /B
l(f*(h))* Lh*
FIfH(4) €] A

commutes. We shall refer to this condition as I‘fl.

Remark 4.52. Recall that every local homeomorphism (that is, geometric
morphism of the form U% : £/E — & for some object E of a topos £) is
locally connected. Notice that, for any arrow u : £/ — E in a topos &, the
geometric morphism U : £/E" — £/F induced by it (whose inverse image is
given by the pullback functor along u) is a local homeomorphism (since it can
be identified with the functor UE{EB,_}E]). Let us denote by X¢ the essential

image of U¢, that is, the functor £/E' — £/E acting as composition with
u. Given an arrow h:[a: A — E] — [b: B — E] in £/F, that is an arrow

h: A — B in & such that bo h = a, condition Fg’f rewrites as follows: given
pullback squares

A A A and B 2. B
L b

the diagram

£

Eu
E/B ~—~¢/B

l(U* (h)* lh*
»nE

EJA “E/A

commutes. In the case b = 1g, the arrow h is simply an arrow a : A — F
and this square specializes to the following one:

o4

E/E £/E

L(U*(a))* la*
»nE

EJA A E/A.

Note that the commutativity of this square ultimately results from the
pullback lemma.
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Proposition 4.53. Let f : F — & be an essential geometric morphism
between Grothendieck toposes and h : A — B an arrow of €.

(i) For any epimorphic family {f; : Ay — A |i € I} in &, T} holds if and
only if Fiofi holds for every i € I.

(it) For any epimorphic family {g; : B; — B |j € J} in &, F£ holds if and
only if Fg*(h) holds for every j € J.

Proof (i) From the fact that the canonical indexing of a Grothendieck topos
over itself is a stack with respect to the canonical topology it follows that

the square
(f/B)

F/f*(B) £/B
l(f*(h))* Lh*
FIfH(4) £ A
commutes if and only if each of the outer rectangles
F/f(B) /B
L(f*(h))* jh*
F/f(4) g A
l(f*(fi))* jfi*
FIf(4) g4,

does. But this rectangle is precisely the square corresponding to the arrow
h o f;. This shows that the commutativity of the square with respect to an
arrow h is equivalent to that of all the squares with respect to the arrows of
the form h o f; for i € I.

(ii) Let us preliminarily notice that, for any epimorphic family {¢; : C, —
C' | k € K} in a Grothendieck topos &, the family of functors {3 : &£/
Cyx — &£/C'} satisfies the property that for any two colimit-preserving functors
H,K : £/C — F, there are isomorphisms H o Efk =Ko Efk satisfying the
obvious coherence relations if and only if H = K. Indeed, for any object
[u:U — C] of £/C, consider the pullback squares

U, — 2 U
-
C, o C.
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Since the family {&, : Uy — U | k € K} is epimorphic, denoting by S,
the sieve generated by the family {& : Uy — U | k € K}, we can represent
[u: U — C] as the colimit in £/C of the diagram D, : [ S — &£/C which
sends any object (Z,z : Z — U) of [ S, to the object [uoz: Z — C] of
E/C. So, for any colimit-preserving functors H and K as above, H([u])
K([u)) it H o D, = K o D,. Now, we have such isomorphisms H o D,
K o D, by the coherence relations existing by our hypotheses between the
isomorphisms between the functors H o ka and K o ka. Moreover, these
isomorphisms H([u]) & K([u]) (note that any object in the image of D,
belongs to the image of some XZ ) are clearly natural in [u: U — C] € £/C,
which establishes our claim.

Now, given, for each 7 € J, the pullback square

[raie

hj=g;(h)
A; B;
lh*(gj) lgi
A h B,
consider the following cube:
N (f/B)
F/f(B) £/B
Ef*(.‘lj) Egj
(f*(h)*
" (f/Bjh h*
F/f(B;) » £/B;
hj
(f*(hy))* + +
FIA) g €/4A
3 Ahwj» 3 /E;*um
F/F(4) G €14

We want to show that the back square is commutative (that is, F£ holds)
if and only if the front square is for each j € J (that is, if and only if Fg*(h)
J

holds for each j € J). This follows from the above preliminary remark and
the fact that all the other squares in the cube commute. More specifically,
the lower and upper squares commute since the squares obtained by taking
the right adjoints of all functors commute, while the left-hand and right-
hand lateral faces commute since they are commutative squares associated
with local homeomorphisms of toposes (cf. Remark 4.52). O
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Corollary 4.54. Let (C,J) be a small-generated site and f : F — Sh(C, J)
an essential geometric morphism. Then f s locally connected if and only
if F{(g) holds for every arrow g in C (where | is the canonical functor C —

Sh(C, J)).

Proof Let h:@Q — Q' be an arrow in Sh(C, J). The object Q" of Sh(C, J)
can be represented as colimgnc,/) (I © mg/); we shall denote by &) : l(c) —
@' the colimit arrow corresponding to the object (¢,z) of [@’. Then, by
Proposition 4.53(ii), Fi holds if and only if Fé} " holds for every object

(c,z) of [@Q'. Now, every arrow k : Q" — I(c) in Sh(C, J) can be locally
represented in terms of arrows of the form I(g) for g an arrow of C with
codomain ¢, since Q" can be covered by objects of the form I(¢) for ¢ € C
and then one can apply Proposition 2.5(1). So Proposition 4.53(i) ensures
that f is locally connected (that is, F£ holds for every h) if and only if Flf(g)
holds for every arrow ¢ in C, as required. |

We shall now proceed to identify necessary and sufficient conditions on
a (J, K)-continuous comorphism of sites (C,.J) — (D, K) to induce a locally
connected geometric morphism Sh(C, J) — Sh(D, K).

Suppose that f is the geometric morphism Cp : Sh(C,J) — Sh(D, K)
induced by a comorphism of sites F' : (C,J) — (D, K). Given an arrow
h:@Q — @ in [D°P Set], we have to investigate under which conditions the
square

Sh(C, J)/(Cr)*(axe (@) T

l(cpw(h)))*
Sh(C, J)/Cr(ax(Q))

Sh(D, Kf/aK(Q')
ag(h)*

Cr/arg (@)
OO gh (D, K) fax (Q)

relative to the arrow ax(h) in Sh(D, K') commutes.

Notice that if F'is (J, K')-continuous then by Theorem 2.2 [6] and Proposi-
tion 4.28, this square is isomorphic to the following one, where p, (resp. p)
is the (Jgopor, Jg)-continuous (resp. (Joroper, Jor)-continuous) comorphism
of sites ([(Q o FP), Jgoper) — ([ Q,Jg) (resp. ([(Q" o F°P), Jgioper) —
(J @, Jg)) of Proposition 4.29:

(Cr N
Sh([(Q' o F°?), Jgropor) < Sh([ Q' Jo)
l(c_{ npop)” l(cfh)*

(C )

Sh([(Q o F°P), Jgore) ———Sh([ Q, Jo)
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The following result provides an explicit characterization of the conti-
nuous comorphisms of sites ' whose associated geometric morphism Cp is
locally connected. In order to state it, we need to introduce the following
constructions.

For any pair (c,z) consisting of an object ¢ of C and an element z of
Q' (F(c)), and any arrow h : Q) — @ in [D°P, Set], we define two categories
A‘E’fgl) and B?("fg ) as follows:

(1) The objects of AZ(’CD;;Z) are the triplets (¢, y, f) where ¢’ is an object of
C, y is an element of Q(F(¢')) and f : ¢ — c is an arrow of C such that
hE(E)(y) = QF(f))(x).

The arrows (c1,y1, f1) = (c2, Y2, f2) in A%’CDI(;L) are the arrows ¢ : ¢; — ¢
in C such that fo ot = f; and Q(F(t))(y2) = 1.

(2) The objects of BZ(’CDQSL) are the triplets (d, z, g) where d is an object of D,
z is an element of Q(z) and g : d — F(c) is an arrow of D such that
hd)(z) = Q'(g)().

The arrows (dy, z1,91) — (da, 29, g2) in Bé’fx) are the arrows s : d; — ds
in D such that go 0 s = g1 and Q(s)(z2) = 2.

The categories A?E’CDQE;L) and Bz’fx) are related to each other by a functor

yp(h) yp (h
g(C J»‘) 'A(C ) B(C x)

sending any object (¢, y, f) of A?D(h) to the object (F( )y, F(f)) of B?CDI

and any arrow s : (c1,v1, f1) = (c2,¥2, f2) in .AyD to the arrow F(s) :

(F(c1), 1, F(f1)) = (F(c2),y2, F(f2)) of B?CDI
As we shall see in the proof of Theorem 4.55, the Categories Az("fx) and

Bé’fgﬁ are actually fibered over D. We shall denote by a AyD — D the

functor sending any object (¢, y, f) of A%fx to the obJect F(c ) of D and any

arrow s : (c1,y1, f1) — (¢2, 92, f2) in A cm) ) to the arrow F(s): F(c1) = F(e2)
of D, and by bl(’fg) : B?fx;z) — D the canonical projection functor. In fact,

gzycox(;t) is a morphism of fibrations a"(’fggl) — b?gf :SL)

Let us now consider the particular case in which the arrow h: Q — Q' is
of the form yp(h) : yp(dy) — yp(dy), where h : dy — d; is an arrow in D.
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(1) The category Az(’fgl), where ¢ is an object of D and x is an arrow F(c) —

dy in D, has as objects the triplets (¢, y, f) where ¢ is an object of C,
y is an arrow F(¢) — dp in D and f : ¢ — c is an arrow of C such
that z o F'(f) = h oy, and as arrows (c1,y1, f1) — (2,2, f2) the arrows
t:c1 — co in C such that foot = f; and yo 0 F(t) = y1.

(2) The category B?fx()h) has as objects the triplets (d, z,g) where d is an
object of D, z is an arrow d — dp in D and g : d — F(c) is an arrow
of D such that z 0 g = ho z, and as arrows (dy, z1,91) — (d2, 22, ¢2) in

BE’CDJSZ) the arrows s : d; — dy in D such that goos = ¢; and 2305 = 2.

(3) The functor

yp(h) . _yp(h) yp(h)
Ser) ey 7 Diea)

sends any object (¢, y, f) of A?(fo(?) to the object (F\(¢),y, F'(f)) of Bz’fg)

and any arrow s : (c1,y1, f1) = (¢, Y2, f2) in A?fx) to the arrow

F(S) : (F(Cl)vylaF(fl)) — (F(02)7y27F(f2))

yp (h)
of B(m) )

Theorem 4.55. Let F : (C,J) — (D, K) be a continuous comorphism of
small-generated sites. Then the following conditions are equivalent:

(i) The geometric morphism Cg : Sh(C,J) — Sh(D, K) induced by F is

locally connected.
(ii) For any arrow h : Q — Q' in [D°P Set], the morphism of fibrations

yp(h) . _yp(h) yp(h)
Ser) ey — Viea)

to D satisfies (together with the identical natural transformation a%fx) —

byD(;L) ogé’fgﬁ(?)) the ‘cofinality’ conditions of Proposition 2.21, that is (cf.

(e,
Remark 2.22(b)), using the notation of the proposition, the following
conditions:

(1) For any object (d, z, g) of the category BE’?X) there are a K-covering
family {g; : d; — d | i € I} and for each i € I an object
(¢iyyi, f3) of the category Al(’fg) and an arrow s; : d; — F(¢;) =
a0 (i, yir £)) = 0P ERD (e £:))) = B (F(ci), i F(£)
such that (g; : d; — d = b?fx)((d,z,g)),si s d; = F(g) =
b2 (F(ei), i, F(f3))) belongs to R,
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(ii) For any object d of D and any arrows o : d — az(lcf”x(;l)((a,y, f) =

F(a) and j : d—>ayD ((by ) = F(b) in D such that (a : d —

PO (Fa)y s PN = Flah (3 d - W2O(F Q). o', F() -
F(b))) belongs to Rl there is a K-covering family {g; : d; — d |

i € I} such that (o g; = dj — az(’sx)((a,y,f)) = F(a),(Bog :

d; — b?(fgl)((b, Y, f) = F(b))) belongs to Ry.

(111) For any arrow h : dy — dy in D, object ¢ of C and arrow x : F(c) — dy,
the following conditions hold:

(a)

(b)

For any object (d, z, g) of the category B?fgg)h) there is a K-covering
family {g; : d; — d | © € I} and for each i € I an object (¢;,yi, fi)
of the category e (?) and an arrow

sitd; = F(e) = aﬁfx)((cz’,ym fi))

such that
g di = d=0"0((d, 2,9))

(c,z)

and

st di = Flei) = b2y ((F(ei), i F(1))
belong to the same connected component of the category (d; | bz("fgl ).

For any object d of D and any arrows « : d — al(m(;l)((a,y, f) =
F(a) and 8:d — a?fi? ((b,y', ") = F(b) in D such that

o d— B2V ((F(a),y, F(f)) = F(a)

(c,x)
and

B:d—= b (FO).y, F(f) = F(b)

belong to the same connected component of the category (d | b (c x) )
there is a K-covering family {g; : d; — d | i € I} such that

aogitdi— al”((ay, f) = F(a)

and

pfog:d;— byD(h)((ba y', f) = F(b)

belong to the same connected component of the category (d | a h))

(e,x)
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Proof (i) < (ii) As we observed at the beginning of this section, Cp is
locally connected if and only if for every arrow h : Q — Q' in [D°P, Set], the
square
(C,F )
Sh([(Q" o FP), Jgrorer) h(f @', Jo)

L(C]'hFOP)* . l(cj'h)*
Sh([(Q o F°P), Jgoro») © —~Sh([Q,Jg)

commutes, that is, if and only if the canonical arrow

(Cpg)ro (Cpppor)” = (Crp)™ o (Cyr s

le

is an isomorphism.

Since all the functors appearing in the above square are colimit-preserving,
this arrow is an isomorphism if and only if for every object (¢, z) of the ca-
tegory [(Q'o F°P), the canonical arrow

((Cps>' © (CfhF°P>*)(lf(Q’oF°P)<(C7 ZE))) - (th)* o (Cpg/)!af(Q’oFOP)((C? .I)))

is an isomorphism.
Now, since [ hF*°P is a comorphism of sites (cf. section 3.3), we have

(Crnper) (L (@rorer) (6, 2))) = Qg pon (Y (@rorer) (¢, 7)) 0 (REP)P).
So, by Corollary 4.25(iii),
((Cpp)io(Craron) )1 p(@roror) (¢, ) = g (Lan e (Y (qrorer) (¢, 7))o (REP)P))

(where Lan denotes, as usual, the relevant left Kan extension functor).

On the other hand, since F' is continuous by our hypothesis, pg, is also
a continuous comorphism of sites ([(Q' o F°P), Jgoper) — ([ @', Jg) (by
Proposition 4.29) and hence by Corollary 4.23

(o U y@raron (e.2))) = (1 gr 0 P )( () = g (ug (P (), ).
So, since [ h is a comorphism of sites (cf. section 3.3),
(Cpn) ((Cpp )Ly (@rorer)((€:2)))) = g (yy o ((F o ([ h)P)

Next, we note that the discrete fibration associated with the presheaf
Lan F)OP(yf @orory((c,2))o(RFP)P) on [ Qs precisely the canonical functor

A?f — | Q (sending an object (¢, y, f) of cx) ) to the object (F(c),y) of
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J @), while the discrete fibration associated with the presheaf Yo ((F(c),x))o

(J )P on [ @ is the canonical projection functor B(C w) — [ Q. Moreover,
the canonical arrow

(Cop)ro (Cpnrer) ) p@orer)((¢:2))) = (Cpa)™ 0 (Cpr 1l j(@rorer) (€, 7))

yo(h) A%Da(:) ByD (%) introduced above. So this

(e,x) (c,x)
arrow is an isomorphism if and only if the pair (f‘z’fx ) 1[ AP0 Q)
z)

the conditions of Proposition 2.21. But by Propos1t10n 4. 32 this holds if and

is induced by the functor &

satisfies

only if (§yf3§h ,1[AyD(;,> D}) satisfies them, where f is regarded here as a
morphism of fibrations az(m(gl) — byD to D. This concludes the proof of our
thesis.

(ii) < (iii). Condition (iii) is the particular case of (ii) for the arrows of
the form yp(h) where h is an arrow in D. The fact that it is equivalent to
the general condition follows from Corollary 4.54. U

It is instructive to apply Theorem 4.55 in the context of essential geome-
tric morphisms between presheaf toposes induced by a functor. The problem
of obtaining necessary and sufficient conditions for such a morphism to be lo-
cally connected, to which the next corollary provides a complete solution, was
judged “hard” by Johnstone in [7] (see page 653 therein), who only provided
partial sufficient conditions.

Corollary 4.56. Let F' : C — D be a functor. Then the geometric morphism
E(F) :[C°",Set] — [D, Set]

induced by F is locally connected iof and only if for any arrow h : dy — dy in
D, object ¢ of C and arrow x : F(c) — dy in D, the following conditions hold:

(a) For any object (d, z,q) of the category Bé’fx) there is an object (¢, vy, f)

of the category A?fgl) and an arrow

sid— F(d)=a”0((,y, 1))

such that
Latd—d=57((d, 29)
and

s:d— F(d) =05 (F(d),y, F(f))

belong to the same connected component of the category (d | b’" h))

(e,x)
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(b) For any object d ofD and any arrows o : d — az(/sg)((a,y,f)) = F(a)
and f:d — a(m) ((b y', ") = F(b) in D such that

o d— b ((F(a),y, F(f))) = Fla)

and
81 d— 02O (FB), o, F())) = F(b)
belong to the same connected component of the category (d | b?fx?))

a:d— a®V((a,y. f) = Fla)

and

Bd— b0 b,y f) = F(b)

belong to the same connected component of the category (d | a(c S))

Remark 4.57. Condition (a) of Corollary 4.56 is satisfied if for any object
(d, z,g) of the category Bé’fg) there is an object (c,y, f) of the category

A‘E’fgl) and an arrow
sid— F(d)=a” (v, f))

such that z = yos and g = F(f)os. Note that this condition is always satis-
fied if F' is a fibration (in which case s can be taken to be an isomorphism).

Corollary 4.58. Let F' : C — D be a fibration and K a Grothendieck topology
on D. Then the geometric morphism Cr : Sh(C, ME) — Sh(D, K) induced
by F, regarded as a (continuous) comorphism of sites (C, ML) — (D, K), is
locally connected.

Proof Asobserved in Remark 4.57, condition (a) of Corollary 4.56 is satisfied
by F, so it only remains to show that also condition (b) holds.
To establish this, we show that any zig-zag connecting two obJects a:d—

oicey (,1)) = B ((F(@), 0, F(9) = Fla)and 8 d = a2 (01, 1) =
byDgc) ((F(b),y : F(f/))) _ F(b) in the category (d i bg(jsm) ) can be ‘lifted’ to

(c,
a zig-zag connecting them in the category (d | al(’fgl)). Note that we can

suppose without loss of generality the arrows f and f’ to be cartesian (at the
cost of possibly replacing them with their cartesian images, which does not
affect the connected component at which the given object belongs).

Given an arrow 8 : d — aZ(JD(;”)((a v, ) = b2 (F(a),y, F(f)) = Fla)

byD

in D and an arrow v : d — ((d/ z,g)) connected to it in the category

(d | b%fgl)), there are two basm cases:
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(1) There is an arrow s : (F(a),y, F(f)) — (d', z,g) in the category B?fgg;l)
such that sod = ~;

(2) There is an arrow t : (d',z,9) — (F(a),y, F(f)) in the category B(w
such that t oy = 4.

