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Abstract: We study the “fermionic billiards”, i.e. the chaotic dynamics
of the gravitino, that arise in the near-spacelike-singularity limit of eleven-
dimensional supergravity and of its dimensional truncations (notably four-
dimensional simple supergravity). By exploiting the gravity-coset correspon-
dence, we show that the billiard dynamics of the gravitino is described by a
‘spin extension’ of the E19 Weyl group, namely as a product of 90° ‘vector-
spinor rotations’ along certain simple-root-related generators of the maximal
compact subalgebra K (Ejg) of the hyperbolic Kac-Moody algebra E19. The
‘super-billiard’ that combines the bosonic and fermionic billiards is found to
have a remarkably simple structure, which exhibits a striking analogy with a
polarized photon propagating in the ten-dimensional Lorentzian Weyl chamber
of ElO-

1 Introduction

Some time ago, the study & la Belinski, Khalatnikov, Lifshitz (BKL) [I] of
the chaotic behaviour [2] of the general solution of the bosonic sector of 11-
dimensional supergravity (SUGRA;;) near a spacelike singularity revealed a
hidden connection with the hyperbolic Kac-Moody algebra Ejg [3]. More pre-
cisely, it was found that, in the near-singularity limit, most bosonic degrees of
freedom “freeze” (i.e. have some finite limit), except for the 10 ‘diagonal’ com-
ponents of the spatial metric (parametrized by their logarithms; 5 ~ —In g,q)
which undergo, at each spatial point, a chaotic billiard motion within a coni-
cal polyhedron in an auxiliary 10-dimensional Lorentzian space, which can be
identified with the Weyl chamber of E1¢. Further work has shown that this F¢-
related billiard motion was the lowest approximation (‘height 1’) of a hidden
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correspondence, which was checked up to height 29, between the SUGRA1; dy-
namics and the dynamics of a massless particle on the infinite dimensional coset
space E19/K(E1) []. [Here, K(F10) denotes the maximal compact subgroup
of Eg, see below.] More evidence for the presence of a hidden E;¢ symmetry
in SUGRA1; came from the consideration of the fermionic sector of supergrav-
ity which could also be put into correspondence (up to some approximation
roughly equivalent to the height 29 of the bosonic sector) with a fermionic
extension of the F1q/K(F10) coset model [5] [6] [7]. For more work on the cor-
respondences between gravity theories and Lorentzian Kac-Moody algebras see
[8, @ [10 11l 12]. For a recent review, see [I3]. For other works suggesting a
hidden role of Lorentzian Kac-Moody algebras in supergravity or string theory,
see [14] (15 [16} [17].

The aim of the present paper is to study the fermionic side of the billiard
dynamics taking place in the near-singularity limit. Instead of testing the con-
jectural gravity-coset correspondence to higher levels of approximation, we shall
here go back to the lowest level of approximation (‘height 1’) and consider the
Kac—Moody-related mathematical structure behind the billiard dynamics of the
SUGRA;-gravitino. We shall find that this structure exhibits a remarkably
simple interplay between Ej¢ (hyperbolic) and K(Ejg) (elliptic) aspects.

In this work, we shall study the fermionic side of cosmological billiards within
the standard algebraic framework where the ‘classical’ supergravity dynamics
makes mathematical sense. Namely, we assume that the fermionic variables ()
take values in the odd-part of a Grassmann algebra, while the bosonic variables
(g, A) take values in the even part of the same algebra. Then, with respect to
the grading defined by a basis in the underlying Grassmann algebra, one has
Y=Y +Ys+...,whileg=go+go+..., A= Ao+ A2+ .... The ‘body’
(g0, Ao) then satisfies the Einstein-3-form equations without any ‘back-reaction’
of 1 (which only enters the ‘soul’ parts g, Aa, ... ), while the lowest component
11 of ¢ follows a dynamics driven by go and Ag. We are aware that [I8] [19]
have shown that, in the case of an Einstein—Dirac system, the replacement of
the O(1)?) source terms for g, by classical VEV’s (of grading zero instead of two)
strongly modifies the bosonic dynamics (then taking entirely place at grading
zero), and, in particular, destroys the chaotic nature of the near-singularity
limit. However, we do not think that such a replacement is mathemetically or
physically justified. Pending a truly quantum analysis (in Hilbert space) of the
back reaction of fermions, we think our analysis below is mathematically sound.

We shall also consider the truncation of this fermionic billiard to 4-dimensional

N = 1 supergravity (SUGRAy4). In this case, the relevant (hidden) hyper-
bolic Kac-Moody symmetry is AE5 (or AT T, the hyperbolic extension of A; ~
sla), and the relevant coset model involves AF3/K(AE3) [14]. In both cases
(E190/K(E19) and AE3/K(AEs5)) we shall find that the ‘fermionic billiards’ ex-
hibit a remarkable factorized structure involving both Lorentzian (SO(9,1) or
S0O(2,1)) and Euclidean (SO(10) or SO(3)) structures. These results may sug-
gest new ways of thinking about the fermionic extension of the Ejo/K(E1)
coset model. Some of our results may also be of interest for mathematics as
they involve what we shall call “spin extensions of the Weyl groups” of hyper-
bolic Kac—-Moody algebras.



2 Cosmological billiards and the conjectured grav-
ity /coset correspondence

In this section, we shall present a brief survey of the so-called “cosmological
billiards” [14] and describe some elements of the bosonic side of the gravity-
coset correspondence. This will allow us to fix the conventions and notations
used in this article.

2.1 Maximal supergravity in the BKL-limit

We start with a short review of the billiard limit of the bosonic sector of D = 11
supergravityEI In other words, we consider the behaviour of a general solution
close to a spacelike singularity in the leading BKL-like ‘gradient approximation’,
where one keeps only time derivatives and the dominant terms involving spatial
gradients. We will adopt a space-time slicing such that the singularity “occurs”
on the coordinate time slice t = +oo. This slicing is built by using pseudo-
Gaussian coordinates defined by a vanishing shift leading to a metric of the
form

10
ds* = —N?(t,z)dt* + Y gon(t, )™ ()" (). (2.1)

m,n=1

Here, £™(x) = Zgl £m(z)dx' could be an arbitrary spatial frame. For simplic-
ity, we will use a coordinate frame £"(z) = da™. Note that, in order to avoid
ambiguities in later formulee that involve repeated indices but no sum, we shall
often dispense with the Einstein summation convention and explicitly indicate
the needed sums. Furthermore, we choose the time coordinatdd ¢ so that the
lapse function is linked to the spatial volume density via

N(t,z) = det gmn(t, ) (2.2)

and we adopt a generalized temporal gauge for the three-form potential, i.e.
Aomn = 0. Without loss of generality, we describe the independent degrees of
freedom of the spatial metric g, by an Iwasawa decomposition of the associated

vielbein €%, (gmn = chlozl €men);

et = e PN, (2.3)
10

implying  gmn = »_e NN, (2.4)
a=1

Here the A'%,,,’s are upper triangular matrices which have 1 as diagonal entries.
The logarithmic scale factors 8¢ describing the ‘diagonal’ components of the
metric (see Eq. (Z4]) play a crucial role in the ‘near-spacelike-singularity limit’
(which corresponds to T' — 0, t — 400 and 2(110:1 B¢ — +o00, so that the local

volume /det g, = €~ o, s collapses at each spatial point). This limit shall
also be referred to as the ‘BKL-limit’ in the following. Let us first recall that the

1See Appendix [A] for our conventions in the Cremmer-Julia-Scherk action [20].
2The proper time T is related to t by dT = N(t, x)dt at each spatial point « [14].



part of the supergravity Lagrangian that only depends on the time derivatives

8= % of the scale factors 3 reads

Ly = 2. (/3")2 - (iﬁ")z =: i G5 (2.5)
a=1

a=1 a,b=1

This defines a flat Lorentzian metric G in the d = D —1 = 10 dimensional space
of scale factors 0¢ with signature (—+ - --+). This Lorentzian metric G plays a
crucial role in the gravity-Kac-Moody-coset correspondenceE It will also be of
prime importance for the discussion of the gravitini in section[3l If the dynamics
were completely described by the Lagrangian £ 4 23, the scale factors 3 would
follow a geodesic in the flat Lorentzian space (R'°, G) (or S-space):

BT = ot + B (2.6)

In addition, the leading 3-terms in the Hamiltonian constraint impose the con-
dition

10
0 = ZGabvavb (2.7)

a,b=1

which means that the geodesic (28] is a null geodesic.

The null geodesic ([ZOL27) is the S-space description of a Kasner solution.
However, such a Kasner-like solution is profoundly altered when one takes into
account the additional contributions to the Lagrangian (beyond (X)) coming
from the off-diagonal components N, ([24) of the metric, the electric and
magnetic energy of the three-form Ay,,p(¢,x), and from the spatial gradients
of the metric. The detailed analysis in [14] shows, after having changed to the
Hamiltonian formalism, that all the other degrees of freedom of supergravity
result in adding to £; (2.5) several potential densities V4 (labelled by an index
A) which have an exponential dependence upon the (’s:

Vi = cpe 222, (2.8)

Here, the coefficients ¢4 depend on other degrees of freedom (N2, Apnp,. - -
and their conjugate momenta) and the a4 (8) are linear functionals a4 (8) =
2310:1 a4, ql% The sum of (Z1) and (ZJ) leads to a kind of Toda model for
the dynamics of the §’s. In the near-singularity limit 2310:1 (% — 400, one
can order the various potentials in terms of their importance for altering the
monotonic zeroth-order geodesic Kasner motion (26]) into a chaotic dynamics.
There are 10 dominant Toda terms with exponents «;(5) with ¢ = 0,...,9
(see Eq. (2I0) below), which all have positive coefficients ¢;. The ten terms
x e 2P conventionally define the ‘height 1’ in an approximation scheme
where the higher order terms are made of various products of the ten dominant
terms (e.g. e 2 e 202 = ¢=2(mta2) ig of ‘height 2°, e~2(@1+a2+a3) of ‘height
3, etc.).

3@ is part of the deWitt supermetric.



Nine of the dominant Toda terms come from terms (28] in the Hamiltonian
where the coefficients are quadratic in the conjugate momenta of A% (2.4).
They are called ‘symmetry walls’. The choice of parametrizing the spacetime
metric g by upper-triangular matrices N' ([2.4)) implies that the functionals a4
corresponding to symmetry walls have the form [14]

aluy(B) = B°—p* witha<b=1,...,10. (2.9)
Among the (10 x 9)/2 = 45 symmetry walls, the dominant ones are
o = afu‘ﬂ) = B3 fori=1,...,9. (2.10a)

The tenth dominant Toda term comes from the potential (2.8) in the Hamil-
tonian which arises from the ‘electric’ energy density of the 3-form A, (¢, x).
The antisymmetry of A,,,, implies that the corresponding ‘electric walls’ have
the form

al (B) =B+ p° + p°

with a,b,c € {1,...,10} being all different. Among these, the dominant ‘electric
wall’ is

ao(B) == afha(8) = B+ 3%+ 35 (2.10b)

All the other potential terms, which include the subdominant symmetry and
electric walls, the ‘magnetic walls’ a2, () = 3% +---+ 3%, and the ‘gravi-
tational walls’ a(9) (see e.g. ([ZI8) below) can be written as linear combinations
with positive integer coefficients of the 10 dominant walls «; (Z.I0). It has been
shown in [4] [§] that, up to height 29 in an expansion in dominant walls, the
SUGRA;-dynamics (for all the bosonic degrees of freedom) following from the
sum of (2] and all the other terms (Z8]) can be identified with the geodesic dy-
namics of a particle on the infinite-dimensional coset space E1o/K(E1g) (which
can be written as the sum of (ZH]) and of an infinite number of potential terms
[@3) where the linear forms a4(83) now label the positive roots of Ejg).

In the following, we shall focus on the ‘height 1’ approximation (which is
common to SUGRA;; and to the E19/K(E1o) coset) that consists of keeping
only the 10 dominant Toda walls, i.e. of adding to (2] a potential term of the
form (with ¢; > 0)

9
Vio= ) ce 2l (2.11)
=0

One can even further approximate the 10 Toda walls (ZI1)) in the BKL-limit
S0 B* — 400 by a sum of ‘sharp walls’

9
Vaarp = Y _ O[—2a;(B)], (2.12)

=0

where ©[z] denotes an ‘infinite step function’ ©[x] = 0 for z < 0 and O[z] = +oo
for z > 0. The ‘sharp potential’ (Z.I2) has the effect of modifying the monotonic



geodesic-Kasner solution (28] of the free action (Z1)) into a “zigzag” of straight
line segments, of the form (26), interrupted by ‘collisions’ with the 10 sharp
dominant walls

a;(f) = 0 withi =0,...,9. (2.13)

Thus, the motion of the scale factors is restricted to the polywedge a;(3) > 0
for i = 0,...,9. In addition, the instantaneous ‘velocity’ v* = §¢ ([Z.0) of the
B-motion is still constrained by the BKL-limit of the Hamiltonian constraint to
satisfy Eq. (27), i.e. to be lightlike. The effect of each collision on a particular
wall, say o; I3 is to transform the incoming Kasner velocity v (Z8) into
the outgoing one v/ = r;(v) by the usual formula for a geometric reflection r; in
the hyperplane (Z.I3) in 3-space (R1?, G) [7]:

20i(v) 4. (2.14)

ri(v) = U_(Oli|ai

~—

Here ozf& denotes the contravariant version of the covariant vector (or linear

form) «;(8) = Z[lle a; o3 ie.

10
af&a = ZGabai,b (2.15)
b=1

where G denotes the inverse of the basic 3-space metric (Z5). The round
brackets (+|-) appearing in the denominator in Eq. (ZI4]) denote the scalar pro-
duct defined by the metric G, or its inverse (depending on whether one consid-

. . . _ 10 ab
ers covariant or contravariant vectors). For instance, (a;|a;) = 32, o1 G a0 o,

which is equal to (aﬂaf) =, Gaba?aaf > as well as to og(ozf) =30 @ ,aaf “
From the scalar products between the dominant walls o; ([2I0]), one defines
the following matrix:

2(ailay)

Ais .
! (vilev;)

(2.16)
It is found that this matrix is integer valued: with A;; = 2 and —A;; € N when
1 # j. In addition, for SUGRA11 (i.e. F1g) as well as for SUGRA, (i.e. AE3),
all the dominant walls have the same ‘squared length’ (a;|a;) = 2, so that A;;
is symmetric. One can associate to A a Dynkin diagram by drawing a node for
the 10 dominant walls «; (2.10) and link them by —A;; lines, which results in:

g Qg as Qy Qs [e75} [e%¢ (6%} Qg

figure 1

This is the Dynkin diagram of the hyperbolic Kac-Moody algebra E1g [3]. The
matrix A (2I6) is the corresponding Cartan matrix [2I] of Eo for the present

4All the dominant walls are found to be timelike, i.e. to have spacelike gradients [14].
5Note that the reflection ([ZI4) preserves the null constraint ([Z6) on the velocities v®.



case of D = 11 supergravity. In addition, the restriction of the E1g invariant
metric to the Cartan subalgebra coincides (when using suitable coordinates,
also denoted 8 in the Cartan subalgebra) with the basic (-space metric Gap
introduced in Eq. (Z3]).

Summarizing so far: the SUGRA;; billiard picture in S-space, arising as
leading approximation in the sharp wall BKL-limit, can be identified with a
‘Kac—Moody billiard’ via a dictionary that maps:

1. the ten gravity scale factors to coordinates 4* in the Cartan subalgebra
of E10

2. the ten SUGRA1; dominant walls a; to the ten simple roots of Eyg.

In other words, the billiard table, defined by the ten inequalities a;(5) > 0 is
identified with the Weyl chamber of EF1p, and the bosonic billiard dynamics,
comprising successive reflections (ZI4]) in the dominant walls, is mapped into
a product of Weyl reflections 7;, , i.e. an element w of the Weyl group Wg,, of
Eno, say

W= v T (2.17)

n

where the length of the Weyl ‘word’ w € Wg,, (describing the billiard dynamics
towards the singularity) grows indefinitely as ¢ — +o00. It is this aspect of the
bosonic gravity-coset correspondence that we will generalize to the fermionic
sector in section Bl

2.2 Truncating SUGRA; to SUGRA,, and correlatively
reducing E, to AE;

Before doing so, let us explain a result that we shall need below: how the inclu-
sion of N = 1 SUGRA, within SUGRA;; corresponds to an embedding of AE3
within F1g9. Here, we shall indicate how a sub-billiard of the (full) SUGRA1;
billiard gives rise to the Cartan matrix of AE3 in the BKL-limit.

To obtain N' = 1 supergravity in D = 4 from SUGRA 11, we have to perform
two steps. First, we reduce the theory down to 4 dimensions by compactify-
ing on a flat seven torus T”. Second, we truncate the degrees of freedom of
SUGRA; down to those of ' = 1 SUGRA,. In other words, we discard the
three-form and in our pseudo-Gaussian gauge (Z1I), we can restrict the indices
m,n to the values 1,2, 3 only. The -space now becomes 3-dimensional, and en-
dowed with a ‘reduced’ Lorentzian metric G, (of signature (— + +)) defined by
restricting the sums in Eq. (Z3]) to a,b =1,2,3. Among the 9 symmetry walls
2104), only two survive: oy := 19y and @z 1= afys). The previously tenth
dominant wall (2.10D]) disappears due to the truncation of the 3-form. However,
we must now take into account the gravitational walls, which we could neglect
above, because they were hidden ‘behind’ other walls (i.e. subdominant), but
which now will affect the dynamics of the S-motion near a singularity.

In D = 11 supergravity, the gravitational walls are given by [14]

10
alp(B) = po—pBt-p+Y B (2.18)

a=1



with ¢,d,e € {1,...,10} being all different. They are linked to the struc-
ture functions C%e (dbf,, = 1C%e0L,, A 65,,) of the Iwasawa frame 65 =
N¢,,dz™. The dimensional reduction on 77 to D = 3 + 1 dimensions with
the gauge fixing of the metric as in (2) implies that only the three spatial
one forms 6f,,,0%..,0% . have a non-trivial coordinate dependence. There-
fore, all structure functions C°, apart from the ones with ¢,d,e € {1,2,3}
are zero. This entails that only the gravitational walls (ZI8]) with these indices
are present, because the corresponding potential (Z8) vanishes for zero struc-
ture functions C, [14]. Among the surviving gravitational walls, one easily

finds (making use of the dominant symmetry walls af,,)(8) = 42 — ' > 0 and
a3 (B) = % — 3% > 0) that the dominant surviving gravitational wall is{

= adyy = 28" (2.19)

Then following the prescription presented in the previous section, one computes
the scalar products between the three dominant walls ozfm), af%), afys, with
respect to the inverse of the reduced metric G,., thus obtaining a 3 x 3 matrix
Ajij. One finds that this matrix is the Cartan matrix of AE3, whose Dynkin
diagram is:

figure 2

2.3 Kac—Moody coset model and the role of the connec-
tion Q

After having briefly reviewed how the BKL-limit of the bosonic sector of super-
gravity gives rise to a billiard motion taking place in a Lorentzian polywedge,
which can be identified with the Weyl chamber of a Kac-Moody algebra, let us
review some of the elements of the definition of the E19/K (E1) (respectively
AFE3/K(AEs)) coset model which has been conjectured to capture the hidden
Eqp (resp. AE5) symmetry of SUGRA7; (resp. SUGRA,). First, we recall that
the relevant Kac-Moody algebra is inductively constructed by its Chevalley—
Serre presentation from the set of generators (e;, fi, h;) each corresponding to a
simple root or to a node in the Dynkin diagrams of F15 or AE3. The elements
h; span the Cartan subalgebra b ([h;, h;] = 0). The basic Lie brackets among
(ei,fi,hi) are [hi,ej] = Aijej, [hl,fj] = —Aijfj and [ei,fj] = 5Uhl together
with Jacobi identities and Serre relations [2I]. The maximal compact subal-
gebra K(g) of an algebra g is defined as the fixed point set of the Chevalley
involution defined by w(e;) = — f;, w(f;) = —e; and w(h;) = —h;[1 Hence, K(g)
is spanned by the elements

Ja,s = Ea,s - E—a,sa (220)

6Note that this dominant surviving gravitational wall in D = 4 differs from the gravitational
wall that would dominate the other gravitational walls in a direct analysis of SUGRA11,
namely aggg) 10-

"Note that for g = glg, the automorphism —w corresponds to the transposition in the
standard matrix representation of GL(d) and hence the corresponding subgroup K(G) =
SO(d) indeed is the maximally compact subgroup of the group G = GL(d) in the topological
sense.



where E, s is a general ‘raising operator’, i.e. a multiple commutator of the
simple “raising operators” e;, and E_, s := —w(Eq, ). Each general raising
operator is labelled by: (1) a positive roofl a € AT (i.e. [, E.s] = a(h)Eq,s
for h € h) and (2) a degeneracy index s = 1, ..., mult(a) labelling the different
elements of g having the same root a. Due to the similarity of the coset de-
scriptions for hyperbolic Kac-Moody algebras, in particular for Fio and AEj3,
we will for clarity focus on the former. It is straightforward to generalize the
construction to other algebras, which will also be addressed in Appendix [Bl

Assuming the existence of an Iwasawa decomposition, we parametrize the
coset V € E19/K(E1p) for the Lie algebra g = Fig byﬁ

10 mult(a)
Vo= exp(D_BMHa)exp (Y, D Vas(t)Eas). (2.21)
a=1 aceAT  s=1

Here H, (a = 1,...,10) is a general basis in the Cartan subalgebra b that
was identified with [-space and is hence endowed with the metric G, (Z3)
via (Hgu|Hp) = Gap. The link between the general basis H, of h and the
specific ten Cartan elements h; entering the Serre—Chevalley presentation in-
volves the simple roots a; (identified with the ten simple walls (Z92.10D) via
h; = Z}il a¢H, where

2 2
<a #a __ ab
ad = al = E G p. (2.22)
(o)) (vi|a) —

Note that the ‘co-root’ &; = 2,110:1 a¢H, = h; (which belongs to the Cartan

subalgebra, i.e. the dual of the root space to which a; belongs) enters both in
the (Weyl) reflections (2-14)) in the hyperplanes defined by the roots, which can
be written as

ri(v) = v—a;(v)d,
and in the definition of the Cartan matrix (Z.I6]) tantamount to
Ay = aj(hi) = a;().