Let us show that in each of this cases we can lift this connection to a
connection in the category (d | az("f”gl)).

(1) Note preliminarily that, since s : (F(a),y, F(f)) — (d, z, g) is an arrow
in the category Bf’;’é?), we have gos = F(f) and z0s = y. Since F
is a fibration, there are an isomorphism 7 : F'(a') — d’ and a cartesian
arrow k : a’ — a such that go 7 = F(k). Now, since k is cartesian
and F(k) o (1710 s) = F(f), there is a unique arrow h : a — d
in C such that F(h) = 7' os and koh = f. Therefore h is an
arrow (a,y, f) — (a’,z o 7,k) in the category AZ(JCDQE;L) which connects

6:d— az(":x)((a,y,f)) = F(a) with F(h)od :d — ag(jfg)((a’, zoT,k))
and which ‘lifts’ our given connection in the sense that F'(h)od :d —

a?(”D(h)((a’ zoT,k)) = pvr( )((F(a’) Z0T, F(k:))) is isomorphic in the

¢,x) (e,x)

category (d | byD(h ) to the object v : d — byD ((d’ 2,9))-

(2) Note preliminarily that, since t : (', z, g) — (F(a),y, F(f)) is an arrow
in the category Bé’gg), we have yot = z and F(f)ot = g. Since F is

a fibration, there are an object a” of C, an isomorphism y : F(a") — d’
and a cartesian arrow u such that ¢t o y = F(u). Then t is an arrow
(a",yo F(u), fou) — (a,y, f) in the category A?EJCDJE;Z) which connects

0+ d = al”P((a,y.f)) = Fla) with x oy : d = a”)((a",y o
F(u), f ou)) and ‘lifts’ our given connection in the sense that y~! o

yod = a0 ((a"y o F(u), f ou)) =a§’f§?><<F< "),y o F(u), F(f o

w))) is isomorphic in the category (d | b(cz )) to the object v : d —
e (2, 9)).

Note that all the ‘lifts’ constructed in this way have automatically the
property that the arrow in the third component is cartesian (both k& and
u are taken to be cartesian). Now, by inductively applying the argument
starting from one of the extremes of the zig-zag connecting the two given
objects, we are eventually led to an arrow in the category ByD(?) under d
between the object at the other extreme of the mg—sag and an object in the
image of the canonical functor (d | ayD ) (d] bé’fx ), whose arrow in the
third component is cartesian. Now, snmlarly to the proof of Lemma 4.45(iii),
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the cartesianness of the arrows in the third components of these two obJects
ensures that the arrow in ByD() actually lifts uniquely to an arrow in A@(’D(;L
satisfying the required commutativity conditions. This completes the lift of
the zig-zag and hence our proof. OJ

4.7 The relative comprehensive factorization

Recall that a geometric morphism f : F — & is said to be connected if
f* is full and faithful. We shall say that an essential geometric morphism
f:F — & is terminally connected if fi(1x) is the terminal object of &.

As observed in the proof of Lemma C3.3.3 [7], if f is connected then
the counit of the adjunction (f; 4 f*) is an isomorphism and hence f(1) =
fi(f*(1)) =21, that is, f is terminally connected. By that lemma, if f is locally
connected, then f is connected if and only if it is terminally connected.

We will need the following result (where, given a topos £ and an object A
of it, we shall denote by U, the canonical local homeomorphism £/A — &,
whose inverse image U} sends any object X of £ to the object [A x X — X]

of £/ A given by the canonical projection arrow):

Lemma 4.59. Let A be an object of a topos £. Then, for any topos F, the
geometric morphisms g : F — £/ A correspond bijectively to the pairs (f, ),
where [ is a geometric morphism F — £ and « is an arrow 1x — f*(A) in
F (naturally in A and F). More specifically:

e given a geometric morphism g : F — £/ A, the pair associated with it
is (Uaog,ay), where oy = 1x — g*(U4(A)) is the arrow g*(Ay), where
Ap:leg/a = Ui(A) is the arrow given by the diagonal A — A x A on
the object A;

e given a pair (f,«) consisting of a geometric morphism f : F — & and
an arrow « : 1x — f*(A), the geometric morphism fo : F — EJA
corresponding to the pair (f,«) is defined by setting, for any object [x

X — A] of E/A, fi([zx]) — [*(X) equal to the equalizer of the arrows
aoly(x)y and f*(x) (where g+ (xy is the unique arrow f*(X) — 1x).

Proof The proof is a straightforward consequence of the following easy-to-
prove fact: any object [z : X — A] of £/A can be canonically identified, via
the monomorphism [z] — Uj(X) given by the arrow < z,1x >: X — Ax X,

with the equalizer of the arrows Uj (), Axolys(x) : Ui (X) 2 Ui(A), where

Ay :1e/a — Uj(A) is the arrow given by the dlagonal A— AxAon A and
lus (x) is the unique arrow Uj(X) — 1g/a. The details are straightforward
and left to the reader. O]
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Remark 4.60. For any geometric morphisms g : F — E/A, ¢ : F' = E/A
and h : F' — F such that go h = ¢/, we have ay = h*(ey,). In particular,
for any composable geometric morphisms g and h, we have

Qgon = h* ().

The following result is a generalization and a strengthening of Lemma
C3.3.4 [7]:

Proposition 4.61. Terminally connected morphisms are orthogonal to local
homeomorphisms in the 2-category of Grothendieck toposes; that is, for any

commutative square

F—1 ¢

el
m -7 n
.
3
.

G2 A,
where f is terminally connected and g is a local homeomorphism, there exists
a morphism k : € — G (unique up to unique 2-isomorphism) making both
triangles commute.

Proof Since g is a local homeomorphism, we can suppose it to be of the
form Uy : H/A — H for some object A of H. By Lemma 4.59, the geometric
morphism m corresponds to an arrow a : 1x — (gom)*(A) = (no f)*(A) =
f*(n*(A)). Again by the Lemma, giving a geometric morphism k : £ — G
such that g o k = n corresponds to giving an arrow  : 1l¢ — n*(A) in £.
By Remark 4.60, the commutativity condition k o f = m can be formulated
in terms of pairs corresponding to these morphisms via Lemma 4.59 as the
condition f*(5) = . We thus have to show that there is exactly one arrow
B :1g = n*(A) such that f*(8) = a. If we apply the functor f to the equality
f*(B) = a, we obtain the equality fi(f*(5)) = fi(a). But the naturality of
the counit € of the adjunction between f* and f; implies the commutativity
of the diagram

A (1g)) =20 g (e (4))

lqg l%*(A)

1e b s n*(A),

which forces, since fi(f*(lg)) = 1¢ and €;, = 1;,. by the terminal connected-
ness of f, B to be equal to the arrow €,-(4y o fi(f*(8)), in other words to the
transpose 1g = fi(1lg) — n*(A) of the arrow a. O
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The following result generalizes Proposition C3.3.5 [7].

Proposition 4.62. Any essential geometric morphism can be factored, uni-
quely up to equivalence, as a terminally connected morphism followed by
a local homeomorphism. In particular, an essential geometric morphism
f+F — & factors as a terminally connected morphism f' : F — E/fi(1)
followed by the canonical local homeomorphism Uy 1y : £/ fi(1) = E.

Proof The uniqueness of the factorization follows from Proposition 4.68,
so it remains to prove its existence. If A = fi(1) and « is the component
at 1 of the unit 1 — f* o f; of the adjunction between f; and f* then the
geometric morphism f, associated with the pair (f, «) as in Lemma 4.59 is
essential and its essential image (f,) sends any object F' of F to the object
[fillp) « fi(F) = f(D)] of £/f1(1) (where ! is the unique arrow F — 1).
Indeed, it is immediate to see that, under the identification of f*([z]) with a
subobject of f*(X), the natural bijection

Homgz(F, f*(X)) = Homg(fi(F), X)
restricts to a bijection

Homz(F, fo([z])) = Home,s1) (fi(F), x)

(for any object z : X — fi(1) of £/£i(1)).

In particular, (f,) sends 1 to the terminal object of £/fi(1), that is f, is
terminally connected. Moreover, composing f, : F — &/ fi(1) with the local
homeomorphism &/ fi(1) — & yields precisely f, as required. O

Remark 4.63. The composite of any local homeomorphism with a termi-
nally connected morphism is always an essential geometric morphism.

The following result enlightens a link between relative cofinality of a con-
tinuous comorphism of sites and terminal connectedness of the associated
geometric morphism:

Proposition 4.64. Let F' : (C,J) — (D, K) be a continuous comorphism
of small-generated sites. Then the geometric morphism Cg : Sh(C,J) —
Sh(D, K) induced by F' is terminally connected (resp. connected and locally
connected) if and only if F is K-cofinal (resp. F is K-cofinal and satisfies
the conditions of Theorem 4.55).

Proof Since F is continuous, we have
(CF)[(l) = (C’F)!(ColimSh(ch)(l)) = COlim(l/ ¢) F),

whence our thesis follows from Corollary 2.24. O
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Proposition 4.62 will allow us to interpret in terms of a topos-theoretic
invariant the comprehensive factorization of a functor, as introduced in [13].

Recall that discrete fibrations on a category D correpond precisely to
presheaves on D.

Definition 4.65. We say that a discrete fibration p : & — D is K-glueing
if the presheaf corresponding to it is a K-sheaf, equivalently, if for any K-
covering sieve T' on an object d of D, the map

Fibp(D/d,p) — Fibp([ T,p)

is a bijection (where Fibp(—, —) denotes the set of morphisms of fibrations
over D).

Given a category C, we define Cat//C to be the category whose objects
are the functors with codomain C and whose arrows (F': A — C) — (F':
B — C) and the pairs (G, «), where G is a functor A — B and « is an
isomorphism F' — F’ o G (with the obvious notion of composition between
them).

The following result clarifies the identification between sheaves and the
associated discrete fibrations.

Proposition 4.66. Let (C,J) be a small-generated site. Then the functors
U:Sh(C,J) — Cat//C

and

V : Cat//C — Sh(C, J)

which send respectively a J-sheaf P on C to the associated discrete fibration
mp: [P—C
and a functor F': A — C to the K-sheaf
Fi := colimgnc,/)(lc © F)

on D (and act on arrows in the obvious way) are adjoint to each other (U on
the right and V' on the left), and this adjunction restricts to an equivalence
between Sh(C, J) and the full subcategory of Cat//C on the discrete J-glueing
fibrations.

Proof Straightforward and left to the reader. O
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Given a functor F' : C — D, we can associate with it, as in Proposition
4.66, the K-sheaf Fx = colimgnmp,x)(I' o F).

Note that there is a canonical functor &5 : C — [ Fi such that mp, ok =
F (which assigns to each object ¢ of C the element of F corresponding to
the colimit arrow I'(F(¢)) — Fk indexed by the object ¢). As we shall see
below, the functor &5 is ML*-cofinal. This motivates the following

Definition 4.67. Let F' : C — D be a functor and K a Grothendieck
topology on D. The K-comprehensive factorization of F' is given by the

composite F o £F:
C a > D
\éfi WV
J F
Proposition 4.68. The following orthogonality property of cofinal functors

with respect of glueing fibrations (along continuous functors) holds: for any
commutative square

A———C

F
4
-
.
lu G - l’u
-
-

Bt ¢
where C and C" are respectively endowed with Grothendieck topologies J and J'
such that v is (J, J')-continuous, F is J-cofinal and p is a J'-glueing discrete
fibration, there is a unique (up to isomorphism) functor G : C — B which
makes both triangles commute (up to isomorphism,).

Proof Since p is J'-glueing, by Proposition 4.66 giving a functor G : C — B
such that p o G = v amounts precisely to giving an arrow

COlimSh(C/’,]/)(lcl o U) — Pp,

where P, is the J'-sheaf corresponding to p as in the proposition.
By Proposition 2.27,

colimgn(cr, ) (ler 0 v) = colimgn(er, ) (ler 0 v 0 F') = colimgner y1y(ler 0 p o ),
and we clearly have an arrow
colimgncr jn) (ler 0 p o u) — colimgner j1y(ler 0 p) = Py
induced by u, so by composition we obtain an arrow

COthh(C/,J’)(lC/ o U) — Pp.
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It is immediate to see, by exploiting the adjunction of Proposition 4.66,
that the functor G corresponding to it satisfies, besides the condition po G =
v, the relation G o F = u.

It remains to show the uniqueness (up to isomorphism) of a functor G' ma-
king the two triangles commute. This can be deduced from the (2-)universal
property of the comma construction, noticing that for any discrete fibration
p: B — C" associated with a presheaf P, on C’, the following diagram, where
1 is the category with one object and one morphism and * is the functor
sending this object to the singleton 1get, is a comma square in Cat:

Bop PP s C°P

l lpp

11— Set.

Indeed, p°P : B°P — C'°" is isomorphic to 7p, P : [ P,”" — C'°", which
is in turn isomorphic to the opposite of the canonical projection functor
(x } Py) = C' (ct. the proof of Theorem 4 [13]). From this universal property
and the fact that p (equivalently, p°?) reflects isomorphisms, it thus follows
that for any category Z and any functors 2y, Zs : Z — B°P, if there is an
isomorphism x : p°? o Z; = p°? o Z such that P,x is the identity natural
transformation on the functor *o!z, where !z is the unique functor Z — 1,
then Z; and Z; are naturally isomorphic. O

Remark 4.69. If J and J’ are the trivial Grothendieck topologies then
the orthogonality property of Proposition 4.68 specializes to the well-known
orthogonality property of cofinal functors with respect to discrete fibrations,

first established (in the dual form of initial functors and discrete O-fibrations)
in [13].

Proposition 4.70. Let F' : C — D be a functor and K a Grothendieck
topology on D.

(i) The K-comprehensive factorization of F' is characterized by being the
unique (up to equivalence) factorization of F as a M¥y--cofinal functor
C — & followed by a K-glueing fibration p : £ — D.

(ii) If F is a continuous comorphism of sites (C,J) — (D, K) then & :
(C,J) = ([ Fre, M) and Fr : ([ Fx, Mg®) — (D, K) are con-
tinuous comorphism of sites and Cp = Cp, © Off} 18 the terminally

connected-local homeomorphism factorization of the geometric morphism
Cr :Sh(C,J) — Sh(D, K) (cf. Proposition 4.62).
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Proof (i) Recall that we have

First, let us show that the functor ¢ : C — [ Fy is MpX-cofinal. By
Corollary 2.24, ¢E is ]\/[[I?K—coﬁnal if and only if the unique arrow

COlimSh(CJ) (lf Fp © le() — 1Sh(f FK,M;;K)

)1 reflects isomorphisms (as it is isomor-
K)

is an isomorphism. Now, since (C’WFK

phic to the essential image of the geometric morphism UEE(D’ , namely the

forgetful functor Sh(D, K)/Fx — Sh(D, K)) and the square

[ Fy e D
lfFKl Ip
r (C”FK)!
Sh( [ Fy, ME¥) Sh(D, K)

commutes (since 7, is a continuous comorphism of sites ([ Fr, M7¥) —
(D, K) — cf. Corollary 4.23), the above arrow is an isomorphism if and only
if its image

(Copy colitmgne (U © E6)) = (Crn gy 1y arf)
under (C

wr, )1 18 an isomorphism in Sh(D, K)). But this arrow is (isomorphic
to) the canonical one

COlimSh(D’K)(lD o F) — Fk,

and this is an isomorphism by definition of F}. This argument, rewritten for a
general factorization of F' as a K-glueing fibration p : £ — D composed with
a Mr-cofinal functor C — £, shows that p must necessarily be isomorphic to
Fy. The uniqueness of a M1*-cofinal factorization of F through 7z, follows
from Proposition 4.68.

(i) First, we notice that Fx : ([ Fr, M%) — (D, K) is a continuous
comorphism of sites since F' : (C,J) — (D, K) is, by Proposition 4.48. To
conclude our thesis, it thus suffices to show that Fix induces a terminally con-
nected geometric morphism and that 7r, induces a local homeomorphism.
But the first claim follows from Proposition 4.64, while the second follows
from the equivalence of section 6.7. 0
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Remark 4.71. In the case K is the trivial topology on D then M?. is also the
trivial topology (for any fibration p), so the K-comprehensive factorization

of F specializes to the opposite of the usual comprehensive factorization (in
the sense of [13]).

5 Denseness conditions and equivalences of to-
poses

Definition 5.1. A morphism of sites F': (C,J) — (D, K) is said to be dense
if it satisfies the following properties:

(i) Pis a J-covering family in C if and only if F'(P) is a K-covering family
in D;

(ii) F is K-dense in the sense that for any object d of D there exists a
K-covering family of arrows d; — d whose domains d; are in the image
of F;

(iii) for every c¢j,co € C and any arrow g : F(c¢;) — F(cg) in D, there
exist a J-covering family of arrows f; : ¢, — ¢; and a family of arrows
k; : ¢, — c9 such that g o F(f;) = F(k;) for all 1.

Remark 5.2. This definition is adapted from section 11 of [14], where a
functor F' : C — D is defined to be a dense morphism of sites if it satisfes
the three conditions above plus the following one (which we shall call J-
faithfulness in section 5.3):

(iv) for any arrows fi, fa : ¢; — ¢o in C such that F/(f;) = F(f2) there exists
a J-covering family of arrows k; : ¢, — ¢; such that f; o k; = f, 0 k; for
all <.

In fact, Theorem 11.2 [14](b) proves that every such functor F is a morphism
of sites (C,J) — (D, K). On the other hand, if F' is already a morphism
of sites, condition (iv) is unnecessary as it is implied by condition (i) (cf.
condition (iv) in Definition 3.2).

By Theorem 11.8 [14], if F'is a dense morphism of sites then the associated
geometric morphism Sh(F') : Sh(D, K) — Sh(C, J) is an equivalence. The
following proposition shows that, conversely, if F'is a morphism of sites such
that (D, K) is subcanonical and Sh(F') is an equivalence then F is a dense
morphism of sites.
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Proposition 5.3. Let F : (C,J) — (D, K) be a morphism of sites. Sup-
pose that K is subcanonical. Then, if the geometric morphism Sh(F) :
Sh(D,K) — Sh(C,J) is an equivalence, F is a dense morphism of sites
(C,J)— (D, K).

Proof Let us check that all the conditions in the definition of a dense
morphism of sites are satisfied.
(i) This condition follows from the commutativity of the diagram

C r D

ll Ll/
sh(c, J) L sh(D, k)

by exploiting the fact that a sieve P (resp. Q) in C (resp. in D) is J-covering
(resp. K-covering) if and only if it is sent by [ (resp. by I') to an epimorphic
family, since for any arrow f in C, I'(F(f)) = Sh(F)*(I(f)) and Sh(F)* is
an equivalence.

(ii) By the commutativity of the above square, the objects of the form
I'(F(c)) ~ Sh(F)*(I(c)) form a separating set for the topos Sh(D, K'). The-
refore, for any d € D, the family of arrows from objects of the form I'(F'(c))
(for ¢ € C) to I'(d) is epimorphic. Since, by the subcanonicity of K, all these
arrows are of the form '(f) for f an arrow in D, this means that the family
of arrows from objects of the form F(c) to d is K-covering in D, as required.