Let us also recall that a Kac—Moody algebra is called ‘simply laced’ if the Cartan
matrix A;; is symmetric. This implies that all the simple roots (and more gener-
ally all the real roots) have the same length, which is conventionally normalized
to (a;]a;) = 2. In that case, which applies to the two specific Kac-Moody alge-
bras E19 and AE3 that we shall consider here, the co-root h; = ¢&; becomes equal
to the contravariant version of the corresponding root af& @I3) and the metric
in Cartan space simply yields (a;]e;) = (hilh;) = (&ldy) = aj(d) = Aiy. For
simplicity, we shall assume in the main text that we are in this simply-laced
case. The general case of a non-symmetric Cartan matrix will be discussed in
Appendix Bl

8We recall that a root « is a linear form on Cartan space h and that a positive root « is a
sum ZZ n;a; where n; € N and «; is a simple root.

9We use the same symbol for groups and algebras. It should be clear from the context
what is meant.



The decomposition of the Lie algebra valued ‘Maurer—Cartan velocity’
Wl = P4+QcEp (2.23)

into an “antisymmetric” part Q@ € K(Eqp) and a “symmetric” one P € E19 ©
K(E1) allows us to define the coset Lagrangian

1
2n(t)

(PIP). (2.24)

The bilinear form (:|-) entering the coset Lagrangian (Z24]) is the (unique) E1o-
invariant bilinear form [21]. In the simply-laced case, it is such that (H,|Hp) =
Gab, (hilhj) = Ajj and (B, s|Eor,s) = 0atardss. See Appendix [Bl for the mod-
ifications that are necessary for the non-simply laced case.

The bosonic coset equations of motion derived from the Lagrangian (Z:24)
read (in the gauge n(t) = 1 that we shall henceforth use for simplicity)

aP(t) = [Q(t),P(t)]. (2.25)
In addition, the variation of the coset ‘lapse’ n(t) in (Z24) yields the constraint
0 ~ (PP). (2.26)

In these equations, P € E1g© K (F1) represents the ‘velocity’ of the coset ‘par-
ticle’ moving on the (infinite dimensional) coset space E1o/K(E1g). See [§] for
the explicit proof that the equations of motion ([Z20]) can be identified (up to
height 29) with the equations of motion of SUGRA1; via a ‘dictionary’” which
relates the (first few rungs of the infinite ladder of) coset variables (5%, v,) to
the bosonic gravity variables (6%, N %, Amnp, OmAnpg)» Cbe)-

The fermionic extension of the coset model [5] [6], [7] has similarly shown that
the bosonic gravity-coset ‘dictionary’ could be extended (up to an approxima-
tion that corresponds to the bosonic one) to a map relating the gravitino field

wj(vljl)(t, x) of SUGRA{; to a coset fermionic variable ¢(¢) which belongs to the
so-called ‘vector-spinor’ vs representation of K (Ejp). Then, the fermionic coset
equation of motion simply reads

dy(t) = QW(H)Y(t) (2.27)

where Q"¢ denotes the ‘vector-spinor’ representation of the object Q € K (E1p)
that entered the basic decomposition ([2.23).

When comparing Eq. (228]) to [227), we see that the ‘antisymmetric’ part
Q € K(FE) of the Lie algebra valued velocity VY~ € Ey (Z23) plays the role
of a K(FEio)-connection, realizing the ‘parallel transport’ of both the bosonic
(coset-valued) ‘velocity’ P € Ei9 © K(E1) and the fermionic coset variable
¥ € SE(p,,) (Where SE¥p, ) denotes the K(Ey) ‘vector-spinor’ representation
space). In more intuitive terms, we can think of Q(t) € K(FEio) as being a
continuous rotational angular velocity under which both P(¢) and ¢(t) ‘turn’
within their respective linear representation spaces of K(Ejp). The common
occurrence of the same Q(¢) in the bosonic and fermionic dynamics will play a
central role in the present work.

10



2.4 ‘Spiky’ structure of the K(F)y) ‘angular velocity’ Q(t)
in the near-singularity limit

Having reviewed the crucial role of the K (F1g) ‘angular velocity’ Q(t) in both
the bosonic and the fermionic equations of motion (225[2.27), let us study the
structure of Q(t) € K(Eyp) in the BKL-type, near-singularity limit. In that
limit, previous work on cosmological billiards has shown that, as a function of
the coset time ¢ (which tends to 400 rougly proportionally to minus the loga-
rithm of the proper time) Q(¢) was exponentially small most of the time, except
around the time of a ‘collision’ with a dominant wall, when Q(t) rose up to a
finite value [I4], 11]. To study the precise structure of these ‘spikes’ in Q(t), it
is enough to consider the ‘collision’ with a single wall. [Indeed, as t — 400, the
coset time intervalls between wall collisions grow linearly in ¢. This ‘one-wall
collision’ process is anyway interesting in its own right (“S-brane solution”, see
below).]

For simplicity, as this will be the case for the simply-laced algebras F;y and
AFs5 that we focus on here, we consider a wall form «(8) where « is a real
(positive) root @ € AT with norm (aja) = 201 In this one-wall approxima-
tion, the Iwasawa form of the coset element V ([2:2I)) only contains one term,
Vo(t)Eq, in the second exponent of (I?I[I) Then, one can easily evaluate
the ‘Maurer—Cartan velocity’ (Z23) by using the basic commutation relation
[h, Eq] = a(h)E, involving any Cartan subalgebra element h € b:

- SNy ROV SOV
Wl = N B Ha + vt “Bye & ‘
@ a=1
10 )
= ) B Ha + Py E,. (2.28)
a=1

Its splitting into a ‘symmetric’ part P € F19p © K(F10) and an ‘antisymmetric’
one Q € K(Fyg) as in ([Z23)

10

: 1
= S 1am);

P, a:1ﬁ (t)H, + 5€ Va(Ea —I—E,a) (2.29a)

al. - %eawmaj , (2.29b)

where J,, = E,—E_, = E,+w(E,) [220) allows one to evaluate the Lagrangian
@224)), using the gauge n(t) = 1 for simplicity again:

10
_ 1 qa b L 2a(8) 2
L, = zaglc;abﬁ Bt e (2.30)

Note that the normalization of the kinetic term of v, has come from the nor-
malization (E,|E_,) = 1 of the generators entering the K (E1o) generator J,.

10Note that the final result of this section is not altered for the more general case that
occurs e.g. for Kac-Moody algebras with non-symmetric Cartan matrices, which is treated in
Appendix [Blin detail.

HLet us recall in passing that real roots are non-degenerate [2I]. Hence, we can drop the
degeneracy index s in (Z2I) without loss of generality.
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The ‘cyclicity’ of the variable v, implies that its conjugate momentum

I, := % = %gQa(ﬁ)pa (2.31)
is constant. This conservation law will prove important for analyzing the time
evolution of the Cartan variables 3% and of the K (FEo)-connection Q (2.295).
The analysis of the S-dynamics is greatly simplified by adapting the notation
to the geometry. This is achieved by decomposing § into a component parallel
(8f}) and a component orthogonal (87) to the considered wall a.

g = B+ (2.32)
. a Oé(ﬁ) #a

with (9 (a|a)a
and 0 = af)) = (¥[8

with «(8) = 2,110:1 e and the metric (+]-) as used in ([ZI4). Note that this
decomposition uses the Lorentzian metric G (215). As the wall potential in
@30)) only depends on the one-dimensional orthogonal component 3, « «(f3),
it is easily seen that the motion parallel to the wall proceeds with a constant
velocity ﬁ“‘ as in (Z6]). By contrast, the motion orthogonal to the wall undergoes
a non-trivial ‘Toda collision’. The corresponding dynamics can be exactly solved

by using the conservation of energy, which reads

1 .
B = Jo(f)*+e I, (2.33)
where F| = —% Z}l?b:l Gabﬁﬁﬁﬁ denotes minus the conserved parallel kinetic

energy (which must be positive in view of the null constraint (27) valid far
from the wall). Note that the normalization factor 1 in the kinetic term of o(/3)
233) has made use of (a|a) = 2. The conservation law ([233) allows one to
explicitly find the time evolution of the ‘orthogonal’ distance «(3). Besides the

constants I, and E)|, it contains a time shift ¢, € R as a constant of integration:

11,
e | |cosh(2 Bt 1) (2.34)

VE|

Note that, when inserting the definition of II,, (Z3T]) and the result (Z34]) into
the expression of Q (2.:29h)), we obtain

- Ej
cosh(2./E)|(t —t.))

where ¢, = % = +1 is the sign of II,. Equation (Z33]) exhibits the precise
structure of the ‘spike’ of the ‘angular velocity’ Q@ € K(FE10), which occurs at
each collision with a Toda wall: it is centered at ¢t = t. and given by an inverse
hyperbolic cosine multiplying the particular K (Eqo) generator J, = E, — E_,,
[20)) associated to the considered root.

Qt), = e Pty = Ja (2.35)

It will be useful in the following to also consider the integrated effect of Q(t)
through the collision. For this, we define a finite ‘angle of rotation’ 6(t) about
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the fixed K(F1p) ‘rotation axis’ J, such that the instantaneous value of the
‘angular velocity” Q(t) reads

oN), = 0(t)Ja: (2.36)
In other words, comparing with (235) we have
. Ej
“cosh(2\/E)(t —t.))

Integrating this differential equation yields the following expression for the time
evolution of the ‘angle of rotation’:

6 = e, = (2.37)

0(t) = eqarctan (62\/ E”(tftc)) +0_ (2.38)

where 6_., = 6(—00) € R is another constant of integration.

We clearly see on (Z38)) the nature of the K (E1)-‘rotation’ that takes place
at each wall: it consists of an arctan ‘kink’ (or ‘antikink’), localized around the
central time t. of the collision, and taking place on a finite time scale At =
1//E)|, during which most of the rotation occurs. It is remarkable that the
‘total K (E1p)-rotation’ linking the initial state at ¢t = —oco to the final ond? at
t = +o0 is universally given by

0ot = 0(c0) —B(—00) = gag, (2.39)

and is essentially independent of the initial conditions and of the characteris-
tics of the considered wall. [We show in Appendix [Bl that, if one normalizes
the generators E, in a standard Kac-Moody way [2I], the result (Z39)) is also
independent of the norm of the root a.] The only trace of the initial data is the
sign €4 of the momentum II, conjugate to v,. In other words, the sign of II,,
determines whether 6(t) undergoes a kink or an antikink.

We have checked that the universal result (Z38]), that we have derived here
from the coset model, can also be obtained by using gravity variables directly.
For instance, in the case where the ‘collision’ occurs on an electric wall, we
can derive (Z38) from the electric-wall bounce solution written in [22] (using
a “Freund-Rubin ansatz”), while in the case of a symmetry wall, Eq. (Z38)
follows from the formulee given in [I4]. We have here another example where
the coset model provides a common basis for expressing, in a uniform way, a
priori unconnected special solutions of maximal supergravity that are sometimes
referred to as “S-brane solutions” [23].

2.5 Rederivation of the bosonic wall Weyl reflection from
the connection ‘kink’

Summarizing so far: We have shown that the K (F1g)-valued ‘angular velocity’
Q(t) which entered (in different representations) both in the bosonic coset equa-
tion of motion (Z20) and in the fermionic one ([Z27) was made of a sequence

12The limits + — oo are to be physically interpreted as referring to the ‘billiard ball’ 8
being far away from the considered wall o (incoming or outgoing), but also far away from the
other dominant walls that it encountered before, or will encounter later. In other words, the
BKL-limit allows us to use a ‘dilute kink’ approximation.
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of well separated inverse-cosh ‘spikes’, proportional to the K (FE1p) generators
Jo = Eq — E_,, (220) associated to the wall a on which the considered collision
takes place. Before discussing, in the next section, the effect of these spikes
on the fermionic variables, let us see how their effect on the bosonic variables
reproduces the well-known BKL-type result (Z14) saying that the (-space ‘ve-
locity’ of the incoming billiard ball is Weyl-reflected in each wall.

To do this, we have to notice that, in view of Eq. ([228), the action of the
K (FEj0)-connection Q on the coset velocity P (Z23) is given by a commutator,
i.e. by a (formal) adjoint action[] As the ‘rotation axis’ J, is fixed, one can
formally integrate the equation of motion (Z28) in the one-wall approximation
to obtain

Pt) = e .P(ty) e e (2.40)

We see here how, at any intermediate time, the effect of a collision with one
wall @ on P can be understood as a continuous ‘rotation’ given by the adjoint
action (within Ejg) of the associated K (FE1g)-group element R, (t):

Pt) = R (P(t)) (2.41)
with Ra(t) = e/®Ja (2.42)

where the superscript Ad indicates the adjoint group action of R, (t) € K(E1p)
on the coset element P and where the “rotation” R, (t) about the axis J, is ob-
tained from a formal exponentiation of the algebra element 6(t).J,. One might
worry whether the formal exponentiation (Z41]) is a well-defined procedure. It
is in the present case, as we are going to see. The basic reason is that, for a
given real root «, the entire computation takes place in an SL(2,R) subgroup

Let us evaluate the action of the total K (FEjg)-rotation linking the initial
configuration P(—oo) to the final one P(+00):

P(o) = Ryl, (P(—0)) (2.43)

with Rye, = e™2/a (2.44)

In order to evaluate this ‘total rotation’ R ¢, on P(—o00), one starts by noticing

that, far away from the wall (¢ — +00), the -terms in (2:29a]) become negligible

due to e=*¥) — 0 [Z3L234), which leads to a simple expression for the initial
datum

10
Pla(—00) = D v*H,, (2.45)
a=1

13Mathematically speaking, one should reserve the name ‘adjoint action’ to the adjoint
action of K(F10) on itself. Here, P belongs to a different representation space: the coset one
Ei0 © K(E10). The action of Q on P should therefore be called the ‘coset action’. Note,
however, that this coset action is canonically deduced from the adjoint Ejp-action, given the
decomposition (223)).

M Note that the adjoint representation is integrable and that hence any sla-subalgebra gen-
erated by the Chevalley triple (e;, f;, hi) for a simple root @ = «; can be integrated to the
corresponding group [2I]. As far as the action on the Cartan subalgebra b is concerned, this
statement extends to any real root of E1p, which can also be considered as a simple root of a
subalgebra.
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where v = 2 @3) is the ‘incoming’ (-velocity. Hence, the initial coset
‘velocity’ ([2:45) belongs to the Cartan subalgebra. This drastically simpli-
fies the calculation. The easiest way to evaluate the action (Z43) is to work
within the SL(2,R) subgroup generated by the algebra elements E,, E_, and
[Ea,E_o] = ha = & € h. As in equation ([232), we decompose the Cartan-
subalgebra valued initial datum P(—oo) (2.45)) into two parts P, and P)| where
a(P)) = 0. The component P is found to commute with E, and E_,, while
the action of the SO(2) rotation R, (Z44) on P, x h, is obtained by ex-
ponentiating J, = E, — E_, using [hqa, Fy] = 2E,. This is easily done by
noting that the commutation relations of h,, E, and E_, are those of an slo-
subalgebra. In the canonical basis of this subalgebra, we can represent F, =
(00 Eam (0 ), ha=[Ea,E_a] = (; ) sothat Jo = By — E_o ~ (%, )

10 0 -1 —10
Within this 3-dimensional representation of sls, we can exponentiate J, = (_01 é)

into e/« = My cos6 + J,sinf, so that the adjoint action ([Z43) acting on the

perpendicular component of P, P, « hy = ((1) _2) evaluates to

(15 cos + Ju sinf) hy (1o cosf — J, sin0)
cos? 6 — sin’ 6 —25sinf cosé
—2sinfcosf® —cos? 6+ sin®6

= cos(20)hy —sin(20)(E, + E_,). (2.46)

We see that, while for intermediate angles of rotation, P, is mapped out of the
Cartan subalgebra h and acquires a component o sin(260)(E, + E_,), the full
rotation by 6 = +7 associated to a wall a transforms h, into —h, (i.e. back
into ).

In conclusion, this ‘K (Eyg) Z-rotation’-calculation says that Pj(+o00) =
+P)|(—00) whereas P (00) = =P (—00), which is precisely a reflection in the
a(8) = 0 hyperplane, as generally expressed by the reflection formula (ZI4]).
Thus, the equation (Z43)) links the ‘incoming’ velocity v* (248 for ¢ — —oo to
the ‘outgoing’ one v'* for t — oo:

v = ro(v) = v—alv)a. (2.47)

Note also that the sign e, = £1 of the Z-rotation has dropped from this bosonic
calculation, essentially because the relevant variable P involve the doubled an-
gle 20 as we see in Eq. ([240) (i.e. they live in the three-dimensional ‘spin 1’

representation of sly rather than in the fundamental ‘spin L one).

2

In order to keep the notation simple, we have confined the analysis to the
simply-laced case from the start by assuming (a|a) = 2. Tt is explicitly checked
in Appendix [Bl that, actually, the norm of the (real) root a drops out of the
final result and always yields a geometrical reflection ([2.47) for the S-velocity.
The fact that a general Weyl reflection of a finite-dimensional group G can be
expressed by a F-adjoint rotation about the ‘axis’ J, in the compact subgroup
K C G was recently noticed in [24], too. We also note that a different expo-
nential representation of a Weyl reflection (in the general Kac—-Moody case) is
used in [21I] (p. 36). Its relation to (2:44) will be discussed below.

In this section, we have shown explicitly that the Kac—-Moody billiard associ-
ated to the BKL-limit of D = 11 supergravity can be understood as a sequence
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of 90°-K (E1p)-rotations about the different axes J,, that are defined by the
dominant walls «; (ZI0220). Note that the ten ‘axes’ J, are generators in
K (E1p) which are orthogonal to each other with respect to the Ejg-metric ().
We will see in the next section that the same picture holds for the fermions.
Namely, the same formal rotation Rq., (Z44), now evaluated in the spinor
representation of K(FEi) [5l [, [7], acts on the fermions of supergravity, which
can be considered as the induced effect of the “collision of the scale factors 3%
with a wall «”. This will lead us to introducing some ‘spin extension’ of the
Weyl group.

3 Fermionic billiard of D = 11 supergravity and
its K(FEo) structure

3.1 Gravitino dynamics: gravity versus coset description

As a prelude to our study of fermionic billiards, let us recall the link between the
standard supergravity description of fermions and the coset one, which reveals
its hidden K (E1)-structure.

The gravity form of the fermionic equations of motion (neglecting non-linear
fermionic terms) derived from the Cremmer—Julia—Scherk action [20] reads (in
the conventions recalled in Appendix [Al using Einstein’s summation convention

and flat indices A4,...=0,...,10, e.g. 0x = E%BJCLM.)
1
PEVaeg) = o0 (DPE = 8600257 ) w ) Foppr.  (3.1)

In this form, the coupling to the 3-form A (or rather F' = dA) appears explicitly
on the RHS, while the coupling to gravity is contained in the spin connection
wa[pc) appearing on the LHS of (3.1)):

Vavht = st + iwACDFCD%gH) +wapCyat.