(iii) By the commutativity of the above square, we have I'(g) : lI'(F(z)) —
I'(F(y)) is the image under Sh(F)* of an arrow ¢ : I(x) — I(y) in Sh(C, J).
By Proposition 2.5(i), there exists a J-covering family of arrows f; : z; — «
and a family of arrows g; : ©; — y such that £ol(f;) = I(g;) for all i. Applying
Sh(F)* yields l'(g) o '(F(f;)) = U'(F(g;)) for all i, whence, since I’ is faithful
(K being subcanonical), g o F'(f;) = F(g;) for all i € I, as required. O

Recall that if C is the full subcategory of a Grothendieck topos £ on a
family of objects which is separating for it then £ is equivalent to the topos
Sh(C, J&*|c), where J&"|c is the Grothendieck topology on C induced by
the canonical topology J&" on &: the J&"|c-covering sieves are those which
generate J&*"-covering sieves in £. Given a small-generated site (C,J), we
shall denote by CS the Grothendieck topology Jgi‘ﬁc’])\%(c); so we have an
equivalence

Sh(C, J) ~ Sh(a,(C),CS).

This equivalence is clearly induced by the morphism of sites

1:(C,J) = (as(C),C5).
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5.1 Weakly dense morphisms of sites
In light of Proposition 5.3, it is natural to give the following definition.

Definition 5.4. A morphism of sites F': (C,J) — (D, K) is weakly dense if
the morphism of sites I’ o F' : (C,J) — (ax(D),CE) is dense.

Notice that, if K is subcanonical then any weakly dense morphism of
sites (C, J) — (D, K) is dense, but the converse does not hold in general (see
Example 5.9 below).

The following proposition gives an explicit characterization of weakly
dense morphisms of sites (for conciseness we give the constructively stronger
formulation relying on the axiom of choice, but the reader who prefers the
constructive phrasing in terms of more general families satisfying the con-
ditions in Proposition 2.5(i)-(ii) can obtain it by replacing all the families
of arrows indexed by a covering sieve occurring in the statement with these
more general families).

Proposition 5.5. Let F' : (C,J) — (D, K) be a morphism of sites. Then
F is a weakly dense morphism of sites if and only if it satisfies the following
conditions:

(i) P is a J-covering family in C if and only if F(P) is a K-covering family
n D;

(i1) for any object d of D there exist a family {S; | i € I} of K-covering
sieves on objects of the form F(c;) (where ¢; is an object of C) and
for each f € S; an arrow gy : dom(f) — d such that gfo. =k gfo 2
whenever z is composable with f, such that the family of arrows gy (for
f € S; for some i) is K-covering;

(iii) for any objects x,y of C and any family of arrows gy : dom(h) —
F(y) indezxed by the arrows of a K-covering sieve U on F(x) such that
Jhok =K gn © k for every arrow k composable with h, there exist a J-
covering family of arrows {f; : x; — x | i € I} and arrows k; : x; =y
(for each i € 1) such that for every arrows w and z such that F(f;)ow =
ho z, we have gy 0 z =k F(k;) ow (for every h € U and i € I).

Proof Conditions (i) for F' is clearly equivalent to condition (i) in the
definition of a dense morphism of sites for the functor I’ o F'.

Let us now reformulate condition (ii) in the definition of a dense morphism
of sites for the functor [’ o ', namely the condition that for every object d
of D there exists an epimorphic family of arrows {I'(F(¢;)) — U'(d) | i € I}
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whose domains are objects in the image of the functor I’ o F'. Our thesis
thus immediately follows from the description of such arrows provided by
Proposition 2.5.

Let us show that we can reformulate condition (iii) in the definition of a
dense morphism of sites for the functor I’ o F' as property (iii) of the proposi-
tion. For any arrow & : I'(F(x)) — I'(F(y)) in Sh(D, K), by Proposition 2.5
there exists a K-covering sieve {h : dom(h) — F(z) | h € U} and for each
h € U an arrow g, : dom(h) — F(y) such that £ o I'(h) = I'(gp) for each h
and gror =k gn 0 k for any arrow k£ composable with h. The existence of a
J-covering family of arrows f; : x; — = and a family of arrows k; : x; — y
such that o l'(F(f;)) = '(k;) for each i can be reformulated in terms of the
arrows h and g, as follows. Let us consider, for each ¢ € [ and h € U, the
following pullback square:

1
Tih

l/
€i,h

(F'(z:))
W

(
ll,(F(fi))
I (dom(h)) " 1 (F ()

It is easy to see (cf. Proposition 2.8) that the collection F; ) of arrows
x : I'(¢) = Py, such that both 7}, o x and 77, o x are images I'(w) : I'(c) —
U'(F(x;)) and I'(2) : I'(¢) — /(dom(h)) under I’ of arrows w and z in D (where
¢ varies among the objects of C) is epimorphic. At the cost of composing
with another covering family on I’(¢), we can suppose that F'(f;)ow =hoz
without loss of generality. Therefore, since for any ¢ € I the collection of
arrows {m}, o x | h € U x € Fiu} is epimorphic, £ o I'(F(f;)) = I'(k;) if
and only if for any h € U and arrows w and z such that F(f;) ow = ho z,
Eoeypox = I'(ki)om}ox. But mj,ox = I'(w) and £oe; pox = Eol'(h)om}, ox =
U'(gn) o I'(z). So the condition & o I'(F(f;)) = U'(k;) is equivalent to the
condition g, o z = k; o w for every arrow h € U and arrows w and z such
that F(f;)ow =ho z.
OJ

Remark 5.6. Condition (iv) in the definition of dense morphism of sites (cf.
Remark 5.2) for the functor I’o F' admits the following reformulation in terms
of F:

(iv) For any arrows fi, fo : ¢4 — c¢o in C such that F(f)) =k F(fy) there

exists a J-covering family of arrows k; : ¢, — ¢; such that fiok; = fy0k;
for all 7.
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If a functor F' satisfies the conditions of Proposition 5.5 plus condition
(iv) then [’ o F' is a dense morphism of sites and hence F': (C,J) — (D, K)
is a weakly dense morphism of sites (cf. Remark 3.3(a)).

Summarizing, we have the following result:

Theorem 5.7. Let F : (C,J) — (D, K) be a morphism of sites. Then the
following conditions are equivalent:

(i) The geometric morphism Sh(F') : Sh(D, K) — Sh(C, J) is an equiva-

lence.
(ii) o F : (C,J) = (ax(D),CE) is a dense morphism of sites.

(111) F is a weakly dense morphism of sites (C,J) — (D, K) (i.e. it satisfies
the conditions of Proposition 5.5).

Proof Since Sh(!'o F') is the composite of Sh(F') with the canonical equiva-
lence Sh(ax(D),CR) ~ Sh(D, K) and the site (ax (D), CE) is subcanonical,
the direction (ii) = (i) follows from Theorem 11.8 [14]. The equivalence be-
tween (ii) and (iii) follows by definition of a weakly dense morphism of sites
(in light of Proposition 5.5). Lastly, the implication (i) = (ii) follows from
Proposition 5.3. 0

Remark 5.8. Theorem 5.7 constitutes a vast generalization of Grothen-
dieck’s Comparison Lemma (Theorem 4.1 from section IIT of [1]).

Example 5.9. Let us discuss an example of a weakly dense morphism of sites
which is not dense. Let 2 be the preorder category with two distinct objects
0 and 1 and just one arrow 0 — 1 apart from the identities. Notice that 2 is
cartesian, since it is a meet-semilattice, and the functor F': 2 — 2 sending 0
to 1, 1 to 1 and the arrow 0 — 1 to the identity arrow on 1 is cartesian as it is
a meet-semilattice homomorphism. Let us equip 2 with the atomic topology
Jat, whose covering sieves are the maximal ones plus the sieve on 1 consisting
of the arrow 0 — 1. Since it is cartesian and cover-preserving, the functor F
is a morphism of sites (2, Jy) — (2, Jay). Now, by the Comparison Lemma,
the topos Sh(2, J,;) is equivalent to the topos of sheaves on the one-object
full subcategory {0} of 2 with respect to the induced topology on it, namely
the maximal one; so we have Sh(2, J,;) ~ Set. Therefore the geometric
morphism Sh(F) : Sh(2, J,,) — Sh(2, J,;) is necessarily (isomorphic) to the
identity morphism (since the only geometric morphism Set — Set is the
identity one); in particular, it is an equivalence. Therefore, by Theorem 5.7,
Fis a weakly dense morphism of sites. However, F'is not dense; for instance,
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it does not satisfy condition (ii) in the definition of a dense morphism of sites.
Indeed, there is no J,-covering family of arrows to the object 0 whose domain
is in the image of the functor F. On the other hand, it satisfies condition
(ii) in the characterization of weakly dense morphisms of sites provided by
Proposition 5.5. Indeed, if d = 1 then the arrow k& = 1, satisfies the condition
(by taking h=1;, x =0orz =1, S ={0 — 1} and go; = 0 — 1), while
if d = 0 then the arrow k = 1, satisfies the condition (by taking h =0 — 1,
r=0orz=1,5={0—1} and go1 = 1o).

Remark 5.10. In section 6.6 we shall obtain an alternative criterion, given
by Corollary 6.41, for a morphism of sites to induce an equivalence of toposes.

5.2 Two criteria for equivalence

Given a flat functor F' : C — & defined on an essentially small category C with
values in a Grothendieck topos &, if F' is J-continuous for a Grothendieck
topology J on C then we know by Diaconescu’s equivalence that it induces
a geometric morphism f : & — Sh(C,J). The following result provides a
necessary and sufficient condition, phrased entirely in terms of F, for f to
be an equivalence:

Corollary 5.11. Let (C,J) be a small-generated site, £ a Grothendieck topos
and F' : C — £ a J-continuous flat functor. Then the geometric morphism
f & — Sh(C,J) induced by F is an equivalence if and only if F satisfies
the following conditions:

(i) If the image under F of a sieve S in C is epimorphic in € then S is
J-covering;

(ii) the family of objects of the form F(c) for ¢ € C is separating for E;

(111) for every x,y € C and any arrow g : F(z) — F(y) in &, there exist a J-
covering family of arrows f; . x; — x and a family of arrows g; : r; — Yy
such that g o F(f;) = F(g;) for all i.

Proof A J-continuous flat functor F' : C — & is clearly the same thing
as a morphism of sites F': (C,J) — (&, J§"), and the geometric morphism
f € — Sh(C, J) corresponding to F' via Diaconescu’s equivalence is precisely
Sh(F'). Our thesis thus follows from Theorem 5.7, since the conditions of
the corollary are precisely those for F': (C, J) — (&, J&*") to be dense (notice
that the site (£, J§") is subcanonical). O
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Remark 5.12. In section 6.6, we shall encounter an alternative criterion,
provided by Corollary 6.37, for a continuous flat functor to induce an equi-
valence of toposes.

We can deduce from Theorem 5.7 a criterion for two (essentially small)
sites to give rise to equivalent toposes of sheaves on them.

Theorem 5.13. Let (C,J) and (D, K) be two small-generated sites. Then
the following conditions are equivalent:

(i) The toposes Sh(C,J) and Sh(D, K) are equivalent.

(i1) There exist a category (resp. an essentially small category, if C and D
are essentially small) A, a Grothendieck topology Z on A (which can be
supposed subcanonical) and two functors H:C — A and K : D — A
satisfying the following conditions:

(1) P is a J-covering family in C if and only if H(P) is a Z-covering
family in A;

(i1) Q is a K-covering family in D if and only if K(Q) is a Z-covering
family in A;

(ii1) for any object a of A there exists a Z-covering sieve whose arrows
factor both through an arrow whose domain is in the image of H
and through an arrow whose domain is in the image of K;

(iv) for every x,y € C (resp. «',y € D) and any arrow g : H(x) —
H(y) (resp. ¢ : K(z') = K(y')) in A, there exist a J-covering
family of arrows f; - x; — x (resp. a K-covering family of arrows
fi @y = ') and a family of arrows g; : x; — y (resp. a family
of arrows g; : x; = y') such that go H(f;) = H(g;) for all i (resp.
g' o K(fj) = Kl(g;) for all j);

(v) for any arrows h,k :x — vy (resp. W, k' 12" — y') in C (resp. in
D) such that H(h) = H(k) (resp. K(h') = K'(k")) there ezists a
J-covering (resp. K-covering) family of arrows f; : x; — x (resp.
fi @y — ') such that ho f; = ko f; for alli (resp. h'o f; = k'o f;
for all j).

Proof The given conditions are precisely those for the functor H and
K to respectively define dense morphisms of sites (C,J) — (A, Z) and
(D,K) — (A, Z). Such morphisms induce by Theorem 11.8 [14] (cf. also
Theorem 5.7) equivalences of toposes Sh(C, J) ~ Sh(A, Z) and Sh(D, K) —
Sh(A, Z), whence an equivalence Sh(C,J) ~ Sh(D, K). Conversely, if
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Sh(C,J) ~ Sh(D, K) then, by taking A to be the full subcategory of this
topos on the objects that are either coming from the site (C, J) or from the
site (D, K) with the Grothendieck topology Z induced on it by the canonical
topology on the topos, we obtain by the Comparison Lemma equivalences
Sh(C,J) ~ Sh(A, Z) and Sh(D, K) — Sh(A, Z), and hence by Theorem 5.7
the canonical functors C — A and D — A are respectively dense morphisms
of sites (C,J) — (A, Z) and (D, K) — (A, Z). O

5.3 Local faithfulness, local fullness and local surjecti-
vity

In this section we shall introduce some notions which are naturally related
to the denseness conditions considered above.

Definition 5.14. Let F': C — D be a functor and J (resp. K) a Grothen-
dieck topology on C (resp. on D). Then F is said to be

(a) (J, K)-faithful (vesp. J-faithful) if whenever F'(h) =k F(k) (resp. F'(h) =
F(k)), h =y k;

(b) (J, K)-full (resp. J-full) if for every z,y € C and any arrow g : F'(z) —
F(y) in D, there exist a J-covering family of arrows f; : z; — x and
arrows g; : x; — y (for each i € I) such that g o F(f;) =x F(g;) (resp.
go F(fi) = F(g;)) for all i;

(c) K-dense if for every d € D, there exists a K-covering family of arrows
whose domains are in the image of F'.

Remarks 5.15. (a) If K is the canonical topology on D then the relation
=k reduces to equality and (J, K)-faithfulness (resp. (J, K)-fullness)
reduces to J-faithfulness (resp. J-fullness).

(b) If F satisfies the covering-lifting property (that is, the property that for
any ¢ € C and any K-covering sieve S on F'(c) there is a J-covering sieve
R on ¢ such that F(R) C S) then the local equality =g in conditions
(a) and (b) of Definition 5.14 can be replaced by strict equality, whence
(J, K)-faithfulness (resp. (J, K)-fullness) coincides with J-faithfulness
(resp. J-fullness) for F.

(c) Any dense morphism of sites (C,J) — (D, K) is J-faithful, J-full and
K-dense.
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(d) Inverse images functors of geometric inclusions of toposes (in particular,
associated sheaf functors) satisfy a form of local fullness (cf. Corollary
6.17 below).

Proposition 5.16. Let F' : C — D be a functor and J a Grothendieck
topology on C. Then F s J-full and J-faithful if and only if for any c € C,
the canonical arrow l(c) — ay(Homp(F(—), F(c))) is an isomorphism in

Sh(C, J).

Proof The canonical arrow [(¢) — [(Homp(F(—), F'(c))) is the image under
the associated sheaf functor a; : [C°P,Set] — Sh(C,J) of the canonical
arrow yc(c) — (Homp(F(—), F(c)). Our thesis thus immediately follows
from Lemma 2.1. O

Proposition 5.17. Let F : C — D be a J-full, K-dense, cover-reflecting
and cover-preserving functor (for instance, a dense morphism of sites F :
(C,J) = (D,K)). Then F : (C,J) — (D, K) has the covering-lifting pro-
perty.

Proof Let ¢ be an object of C and S be a K-covering sieve on F'(c). Then,
for each g € S, by K-denseness there exists a K-covering sieve U, on dom(g)
generated by a family of arrows {¢) | ¢ € I} whose domains are of the

form F(c}), where ¢! are objects of C. Now, by (J, K)-fullness, there is a
9

J-covering family of arrows h,(f’i) to ¢; and for each h,(f’i) an arrow X, (e
k

from dom (A"} to ¢ such that go & o F(AY") = F(x,@n)- So the arrows
k
X, o) generate a sieve whose image under F' factors through g and hence
k

belongs to S. This sieve is J-covering since ' is both cover-preserving and
cover-reflecting; indeed, the sieve generated by the arrows g o &/ o F(h,(f’l))
is K-covering since S is K-covering, the family of arrows {& | i € I} is
K-covering and the family of arrows h,(f’i) is J-covering (whence its image

under F' is K-covering). So F satisfies the covering-lifting property. 0

Corollary 5.18. Let F' : C — D be a J-full, K-dense, cover-reflecting
and cover-preserving functor (for instance, a dense morphism of sites F :
(C,J) — (D,K)). Then, for any sieve R on an object F(c) in D, R €
K(F(c)) if and only if {f : dom(f) — c| F(f) € R} € J(¢).

Proof If {f : dom(f) — ¢ midF(f) € R} € J(c) then, since I is cover-
preserving, the family F({f : dom(f) — ¢ midF(f) € R}) C R is K-
covering and hence R is also K-covering. Conversely, if R € K(F(c)) then,
since F satisfies the covering-lifting property by Proposition 5.17, there is a
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J-covering sieve S on ¢ such that F'(S) C R. Therefore S C {f : dom(f) —
c midF(f) € R}, and since S is J-covering, it follows that {f : dom(f) —
c midF(f) € R} is also J-covering. O

Remark 5.19. For any small-generated site (C, J), the corollary notably ap-
plies to the canonical functor [ : C — Sh(C, J), which is a dense morphism of
sites (C, J) — (Sh(C, J), Jgic,s)): vielding the following (well-known) result:
for any sieve R on an object [(c) in Sh(C, J), R is covering for the canonical
topology on Sh(C, J) (that is, it yields an epimorphic family) if and only if
{f:d—c|l(f) € R} e J(c).

Given a morphism of sites ' : (C,J) — (D, K), we have an induced
functor ar : a;(C) — ax(D) given by the restriction of the inverse image
of the induced geometric morphism Sh(F’), which is a morphism of sites if
a;(C) and ax (D) are endowed with the Grothendieck topologies C§ and C%
respectively induced by the canonical ones on Sh(C, J) and Sh(D, K).

Proposition 5.20. Let F': (C,J) — (D, K) be a morphism of sites. Then

(i) F is (J, K)-faithful if and only if ar is faithful;

(i1) If F is (J, K)-faithful and satisfies the covering-lifting property then F
is (J, K)-full if and only if ar is full;

(1i1) If F satisfies the covering-lifting property then F is K-dense if and only
if ap is CR-dense.

Proof (i) If ar is faithful then for any parallel arrows h, k in C, the condi-
tion [(h) = (k) (that is, h = k) is equivalent to the condition I'(F'(h)) =
ap(l(h)) = ap(l(k)) = U'(F(k)) (that is, F(h) =k F(k)).