In the coset formulation, all the F-dependent terms on the RHS can be merged
with the spin connection to form a K (E1g)-connection @ = Q) + QM) + 9 4
0®) + ... where the zero level term Q© involves the part of the spin connection
which contains time derivatives of the metric g, (¢, ) @1, while the level 1
term Q) involves time derivatives of the three-form Apanp, the level 2 term
Q) space derivatives of A, and the level 3 term Q) space derivatives of
the metric (in the form of the structure constants C%.). To reveal this structure,
one needs to gauge-fix both the metric and the gravitino, and to work with some
redefined fermionic variables: namely the following ‘coset’ combinations of the
original D = 11 gravitino field 9(;1) and of the supersymmetry transformation
parameter €(1)

10
W0 = det(gmn)z(w?n)—rOZran) (3.2a)
a=1
PO = det(gmn) U0 (3.2b)
e = det(gmn) Teq). (3.2¢)
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One fixes the supersymmetry gauge freedom by setting
Y0 = 0. (3.3)

Note that we are not exhibiting the 32-valued spinor index of neither the super-
symmetry parameter €, nor the vector-spinor gravitino field 1* at this stage. As
already mentioned above, the gravitino equations of motion in the gauge ([3.3)
and up to ‘level 3’ in the sense indicated above, were found to be expressible as
a parallel transport of an element of a ‘vector-spinor’ representation of K (FE1p)
by the same connection Q(t) € K(FEio) that entered the bosonic equation of

motion (Z27):
Op(t) = QW()(). (3-4)

Let us again emphasize the analogies between fermions and bosons. The time
evolution of the gravitini ([3.4) is completely analogous to the bosonic one (Z.25):
at each moment, 1 transforms by an infinitesimal K (FEp)-‘rotation’ with the
same ‘angular velocity’ Q(t) € K (E};g) as for the bosonic case, except that now,
Q is acting in a different representation. The reader should keep in mind that
the ‘fermionic’ representation of Q(¢) will have, modulo the fact that it lives in
a different space, the same time-structure that we studied in section 2-4] namely
a sequence of well-separated inverse-cosh ‘spikes’

In the near-singularity limit, we need only to consider the ‘spikes’ associated
to collisions on the ten dominant walls «; 2I0) for ¢ = 0,...,9. We need now
to recall the definition of the vector-spinor representation vs of K (F1g). It lives
in a 320 dimensional vector space and was defined in [5l [6l [7]. Here, it will
be enough for our purpose to know the action of the ten generators J,, ([Z.20)
corresponding to the simple roots of Ej9. They act on % in the vector-spinor
representation vs as 320 x 320-matrices. The explicit form of these matrices
follows from the results of [7] (see. Eq. (2.26) there) or [6] and read

1
Ja ) = gTet 4 gty — peltzy (3.5a)

1 . . o
JE(p) = §rlrl+1¢a+25a[l¢l+1l fori =1,...,9. (3.5b)

Here, the T%’s, a = 1,..., 10, are SO(10) real gamma matrices ({I'%, T*} = §2°).
As a next step, recall from section [24] that the effects of the walls on the
dynamics are obtained by considering, separately and successively, the effect of
each ‘spike’ in the connection Q. We then start by integrating Eq. (B.4) over
one spike of the form

b vs
= cosh(2y /B (t— t0)

The only difference with the previous case (Z33]) is that J2® now acts in a
320 dimensional space, according to ([B.35). As in the bosonic case (2.41]), one

Qu(t) = 6

15Note that the time-evolution of the K (E1¢)-algebra element Q(t) is unambiguously fixed
by the bosonic dynamics (Z25). Due to the different grading in the classical Grassmann alge-
bra, any fermionic “backreaction” of the fermions only affects higher orders in the Grassmann
algebra.

17



can integrate the sequence of infinitesimal K (E1o)-rotations (3.4) with angular
velocity 6J2° into

() = R ()(to) (3.6)
where RU(t) = W7o

Finally, the total effect of the collision on a wall « will be an integrated K (E1g)
rotation between the incoming gravitino 1 and the outgoing one ¢, given by

Y= Ry (3.7a)
with Ry, = e2la, (3.7b)

Therefore, if we consider, as in Eq. ([ZI7) above, the billiard dynamics towards
a singularity, its effect on the gravitino variable 1 will be represented by a
growing ‘word’ made of the product of the induced Weyl vector-spinor rotation
B0) corresponding to the Weyl reflections in the bosonic Weyl word w (ZI7]),
ie.

wUS — R’US R’US . RUS . (3'8)

Qigs€ayy " T Xigs€ay, QXipECay

At this stage, our task to describe the motion of the gravitino is reduced to
exponentiating the operators (3 within the 320 dimensional representation
space.

For a further investigation of this action, we now introduce the following
(second) redefinition of fermionic variables

e = T, IT%* (no sum) (3.9)
with T, = T'...T".

The definition (3.9) would seem to drastically violate the SO(10) symmetry (the
unbroken subgroup of the space-time Lorentz symmetry SO(10, 1)) which was
present in the general action of the vector-spinor generators J2° (see their general
definition in [7]). However, we shall see that this loss of explicit symmetry is
compensated by the appearance of simple structures linked to the SO(9,1)
Lorentzian metric G (the restriction of the invariant form (:|-) to the Cartan
subalgebra of F1g) rather than to the SO(10) Euclidean metric d4p built in the
zeroth level of K (F1p).

3.2 Induced Weyl group action on the redefined gravitino

The usefulness of the redefinition (8:9) will appear in streamlining the structure
of the wall-induced ‘rotation’ Ry, ~(B.7) acting on the gravitino. Adapting the
notation to the geometry as for the 3% reflection (Z32), we split the ‘vector’

index™ of the gravitino ¢ () into components parallel and orthogonal to the
wall a:

¢t = el (3.10)
: a OZ((p) #a
th =
with % (a|a)a
and 0 = a(y))

161n doing so, the hidden spinor index of p® is left untouched.
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where a(y) is a short-hand notation for Ziozl aq9®, modelled on the canonical
pairing «(f) that appeared in the bosonic case (Z32). A quick calculation then
reveals that the action of the generators J,, (3.3) drastically simplifies to

Il = o) (3.11a)
Japl = =3Jo.¢1 (3.11b)

where J3 denote the Dirac spinor actions [19] (see also Eq. (2.23) in [7]) defined
by

1

J5, = §P123 (3.12a)
|

Ji = §rlrl+1 fori=1,...,9. (3.12b)

It is convenient to summarize the structure of the Clifford algebra valued gen-
erators (312) by writing them simply as

1
Jo = T fori=0....9. (3.13)

where one introduces the short-hand notation

electric wall: o=+ 2+ 3% — T =713 (3.14a)
symmetry walls: «o; = 87T — 38 — T =i (3.14b)

Note that these ten I'**’s all satisfy the relation
(r*)? = —lg (3.15)

and therefore can be considered as imaginary units i (with i> = —1). A remark-
able feature of the result (B.ITBI2L[B3T0) besides their simplicity (compared to
the original form (B3])), is the symmetry they reveal between a symmetry wall
aq,1=1,...,9, and an electric one, aq.

The simplicity of the structure BIIBI2) now allows us to compute the

needed exponentiated action of €45 .J7°, namely

Ru. = el (3.16)
Note that equations (BI1]) mean that the parallel and the orthogonal parts ol
and @9 of the gravitino ¢ are ‘eigendirections’ of the vector part of the vector-
spinor generator J;. More precisely, it is interesting to remark that, with the
notation [BI3]), the action of the vector-spinor generators reads

vs 1 a;
Jo, 0 = §F Q|5

3
Jarpr = —511% YL,
thereby exhibiting the fact that the gravitino is a vector-spinor (spin 1 ® spin %)

that algebraically contains both a spin % and a spin % part. This eigencharacter,
together with the structure of the Dirac spinor action (3.13]) implies that o) will

19



rotate, under (B.IG), by exp(eo §I'*) (where « is any of the ten simple roots a;
B14)) while ¢, will rotate by exp(—eo 2TT'*). Using the fact that each I'™ (or
go'®) can be thought of as being an imaginary unit i (8I5), so that we can
write exp(—2%i) = — exp(%i), we find that the exponentiated action F.I6) boils
down to

Reea®ll = Rée,®ls
RgﬁaaﬁpL = _RZ7EQ‘PL-

Now, we recognize in these formula the general definition of a geometric reflec-
tion in the 10-dimensional 3%-vector space (which was identified with the Cartan
subalgebra h): the orthogonal component changes sign, whereas the parallel one
remains unaltered. In other words, if we recombine the two ‘eigenspaces’, we
find that the exponentiated vector-spinor rotation associated to any dominant
wall « is simply given by

10 32
a a s A
gt = Y D Iral" [RE] T B (3.17)
b=1 B=1
o o 2« o
where [ro ()Y = % — (afa@))oz#

is a vector reflection (in S-space, i.e. §) in the hyperplane a(8) = 0, and where

R, = e°3la = il (3.18)

is a 32 x 32-matrix representing the K (E1o) action on a Dirac spinor. To be
clear, we have made explicit all the indices on the redefined gravitino ¢ in Eq.
BID): the vector indices a,b = 1,...,10 (‘contravariant’ in 5% space, i.e. liv-
ing in h), and the (heretofore suppressed) spinor indices A, B = 1,...,32 (living
in a real, Majorana representation of the Clifford algebra associated to SO(10)).

The crucial point to note in Eq. (BI) is that the induced action on the
fermionic variable ¢ [3.9) of what was a (Weyl) vector reflection on the bosonic
velocity v € b is the tensor product of a Dirac spinor action R}, . ([3.I8) and
a vector action ro (ZAT7). In other words, the redefinition of the gravitino (33
revealed that the vector-spinor action Ry, ([B.5B.I7) in fact factorizes into a
Dirac spinor and a vector action. As is clear from the explicit expression (3.17),
this factorization implies that, when considering no longer one isolated collision,
but a succession of several of them, we can write, say for a consecutive collision
with two walls (3, a:

R REe,(9) = (raors) ® (RA . Rbe,) (@) (3.19)

Applying this factorization to the word representing the fermionic dynamics
[B8)), we see that the fermionic word w®® (B8] similarly factorizes in the tensor
product of the bosonic Weyl word (2I1) with a corresponding word w® in the
Dirac-spinor representation:

W= RY e R R e (3.20)

Cagy igrCag, In =gy,

In the next section, we will show that the redefinition of the gravitino ([3.3) also
simplifies the analysis of its degrees of freedom, before investigating the Dirac
spinor action R, . in more detail in section
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3.3 Supersymmetry constraint as a tranversality constraint
on a ‘polarized’ billiard particle

A further instance of the simplifications brought by the redefinition of the grav-
itino (8) occurs when considering the “supersymmetry constraint” S = 0 [7].
This is a constraint on the initial data for the gravitino, which originates from
the equation of motion of the gravitino component °. Its explicit expression
has been written down in equation (5.14) in [7]. The first observation is that it
considerably simplifies in the BKL-limit when considered away from any wall.
This is due to the fact that the higher level contributions Péf?maa, Péf_)__ae, e
as well as the off-diagonal components of Pég) become exponentially negligible
far away from the wall (i.e. they are proportional to positive powers of e~*(%)
that vanishes in the BKL limit 2(110:1 8% — 400 (Z34)). Thus, after a rescaling,
we are left with a simplified supersymmetry constraint Spkr, ~ 0, with

10

10
SpkL = Y (8= BT (3.21)
c=1

a=1

If we now replace the original (coset) fermionic variables 1% in terms of the
redefined gravitino ¢* ([B9), we find that Spkr, acquires a remarkably simple
form:

10
SBKL = Z Gabﬂ.a(pb. (3.22)

a,b=1

Note that, contrary to the original form ([B21]), this form is now factorized in
the sense that the hidden spinor index on ¢ is left untouched. The constraint
Spkr now affects only the vector index of p®. More precisely, we see that the
constraint Spkr, & 0 says that the contravariant billiard velocity v* = 8% (28]
is orthogonal (with respect to the 8-space metric G ([Z5])) to the ‘contravariant
vector’ % ([30). The latter could be thought of as a ‘polarization direction’
orthogonal to the lightlike velocity v® (27 of the ‘billiard particle’ (as if we
were talking about a Maxwell-like vector of helicity o ¢%).