Conversely, let us now suppose that F' is (J, K)-faithful, and prove that
ap is faithful. If w,v : I(¢) — () are arrows in Sh(C, J) then there are
J-covering sieves S and T on c such that for each f € S there is an arrow
& o dom(f) — ¢ such that wo l(f) = [(&) for each f, and for each g € T
there is an arrow y, : dom(g) — ¢ such that v ol(g) = I(x,). Notice that
the sieve SNT is J-covering as it is the intersection of two J-covering sieves.
Suppose that ar(u) = ap(v). Then ap(u) o ap(l(h)) = ar(v) o ap(l(h)) for
each h € SNT. Therefore lI'(F(&,)) = ap(l(&1)) = ar(l(xn)) = U'(F(xn)) for
each h € SNT, that is F(&,) =k F(xn). Since F is (J, K)-faithful, it follows
that &, =5 xp for each h € SNT. But this means that uwol(h) = [(§,) =
l(xn) =vol(h) for each h € SNT. Since SN T is J-covering, this implies
that u = v, as required.
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(ii) Suppose that ap is full. Then for every z,y € C and any arrow g :
F(z) = F(y) in D, there is an arrow & : [(x) — l(y) such that ap(§) = '(g).
By Proposition 2.5 there are a J-covering family of arrows f; : x; — x and
arrows g; : ; — y (for each ¢ € I) such that £ o I(f;) = I(g;). Applying ar,
we thus obtain that '(g) o I'(F(f;)) = U'(F(g:)), equivalently g o F(f;) =k
F(g;). So Fis (J,K)-full. In fact, this argument shows that the fullness
condition applied to arrows of the form I'(g) for some arrow ¢ in D is precisely
equivalent to the (J, K)-fullness condition. Conversely, let us suppose that
F is (J, K)-full and satisfies the covering-lifting property. Given an arrow
€ :U(F(c)) — U(F(d)), by Proposition 2.5 there exist a K-covering sieve
S on F(c) and for each arrow ¢ in S an arrow t, : dom(g) — F(¢’) such
that £ o l'(g) = I'(t,). Since F satisfies the covering-lifting property, there
is a J-covering sieve R on c such that F(R) C S. For any r € R, consider
the arrow tpq) : F(dom(r)) — F(c/). Since F is (J, K)-full, there exist a
J-covering family of arrows {fr y; — dom(r) | j € H,} and, for each
j € H,, an arrow kj : y; — ¢ such that tp) o F'(fj) =x F(k}). We want
to show that the arrows k7 : y; — ¢ 1ndexed by the J-covering family of
arrows 1 o fI to c define an arrow x : l(c) — () such that ap(x) = &.
For this, by Proposition 2.5 we have to verify that if m and n are arrows
such that 7o ffom =1"o f;,/ on, then kj om =, k:;,/ on. Now, since F' is
(J, K)-faithful, the latter condition is equivalent to F'(kj om) =g F(kﬂ"' on).
But I'(F(kj om)) = U'(F(k})) o '(F(m)) = I'(tpe) o '{F (f7) o l'(F (m)) =
Eol'(F(r) o l'(E(f])) o U(F(m)) = Eol'(F(ro ffom)) =Eol'(F(r' o ff o
n)) = Eol'(F(r) o U(F(f;) o U(F(n)) = Utrn) o U (F(f})) o U'(F(n)) =
l’(F(k;;,/)) ol'(F(n)) =1'(F (k:;, on)), as required. The fact that ap(x) = &
follows immediately from the definition of y, by using the fact that F' is
cover-preserving.

(iii) If F'is K-dense then, clearly, ar is CE-dense. Suppose instead that
ar is CR-dense. Given an object d of D, we want to show that there is a
K-covering family of arrows whose domains are in the image of F'. Consider
the object I'(d). Then there is an epimorphic family F in Sh(D, K) of arrows
¢ to I'(d) whose domains are of the form '(F(c)) for some ¢ € C. For any
such & : I'(F(ce)) = U'(d), by Proposition 2.5 there exists a K -covering sieve
Sg on F(c¢) and for each arrow ¢ in Se an arrow ¢, : dom(g) — d such that
Eol'(g) = U'(ty). Since F satisfies the covering lifting property, there is a
J-covering sieve Re on ¢ such that F'(R¢) C Se. Now, the collection of arrows
{tpey : F(dom(r)) = d | r € Re,§ € F}is K-covering. Indeed, by using the
fact that F'is cover-preserving, one immediately sees that the image of this
family under !’ is epimorphic in Sh(D, K). This completes our proof. O

Remark 5.21. Proposition 5.20 implies that every morphism of sites F' :
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(C,J) — (D, K) whose underlying functor has the covering-lifting property,
is J-faithful, J-full and K-dense induces an equivalence of toposes. In fact,
as shown by the following result, these morphisms are precisely the dense
morphisms of sites (C,J) — (D, K).

Corollary 5.22. Let F' be a morphism of sites (C,J) — (D, K). Then the
following conditions are equivalent:

(i) F is a weakly dense morphism of sites which has the covering-lifting
property;

(ii) F is dense (that is, K-dense, J-full and cover-reflecting).

Proof (i) = (ii) By definition, any weakly dense morphism of sites F' :
(C,J) — (D, K) is cover-reflecting and satisfies the property that ar is CE-
dense; so by Proposition 5.20(iii) F' is K-dense. The fact that F' is J-full
follows from the proof of Proposition 5.20(ii) in light of Theorem 5.7 and
Remark 5.15(b).

(ii) = (i) This follows from Propositions 5.17 and 5.20. O

Remarks 5.23. (a) The morphism of sites F': (2, Ja) — (2, Ja) of Exam-
ple 5.9 is weakly dense but does not satisfy the covering-lifting property
(the sieve on 1 = F(0) = F(1) generated by the arrow 0 — 1 cannot be
lifted neither to a J,i-covering sieve on 0 nor on 1 since the image under
F of any sieve is the maximal one).

(b) Every weakly dense morphism of sites F' : (C,J) — (D,T) is (J,T)-
faithful if 7" is a subcanononical topology on D (in which cases the local
equality =7 reduces to strict equality). On the other hand, every weakly
dense morphism of sites F' : (C,J) — (D, K) satisfying the covering
lifting property is (J, K)-faithful (see Proposition 5.5 and Remark 5.2).

6 Site characterizations of some properties of
geometric morphisms

Corollary 5.11 gives a characterization of the J-continuous flat functors C —
& whose corresponding geometric morphism f : & — Sh(C,J) is an equi-
valence. In this section we shall characterize the J-continuous flat functors
whose associated geometric morphism f is a geometric inclusion (resp. a
surjection, localic, hyperconnected).
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6.1 Surjections and inclusions

Proposition 6.1. Let (C,J) be a small-generated site, £ a Grothendieck
topos and F : C — & a J-continuous flat functor. Then the geometric mor-
phism f: € — Sh(C,J) induced by F is a surjection (that is, f* is faithful)
if and only if F is cover-reflecting (in the sense that the J-covering families
in C are precisely those which are sent by F to epimorphic families in & ).

Proof Let us preliminarily notice that f* is faithful if and only if for every
monomorphism m, if f*(m) is an isomorphism then m is an isomorphism.
Indeed, one direction follows by considering the equalizer of the given pair
of arrows, while the other follows from the balancedness of Sh(C, J) (which
allows to check that m is an isomorphism by showing that it is both a mo-
nomorphism and an epimorphism).

Suppose that f* is faithful. Given a sieve S in C on an object ¢, consider
the corresponding monomorphism mg : S »— Home(—,c¢). The sieve S is
J-covering if and only if a;(mg) is an isomorphism. But this is equivalent,
since f* is faithful, to f*(a;(mg)) being an isomorphism, that is, to the
family {F(f) | f € S} being epimorphic.

Conversely, let us suppose that F'is cover-reflecting. Given a monomor-
phism m : P — @ in Sh(C, J), we have to prove that if f*(m) is an isomor-
phism then m is an isomorphism. By considering the pullbacks S, — I(c)
of m along all the arrows « : [(¢) — @ where ¢ is an object of C, we obtain
that, since F' is cover-reflecting, the monomorphisms S, — [(c) are all iso-
morphisms, whence m is an isomorphism as well (the family of arrows «
being epimorphic and € being balanced). 0

Let us apply this result in the context of interpretations between geome-
tric theories. Recall from section 2.1.3 of [3] that an interpretation of a geo-
metric theory T into a geometric theory S is a geometric functor [ : Ct — Cs
between their geometric syntactic categories. Notice that [ acts on contexts
Z for geometric formulae over the signature of T sending a context T to the
context I(Z) appearing in the formula I({Z.T}) = {I(Z).£}; since I preserves
monomorphisms, we have I({Z.¢}) = {I(Z).x} for some geometric formula
X in the context I(¥); we shall write I(¢) for x (when the context for ¢ can
be unambigously inferred). Therefore, with any sequent o = (¢ 5 ) over
the signature of T can be associated a sequent (o) = (1(¢) Fr@ I(¢)) over
the signature of S which is provable in S if the former sequent is provable in
T.

Corollary 6.2. (i) An intepretation I : Cr — Cs between geometric theo-
ries T and S induces a geometric surjection Set[S] — Set|[T| between
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their classifying toposes if and only if, with the above notation, for every
sequent o over the signature of T, if the sequent (o) is provable in S
then o s provable in T.

(i1) In particular, if I is the canonical interpretation given by an expansion
T of T (in the sense of section 7.1 of [3]) then I induces a geometric
surjection if and only if T' is a conservative expansion of T, that is,
every geometric sequent over the signature of T which is provable in T’
18 provable in T.

Proof It suffices to apply Proposition 6.1, observing that the Jp-continuous
flat functor given by the composite ys o I is cover-reflecting if and only if for
every subobject [¢)] : {Z.4} — {Z.¢} in T, if I([¢)]) is the identity subobject
(equivalently, the sequent (I(¢) Fr (1)) is provable in S) then [¢] is the
identity subobject (equivalently, the sequent (¢ bz ) is provable in T). O

Let us recall from Theorem A4.2.10 [7] that every geometric morphism can
be factored, uniquely up to commuting equivalence, as a surjection followed
by an inclusion. Let us describe this factorization in terms of sites.

In the proof of the following theorem, we exploit the possibility of re-
garding the inverse image functor f* : &€ — F of a geometric morphism
f:F — & as a morphism of small-generated sites (€, J@&") — (F, J&).

Theorem 6.3. Let ' : (C,J) — (D, K) be a morphism of small-generated
sites. Then:

(1) The geometric morphism Sh(F) : Sh(D, K) — Sh(C, J) induced by F
is a surjection if and only if F is cover-reflecting (that is, if the image of
a family of arrows with a fixed codomain is K-covering then the family
is J-covering).

(i1) The surjection-inclusion factorization of the geometric morphism Sh(F) :
Sh(D, K) — Sh(C, J) induced by F can be identified with the factori-
zation Sh(iy,) o Sh(F,.), where Jp is the Grothendieck topology on C
whose covering sieves are exactly those whose image under F are K-
covering families, i, : (C,J) — (C, Jr) is the morphism of sites given
by the canonical inclusion functor and F, : (C,Jr) — (D, K) is the
morphism of sites given by F.

(iii) The geometric morphism Sh(F) : Sh(D, K) — Sh(C, J) induced by F
is an inclusion if and only if F, : (C,Jr) — (D, K) is a weakly dense
morphism of sites (equivalently, if K is subcanonical, a dense morphism
of sites); in particular, if K is subcanonical then Sh(F) is an inclusion
if and only if the following conditions are satisfied:
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(1) for any object d of D there exists a K-covering family of arrows
d; — d whose domains d; are in the image of F;

(ii) for every x,y € C and any arrow g : F(z) — F(y) in D, there
exist a Jp-covering family of arrows f; : x; — x and a family of
arrows g; : x; — y such that g o F(f;) = F(g;) for all 1.

Proof (i) This follows as an immediate consequence of Proposition 6.1 by
observing that a family of arrows in D with common codomain is sent by the
canonical functor D — Sh(D, K) to an epimorphic family if and only if it is
K-covering.

(ii) The morphism Sh(i,,) is the canonical inclusion of Sh(C, Jp) into
Sh(C, J). On the other hand, by definition of Jp, the morphism of sites F, is
cover-reflecting and hence, by point (i), induces a surjective geometric mor-
phism. So Sh(F,) and Sh(iy;,.) give a factorization of Sh(F') as a surjection
followed by an inclusion.

(iii) A geometric morphism is an inclusion if and only if the surjection
part of its surjection-inclusion factorization is an equivalence; our thesis thus
follows from Theorem 5.7. 0

Theorem 6.3 can be notably applied to a J-continuous flat functor F' :
C — &, regarded as a morphism of sites (C,J) — (&, J&"), giving the follo-
wing result:

Corollary 6.4. A J-continuous flat functor F : C — £ induces a geometric
inclusiton iof and only if it satisfies the following conditions:

(i) every object of € can be covered by objects which are in the image of F';

(11) for every x,y € C and any arrow g : F(x) — F(y) in &, there ezist a
family of arrows f; . x; — x which is sent by F' to an epimorphic family
and a family of arrows g; : x; — y such that go F(f;) = F(g;) for all .

6.2 Induced topologies

The following result, which is a corollary of Theorem 6.3(ii), shows that the
natural context for defining ‘induced Grothendieck topologies’ is that provi-
ded by flat functors (equivalently, geometric morphisms) or more generally
morphisms of sites.

Proposition 6.5. Let f : £ — [C°P, Set] be a geometric morphism (equiva-
lently, a flat functor F : C — £). Then there exists a Grothendieck topology
Jg (resp. Jr) on C, called the Grothendieck topology induced by f (resp. F)
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whose covering sieves are precisely the sieves which are sent by f* (resp. by

F)

to epimorphic families in £. This applies in particular to a morphism of

small-generated sites G : (C,J) — (D, K), yielding a Grothendieck topology

Ja

on C whose covering siteves are exactly those whose image under G are

K -covering families (cf. Theorem 6.53(ii)).

0

Remarks 6.6. (a) If F' : (C,J) — (D, K) is a cover-reflecting morphism

(b)

of sites (for instance, a weakly dense morphism of sites) then J is a
Grothendieck topology (since it coincides with Jp).

The classical definition of Grothendieck topology induced on a full K-
dense subcategory C of a category D is subsumed by this general defini-
tion of induced topology; indeed, it is readily seen that the embedding
of C into D defines a morphism of sites (C,T) — (D, K), where T is the
trivial Grothendieck topology on C.

The topology J; (resp. Jr) on C induced by by f (resp. F') in the sense
of Proposition 6.5 coincides with the Grothendieck topology induced by
f (resp. F), regarded as a functor to the canonical site (£, J&*"), in the
sense of section IIL.3 of [1]. In fact, more generally, for any morphism
of small-generated sites G : (C,J) — (D, K), the Grothendieck topology
induced by w in the sense of [1] (that is, the largest topology which makes
u, regarded as a functor to the site (D, K), continuous) coincides with
the topology Jg in our Proposition 6.5 (cf. Corollary I11-3.3 [1]).

We can characterize the toposes which can be represented as subtoposes
of a given presheaf topos as follows: a topos £ is equivalent to a subtopos
of a presheaf topos [C°P, Set] if and only if there is a flat (equivalently,
filtering) functor F': C — & satisfying the conditions of Corollary 6.4, in
which case & is equivalent to Sh(C, Jr), where Jr is the Grothendieck
topology induced by F' (in the sense of Proposition 6.5). Notice that
this generalizes Giraud’s result that every Grothendieck topos with a
separating set of objects C can be represented as Sh(C, J&*"|¢), where C
is regarded as a full subcategory of &; indeed, for any separating set C
of objects of a Grothendieck topos &, the inclusion functor of C into £ is
flat.

The following result shows in particular that if F': (C,J) — (D, K) is a

dense morphism of sites then the Grothendieck topology K can be recovered
from J. Notice that, by Corollary 5.22, any flat functor F' : C — &£ on
a small-generated category C with values in a Grothendieck topos £ which
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induces an equivalence £ ~ Sh(C, Jr) (equivalently, satisfies the conditions
of Corollary 5.11, cf. also Corollary 6.9 below) is a dense morphism of sites
(C, Jr) — (&, ™).

Proposition 6.7. Let F' : (C,J) — (D, K) be a K-dense functor with the
covering-lifting property (for instance, a dense morphism of sites (C,J) —
(D,K) — ¢f. Corollary 5.22). Then the Grothendieck topology K can be
recovered from J, as follows: for any sieve T on an object d of D, T € K(d)
if and only if for any object ¢ € C and any arrow & : F(c) — d in D, there
exists a J-covering sieve R on ¢ such that F(R) C £*(T).

Proof By the transitivity and stability axioms for Grothendieck topologies,
T is K-covering if and only if for any object ¢ € C and any arrow £ : F/(c) — d
in D, &(T) € K(dom(§)). But, F' having the covering-lifting property,
£*(T) € K(dom()) if and only if there exists a J-covering sieve R on ¢ such
that F'(R) C £*(T). O

Remark 6.8. Every dense morphism of sites F' : (C,J) — (D, K) is cover-
reflecting, so J can be recovered from K as the collection of sieves which are
sent by F' to K-covering families.

The notion of induced topology can be very profitably applied for establis-
hing equivalences of toposes. Indeed, if we have a flat functor F': C — &, we
dispose of easily applicable criteria for I’ to induce an equivalence of toposes

E~ Sh(C, JF),

as shown by the following result (which is an immediate consequence of
Corollary 5.11):

Corollary 6.9. Let C be an essentially small category, £ a Grothendieck
topos and F : C — & a flat functor. Then F induces an equivalence

& ~ Sh(C, Jr),

if and only if F is Jp-full and the objects of the form F(c) for ¢ € C form a
separating set for the topos &

O
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The following proposition describes a general setup for building equiva-
lences of toposes.

Proposition 6.10. Let £ be a Grothendieck topos, represented as the cate-
gory Sh(D, K) of sheaves on a small-generated site (D, K). Let F : C — D
be a functor and Jg the collection of sieves in C whose image under F is
K -covering. If F is a weakly dense morphism of sites (C, Jp) — (D, K) then
Jr is a Grothendieck topology on C, and we have an equivalence of toposes

Sh(D, K) ~ Sh(C, Jr).

The following conditions are equivalent to F being a dense (or weakly
dense, if K is subcanonical) morphism of sites (C, Jp) — (D, K):

(i)’ For any object d of D there exists a K-covering family of arrows d; — d
whose domains d; are in the image of F'.

(11)" For every ci,co € C and any arrow g : F(c1) — F(c2) in D, there ezist
a family of arrows f; : ¢, — ¢ which is sent by F to a K-covering
family and a family of arrows k; : ¢, — ¢y such that go F(f;) = F(k;)
for all 1.

(111)" For any arrows fi, fa : ¢1 — co in C such that F(f1) = F(fs) there exists
a family of arrows k; : ¢, — ¢ which is sent by F' to a K-covering family

such that fiok; = fyok; for alli.

Proof The first part of the proposition follows from Theorem 5.7 and Re-
mark 6.6(a).

The second part of the proposition follows from the fact that every dense
morphism is weakly dense and that the two notions are equivalent when K
is subcanonical. O

6.3 Coinduced topologies

The following result, established in the proof of Lemma C2.3.19(ii) [7], re-
presents a kind of converse to Proposition 6.7. It involves a notion of #mage
of a Grothendieck topology under a functor.

Proposition 6.11 (cf. Lemma C2.3.19(ii) |7]). Let F': C — D be a functor
and J a Grothendieck topology on C. Then there is a Grothendieck topology
J¥ on D, called the image of J along F' (or the Grothendieck topology coindu-
ced by J along F), such that for any sieve T on an object d of D, T € J¥(d)
if and only if for any object ¢ € C and any arrow & : F(c¢) — d in D, there
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exists a J-covering sieve R on ¢ such that F(R) C £*(T). Then the functor
F:(C,J)— (D,JF) is J'-dense and has the covering-lifting property.

The Grothendieck topology J¥ enjoys the following universal property: the
subtopos Sh(D, JI') — [D°P, Set] is the image (in the sense of surjection-
inclusion factorization) of the composite of the induced geometric morphism
[F°P Set] : [C°P, Set] — [D°P, Set| with the subtopos inclusion Sh(C,J) —
[C°P, Set].

Proof First, let us show that J¥ is indeed a Grothendieck topology on
C. The maximality and pullback-stability axiom trivially hold, so it remains
to prove the transitivity one. It is clear that any sieve containing a JF-
covering one is also J'-covering. Let us denote, given a sieve S on an object
d and, for each arrow f € S, a sieve Sy on dom(f), by S« {S; | f € S}
the sieve on d consisting of the arrows of the form f o h where f € S and
h € S;. We have to prove that, if S € J¥(d) and, for each f € S, S; €
J¥(dom(f)), then Sx {S; | f € S} € JF(d). Given an arrow & : F(c) — d,
F(R) C &*(S) for some R € J(c). For any r € R, £ o F(r) € S, so,
since Seopy € JE(F(dom(r))), there is a sieve R, € J(dom(r)) such that
F(R;) C Seor(r)- So the J-covering sieve R x {R, | r € R} satisfies the
condition F(R*{R, |r € R}) C&(S*{S;| feS}).

The fact that F : (C,J) — (D, J¥) is JF-dense and has the covering-
lifting property is obvious.

The last part of the proposition follows at once from Proposition 7.1 be-
low. Indeed, the construction of the geometric morphism induced by a comor-
phism of sites is functorial, the geometric morphism [G°P, Set] : [A°P, Set] —
[B°P, Set] induced by a functor G : A — B is precisely Lg, regarding G as
a comorphism of sites (A,T4) — (B,1p) where T4 and Ty are the trivial
Grothendieck topologies respectively on A and B, and any canonical geome-
tric inclusion Sh(A, Z) — [A°P, Set] is induced by the comorphism of sites
1a: (A Z) — (A, T) given by the identity functor 14 on A. O

Remark 6.12. If F': (C,J) — (D, K) satisfies the covering-lifting property
then K C J¥. This follows immediately from the fact that K satisfies the
pullback-stability property. In fact, in Lemma C2.3.19(ii) [7], J¥ is charac-
terized as the largest Grothendieck topology on C for which F' satisfies the
covering-lifting property.

Lemma 6.13. Let F' : C — D be a J-full and J-faithful functor, for a
Grothendieck topology J on C. Then:

(i) for any sieve R on an object ¢ of C and any arrow t with codomain
¢, if F(t) belongs to the sieve generated by F(R) then there erists a
J-covering sieve U on dom(t) such that t ou € R for each u € U;
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(ii) the functor F : (C,J) — (D, J¥) is cover-reflecting.

Proof (i) Suppose that F(t) = F(r) o £ for some r € R, where t : a — ¢,
r:b—cand¢: F(a) — F(b). Since F'is J-full, there exist a J-covering sieve
S on a and for each s € S an arrow ¢, : dom(s) — b such that {oF'(s) = F(ts).
Since F(t) = F(r)o&, we have F(tos) = F(t)o F(s) = F(r)o{o F(s) =
F(r)o F(ts) = F(roty) for each s € S. The fact that F' is J-faithful then
implies that t o s =; r o tg, that is, there is a J-covering sieve V; on dom(s)
such that for each v € V;, tosowv = rots;ov. Therefore the J-covering
sieve U := S« {V; | s € S} on a satisfies the property that for each v € U,
tou€ R.

(ii) Let R be a sieve on an object ¢ of C. If F(R) generates a J'-covering
sieve then there is a J-covering sieve T' on ¢ such that the sieve generated
by F(T) is contained in the sieve generated by F'(R). So, for each t € T, by
point (i) of the Lemma, there is a J-covering sieve U; on dom(t) such that
towu € R for each u € U;. So the sieve R is J-covering, since it contains the
J-covering sieve T x {U, | t € T'}. O

Theorem 6.14. Let F' : (C,J) — (D, K) be a K-dense, cover-preserving
and cover-reflecting functor with the covering-lifting property (for instance, a
dense morphism of sites (C,J) — (D, K) - ¢f. Corollary 5.22). Suppose that
K is generated by a collection K' of families of arrows which is stable under
pullback and such that every K'-covering family on an object in the image of
F contains the image F(R) under F of some J-covering family R. If F is
J'-full and J'-faithful, where J' is the Grothendieck topology generated by the
sieves R such that F(R) € K', then J =J'.

Proof Let J' be the Grothendieck topology on C generated by the sieves
R such that F(R) generates a K-covering sieve. We have to prove that
J' = J. Consider the topology J'¥'. We clearly have K’ C J'¥', whence
K C J¥. On the other hand, K = J¥ by Proposition 6.7. Now, the fact
that F'is cover-reflecting implies that J' C J; so J'¥' C J¥ = K, and hence
J'¥ = K. Now, since both F': (C,J) = (D,K) and F : (C,J") — (D, J'")
are cover-reflecting (the former by our hypothesis and the latter by Lemma
6.13), J'¥' = K implies that J = J'. O

Remark 6.15. If F' is a weakly dense morphism of sites (C,.J) — (D, K),
the condition that F' be J'-full and J'-faithful is also necessary for J to be
equal to J' (see Proposition 7.18).

Theorem 6.14 has the following immediate corollary, which allows to
obtain, from a set of generators of a Grothendieck topology, a set of ge-
nerators for a topology induced by it on a full dense subcategory.
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Corollary 6.16. Let (D, K) be a small-generated site, C a full K-dense
subcategory of D and J a Grothendieck topology on C. Suppose that K is
generated by a collection K' of families of arrows which is stable under pull-
back and such that every K'-covering family on an object in C is refined by a
J-covering family. Then J is generated by the families in K' whose arrows

lie all in C.

6.4 Intrinsic characterization of geometric inclusions

The first part of the following result characterizes the property of a geometric
morphism being an inclusion entirely in terms of its inverse image. It can
be useful, for instance, in cases where one disposes of a description of the
inverse image of the morphism which is simpler or more tractable than that
of its direct image.

Corollary 6.17. Let f: F — & be a geometric morphism. Then
(i) f is an inclusion if and only if f* satisfies the following conditions:

(1) f*is locally surjective, that is every object of F can be covered by
objects in the image of f*;

(i1) f* is locally full, that is for every x,y € &€ and any arrow g :
f(x) = f*(y) in F, there exists a family of arrows s; : ©; — x
in & which is sent by f* to an epimorphic family and a family of
arrows g; : x; — y such that g o f*(s;) = f*(g;) for all i.

(i1) f is an equivalence if and only if f* is faithful, locally full and locally
surjective.

Proof (i) The above conditions amount precisely to the property of the
morphism of sites (£, J¢* ;.) — (F, J&") to be dense, so the thesis follows
from Theorem 6.3.

(ii) This follows from (i), given that a geometric morphism is an equiva-
lence if and only if it is a surjection and an inclusion. 0

Remark 6.18. Since a Grothendieck topos has all coproducts, all the co-
vering families arising in the formulations of the properties in part (i) of
Corollary 6.17 can be supposed, without loss of generality, to consist of a
single element. More precisely, the condition for f to be an inclusion is
equivalent to the conjunction of the following ones:

(i) every object of F is a quotient of an object in the image of f*;
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(ii) for every z,y € € and any arrow ¢ : f*(x) — f*(y) in F, there exist an
arrow s : ' — x in £ which is sent by f* to an epimorphism and an
arrow ¢ : &' — y such that go f*(s) = f*(¢).

So, f is an equivalence if and only if f* is faithful and satisfies the above
conditions.

Example 6.19. Let f : F — £ be a geometric morphism between Grothen-
dieck toposes and A an object of £. Then we have a geometric morphism
fa: F/f*(A) — £/A such that the diagram

F/f(A) —=F
fAj lf
£/A £

where the horizontal morphisms are the canonical ones, commutes. The
inverse image of f4 is the functor £/A — F/f*(A) sending an object u :
B — Aof E/Ato f*(u) : f*(B) — f*(A) (and acting accordingly on arrows).
Let us show, by applying Corollary 6.17(i), that if f is an inclusion then f,
is also an inclusion. First, let us show that f4* is locally surjective. Given
an object u : C'— f*(A) of F/f*(A), since f* is locally surjective there is an
object B of £ and an epimorphism ¢ : f*(B) — C. Consider the composite
arrow uoq : f*(B) — f*(A). Since f* satisfies condition (ii) of Corollary
6.17(i), there is an arrow s : B’ — B in £ and an arrow g : B' — Ain &
such that f*(s) is an epimorphism and wo go f*(s) = f*(g) (cf. Remark
6.18). Therefore the arrow g o f*(s) is an epimorphism from f4*(g) to u in
F/f*(A). The fact that f," inherits local fullness from f* is obvious.

6.5 Hyperconnected and localic morphisms

Recall that a geometric morphism f : F — £ is said to be hyperconnected if
f* is full and faithful and its image is closed under subobjects in F, and is
said to be localic if every object of F is a subquotient (that is, a quotient of
a subobject) of an object of the form f*(A) for A € £. By Theorem A4.6.5
|7], every geometric morphism can be factored, uniquely up to commuting
equivalence, as the composite of a hyperconnected morphism followed by a
localic one.

In this section we shall characterize the property of a geometric morphism
to be hyperconnected (or localic) in terms of sites, and also provide a natural
site-level description of the hyperconnected-localic factorization.
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6.5.1 Hyperconnected morphisms

The following lemma will be instrumental in the sequel.

Lemma 6.20. Let ¢ : X — X' be the coequalizer of a pair of arrows ri,79 :
R — X in a Grothendieck topos € and [ :Y — X' a monomorphism. Then,
the arrows ti,ty : R Xx: Y — Z which make the diagram

Rxx'Y R
J

Z h X

£ k

Y ! X’

commutative, where the bottom square is a pullback, satisfy the property that
(t1,t2) : Rxx: Y — Z x Z is (isomorphic to) the pullback of (ri,rs) along
h x h.

Moreover, k is the coequalizer of the arrows t; and ts.

Proof By using the internal language, we shall argue as if £ were the topos
Set of sets.
Let U — Z x Z be the pullback of (ry,rs) along h x h. We have

U={((21,22),8) | (21,22) € Z, £ € R, h(21) = 11(§), h(z2) = r2(§) }.

We want to prove that U — Z x Z is isomorphic to (t1,t2) : Rxx Y —
Z X Z as arrows over Z X Z.
We have

Rxx Y ={(Ey) € R yeY, q(ri(€)) =q(rA8) = f(y)}

Now, the arrow t1 : RXx/Y — Z (resp. to: RXx'Y — Z) sends an element
(&,y) € R xx/ Y to the unique element z; € Z such that k(z;) = y and
h(z1) = r1(§) (resp. to the unique element 2o € Z such that k(z2) = y and
h(z2) = 12(€)). Let us define arrows R xx, Y — U and U — R xx/ Y over
Z X Z that are inverse to each other. In one direction, we send an element
(&,y) € R xx/ Y to the element (¢,(£,y),t2(£,v),&). This is well-defined by
definition of the arrows t; and 5. In the converse direction, we observe that,
given an element ((z1,22),&) of U, we have k(z;) = k(z9). Indeed, since f
is monic, this condition is equivalent to f(k(z1)) = f(k(22)); but f( (z1)) =

q(h(z1)) = q(r1(€)) = q(r2(8)) = q(h(22)) = f(k(22)). We can therefore
define an arrow U — R X x» Y which sends an element ((z1, 22), &) of U to the
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element (&, k(z1)). This is well-defined since q(r1(£)) = q(h(z1)) = f(k(z1))
and q(r2(§)) = q(h(z2)) = f(k(22)) = f(k(21)) (as k(z1) = k(22)). It is now
straightforward to check that the two arrows just defined are inverse to each
other and compatible with the structure arrows to Z x Z. This completes
the proof of the first part of the lemma. The fact that k is the coequalizer
of the arrows t; and t, follows from the fact that in a Grothendieck topos
colimits are stable under pullback. O

Remark 6.21. The proof of the lemma shows that the general version of
it (for f not necessarily monic) reads as follows: (t1,t3) is isomorphic over
Z X Z to the composite with the canonical embedding zy : Z Xy Z — Z X Z
of the pullback of (ry,r5) along (h X h) o zy.

Proposition 6.22. Let C be a separating set for a Grothendieck topos £ and
f+ F —= &€ a geometric morphism. Then the image of f* is closed under
subobjects if and only if for any ¢ € C, every subobject of f*(c) is in the

image of f*.

Proof Let m : B — f*(A) be a monomorphism. Let us represent A
as a quotient ¢ : HCGCA ¢ — A of a coproduct of objects coming from C.
Then, since the image of f*|¢ is closed under subobjects and coproducts are
stable under pullbacks, the pullback of m along f*(q) is of the form f*(z)
for some subobject z : Z — HCECA cin €. Now, if ¢ is the coequalizer of its
kernel pair (rq, ) in € then f*(q) is the coequalizer of the pair f*(ry), f*(r2).
Let (t1,t2) : T — Z be the pullback in & of (ry,75) along z. Then, since
f* preserves pullbacks, (f*(t1), f*(t2)) : f*(T) — f*(Z) is the pullback of
(f*(r1), f*(r2)) along f*(2).

By Lemma 6.20, it follows that m is isomorphic to the canonical arrow
U — f*(A) from the codomain U of the coequalizer f*(Z) — U of the arrows
f*(t1), f*(t2). But, since f* preserves coequalizers, this arrow is the image
under f* of the canonical arrow £ : Zp — A from the codomain Z; of the
coequalizer Z — Zr of the two arrows t1,ts to A, that is, m = Im(f*(&)) =

fr(Im(E)). U

Proposition 6.23. Let (C,J) be a small-generated site, £ a Grothendieck
topos and F : C — & a J-continuous flat functor. Then the geometric mor-
phism f : €& — Sh(C, J) induced by F is hyperconnected if and only if F is
cover-reflecting and for every subobject A — F(c) in £ there exists a (J-
closed) sieve R on ¢ such that A is the union of the images of the arrows

F(f) for f € R.
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Proof Tt is clear that if f* is faithful and its image is closed under subobjects
then f* is also full (see the proof of the implication (vi)=-(i) at p. 229 of [7]).
So it follows from Propositions 6.1 and 6.22 that f is hyperconnected if and
only if F'is cover-reflecting and, for every object c of C, all the subobjects of
f*(l(c)) are images under f* of subobjects of [(c¢) in Sh(C, J). Now, since the
subobjects of [(c) in Sh(C, J) are all images under the associated sheaf functor
ay : [C°?,Set] — Sh(C, J) of subobjects of the form R — Hom¢(—, ¢) (which
can be supposed J-closed without loss of generality), and this subobject is
the union of the images of the arrows of the form yc(f) for f € R (where
ye is the Yoneda embedding), we can reformulate the latter condition as the
requirement that for any object ¢ of C and any subobject A — F(c¢) in &
there should exist a (J-closed) sieve R on c¢ such that A is the union of the
images of the arrows F'(f) for f € R. O

Let us apply this result in the context of interpretations of geometric
theories (see section 6.1 for the notation).

Corollary 6.24. An interpretation I : Cr — Cs between geometric theories
T and S induces an hyperconnected geometric morphism Set[S] — Set[T|
if and only if for every sequent o over the signature of T, if the sequent
I(0) is provable in S then o is provable in T, and for any sorts Ay, ..., A,
of the signature of T, every geometric formula 1 over the signature of S in
the context I((zf,... x)) is T-provably equivalent (in its context) to a
formula 1(¢), where ¢ is a geometric formula over the signature of T in the
context (z{, ... xin).

In particular, if I is the canonical interpretation given by an expansion T’
of T (in the sense of section 7.1 of [3]) then the geometric morphism induced
by I 1s hyperconnected if and only if every sequent over the signature of T
which is provable in T is provable in T, and for any sorts Ay, ..., A, of the
signature of T, every geometric formula 1 in the context (xfl, i) over
the signature of T’ is T-provably equivalent (in its context) to a geometric

formula over the signature of T.

Proof Our thesis follows immediately from Proposition 6.23 in light of
Corollary 6.2. 0

Let us now apply Proposition 6.23 in the context of morphisms of sites.

Proposition 6.25. Let F' : (C,J) — (D,K) be a morphism of small-
generated sites. Then the geometric morphism Sh(F') : Sh(D, K) — Sh(C, J)
induced by I is hyperconnected if and only if I is cover-reflecting and closed-
sieve-lifting, in the sense that for every object ¢ of C and any K-closed sieve
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S on F(c) there exists a (J-closed) sieve R on ¢ such that S coincides with
the (K-closed) sieve on F(c) generated by the arrows F(f) for f € R.

Proof The thesis follows as an immediate consequence of Proposition 6.23
in light of Proposition 2.3. Indeed, the condition of Proposition 6.23 amounts
precisely to the requirement that for every subobject A — I'(F(c)), where [’
is the canonical functor D — Sh(D, K), there should be a (J-closed) sieve
R on ¢ such that A is the union of the images of the arrows I'(F(f)) for
f € R. Now, the subobjects of I'(F(c)) in Sh(D, K') are the images under
the associated sheaf functor ax : [DP, Set] — Sh(D, K) of K-closed sieves
S on F(c), and the union of the images of the arrows I'(F(f)) for f € R is
the image under ax of the union of the images of the arrows yp(F(f)) for
f € R; our claim thus follows from the fact that, by Proposition 2.3, two
subobjects of a given object in [D?, Set] have isomorphic images under ay
if and only if their K-closures coincide. O

6.5.2 Essential surjectivity

Proposition 6.26. Let (C,J) be a small-generated site, £ a Grothendieck
topos and F : C — &£ a J-continuous flat functor inducing a geometric mor-
phism f: € — Sh(C, J). If the image of f* is closed under subobjects then f*
is essentially surjective if and only if the objects of the form F(c) for c € C
form a separating set for the topos .

Proof If the objects of the form F(c) for ¢ € C form a separating set of ob-
jects for £ then for every A € £, we have an epimorphism ¢ : f*([[;c; (i) =
[Lic; f*(l(c;)) = A. Since the image of f* is closed under subobjects, the
kernel pair of ¢ is of the form f*(R), where R is a relation on [[,.; [(c;). Then
q is isomorphic to the image under f* of the coequalizer of R; in particular,
A is isomorphic to an object in the image of f*, as desired.

Conversely, if f* is essentially surjective then for every object A of &,
there exists an object B of Sh(C, J) such that A = f*(B). But B can be
covered in Sh(C, J) by objects of the form I(c) for C, whence A can be covered

in € by objects of the form F(c) for ¢ € C, as required. O

Let us apply Proposition 6.26 in the context of interpretations of theories.

Corollary 6.27. Let I : Ct — Cs be an interpretation of a geometric theory
T into a geometric theory S. Then the geometric morphism Set[S] — Set[T|
induced by I satisfies the property that its inverse image s essentially sur-
jective and its image is closed under subobjects if and only if for every sort
B of the signature of S, the object {xB. T} is Js-covered by objects in the

142



image of I and the image of I is closed under subobjects (that is, for any
sorts Ay, ..., A, of the signature of T, every geometric formula 1 over the
signature of S in the context I((z*, ..., z)) is T-provably equivalent (in its
context) to a formula 1(¢), where ¢ is a geometric formula over the signature
of T in the context (i, ... xin)).

Proof By Propositions 6.22 and 6.26, since the geometric syntactic category
Cs is closed under subobjects in the topos Sh(Cs, Js), it suffices to show,
assuming that the image of [ is closed under subobjects, that the objects in
the image of I form a separating set for the topos Set[S] if and only if every
object of the form {xZ.T} (for B a sort of the signature of S) is Js-covered by
objects in the image of I. But this follows from the fact that every object of
Cs is a subobject of a finite product of objects of the form {2.T}, using the
fact that I preserves finite products and its image is closed under subobjects.