Note the remarkable fact that the (K (Eo)-related) Euclidean SO(10) struc-
ture of the original, exact supersymmetry constraint (exhibited in Eq. (5.14)
in [7]) has given rise to a constraint which formally looks SO(9, 1) invariant, in
the sense that it now involves the (Eo related) Lorentzian structure Go, 23).
[One should however keep in mind that the hidden, factorized spinor index on
¢ maintains its SO(10)-related nature.]

Furthermore, notice that the constraint S transforms as a Dirac spinor under
a collision with a wall a:

Stk = R, SBKL- (3.23)

This follows from combining the transformation properties of v® (Z47) and of
»* (BI17) and it proves in particular that the constraint Sgkr, ~ 0 is preserved
under the evolution in the BKL-limit.
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Note finally how the billiard limit has analagously simplified the Hamil-
tonian constraint (Z7) and the supersymmetry constraint (3222). They now
seem to unite in expressing the ‘gauge invariance’ (in (-space) of an effective
Maxwell-like particle: the billiard limit of the Hamiltonian constraint expresses
the massless nature of this B-space ‘photon’, while the billiard limit of the super-
symmetry constraint expresses the transversality constraint 7*p, A, = 0 linked
to the Maxwell gauge invariance. As both constraints originally followed from
other gauge invariances (diffeomorphisms and local supersymmetry), this in-
triguing transformation of gauge constraints in the billiard limit may be the tip
of the iceberg of an improved understanding of the symmetries of supergravity,
and of their possible E1¢/K(FE10) coset reformulation.

3.4 Conserved bilinear form and ‘gauge transformations’

It was found in [5, 6, [7] that there existed a symmetridll, bilinear form (:|-)ys
on the 320-dimensional vector-spinor representation space which was K (F1g)-
invariant, and therefore invariant under the exact, coset fermionic equations of
motion ([B). This bilinear form was, in particular, invariant under the SO(10)
subgroup of K(E1¢) corresponding to SO(10) rotations of the vector index a of
1®. Indeed, its original expression in terms of two gravitini ¢1, 9 was [7]:

10
(Crlp2)us == — Y ¥ Taptt}. (3.24)

a,b=1

Let us see how this form is transformed when substituting * by its expression
in terms of the redefined gravitino ¢® := T, I"*¢* ([B0). An easy calculation
(using Typ = Tol'y — dup) yields

10 32
(11%2)s Z GaiToh = Y ) Gapi*e?. (3.25)
a,b=1 a,b=1A=1

Note again how the use of the ¢® variables has revealed a hidden ‘Lorentzian’
structure in the form (-|-),s. More precisely, the K (E1g)-covariant bilinear form
BZ9) of two gravitini ¢ and ¢4 amounts to contracting their 32-valued Dirac-
spinor indices in the standard Euclidean way, whereas their vector indices are
contracted with the Lorentzian metric G, that was defined on the space of scale
factors 8 (ZH). Let us also consider the corresponding norm (when evaluated
on real, commuting variables)

QU(9) = (¢l@)vs ZGaW o (3.26)

a,b=1

On the full p-space, this norm has a hyper-Lorentzian signature with 9 x 32
pluses and 32 minuses. However, we note that, when the supersymmetry con-
straint Spkr, = 0 is satisfied, the norm Q"*(¢) becomes positive semi-definite.
Indeed the supersymmetry constraint S is saying that (when forgetting about
the spinor index) the vector ¢® is Ggp-orthogonal to the billiard velocity 3°

7The form (-|-) is symmetric when evaluated on commuting variables, but antisymmetric
for Grassmann variables.
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B22). As, by the Hamiltonian constraint ([2.7]), ﬁ'.“ is a Ggp-lightlike vector, ¢®
must then be either Ggp-spacelike or parallel to 5%, so that Q¥*(¢) > 0 (when
evaluated on real, commuting variables).

In addition to this positivity property, the supersymmetry constraint S
B22) also guarantees that the norm Q¥* [B20) is not affected by the follow-
ing Maxwell-like (longitudinal) ‘gauge transformation’ of ¢* along the lightlike
direction 3% (Z7) with any Dirac spinor ¢ € 32:

Q"(#) = Q") (3.27)
fOI" (p/a — <Pa+ﬁa§-

As another example of the intriguing appearance of a Maxwell-type structure
in the fermionic billiard, it is interesting to observe that supersymmetry is a
particular case of this gauge transformation ([3:27)). To show this, we insert the
redefinition (9] into the supersymmetry variation d¢® (Eq. (3.9) in [7]). Then
in the BKL-limit, due to simplifications similar to those that occurred in the
evaluation of the supersymmetry constraint S ([B.21)), the only surviving term
on the RHS of Eq. (3.9) in [7] comes from the term oc $N€Q(q)*I'%¢ which
yields (when keeping the only billiard-surviving contribution to Q0(ap), which
comes from the time derivative of the diagonal part of the metric)

b = %Bae. (3.28)
Note that since B“ is a lightlike direction (271), a supersymmetry variation leaves
invariant the orthogonality imposed by the supersymmetry constraint S (3:22)).
However, in contradistinction to the arbitrary Dirac spinor £ that we could use
in our definition [327)) of a general ‘coset Maxwell-like gauge transformation’,
the supersymmetry transformation parameter ¢ (28] is not arbitrary. Since
local supersymmetry has been used to gauge-fix 1)° to vanish (3:3)), only residual
“quasi-rigid” transformations are admissible. In other words, € is subject to the
constraint d.¢)° = 0, which yields (see Eq. (5.2) of [7])

oe = Q°(t)e (3.29)

where Q (Z23)) is again the same connection that entered the evolution equation
for both the bosons (2Z:25]) and the gravitini (3.4]), except that now it acts in the
Dirac spinor representation s of K (F10) (812). The previous reasoning (based
on the spiky nature of Q(t)) then shows that the dynamics of e (329) in the
BKL-limit also follows a chaotic billiard motion. In this ‘Dirac billiard’, any
collision of the scale factors 3% with a wall a induces a K (E1o)-rotation R, .
(BI8) in the Dirac spinor representation s (i.e. a 32 x 32-matrix) in complete
analogy to the transformation of the supersymmetry constraint S (323)):

€ = Ri..e€ (3.30)
Note how this result, together with the r, transformation law of 3% upon colli-
sion on a wall (ZI4)), implies that the supersymmetry variation term d.¢% ([3.28)
varies, under a collision, in exactly the same factorized way as the full ¢* BIT).
This is another check of the consistency of our findings. Due to the importance
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of the rotations R;, . for the dynamics of all fermions, we will continue their
analysis in the folldwing section. To conclude, let us remark that Eq. ([B28)
shows that the effective Maxwell-like gauge transformations of the ‘polarization
vector’ added to the §-particle by the fermionic degrees of freedom comes from
supersymmetry transformations. This shows again how the billiard limit ex-
hibits some intriguing metamorphoses of gauge symmetries, as well as of group
symmetries (SO(10) < SO(9,1)).

3.5 Spin extension W*" of the Weyl group W of £

Summarizing the review of section Bl the bosonic dynamics reduce in the
BKL-limit to the evolution of the scale factors 8 (Z4) that follow a billiard
motion: Hitting the cushion of the billiard table corresponds to a collision with
a dominant wall «; (ZI0) which interrupts the intermediate Kasner behaviour
[23) and whose effect consists of a Lorentzian reflection of the Kasner velocity
v = 3% @Id). The link to the Kac-Moody picture is established by identifying
the dominant walls «; [2I0) with the simple roots of the Kac—Moody algebra
FE1 and the space of scale factors % with its Cartan subalgebra, spanned by the
co-roots &; = h; (Z22). Any Lorentzian reflection due to a collision with a dom-
inant wall a; then corresponds to a fundamental Weyl reflection r,, € W [21].
Hence, any sequence of collisions during the chaotic evolution of the bosonic
billiard corresponds to a word w in the Weyl group W of Fyg in Eq. (217, and
the full evolution towards a spacelike singularity corresponds to a semi-infinite
Weyl word: - -w,, - - - wawy.

We have shown in section Bl that the gravitino can be understood as a
(spinor valued) ‘polarization vector’ ¢® associated to the scale factors g%. In
particular, any collision induces a discrete K (FE1g)-rotation Rg’. ~([B.7) in the
(unfaithful) vector-spinor representation. When acting on this ‘polarization vec-
tor’ ¢, the discrete K (F1g)-rotation Ry’ factorizes as the tensor product of an
ordinary Weyl reflection r,, (acting on the vector index of the suitably redefined
gravitino variable ¢® ([3.3)), and of a Dirac spinor rotation R}, . BI7BIR)
(acting on the hidden spinor index of ¢%).