OJ

Let us now apply Proposition 6.26 in the context of morphisms of sites.

Proposition 6.28. Let F' : (C,J) — (D,K) be a morphism of small-
generated sites. Then the geometric morphism Sh(F') : Sh(D, K) — Sh(C, J)
induced by F satisfies the property that Sh(F)* is essentially surjective and
its image is closed under subobjects if and only if F' is closed-sieve-lifting (in
the sense of Proposition 6.25) and satisfies condition (ii) of Proposition 5.5
(equivalently, if K is subcanonical, every object of D admits a K-covering
sieve generated by arrows whose domain lies in the image of F).

Proof The equivalence between the property of the image of Sh(F)* to
be closed under subobjects and the property of F' to be closed-sieve-lifting
follows from the proof of Proposition 6.25, while the equivalence between the
property of Sh(F)* to be essentially surjective and condition (ii) of Proposi-
tion 5.5 follows from the proof of Proposition 5.5. Il

6.5.3 Localic morphisms

The following proposition shows the natural behavior of the property of a
geometric morphism being localic in terms of separating sets for toposes.

Proposition 6.29. Let C (resp. D) be a separating set for a Grothendieck
topos € (resp. F) and f : F — £ a geometric morphism. Then:

(i) The full subcategory G of F on the objects which are subquotients of
objects of the form f*(A) for A € € coincides with the full subcategory
of F on the objects which can be covered by objects which are domains

of subobjects of objects of the form f*(A) for A in C.
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(i1) f is localic if and only if every object of D can be covered by objects
which are domains of subobjects of objects of the form f*(A) for A in
C.

Proof (i) Let B € G. Then B is a quotient d — B of a subobject d — f*(A).
But A is a quotient ¢ : [],.; ¢c; — A of a coproduct of objects ¢; in C, so, by
considering the pullback

d'— f*(ies i) = 1Lier /(@)

Lq

d f(4)

we see that B is a quotient of d’, which is a coproduct of subobjects of
the objects f*(c;). Therefore B can be covered by the domains of these
subobjects, as required.

Conversely, let us suppose that B is an object of F that can be covered
by objects u; (for ¢ € I) which are domains of subobjects u; — f*(¢;) of
objects of the form f*(¢;) for ¢; in C. Then B is a quotient of the coproduct
of the u; (for i € I), which is a subobject of the coproduct of the f*(¢;); but
this coproduct is in the image of f* as f* preserves coproducts.

(ii) By definition of a localic morphism, f is localic if and only if G = F.
So, by point (i), if f is localic then every object of D can be covered by
objects which are domains of subobjects of objects of the form f*(A) for A
in C. Conversely, again by (i), we have to prove that if every object of D can
be covered by objects which are domains of subobjects of objects of the form
f*(A) for A in C then every object of F can be covered by objects which
are domains of subobjects of objects of the form f*(A) for A in C; but this
immediately follows from the fact that D is separating for F. 0

Remark 6.30. We know from section A4.6 of [7] that if £ and F are Grothen-
dieck toposes then the category G defined in point (i) of Proposition 6.29 is a
Grothendieck topos; so this part of the proposition actually asserts that the
collection of objects which are subobjects of an object of the form f*(A) for
A € C is a separating set for G.

The following result is an immediate corollary of Proposition 6.29.

Proposition 6.31. Let (C,J) be a small-generated site, £ a Grothendieck
topos and F : C — &£ a J-continuous flat functor inducing a geometric mor-
phism f : & — Sh(C,J). Then f is localic if and only if the subobjects of
objects of the form F(c) for c € C form a separating set for the topos £.

O
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Let us now apply Proposition 6.29 in the general context of morphisms
of sites.

Proposition 6.32. Let F' : (C,J) — (D,K) be a morphism of small-
generated sites. Then the geometric morphism Sh(F') : Sh(D, K) — Sh(C, J)
induced by F' s localic if and only if for any object d of D there exist a family
{Si | i € I} of sieves on objects of the form F(c;) (where ¢; is an object of C)
and for each f € S; an arrow gy : dom(f) — d such that gs., =k gy 0 2z whe-
never z is composable with f, such that the family of arrows g¢ (for f € S;
for some i) is K-covering.

Proof Let us suppose that Sh(F') is localic. Let I’ be the canonical functor
D — Sh(D, K). By Proposition 6.29, for every d € D there exist objects ¢;
of C (for i € I), subobjects A; — I'(F(c¢;)) and a jointly epimorphic family of
arrows A; — I'(d) (for ¢ € I). Now, we can write A; = ax(S;), where S; is a
sieve on F'(¢;). For each f € S;, composing the arrow ax (S;) — I'(d) with the
canonical arrow I'(dom(f)) — ax(S;) thus yields an arrow I'(dom(f)) — I'(d)
which we can suppose without loss of generality of the form I'(gs) for an arrow
gy : dom(f) — d (at the cost of replacing S;, by using Proposition 2.5, which
a smaller sieve with the same image under ak); clearly, for any z composable
with f, I'(gf0.) = U'(gs o 2), equivalently gf.. =k gy o z. The property of
our arrows A; — I'(d) to be jointly epimorphic can thus be reformulated
as the property of the arrows gy to be sent by I’ to an epimorphic family,
equivalently to be K-covering.

Conversely, any family of arrows gy : dom(f) — d indexed by a sieve
S; such that gs., =k gy o 2 whenever z is composable with f induces an
arrow ag(S;) — I'(d). So if we have a family of sieves S; on objects of the
form F(c;) and one such family of arrows for each sieve, the resulting arrows
ar(S;) — '(d) will be jointly epimorphic if (and only if) the family of arrows
gr (for f € S; for some 7) is K-covering. O

The following result characterizes the interpretations between geometric
theories which induce a localic geometric morphism.

Proposition 6.33. Let I : Cr — Cs be an interpretation of a geometric
theory T into a geometric theory S. Then the geometric morphism Set[S] —
Set[T] induced by I is localic if and only if every object of Cs can be Js-
covered by formulae over the signature of S in a context of the form I(Z)
which T-provably entail a formula of the form 1(¢), where ¢ is a geometric
formula in the context T over the signature of T.

In particular, the canonical interpretation of T into an expansion of it
over a signature which does not contain any new sorts with respect to the
signature of T wnduces a localic geometric morphism.
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Proof This is an immediate consequence of Proposition 6.29, by using the
fact that the subobjects in Set[S| ~ Sh(Cs, Js) of an object of the form
I({Z.¢}) for a geometric formula-in-context ¢(&) over the signature of T can
be identified with the (S-provable equivalence classes of) geometric formulae
in the context I(Z) over the signature of S which S-provably entail /(¢). O

6.5.4 The hyperconnected-localic factorization

In this section we shall provide a site-level description of the hyperconnected-
localic factorization (in the sense of [8] - cf. also section A4.6 of [7]) of a
geometric morphism between Grothendieck toposes.

Let us refer to Corollary 2.16 for the notation. Let C'j be the Grothendieck
topology induced on C5 by the canonical topology on the topos Sh(C, J).

We have a canonical functor C — C sending an object c of C to the pair
(¢, M.), where M, is the maximal sieve on ¢, which yields a morphism of
sites % : (C,J) — (C%,C%). This morphism induces an equivalence Sh(i¥) :
Sh(C%,C%) ~ Sh(C, J).

Theorem 6.34. Let F : (C,J) — (D, K) be a morphism of small-generated
sites. Then the hyperconnected-localic factorization of the geometric mor-
phism Sh(F') o Sh(i%,) : Sh(D3;, C3) ~ Sh(D, K) — Sh(C, J) induced by F
can be identified with the factorization Sh(F*®) o Sh(i$.), where D% is the full
subcategory of D3 on the objects of the form (F(c),S) for an object ¢ of C
and a K-closed sieve S on F(c), Cy|ps, is the Grothendieck topology induced
by Ci on Dy, iy 1 (Df, Cklps) — (D, Ck) is the morphism of sites given
by the canonical inclusion functor Dy — Dj., and F is the morphism of
sites (C,J) — (Dg, Ck|ps.) given by the functor F.

Proof By Remark 6.30, the topos G arising in the hyperconnected-localic
factorization p’ o p of the geometric morphism Sh(F) admits as separating
set of objects the family of domains of subobjects of objects of the form
Sh(F)*(l(c)) = I'(F(c)). Now, the full subcategory of Sh(D, K) on such
objects is equivalent to D} by Corollary 2.16, so we have an equivalence
§: G — Sh(Dg, Cklps). The inverse image of the geometric morphism
p : Sh(D,K) — G is precisely the inclusion functor of G into Sh(D, K),
and the morphism of sites i, : (D, K) — (D3, C%) yields an equivalence
Sh(D3,, C%,) ~ Sh(D, K). So the canonical inclusion functor % of Dj, into
Dj defines a morphism of sites (D, Ck|ps) — (D, Ck), since it induces
the geometric morphism £ opoSh(i%). On the other hand, the inverse image
of the geometric morphism p’ : G — Sh(C, J) given by the localic part of the
hyperconnected-localic factorization of Sh(F') is simply Sh(F')*, regarded as
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taking values in the subcategory G of Sh(D, K). Therefore the functor Fj
is a morphism of sites (C,J) — (D, Ck|ps) as it induces the geometric
morphism p’ o £~1. This completes our proof. O

Let us now apply Theorem 6.34 in the context of interpretations between
geometric theories.

Corollary 6.35. Let I : Ct — Cs be an interpretation of a geometric theory
T into a geometric theory S. Let Ty be the expansion of T whose signature
is obtained by adding a predicate symbol Ry of sorts 1(Z) for any context
over the signature of T and any geometric formula v in the context I(Z) over
the signature of S, and whose axioms are all the sequents whose image under
the extension of I sending each predicate symbol Ry to the corresponding
formula {I1(Z).ap} is provable in S, and let I be the obvious interpretation
of T into T;. Then the hyperconnected-localic factorization of the geometric
morphism Set[S] — Set[T] induced by I can be identified with the composite
Sh(I") o Sh([y).

Proof It is immediate to see that the factorization of I as I, followed by
I’ can be identified with the factorization of I, regarded as a morphism of
sites (Cr, Jr) — (Cs, Js), provided by Theorem 6.34 by using Proposition 6.1,
Corollary 6.2 and Remark 2.17. O

Remark 6.36. Corollary 6.35 generalizes the corresponding result for ex-
pansions of theories proved as Theorem 7.1.3 in [3].

6.6 Equivalence of toposes

From the above results we can obtain a criterion (alternative to Corollary
5.11) for a J-continuous flat functor to induce an equivalence of toposes:

Corollary 6.37. Let (C,J) be a small-generated site, £ a Grothendieck topos
and F' : C — £ a J-continuous flat functor inducing a geometric morphism
f & — Sh(C,J). Then f is an equivalence if and only if the following
conditions are satisfied:

(i) F is cover-reflecting;

(ii) for every subobject A — F(c) in £ there exists a (J-closed) sieve R on
¢ such that A is the union of the images of the arrows F(f) for f € R;

(iii) the objects of the form F(c) for ¢ € C form a separating set for the
topos £.
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Proof The functor f* is one half of an equivalence of categories if and only if
it is full and faithful and essentially surjective. Since faithfulness and closure
of its image under subobjects implies fullness for the functor f*, we conclude
that f* is one half of an equivalence if and only if it is faithful, essentially
surjective and its image is closed under subobjects. Our thesis thus follows
from Propositions 6.1, 6.22 and 6.26. 0

It is interesting to compare this characterization with the different, but
equivalent, criterion provided by Corollary 5.11: the difference lies in condi-
tion (ii) of Corollary 6.37 which is replaced by the “local fullness” condition
of Corollary 5.11.

This corollary can be notably applied in the context of interpretations
between geometric theories to characterize those which induce Morita equi-
valences.

Corollary 6.38. Let I : Ct — Cs be an interpretation of a geometric theory
T into a geometric theory S. Then I induces a Morita-equivalence between
T and S if and only if the following conditions are satisfied:

(i) for every sequent o over the signature of T, if the sequent I(o) is pro-
vable in S then o is provable in T;

(i1) the image of I is closed under subobjects (that is, for any sorts Ay, ..., A,
of the signature of T, every geometric formula 1 over the signature of
S in the context I((z2, ..., z2)) is T-provably equivalent (in its con-
text) to a formula of the form I(¢) for a geometric formula ¢ over the

signature of T in the context (xi, ..., zA));

(iii) for every sort B of the signature of S, the object {xB. T} is Js-covered
by objects in the image of I.

Proof Our thesis immediately follows from Corollaries 6.2 and 6.24. O

Remark 6.39. Conditions (i) and (ii) of Corollary 6.38 can be reformulated
as the requirement that the functor I should be an equivalence onto its image.

Example 6.40. Corollary 6.38 can for instance be applied to the interpreta-
tion of the algebraic theory MV of MV-algebras into the theory L, of lattice-
ordered abelian groups with strong unit established in [5], which, as proved in
[5], induces a Morita equivalence. Condition (iii) is satisfied since the formula
{z.T} is covered in Cp, by the objects in the image of I. Indeed, by the axiom
expressing the property of strong unit, the arrows {2'.0 <z’ <wu} — {2.T}
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given by x = nz’ (for n € Z) generate a Jp -covering sieve. One can also
understand concretely why condition (ii) is satisfied; indeed, by using the
construction of the ¢-group associated with an MV-algebra in terms of good
sequences of elements of the latter, one can prove that for every atomic for-
mula (%) over the signature of LL,, there exists a Horn formula x*" (%) in
the same context over the signature of MV such that the formula I(x™V(Z))
is provably equivalent in LL,, (in the context ) to the formula x A (0 < 7 < u).

From Proposition 6.28 and Theorem 6.3(a), we deduce the following cri-
terion, alternative to Theorem 5.7, for a morphism of sites to induce an
equivalence of toposes:

Corollary 6.41. Let F': (C,J) — (D, K) be a morphism of small-generated
sites. Then the geometric morphism Sh(F) : Sh(D, K) — Sh(C, J) induced
by F' 1s an equivalence iof and only if F' is cover-reflecting, closed-sieve-lifting
and satisfies condition (ii) of Proposition 5.5 (recall that, if K is subcanoni-
cal, the latter condition is equivalent to F being K -dense).

Proof Since a geometric morphism f is an equivalence if and only if it
is hyperconnected and its inverse image is essentially surjective, the thesis
follows from Proposition 6.28 and Theorem 6.3(a). O

The following criterion, alternative to Corollary 6.17, for a geometric
morphism to be an inclusion (resp. an equivalence) follows as an immediate
consequence of Corollary 6.41.

Corollary 6.42. Let f: F — & be a geometric morphism. Then

(i) f is an inclusion if and only if f* is locally surjective and its image is
closed under subobjects.

(ii) f is an equivalence if and only if f* is faithful, locally surjective and its
image 1s closed under subobjects.

Proof Asobserved in the proof of Corollary 6.17, f is an inclusion if and only
if the morphism of sites f* : (£, (J&") ) — (F, J£") is dense (equivalently,
weakly dense). Now, this morphism is J$#"-dense if and only if f* is locally
surjective (in the sense of Corollary 6.17(i)), while it is closed-sieve-lifting
if and only if the image of f* is closed under subobjects; indeed, for any
Grothendieck topology K on a Grothendieck topos G containing the canonical
one, any K-closed sieve is equal to the principal sieve on a subobject. This
proves the first part of the corollary; the second part follows from the first
by using that a geometric morphism is an equivalence if and only if it is both

a surjection and an inclusion. O

149



6.7 An example

Given a small-generated site (C,J) and a presheaf P : C°? — Set, let us
deduce, as a consequence of Corollary 6.37, that we have an equivalence of

toposes
’ Sh(C., J)/ay(P) ~ Sh([ P.Jp),

where [ P is the category of elements of P and Jp is the Grothendieck
topology on [ P whose covering sieves are the sieves which are sent by the
canonical projection 7p : [ P — C to J-covering families. This equivalence,
which was already established in Proposition III 5.4 [1], is induced by the
(flat) Jp-continuous functor Fp : [ P — Sh(C,J)/a;(P) sending any object
(¢, s) of [ P to the image under a; of the arrow yc(c) — P induced by (¢, z)
via the Yoneda lemma. First, we observe that, since we have an equivalence

[C°P, Set]/P ~ [([ P)°, Set]

(see, for instance, Proposition A1.1.7 [7]) induced (by composition with the
Yoneda embedding [P — [([ P)°,Set]) by the canonical functor Gp :
J P — [C°,Set]/P (sending any object (¢,z) € [ P to the object yc(c) —
P of [C°P,Set]/P given by the arrow corresponding to = via the Yoneda
Lemma), Gp is flat. Now, Fp is the composite of Gp with the inverse image
of the geometric morphism Sh(C, J)/a;(P) — [C°,Set|/P induced by the
canonical geometric inclusion Sh(C, J) < [C°P, Set] as in Example 6.19, so
it is flat as Gp is. Notice that the Grothendieck topology Jp is precisely
the topology induced by Fp (in the sense of Proposition 6.5). Let us apply
Corollary 6.37 to prove that Fp induces an equivalence. First, we have to
show that the objects in the image of the functor Fp define a separating set
of objects for the topos Sh(C, J)/a;(P). Given two distinct arrows «, 5 : (7 :
Q —ay(P)) — (£:Q — ay(P)) in Sh(C, J)/a,;(P), we have to show that
there are an object ¢ of C, an element x € P(c), corresponding to an arrow
P, :l(c) = ay(P)in Sh(C, J), and an element y € Q(c), corresponding to an
arrow ¥ : [(¢) = Qin Sh(C, J), such that P, = yogy and a0y # [foy. Consider
the pullback 5 : Q — P of v : Q — a;(P) along the unit P — a,(P). Since
the canonical arrow z : Q — Q is sent by a; to an isomorphism and a; is left
adjoint to the inclusion functor, a o z # o z. So there exists an object ¢ of
C and an element 3 € Q(c) such that a(z(c)(y')) # B(z(c)(y')). So, posing
x =7(c)(y') and y = z(c)(y'), we obtain that P, = yog and a oy # o7,
as required.

It now remains to show that condition (ii) is satisfied by Fp; but this
is clear, since, for any object (¢,x) of [ P, any subobject A of the object
P, : l(c) = ay(P) in Sh(C, J)/a;(P) corresponds to a subobject of I(c) in
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Sh(C, J) and hence to a sieve S on ¢, which clearly lifts to a sieve S, on the
object (c,x) in [ P such that A is isomorphic to the union of the images of
the arrows Fp(f) where f € S;.

6.8 A characterization of quotient interpretations

Let us now apply Corollaries 5.11 and 6.37 in the context of interpretations of
geometric theories, in order to characterize the interpretations of a geometric
theory T which are isomorphic to the canonical interpretation of T into a
quotient of it.

Corollary 6.43. Let I : Ct — Cs be an interpretation of a geometric theory
T into a geometric theory S. Then I is isomorphic (over Ct) to the canonical
interpretation IT : Cr — Cp of T into a quotient T' of T if and only if il
satisfies the following conditions:

(i) The image of I is closed under subobjects (that is, for any sorts Ay, ..., Ay
of the signature of T, every geometric formula 1 over the signature of
S in the context I((xi, ..., x2)) is T-provably equivalent (in its con-

text) to a formula of the form I(¢) for a geometric formula ¢ over the
signature of T in the context (z3, ... xn)).

rn

(ii) For every sort B of the signature of S, the object {xP. T} is Js-covered
by objects in the image of I.

Condition (i) can be equivalently replaced by the following condition :

(i)’ For every objects {Z.¢} and {y.4b} of Cr and any S-provably functional
formula 0(1(Z), 1(y)) from 1({Z.¢}) to I({y.4}) there exist a set of T-
provably functional formulae {x;(T;,Z)} : {T;.0;} — {Z.¢} such that
the sequent (I(¢) Fie \/(HI(:E’,)I(XZ(f;,f))) is provable in S and T-

provably functional formulae &(T3,79) : {z;.0:} — {y} (for each i)
such that [0] o I([xi]) = 1([&]) in Cs (i.e. the bi-sequent ((31(Z))(6 A
I([xi])) AF 1@ L([&])) is provable in S).

Proof By the duality theorem between quotients and subtoposes established
in Chapter 3 of |3], we have to characterize the interpretations I which induce
a geometric inclusion to the classifying topos of T. The formulation of this
condition as the conjunction of conditions (i) and (ii) follows from Corollary
6.37 by observing that the geometric morphism induced by I is induced by
the (Jr)r-continuous flat functor Cr — Sh(Cs, Js) given by the composite of
the Yoneda embedding Cs < Sh(Cs, Js) with I.
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On the other hand, conditions (i)’ and (ii) are equivalent to the property
of the interpretation I to induce a dense morphism of sites (Cr, (J1);) —
(Cs, Js), equivalently, by Theorem 6.3(c), a geometric inclusion from the clas-
sifying topos of S to the classifying topos of T. O

Remarks 6.44. (a) The quotient T” of T corresponding to an interpreta-
tion [ satisfying the conditions of Corollary 6.43 is axiomatized by the
sequents o over the signature of T such that I(o) is provable in S (cf.
6.38).

(b) It is interesting to understand why property (i)’ is true in the case of
the canonical interpretation of T into a quotient T’ of it. Given a T'-
provably functional formula 0(1(%), I(¢)) from I({Z.¢}) to I({y.¢0}), we
can take y to be the formula (6 A ¢ A V)(Z,7) A& = 2/, which is T-
provably functional from {Z, 7.0 A ¢ A} to {2.¢[z/Z]}, and € to be the
formula (0 A ¢ A w)(@ ) A 7 = 3/, which is T-provably functional from
{Z,5.0 N o AY} to {y DLy /9]}-

7 Properties of morphisms induced by comor-
phisms of sites

In this section we shall investigate the conditions on a comorphism of sites
which correspond to the property of the corresponding geometric morphism
to be a surjection (resp. an inclusion, hyperconnected, localic), and also
describe the surjection-inclusion and hyperconnected-localic factorizations
at the level of comorphisms of sites.

7.1 Surjections

Proposition 7.1. The geometric morphism Cr : Sh(D,K) — Sh(C,J)
induced by a comorphism of sites F' : (D,K) — (C,J) is a surjection if
and only if J = K¥ (in the sense of Proposition 6.11), that is, if a sieve
S on an object ¢ € C satisfies the property that for every object d of D and
arrow x : F(d) — ¢ in C, there exists a K-covering sieve T on d such that
F(T) C x*(S) then S is J-covering. This condition implies that F is J-dense
and 1s equivalent to it if F' is cover-preserving.

Proof By Proposition 6.1, Cr is a surjection if and only the functor Ag

is cover-reflecting, that is, for any sieve S on an object ¢, if the family of
arrows Ap(f) for f € S is epimorphic then S is J-covering. Now, since
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a family of morphisms in [D°P, Set| is sent by the associated sheaf functor
ar : [D°P,Set] — Sh(D, K) to an epimorphic family if and only if it is K-
locally surjective (cf. Corollary II1.6 [10]), we obtain the following criterion:
the family {Ar(f) | f € S} is epimorphic if and only if for every object d of
D and arrow x : F(d) — c there exists a K-covering sieve T on d such that
for every g € T, x o F(g) € S, that is, if and only if K C J. From this, in
light of Remark 6.12, the firt part of our thesis follows immediately.

It remains to show that the condition J = K" implies that F is J-dense
and is equivalent to it if I is cover-preserving. The fact that if J = K¥
then F'is J-dense follows from the fact that, for any ¢ € C, the sieve S. on
c generated by the arrows from objects of the form F(d) (for d € D) to c is
KT -covering, by definition of K¥', and therefore .J-covering. Conversely, let
us show that if F' is cover-preserving and J-dense then K C J (equivalently,
KT = J). Given a sieve S on an object ¢ € C satisfying the property that
for every object d of D and arrow z : F(d) — c in C, there exists a K-
covering sieve T on d such that F(T) C x*(S), we want to prove that S is
J-covering. Since F' is cover-preserving, for any arrow z : F'(d) — cin C,
z*(S) € J(dom(x)); the fact that S € J(c) thus follows from the fact that F
is J-dense by the transitivity axiom for Grothendieck topologies. O

Remarks 7.2. (a) If F is K-full then the condition J = K implies that
F' is cover-preserving. Indeed, for any R € K(d'), the sieve (F(R)) is
J-covering, since, by the K-fullness of F, for any arrow = : F'(d) — F(d')
in C there are a set I and arrows f; : d; — d,g; : d; — d' (for i € I) such
that the family {f; : d; — d | i € I} is K-covering and x o F'(f;) = F(g;),
and hence the sieve T' := {f;oh | i € I,h € g/(R)} is K-covering and
satisfies the property F/(T') C x*(S).

(b) If J and K are the trivial topologies then F'is clearly cover-preserving
and the condition that F' be J-dense is equivalent to the requirement
that every object of D should be a retract of an object in the image of
F. In fact, this was also proved with other means in Example A4.2.7(b)

17].

7.2 Inclusions

To characterize the comorphisms of sites which give rise to a geometric in-
clusion, we shall use the criterion provided by Corollary 6.4.

The following lemma expresses certain properties of arrows in the image
of the functor A introduced above in terms of functional relations associated
with them.
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Lemma 7.3. Let ¢, € C, £ : Ap(c) = ax(Home(F(—),¢)) — Ap(d) =
arx(Home(F'(—),d)) an arrow in Sh(D, K) and R the functional relation
from Home(F (=), ¢) to Home (F(—), ) associated with it as in Remark 2.11(c).
Then

(i) For any arrows f : " — cand g: " — ¢, o Ap(f) = Ar(g) if and
only if for every x : F(e) = ", (fox,gox) € Re.

(ii) There exist a family of arrows f; : ¢; — ¢ in C which is sent by Ap to
an epimorphic family and a family of arrows g; : ¢; — ¢ in C such that
o Ap(fi) = Ap(g:) for all i if and only if there exists a family (u;,v;)
of elements of Re such that the family {Ar(u;)} is epimorphic and for
any arrow s : F(e) — dom(u;) = dom(v;) in C, (u; 0 s,v;05) € Re.

Proof (i) By Remark 2.11(c), (f ox,gox) € Re if and only if £ on°(f o
z) = n°(g o x), where n° : Home(F(—),¢) — ax(Home(F(=),c)) and 1
Home(F(—),d) — aK(HomC(F( ),')) are the canonical unit arrows. But
§on'(fox) =(§oAr(f)o n“)(w) and 0 (g o x) = (Ap(g) o n”)(x), where

n®" : Home(F (=), ") — aK(Homc( (=), ")) is the canonical unit arrow.

(ii) Let us suppose that there exist a family of arrows f; : ¢; — ¢ in C
which is sent by Ay to an epimorphic family and a family of arrows g; : ¢; — ¢/
in C such that £ o Ap(f;) = Ap(g;) for all i. Then we may take as arrows
(u;,v;) those of the form (f; oz, g; o z) for z an arrow F(e) — ¢; for some
i € I. By (i), every pair of the form (f; ox,g; o x) is in R, so it remains to
show that the family of arrows {Ap(u;)} is epimorphic (equivalently, for any
arrow u : F'(e) — c there exists a K-covering sieve T" on e such that u o F'(t)
factors through some w; for every ¢t € T'). But this is clear since, the family
{Ap(f;) | i € I} being epimorphic, there is a K-covering sieve T,, on e such
that, for every t € T,,, uo F(t) factors through some f;, that is, is of the form
fi o x for some arrow .

Conversely, if there exists a family (u;,v;) of elements of R such that
the family {Ap(u;)} is epimorphic and for any arrow s : F'(e) — dom(u;) =
dom(v;) in C, (uj o s,v; 0 s) € Re then by (i) £ 0 Ap(u;) = Ap(v;) for each
J. So we may take as family of arrows (f;, g;) precisely the family of arrows
(s, ;). O

Proposition 7.4. Let F : (D,K) — (C,J) be a comorphism of sites. Then
the flat functor Ap : C — Sh(D, K) satisfies condition (ii) of Corollary
6.4 if and only if for every K-functional relation R from Home(F(—),c)
to Home(F(—=),c) in [D°P,Set| there exists a family (fi, g;) of arrows f; :
dom(f;) — ¢ and g; : dom(g;) — ¢ with common domain dom(f;) = dom(g;)
such that
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o for any arrow x : F(e) — c there ezists a K-covering sieve T' on e such
that, for every t € T, x o F(t) factors through some f;;

o for any arrow x : F(e) — dom(f;) = dom(g;) in C, (fiox,g;0x) € R.

In particular, this condition s satisfied if F' is K-full.
If F is cover-preserving then the conjunction of the two conditions above
is equivalent to the requirement that for any (f,g) € R and any arrow x :

F(e) — dom(f) =dom(g) inC, (fox,gox) € R.

Proof Recall that condition (ii) of Corollary 6.4 states that for every ¢, € C
and any arrow £ : Ap(c) — Ap(c’) in Sh(D, K), there exist a family of arrows
fi - ¢; = ¢ in C which is sent by Ar to an epimorphic family and a family of
arrows g¢; : ¢; — ¢ in C such that £ o Ap(f;) = Ar(g;) for all i.

By Theorem 2.13, the arrows

¢: Ap(c) = ag(Home(F (=), ¢)) = ax(Home(F(—),)) = Ap(d)

in Sh(D, K') correspond to the K-functional relations R, from Home (F(—), ¢)
to Home(F'(—),c) in [DP, Set].

The first part of the proposition thus follows immediately from Lemma
7.3 by observing that a family of arrows {Ap(u;)} is epimorphic if and only
if for any arrow z : F'(e) — ¢ there exists a K-covering sieve T" on e such
that, for every t € T', x o F'(t) factors through some ;.

If Fis K-full then, for any arrow £ : Ap(c) — Ap(c), the family of
pairs of arrows in R satisfies both conditions in the statement of the Pro-
position. The first condition is satisfied since, R¢ being a K-functional rela-
tion, the family of arrows {Ap(z) | * € m(R¢)}, where 7 is the canonical
projection Home(F'(—),¢) x Home(F(—),¢) — Home(F(—),c), is epimor-
phic in Sh(D, K), while the second holds by the following argument. Given
(f,g) € Re and = : F(e) — dom(f) = dom(g), the K-fullness of F im-
plies that there exist a K-covering family 7" on e and for each ¢ € T" an arrow
s¢ : dom(t) — esuch that xoF'(t) = F(s;). Now, by the K-closure property of
Ry, the condition (fox, gox) € R is equivalent to (foxoF(t), goxoF(t)) € Ry
for every t € T. But (foxo F(t),goxo F(t)) = (f o F(s;),g0 F(s)), and
(foF(st),g0 F(st)) € Re by the functoriality of R.

It remains to prove the last part of the proposition, namely that, provided
that F' is cover-preserving, if R satisfies the two conditions above then R is
closed under composition on the right with arbitrary arrows in C. Note that
the converse direction follows from the fact that if R satisfies this property
then, by taking the family {(f;, g;)} to consist of the pairs in R, the first
condition in the proposition is automatically satisfied by the K-functionality
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of R. So, let us suppose that (f : F(e) — ¢,g : F(e) = ¢’) € R and that
z: F(a) = F(e) is an arrow in C; we want to show that (f ox,gox) € R.
By the first condition, there is a K-covering sieve T' on e such that, for each
t € T, fo F(t) factors through some f;,, say, f o F(t) = f;, oul. Now,
by the functoriality of R, (f,g) € R implies that (f o F(t),g o F(t)) € R.
On the other hand, the second condition in the proposition implies that
(fi, oul, g;, oul) € R. So, the K-functionality of R implies that g o F(t) =g
gi, oul. Since F is cover-preserving, the sieve (F/(T')) generated by the arrows
F(t) for t € T is J-covering; therefore its pullback along x is also J-covering
and hence by the covering-lifting property there is a K-covering sieve H on
a such that for each h € H, x o F(h) = F(ty,) o 2z, for some arrow t;, € T
and some arrow zj, : F'(dom(h)) — F(dom(t,)). Now, by the K-closure of R,
(fox,gox) € Rif and only if for every h € H, (foxoF(h),goxoF(h)) € R.
But (fowzo F(h),goxoF(h) = (fi, ou oz,,go F(ty) o z,). Now, we

have g o F'(tn) =k gi,, © u, whence g o F(t,) o 2z, =g iy, © u o zj,. Since
R is a K-functional relation, the condition (f;, o u oz, go F(ty)oz) € R
is equivalent to (f;, ©o u oz, iy, © u o z,) € R (cf. Proposition 2.12), and

this is satisfied by the second condition in the proposition. O

For investigating the satisfaction of condition (i) of Corollary 6.4, we need
the following lemma. Notice that if F': (D, K) — (C,J) is a comorphism of
sites then for any d € D we have an arrow g, : I'(d) = Ap(F(d)) correspon-
ding, via the associated sheaf adjuntion and the Yoneda embedding, to the
element of Ap(F(d))(d) given by the identity arrow on F(d).

Lemma 7.5. Let F' : (D,K) — (C,J) be a comorphism of sites. Then for
any object d of D and any arrow g : d — d in D, the arrows § : Ap(F(d')) —
I'(d) such that £ o xo = U'(g) can be identified with the relations R from
Home(F (=), F(d')) to Homp(—, d) which assign to each object e of C a col-
lection R(e) of pairs of arrows (x : F(e) — F(d'),y : e = d) in such a way
that the following properties are satisfied:

(i) for any & : € — e in D, if (x,y) € R then (x o F(§),yo&) € R;

(ii) for any e € D and any (x,y) € Home(F(e), F(d')) x Home(e, d), if
{:e/=el (xoF(§),yof) € R(e)} € K(e) then (x,y) € R(e);

(iii) for any e € D, if (z,y),(z',y') € R and x = 2’ then y =k V';

(iv) for any e € D and any arrow x : F(e) — F(d') inC, {t: ¢ —e|Jy:
¢ —d, (roF(t),y) € R(e')} € K(e);

(v) for any arrow f:e —d in D, (F(f),go f) € R(e).
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In particular, if F' is K-full and K-faithful then for every d € D the arrow
Xa : U'(d) = Ap(F(d)) is an isomorphism.

Proof The first part of the lemma follows from the proof of Theorem 2.13.
It thus remains to show that if F'is K-full and K-faithful then there exists
a relation which verifies the conditions in the statement of the lemma and is
inverse to yo. We can define a relation R on pairs of arrows (z : F(e) —
F(d),y : e = d) by stipulating that (z,y) € Rp if and only if F(y) = z. If I/
is K-faithful and K-full then the relation Ry clearly satisfies all the conditions
of the lemma for the family of objects {c; | i € I} given by the singleton
{F(d)} except for the closure condition (ii), which, by Remark 2.11(b), can
be made to hold (without affecting the satisfaction of the other conditions)
by taking its K-closure. The corresponding arrow Ap(F(d)) — I'(d) (via the
bijection of Theorem 2.13) is actually inverse to the arrow y, (cf. Proposition
5.16), as required. O

Proposition 7.6. The geometric morphism Cr : Sh(D, K) — Sh(C, J) in-
duced by a comorphism of sites F': (D,K) — (C,J) is an inclusion if and
only if F satisfies the condition of Proposition 7.4 and for every object d
of D there exist a K-covering family {g; : di — d | i € I} and arrows
& Arp(F(d;)) — U'(d) in Sh(D, K) such that & o xa, = U'(g;) (equivalently,
relations R; from Home(F (=), F(d;)) to Homp(—, d) satisfying the conditi-
ons of Lemma 7.5).

In particular, if F is K-full and K-faithful then the geometric morphism
CF is an inclusion. Conversely, if F' is cover-preserving and Cr is an inclu-
sion then F is K-full.

If F is (K, J)-continuous (in the sense of Definition 4.7) then Cg is an
incluston iof and only if F' is K-full and K-faithful.

Proof By Corollary 6.4, Cr is an inclusion if and only if conditions (i) and
(ii) of the Corollary are satified by the flat functor Ap. Condition (ii) is
equivalent to the condition of Proposition 7.4. On the other hand, condition
(i) is satisfied by Ap if and only if for each d € D, there exists a set {c;} of
objects of C and an epimorphic family of arrows &} : Ar(c;) — I'(d). But,
by using Proposition 2.18(ii), one can easily see that this amounts to the
existence of a K-covering family {g; : d; — d | i € I} on d and for each i € T
an arrow u; : F'(d;) — ¢;, in C (for some j;) such that I'(g;) = & 0 Ap(u;)oxa,-
So the composite of the arrow & := £ o Ap(u;) : Ap(F(d;)) — I'(d) with xq,
is equal to I'(g;).

If F'is K-full and K-faithful then by Proposition 7.4 F' satisfies the condi-
tion in it and by Lemma 7.5 for every d € D the arrow x4 : l'(d) — Ap(F(d))
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is an isomorphism whence we can take the trivial covering family on each d
to make the condition of the proposition satisfied.

Let us now show that if C'r is an inclusion and F' is cover-preserving then
Fis K-full. Let f, f' : e = d be arrows in D such that F(f) = F(f’). Let
{9i + di — d | i € I} be a K-covering family and & : Ap(F(d;)) — I'(d)
be arrows in Sh(D, K), corresponding to K-functional relations R; from
Home(F(—), F(d;)) to Homp(—,d), such that & o x4, = I'(g;). Let us first
prove that, for any ¢ € I, we have xq0& = Ap(F(g;)). The K-functional
relation corresponding to this arrow is the composite R of R; with the re-
lation R,, associated with xq. Since (1p(q,), ;) € R; (this follows from the
fact that R; satisfies property (v) of Lemma 7.5 with respect to the arrow
g;) and (g;, F(¢9;) € R,,, we have (1rw@,), F(g;)) € R;. So, by the last part of
Proposition 7.4, for any arrow x : F(e) — F(d;), (x, F(g;) ox) € R;; in other
words, xqg0& = Ar(F(g;)), as required.

The sieve ({F(g;) | i € I}) generated by the arrows F(g;) for i € I is
J-covering; so, for any arrow y : F(e) — F(d) in C, its pullback along y is
also J-covering, whence by the covering-lifting property there is a K-covering
sieve H on e such that for each h € H, yo F(h) = F(g;,) o z, for some i, € I
and some arrow z, : F(dom(h)) — F(d;,). Now, since R; is K-functional,
there is a K-covering sieve T on dom(h) and for each ¢ € T, an arrow
a; : dom(t) — d such that (z; o F'(t),a;) € R;. Then, from the fact (proved
above) that x40 & = Ap(F(g;)) it follows that F(a;) is K-locally equal to
F(gi,)0zp0F(t), that is, there is a K-covering sieve W; on dom(t) such that
F(at) o F(w) = F(g;,) 0 zn0 F(t) o F(w) =y o F(h) o F(t) o F(w) for each
w € W;. Therefore the K-covering sieve U given by the multiomposite of H,
the T;’s (for h € H) and the W,’s (for t € T},) satisfies the property that for
any u € U there is an arrow a!, : dom(u) — d such that y o F(u) = F(al,) for
each v € U (indeed, if u = h ot o w then we can take a/, = a; o w). So F is
K-full, as desired.