These results suggest that to describe the general behaviour of fermions in
the billiard limit, one should consider a certain abstract ‘spin’ extension of the
Weyl group of E1o (and more generally of any Kac-Moody algebra), say WP,
This group can be abstractly ‘defined’ as the ‘discrete’ subgroup of (a suitable
covering of) the ‘group’ K(E1p), which is (multiplicatively) generated by the
formal exponentials

Ry, = i (3.31)

where i labels the simple roots (¢ = 1,...,10 in the Eqp-case) and, where J, =
E,+w(Ey) = Eo—E_, (220)) is an element of the K (E1o) Lie algebra. We have
put some quotation marks in this definition, because the precise mathematical
setting within which one could define, in full generality, the ‘group’ K (E1p), its
needed ‘spin’ covering (analogous to the Spin(n) covering of SO(n)), and the
formal exponentials (3:31)), is unclear to us. On the other hand, our study above
has given us two concrete realizations of the abstract generators ([3.31]), namely
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Ry... BI0) and R, . (BI8). We shall then focus in the following on the two
corresponding matrix groups, say W' and W*. We define W"¢ as the subgroup
of GL(320) multiplicatively generated by (for i =1,...,10)

RY = el (3.32)

and W? as the subgroup of SO(32)|§ multiplicatively generated by the matrix
exponentials of J5 (3.12)

™ 7S

R:, = e?lail (3.33)

Here, we have dispensed with the signs €, = 4 that entered our study above
for two reasons:

1. We shall see that the matrix generators Ry’ and Rj,, are idempotent (so

that a suitable power of, say, R% equals (R%¥)~! = e 2l

2. The sign of E,, and therefore of J,, = E,, — F_,, (Z20), is conventional
and can therefore be changed to absorb any sequence of €,,, without loss
of generality

With this notation, we have proven some mathematical results on the concrete,
matrix groups W and W? that we can summarize as follows, before indicating
the main elements entering the proofs (the mathematical details of which are
given in Appendix [C]).

Proposition 1

e The vector-spinor realization W' of W™ i.e. the group multiplicatively
generated by the ten 320 x 320 matrices RYS (3.32), is infinite.

o The generators Ry of W'° satisfy the following generalized Coxeter rela-
tions:

(a) For all nodes c; in the Dynkin diagram of E1g (figure 1), we find
(Ry)" = -1 (3.34a)
(b) For adjacent nodes o, «j, the corresponding generators fulfill
(RERZ) = -1 (3.34b)

(¢) For non-adjacent nodes oy, c, the corresponding generators com-
mute.

o The squares of the matrices (Rgf)z generate a normal subgroup D of
W?S which is non-abelian and whose cardinality is 2048.

o The Weyl group W of Eqg is isomorphic to the quotient group W /Dv*:
W ~ WvY/D. (3.35)

The corresponding statement concerning the Dirac-spinor realization of WP
looks similar, but differs in a very important aspect: W? is a finite group, while
W?¢ was infinite (like the Weyl group of E1p):

18We recall that the J&; preserve the Euclidean norm Q°(e) = eTe 7).
9Note in this respect that €q, is the sign of a conserved quantity in the BKL-limit. Hence,
the sign €4, for any dominant wall a; cannot flip during the asymptotic Billiard dynamics.
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Proposition 2

o The spinor realization W* of W™ (i.e. the group multiplicatively gener-
ated by the ten 32 x 32 matrices R, (F12[3.33) with i = 0,...,9) is of
finite cardinality.

o The generators R, of W?* fulfill the same generalized Cozeter relations

(5-57) as those of W"°.

o The squares of the matrices (jo)2 generate a normal subgroup D* of W?,
which is isomorphic to DV® defined for the vector-spinor representation.

e There exists a homomorphism ® mapping the Weyl group W of E1g to the
quotient group W?*/D*:

oW — WDe. (3.36)
The non-trivial kernel of ® forms an (infinite cardinality) normal sub-
group of the Weyl group W of E1g.

It is interesting to contrast these results on what we called representations
of the ‘spin’ extension W*P*" of the Weyl group, to the results of Kac [21] (p.36)
on some representations of the usual Weyl group W of a Kac-Moody algebra,
namely:

Proposition 3 [Kac]

Let p be an integmbl@ representation of E19 on a vector space V. To any
Cheuvalley triple (e;, fi, hi) withi = 0,...,9, linked to the ten nodes in the Dynkin
diagram of F1o (figure 1), associate an element in the space of endomorphisms
End(V') by

rh. = exp(ff)exp(—ef)exp(f?). (3.37)

These ten elements rf,. generate a group WP C End(V'). Furthermore, their
squares form an abelian normal subgroup DP of WP

D = (((r,)%i=0,...,9)) (3.38)
such that the quotient group is isomorphic to the Weyl group W of Fqg
W ~ WP/DF (3.39)

Referring to Appendix [C] for details of the proofs of proposition 1 and 2, let
us comment on some of their salient aspects:

e The fact that for W* and W?*, we get generalized Coxeter relations (e.g.
(RY*)* = —1 and therefore (RY*)® = 1 instead of r2 = 1 for the usual Weyl
group) comes from the spinorial nature of the representations vs and s.
Technically, this is due to the factor % inJj = %I‘O‘ which leads to factors

20 A representation p of a Kac-Moody algebra on a vector space is called integrable, if the
raising and lowering operators e; and f;, defined in section 2.3} are represented as locally
nilpotent endomorphisms [21].
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e='T in RS and RE. By contrast, note that the action of R, = e27> on a

Cartan valued P in the coset representation led (as in the setting of Kac’s

lemma 3) to phase factors e*™ in R¢*¢* (239 2.46). [This can be thought

)

of as coming from the fact that Pég was a symmetric SO(10)-tensor, hence

‘spin 2’ versus ‘spin %’]

The finiteness of W* was far from being a priori evident. This finite cardi-
nality does not follow from the unfaithfulness of the spinor representation
because the vector spinor representation vs is also unfaithful (it leads to
a finite-dimensional representation space), but W is infinite. This finite
cardinality does not either follow alone from the fact that YW* preserves
a positive definite norm, namely Q*(e) = €’¢, because the action of the
infinite Weyl group on the compact unit spere ¢’ ¢ = 1 in R32 could have
led to a ‘chaotic’ non-periodic action with many accumulation points.

The technical difficulty in proving the finiteness of W?* came from the fact
that (using (I'*)? = —1, like 7)

RS = eFli o oY 14;/;0‘ (3.40)

contains v/2 in the denominator. Therefore, a product of n exponentials

or, as we shall say, a word of length n, R} R;, - R;, a priori contains

a factor (1/4/2)™ which could decrease without bound as n — oo and
generate an infinite number of group elements in W?*. Appendix[Clexplains
in detail how we surmounted this difficulty. Let us here only say that we
used a four-pronged approach:

(1) We crucially use the fact that we are working within an algebra, which
follows from the representation in Eq. (340). The anticommutation
properties of Clifford matrices I'* then imply some definite (anti-)
commutation relations among the R which involve coefficients of the
form a+bv/2 with a,b € Z. At this first step, the use of the algebraic

relations among elementary products R, R, - -+ has allowed us to

push the dangerous v/2’s up to the numerator.

(2) Then using repeatedly, as in the proof of Wick’s theorem, the (anti-)
commutation relations among the R, we can reorder any element
of W?* and express it as a finite linear combination of ordered R} -
products with Z[v/2]-valued coeffcients. [Here we use the fact that
the Galois extension Z[v/2] = {a + bv/2;a,b € Z} is a ring, i.e. that
it is stable under addition and multiplication.] This leads to the
following result: any word w in W?* uniquely corresponds to an ele-
ment in a Z[v/2]-lattice spanned by the finite basis of ordered products
Ry Reys--

(3) At this stage, we can substitute the expression (3.40) of R, in terms
of I'-matrices in the general expression of any word w in W?*. This
change of basis introduces v/2-denominators, but only up to a finite
power (which turns out to be (1/1/2)'%), because the basis is finite.

(4) Expressing the ‘orthogonality’ (w”w = M32) of a general word w €
W* C SO(32) then leads to many Z[v/2]-valued diophantine equa-
tions for the coefficients da € Z[v/2] of the expansion of w (with
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A labelling the finitely many basis elements). One of these Z[v/2]-
diophantine equations reads

32 = ) di (3.41)
A

Although the lattice of generalized integers a + bv/2 is dense on the
real line, there is a finite number of Z[\/2]-valued points on the
‘sphere’ (B41]) (as can be easily seen by decomposing Eq. (B4I)
in its two components along the basis {1,v/2}).

It might be interesting to add that our proof of proposition 2 of the generalized
Coxeter properties and of the finiteness of the spinor representation W? of the
abstract WP on the one hand can be straightforwardly generalized to other
Kac—Moody algebras, and, on the other hand, can be reformulated within a
more abstract setting which does not make use of the gamma-matrix realization
BIZB.T4) of the ‘compact’ generators .J; . Indeed, it seems that the main
structure behind the proof is the following abstract, Kac-Moody related ‘graded
Clifford algebra’. First, independently of any explicit representation, we can
always define some abstract generators I'* (associated to each node of a Dynkin
diagram) as I'“" := 2J; , i.e. such that Eq. (3.I3) holds by definition. An

abstract ‘Dirac-spinor’ realization can then be defined by requiring that:

(1) all the ‘spin eigenvalues’ of the basic (‘Hermitian’) rotation generators 4./
are equal to j5 = +1. This implies that (I'*)? = —1;

(2) the I'“’s corresponding to different nodes of the Dynkin diagram satisfy
either anticommutation or commutation relations [I'%, T'*], = —d;;. E.g.
for the Eqg case, we have anticommutation for adjoint nodes (when A4;; =
—1), and commutation for disconnected nodes (A4;; = 0).

The same relation between this ‘graded’ Clifford structurd?] (anticommutation
versus commutation) and the Dynkin diagram (A;; = —1 or A;; = 0) holds (in
the generic case D > 4) for the AEp_; Kac—Moody algebra associated to pure
gravity in space-time dimension D [12]. [The case D = 4, which will be treated
below, is non-generic in that the special ‘gravity-wall’ generator I'“* commutes
with the symmetry-wall generators.] Our proof applies in such a general setting
(provided the strictly ordered products of I'*i’s define a linearly independent
basis), even if the representation space were infinite (though necessarily made
of finite, reducible components).

Concerning the links between the content of the propositions 1 and 2, and
Kac’s proposition 3, we think that the definition of 7 (8.37), though it looks
very different from that of R, = e~ 27~ (B3I, will be formally equivalent to
it in any Fjg-representation p in which the exponential e~ 274 is well defined 2
Indeed, a reshuffling (& la Baker-Campbell-Hausdorff), needed to pass from one

217t seems that this structure, i.e. the properties (1),(2) above, follow from the requirement
that the eigenvalues of a general K(E1g)-normalized (3, ngl = 1 in the simply-laced case)
linear combination ZZ neg,; J has eigenvalues :I:%.