It remains to prove the last part of the proposition. We have already
shown that the condition on F' being K-faithful and K-full is a sufficient
condition for Cr to be an inclusion. We want to prove that this condition is
also necessary if F'is (K, J)-continuous. But this follows from the fact that,
by Corollary 4.23, we have a commutative diagram

C i D
/| I
(i

Sh(D, K) L sn(c, J)
in light of Proposition 5.20(i)-(ii) and Remark 5.15. O
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Remark 7.7. If J and K are the trivial topologies then one may deduce from
Proposition 7.6 the following criterion for the essential geometric morphism
Cr : [D°°,Set] — [C°P,Set| induced by F to be an inclusion: Cp is an
inclusion if and only if F' is full and faithful.

Indeed, the ‘if” direction follows immediately from the proposition, while
the converse one can be proved as follows. The fullness of F' follows from the
last part of the proposition, while its faithfulness follows from the fact that
the condition in the proposition implies that, for every d € D, there is an
arrow & : Ap(F(d)) — I'(d) such that & o xq = 1y(a).

An alternative way of proving that if C'r is an inclusion then F'is full
and faithful is to observe that, the inverse image functor of the geometric
morphism Cp having adjoints on both sides, the right adjoint is full and
faithful if and only if the left adjoint is; but this latter condition implies
that F' is full and faithful, since F' can be recovered from this functor as its
restriction to the representables.

The surjection-inclusion factorization of the geometric morphism induced
by a comorphism of sites admits a particularly simple description when the
latter is cover-preserving, as shown by the following proposition.

Proposition 7.8. Let F': (D, K) — (C, J) be a comorphism of sites which is
cover-preserving. Then the surjection-inclusion factorization of the geometric
morphism Cr : Sh(D,K) — Sh(C,J) induced by F can be identified with
C; o Crr, where F' is the functor F regarded as a comorphism of sites from
(D, K) to the site (C',J"), where C' is the full subcategory of C on the objects
in the image of F' and J' is the smallest Grothendieck topology on C' making
the inclusion i of C' into C a comorphism of sites to (C,J).

Proof Since F' is cover-preserving, by definition of the Grothendieck topo-
logy J’, F" is also cover-preserving (cf. Corollary 3.6). It is also surjective on
objects, so, by Proposition 7.1, C'r is a surjection. On the other hand, i is
full and faithful, so, by Proposition 7.6, C; is an inclusion. By the uniqueness
(up to equivalence) of the surjection-inclusion factorization, it follows that
C; o Cpr is ‘the’ surjection-inclusion factorization of C'r, as required. ]

Remark 7.9. Proposition 7.8 generalizes the result (cf. Example A4.2.12(b)
[7]) describing the surjection-inclusion factorization of the essential geometric
morphism induced by an arbitrary functor between small categories.

7.3 Localic morphisms

We shall now characterize the comorphisms of sites which induce localic
geometric morphisms.

159



Lemma 7.10. Let F' : (D,K) — (C,J) be a comorphism of sites. Then
for any object d of D and any arrow g : d — d in D, the arrows £ to l'(d)
whose domain is a subobject s : S — Ap(F(d')) through which x4 factors as
Xa = soXa, and such that £ oxg =1'(g), can be identified with the relations
R from Home(F(—), F(d')) to Homp(—,d) satisfying all the conditions of
Lemma 7.5 but condition (iv).

The functor F is K-faithful if and only if for every object d of D, the
arrow xq : U'(d) — Ap(F(d)) is a monomorphism.

Proof The first part of the lemma follows from the proof of Theorem 2.13,
so it remains to prove the second part. We notice that x4 = ax(74), where v,
is the arrow yp(d) — Home(F(—), F(d)) corresponding to the element 15
of Home (F(d), F'(d)) via the Yoneda embedding. So by Lemma 2.1(i) xq is a
monomorphism if and only if for every z,2’ : ¢ — d such that F(x) = F(2'),
x =g 2/, that is, if and only if F'is K-faithful. OJ

Proposition 7.11. The geometric morphism Cr : Sh(D, K) — Sh(C, J)
induced by a comorphism of sites F': (D, K) — (C,J) is localic if and only
if for every object d of D there exist a K-covering sieve {g; : d; — d |i € I}
on d and relations R; from Home(F (=), F(d;)) to Homp(—,d) satisfying the
conditions of Lemma 7.10.

In particular, if F' is K-faithful then the geometric morphism Cr is localic.

Proof The proof uses Lemma 7.10 in a way analogous to that in which
Lemma 7.5 is used in the proof of Proposition 7.6. In fact, stating that, for
each d € D, there is a set {c;} of objects of C and an epimorphic family of
arrows {&; : ax(S;) — U'(d)}, where each S; is a K-closed sieve on ¢; yielding
a canonical subobject s; : ax(S;) — Ap(c;), amounts to saying that there
are a K-covering family {g; : d; — d | i € I} and for each i an element j;
and an arrow u;, : F(d;) — ¢j, in S;, such that (uj,,g;) € R;, (where R;, is
the functional relation corresponding to ¢;,). For each i € I, by considering
the pullback

sl

ax(S},) Ap(F(d;))
l lmum
ak(5;,) Ar(cj,)

of each subobject s;, : ax(S;,) — Ar(c;;) along Ap(uj,), we obtain a subob-
ject 8% ag(S),) — AF( (di)), where S’ is K-closed sieve on F'(d;), through
Wthh Xd; factors (thls follows from the unlversal property of the above pul-
Iback, since s;, o u;, = Ap(uj,) o xq4,, where uj, is the arrow I'(d;) — ax(S;,)
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corresponding to the element w;, of S;,) and for which the condition (u;,, g;) €
Rj, can be reformulated as the condition §j, o s} o Xa;, = I'(g;), where Xg, de-
notes the factorization of x4, through s : ar(S},) — Ap(F(d;)). O]

7.4 Hyperconnected morphisms

Proposition 7.12. The geometric morphism Cp : Sh(D,K) — Sh(C, J)
induced by a comorphism of sites F' : (D, K) — (C,J) is hyperconnected if
and only if F' satisfies the property of Proposition 7.1 and for every object c
of C and any set A of arrows of the form x : F(d) — ¢ (for an object d of
D) which is functorial (in the sense that if x € A then x o F(g) € A for any
arrow g : d — d in D) and K-closed (in the sense that for any K-covering
sieve T on d, if x o F(t) € A for every t € T then © € A) there exists a
(J-closed) sieve S on ¢ such that

A={x:F(d) —c|deD,{t:dom(t) > d|zoF(t) e S} € K(d)}.
If particular, if F' s K-full this latter condition is satisfied.

Proof The first part of the proposition follows immediately from Proposition
6.23 in light of Remark 2.4(a), so it remains to prove the second part. Given
a set A of arrows F'(d) — ¢ (for d € D) satisfying the property in Proposition
7.12, let us define S to be the sieve on ¢ generated by it. We want to prove
that A={z: F(d) > c|d € Dand {t:dom(t) - d | xzo F(t) € S} €
K(d)}. The inclusion C is clear since A C S. To prove the converse one,
since A is functorial and K-closed, it clearly suffices to show that for any
arrow = : F(d) — ¢, if v € S then v € A. If v € S then, by definition of
S, there exists an arrow y : F/(d') — ¢ in A and an arrow & : F(d) — F(d)
such that x = y o £&. Now, since F'is K-full, there exist a K-covering family
{h :dom(h) — d | h € R} on d and for each h € R an arrow sy, : dom(h) — d’
such that £ o F'(h) = F(s,) for each h € R. Since A is K-closed, to show
that x € A it suffices to show that x o F(h) € A for each h € R. But
xoF(h) =yofoF(h)=yoF\(sy), which belongs to A since A is functorial.

O

Corollary 7.13. Let f : D — C be a functor between essentially small
categories. Then the geometric morphism Cp : [D°?,Set] — [C°P, Set] is
hyperconnected if and only if F' is full and every object of D is a retract of
an object in the image of F.

Proof By Proposition 7.12 and Remark 7.2(b), CF is hyperconnected if and
only if every object of D is a retract of an object in the image of F' and for
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every functorial set A of arrows x : F'(d) — ¢ there exists a sieve S on ¢ such
that for any arrow x : F(d) — c¢in D, x € A if and only if x € S. Let us
prove that this latter condition is satisfied if and only if F'is full. If F' is
full, then we can get the condition satisfied by defining S to be the sieve on
c generated by the arrows in A. Indeed, if x € A then x € S since A C §S.
Conversely, suppose that x : F'(d) — ¢ is in S; then we can write z = y o g,
where y : F(d') — ¢ is in A. But by the fullness of F, g = F(&) for some
arrow £ : d — d' in D and hence z = y o F/(§) € A by the functoriality of A.
Conversely, supposing that F' satisfies the condition, we want to prove that
it is full. Given d € D, let A; be the collection of all the arrows of the form
F (&) for an arrow & of D with codomain d. If A, satisfies the condition then
there is a sieve S; on F(d) such that an arrow F(d') — F(d) lies in Sy if
and only if it lies in Ag. It follows that the identity 1p(g) lies in Sg, so every
arrow F'(d') — F(d) in C (where d’ is an object of D) lies in Sy and hence in
Ag; that is, it is of the form F'(&) for some &. OJ

Remark 7.14. Corollary 7.13 generalizes and strengthens Example A4.6.9
|7], where it is observed that if F' is bijective on objects and full then the
geometric morphism Cp is hyperconnected.

The following result describes the hyperconnected-localic factorization of

the geometric morphism induced by a cover-preserving comorphism of sites;
it generalizes the well-known result for presheaf toposes (Example A4.6.9
[7]).
Proposition 7.15. Let F : (D, K) — (C,J) be a comorphism of sites which
s cover-preserving. Then the hyperconnected-localic factorization of the geo-
metric morphism Cp : Sh(D, K) — Sh(C, J) induced by F' can be identified
with Cz o Cr, where F is the functor F regarded as a comorphism of sites
from the site (€, L) whose underlying category £ is the quotient of the ca-
tegory D by the congruence induced by F and whose Grothendieck topology
L has as covering sieves the sieves whose inverse image under the canonical
projection functor m : D — & is K-covering.

Proof Since the functor 7 is cover-preserving and full on objects and arrows,
by Propositions 7.12 and 7.1, C; is hyperconnected. On the other hand, since
F is faithful then Cj is localic by Proposition 7.11. Since we clearly have
F = F o, our thesis follows. 0

7.5 Equivalences of toposes

Finally, we can deduce from Propositions 7.11 and 7.12 a criterion for a
comorphism of sites to induce an equivalence of toposes (by observing that
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a geometric morphism is an equivalence if and only if it is both localic and
hyperconnected):

Proposition 7.16. The geometric morphism Cp : Sh(D, K) — Sh(C, J)
induced by a comorphism of sites F': (D, K) — (C,J) is an equivalence if
and only if the following conditions are satisfied:

(i) for every object d of D there exist a K-covering sieve {g; : d; — d |
i € I} on d and relations R; from Home(F(—), F'(d;)) to Homp(—, d)
satisfying all the conditions of Lemma 7.5 but condition (iv);

(ii) J = KT, that is, if a sieve S on an object c € C satisfies the property
that for every object d of D and arrow x : F(d) — c there exists a
K-covering sieve T on d such that for every g € T, x o F(g) € S then
S is J-covering;

(iii) for every object ¢ of C and any set A of arrows of the form x : F(d) — ¢
for an object d of D which is functorial (in the sense that if x € A then
zoF(g) € A for any arrow g : d — d in D) and K-closed (in the sense
that for any K-covering sieve T on d, if v o F(t) € A for everyt € T
then x € A) there exists a (J-closed) sieve S on ¢ such that

A={x:F(d) —c|deD,{t:dom(t) > d|zoF(t) e S} € K(d)}.

In particular, if F'is K-full and K-faithful and J-dense then Cr is an equi-
valence.

O

As shown by the following proposition, the condition on F' being K-full,
K-faithful and J-dense is not only sufficient but also necessary for C'r to be
an equivalence if F' is (K, J)-continuous:

Proposition 7.17. Let F be a (K, J)-continuous (in the sense of Definition
4.7(b)) comorphism of sites (D, K) — (C,J). Then the geometric morphism
Cr : Sh(D,K) — Sh(C,J) is an equivalence if and only if F is K-full,
K -faithful and J-dense.

Proof By Proposition 4.11(iii), every (K, .J)-continuous functor is cover-
preserving.

Now, a geometric morphism is an equivalence if and only if it is both an
inclusion and a surjection. Our thesis thus follows from Propositions 7.1 and
7.6. OJ
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The following result provides a criterion for a functor which is both a
morphism and a comorphism of sites to induce an equivalence.

Proposition 7.18. Let F : D — C be a functor which is both a comor-
phism of sites and a morphism of sites (D, K) — (C,J), where J and K are
Grothendieck topologies respectively on C and D. Then the following condi-
tions are equivalent:

(i) The geometric morphism Cr is an equivalence with quasi-inverse Sh(F).

(11) F is K-full and J-dense (equivalently, a dense morphism of sites (D, K) —

(C,J)).

Proof (i) = (ii) If F, as a morphism of sites (D, K) — (C,J), induces an
equivalence then, since F' has the covering-lifting property, by Corollary 5.22
Fis K-full and J-dense.

(ii) = (i) Since the construction of the geometric morphism induced by
a comorphism of sites is functorial, and any canonical geometric inclusion
Sh(A, Z) — [A°, Set] is induced by the identity functor on A, regarded as
comorphism of sites (A, Z) — (A, T) where T is the trivial topology on A,
we have a commutative square

Sh(D, K) Sh(c, J)

e

[D°P, Set| ————— [C°P, Set],

where E(F) is the geometric morphism induced by F' (regarded as a comor-
phism of trivial sites) and the vertical arrows are the canonical geometric
inclusions. Let Sh(F') : Sh(C,J) — Sh(D, K) be the geometric morphism
induced by F' as a morphism of sites (D, K) — (C,J). Since F is J-dense
and has the covering-lifting property, by Proposition 6.7, J = K* and hence,
by Lemma 6.13, F' is cover-reflecting. So F' is a dense morphism of sites (cf.
Remark 5.2) and hence Sh(F') is an equivalence. To prove that g is a quasi-
inverse to Cp, it is clearly enough to show that C% o Sh(F)" olp = Ip. Now,
Sh(F)*olp X lcoF, s0o CpoSh(F) olp & CrolcoF. But Cpole &
Choajoye = ax o E(F)* oye, where the second isomorphism follows from
the commutativity of the above square. Now, by Proposition 5.16, since F'is
K-full and K-faithful, the canonical arrow Ip = agoyp — axo E(F)* oycoF
is an isomorphism, so C} o g* o lp = lp, as required. 0J
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Remark 7.19. For a comorhism of sites F' : (D, K) — (C,J) to induce an
equivalence Cp it is necessary that F' be J-dense (by Proposition 7.1). So
inducing an equivalence is not a sufficient condition on a morphism of sites
F:(D,K)— (C,J) for it to be also a comorphism between the same sites
(since there are weakly dense morphisms which are not dense); in fact, this
is the case if and only if F' is J-dense and K-full (cf. Corollary 5.22).

7.6 Local morphisms

Recall that a geometric morphism f : F — & is said to be local if f, has a
fully faithful right adjoint. For different characterizations of the property of
a geometric morphism to be local see, for instance, Theorem C3.6.1 [7].

Note that this definition makes sense more generally for a weak morphism
of toposes (in the sense of section 4.1).

Theorem 7.20. Let F' : D — C be a continuous comorphism of sites (also
regarded as a weak morphism of sites) (D, K) — (C,J). Then:

(i) The geometric morphism Cr : Sh(D, K) — Sh(C, J) is essential, and
(Cp) =2 Sh(F)* 4Sh(F), = (Cr)" = Dp := (— 0o F?) 4 (Ck)«

(11) The weak morphisms Sh(F) and Cr form an adjoint pair in the 2-
category of Grothendieck toposes, weak morphisms and geometric trans-
formations between them (Sh(F') being the right adjoint and Cr the left
adjoint); indeed, Sh(F)* is left adjoint to (Cr)*.

In particular, if F'is a morphism of sites then the geometric morphisms
Sh(F) and Cr form an adjoint pair in the 2-category Btop of Grothen-
dieck toposes, geometric morphisms and geometric transformations.

(111) The weak morphism Sh(F') : Sh(C, J) — Sh(D, K) is local if and only
if Cp is an inclusion, that is, if and only if F' is K-faithful and K-full.

(iv) The canonical geometric transformation
1Sh(’D,K) — Sh(F) e} CF

(given by the unit of the adjunction between Sh(F) and Cg as in (ii)) is
an isomorphism if (and only if ) F is K-faithful and K-full. In this case,
if Fis moreover a morphism of sites (D, K) — (C,J), the morphisms
Cr and Sh(F) realize the topos Sh(D, K) as a (coadjoint') retract of
Sh(C, J) in the 2-category Btop.
'Recall that a retract (i,7) in a 2-category (in the sense of section B1.1 of [7]), where
roi =1, is said to be coadjoint if i is left adjoint to r.
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Proof (i) The fact that Cp is essential follows from Corollary 4.23. By
definition of (Cp)*, for any J-sheaf P on C, (Cr)*(P) = ax(P o F°P). But,
since F'is (K, J)-continuous, P o F°P is already a K-sheaf, so (Cp)* = (— o
F°P), and by definition of the weak morphism of toposes Sh(F") associated
with a weak morphism of sites I, we have Sh(F), = Dp := (— o F°P). The
other isomorphism in (i) follow from this one in light of the uniqueness (up
to isomorphism) of (right or left) adjoints to a given functor.

(i) This follows immediately from (i).

(iii) The right adjoint (Cp). of Sh(F), is full and faithful if and only if
CF is a geometric inclusion. But this holds, by Proposition 7.6, precisely
when F'is K-faithful and K-full.

(iv) We have a canonical geometric transformation a : Ignp, k) — Sh(F)o
Cp, given by the unit of the adjunction between Sh(F') and Cr. We want
to show that this transformation is an isomorphism if and only if F' is K-
faithful and K-full. Let [ : C — Sh(C,J) and I’ : D — Sh(D, K) be the
canonical functors. Note that a* : Ignp k) = (Cr)* o Sh(F)* is determined
by its values at the objects of the form I’(d) (for d € D), since all the functors
involved preserve arbitrary colimits. Now, for any d € D, o*(d) is the natural
transformation

I'(d) = (Cp)"(Sh(F)"(I'(d))) = (Cp)"(I(F(d))) = U(F(d)) o F*

which corresponds to the element of ({(F(d)) o F°P)(d) = I(F(d))(F(d)) as-
sociated with the identity on F'(d). Now, by Proposition 4.27, we have an
isomorphism

ak (yp(F(d)) o FP) = [(F(d)) o P,

and it is immediate to see that the natural transformation o*(d) corresponds
under this isomorphism to the natural transformation

I'(d) = ax(yp(F(d)) o F*P)

considered in Proposition 5.16. It thus follows from that proposition that
a*(d) is an isomorphism for every d € D if and only if F' is K-faithful and
K-full, as required. U
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