22Any E1o representation p, defined by the representation of the Chevalley generators
(e, f£,hf), canonically induces a representation of its subalgebra K(E10), generated by
Jb, = ef — ff @20
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form to the other, only involves commutators of the sly subalgebra generated
by e;, fi and h; = [e;, f;], so that it should suffice to check it in the natural rep-
resentation [21] ef” = ({ 1), 72 = (00) and J3& =5 — 72 = (°, |). For this
case, one finds rg2 = ((i _01) that indeed agrees with exp(—73 (21 10)) =— (91 é)

It is also clear that there are similarities between the statements made in
the propositions 1-3. We wish however to emphasize that our results in the
propositions 1 and 2 can in no way be deduced from proposition 3 for several
deep reasons. First, our propositions concern K (FE7) representations and not
Eyp representations. Although any FE1g representation also is a K (FE1g) repre-
sentation by restricting the action of Ejg to its subalgebra K (F1g), the reverse
is clearly false in the case we consider in our propositions, because both the
vector-spinor representation vs (30) and the spinor representation s [BI2) of
K (E1p) being unfaithful (and finite-dimensional) can certainly not be lifted to
representations of Eyg [indeed, E1g, being simple, does not admit unfaithful rep-
resentations (apart from the trivial one)]. Second, the structure of the normal
subgroups that are factored out is different: while in our propositions the nor-
mal subgroups D", D? are non-abelian, D” is abelian in the case of proposition 3.

Note, however, that Kac has used the setting of his proposition 3 to prove
a result which is closely related to the one we found above for the bosonic bil-
liard. Indeed, by applying the proposition to the adjoint representation p = ad,
he showed that the adjoint action of r2¢ ([3.37) to the Cartan subalgebra b C E1g
reproduces the action of the fundamental Weyl reflection o, [21]. Given, for E1g
representations p, the link £ ~ e*37% mentioned above, this agrees with our
observation in section 24 in which we evaluated the K (FEj¢)-rotation Rﬁfaai

(224) on the element of the Cartan subalgebra that corresponded to an incom-

ing Kasner geodesic (245 2.47]).

In the next section, we will investigate the truncation of SUGRA1; to D = 4
N = 1 supergravity that can be linked to the Kac—-Moody algebra AE3 in the
BKL-limit as mentioned in section The analysis of this simpler case will
provide a useful ‘toy setting’ in which some aspects of our E1g results become
easier to analyze in detail. In particular, we shall be able to solve explicitly
the supersymmetry constraint S (3:22)) and to explicitly exhibit the remaining
degrees of freedom of the gravitino in terms of two Dirac spinors.

4 Fermionic billiard of D = 4 N/ = 1 supergravity
and its K(AFj3) structure

4.1 AF3; and D =4 N =1 supergravity

In order to facilitate the link to the Ejp-description of maximal supergravity,
we want to describe D = 4 N’ = 1 supergravity as a truncation of the former
theory reduced on a seven-torus 7. The analysis of section reviewed the
known fact that the hyperbolic Kac-Moody algebra AFE3 naturally appears in a

23Note that one would have obtained exp(+35 (21 (1)))7 if one had changed f; — —f;, e; —
—e; in Kac’s definition (337)).
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description of the BKL-limit of d = 4 gravity [I] [14]. We start this section with
a review of the bosonic dynamics. Since the gravitational walls are linked to
the structure functions C%, introduced in section 2.2 it is sufficient to focus on
their dominant contribution to the supergravity Lagrangian in the BKL-limit,
which is

Le = -V,
= 4+ det(gmn)Rspatial

3
1 g
= —3 E e 2% (P (0%,)? + subleading terms (4.1)

a,b,c=1

where the gravitational wall o, = was defined in Eq. ([2.I8) and where we used
as usual the gauge choice N = y/det(gm»n) @2) [14] with m,n = 1,2,3. It
was shown in [4] [14] TT] that the (Iwasawa frame) structure functions C%p. have
limits on the singularity, and that they can be identified with the conserved con-
jugate momenta I1, (Z3I) of coset variables v, parametrizing a level-1 coset
variable ®,, = ®,,. Here, we are interested in extracting from all the gravi-
tational walls the dominant one near the singularity. In view of the ordering
among the ’s imposed by the symmetry walls (afm) (8) > 0 and Oa3) B)>0
implying ' < % < 3%), it is easily seen that the dominant gravitational wall
will be af,;, which is connected to Cloz. Then, either by using the coset-
gravity dictionary given in [4 [I4], or by identifying (in the gauge n = 1) the
one wall potential e=2-(FTI12  of Eq. ([Z33) to the dominant gravitational po-
tential Te=2012(9)(C193)2 (@), we find that the dominant gravitational wall
o, = afy, contributes the following term to the coset connection 9|, (Z30):

1
Q|a* = §€_a*(ﬂ)0123Ja*. (42)

This equation will be crucial to obtain the correct normalization of the K (AFEs)-
generator J,, in the next section.

4.2 K(AF3) and the fermions of D =4 N = 1 supergravity

The dynamics of the gravitino 1 of D = 4 A/ = 1 supergravity can e.g. be taken
from [25] (neglecting third order terms in fermions and with 9; = Ndy)

3
0 = > YVialg (4.3)
a=0

with the standard Levi-Civita connection V, the Clifford algebra {y*,~%} =
¥ and n = diag(— + ++). We use the same redefinitions ([3.2) as for the
Ejp-case (i.e. the same rescaling, but with indices restricted to a = 1,2,3)
and adopt the supersymmetry gauge ¢ = 0 ([33)). This leads to the following
explicit form for the time evolution of the (coset) fermionic variable 1, (using
Einstein’s summation convention)

1
- at’@[}a = N <w0ab¢b + ZwOefA/ef’@[]a (44)

1 1
+(Wabc - Wbac)707b¢c + iwabcvo'}/de’g/)d — Zwb0d707b6d¢a)
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Our task now is to single out on the RHS of this equation the dominant terms
in the BKL-limit: i.e. the ones corresponding to the two symmetry walls
19y, a3y and the gravitational wall a., = afyq. First, we notice that the tem-
poral derivatives of the metric coefficients completely follow the scheme used in
the Fjg-case B4BE): They give rise to the symmetry walls (Z9). One then
easily finds that they lead to the same results (restricted to indices a = 1,2, 3)
for the corresponding ‘compact’ generators Jafm)’ Ja€23). Denoting for simplic-
ity a1 := afjy) and ag = afy;) as in @3), one finds the following explicit
expressions for the two putative K (AFs) generators J,, and J,, corresponding
to these symmetry walls:

JEW)* = %me + 269l for i = 1,2. (4.5)
If we now extract from the RHS of Eq. (@4 the contribution proportional to
the dominant gravitational wall av, := a5, we must be careful to collect several
different connection terms. Indeed, C's3 is proportional to 293; in the notation
of [7]. Then the formula giving the ‘spin connection’ wgpe in terms of Qgpe (see
Eq. (M)) shows that 0123 X 9231 will enter in w123, W231 and ws312- Finally, we
get that the dominant gravitational wall contribution to the equation of motion
reads after substituting (Z2123):

1 1 1
—Opa = e Clygy’ (46&2731w1+~yl23 [§w“—26;¢1]).

By rewriting this equation in the universal coset-model form (34)

oy = Q”(y), (4.6)

we can fix (by comparison with our previous result (€2]), and remembering that
the dominant gravitational wall a.(3) = 23! ([ZI8) does indeed give a factor
e=(8) = ¢=28") the form of the putative K (AFs3) vector-spinor representation
vs of the generator J,, in terms of «-matrices:

gwr = = (a4 e —aat] ). @

At this stage, we extracted from the SUGRA,4 fermionic equations of motion
explicit vy-matrix expressions for the generators J3°, J35 and J3° that should
give rise to a ‘vector-spinor’ representation of K(AFE3). The proof that these
generators indeed form a representation of the compact subalgebra K(AFE3) of
AFE3 crucially depends on the correct normalization of the ‘gravitational wall’
generator J3° (which is fixed by the precise coefficient in Eq. ([@2])). We start
by recalling that K(AFE3) is defined by the free Lie algebra generated by the
compact generators J,, [220) for i = *, 1,2 modulo Serre-like relations [7] that
are inherited from the Serre relations of AFE3. In particular, the condition
ad?fEa* (Eq,) = 0 that is encoded in the Dynkin diagram (figure 2) gives rise to
the following relation for J,, involving the exceptional node:

ad?,a*(Jal)+4adJa*(Jal) = 0. (4.8)

As in the K(Fjg)-case treated in [7], the manifest SO(d) invariance of the
gauge-fixed gravitino equations of motion (which follow from their original, lo-
cal Lorentz covariance) ensures that the condition (£J) is the only Serre-like
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relation that needs to be checked. By doing the explicit y-algebra calculation
involved in Eq. (48)) when using the expressions [@HET) for J2° in terms of
~-matrices, we have verified that Eq. (€8] is fulfilled and hence, that these
generators J¥* € R12%12 indeed form a matrix representation of K(AFE3).

This result was expected because the fact that the equations of motion of
SUGRA4 admits a K (AEs)-covariant coset reformulation (in the BKL-like ap-
proximation where one keeps the leading effect of all the gravitational walls af, .
with a, b, ¢ all different), actually follows from three known results:

(1) The fermionic dynamics of SUGRA;; admits a K (FEp)-covariant reformu-
lation up to a level of approximation (I = 37”) which includes all the
gravitational walls associated to real roots [4].

(2) AE; is a subalgebra of Eq( obtained by keeping only a fraction of the gener-
ators of E1g [21) 26]. This truncation, being compatible with the Chevalley
involution, also implies that K(AF3) is a subalgebra of K (FE1g).

(3) The dynamics of SUGRA,4 can be obtained by reducing the dynamics of
SUGRA1; (truncating away, in particular, both the spatial dependence upon
a seven-torus 77 and the corresponding gravitino components).

It is moreover interesting to note that the ‘gravity truncation’ mentioned in fact
(3) does canonically determine an embedding of AF3 within Ejg. Indeed, this
truncation shows that, besides the two dominant symmetry walls af;5), (3,
surviving the reduction 10+1 — 341, the third simple root of AE3 should come
from the D = 11 (or Eyg) gravitational wall associated with C'y3, whose dual
form (entering the Fy gravity-coset dictionary [14, @, B24) is I111145678910,
and which is therefore associated to the level-3 Fj generator E'4-10  In
other words, the gravity truncation 11 — 4 predicts that the subset of Ejg
generatord e, := K2, (associated to afy,)), €2 = K3, (associated to ¥(p3))
and e, 1= E14+10 (associated to afy;) together with their Chevalley duals f;
and the corresponding h; = [e;, f;] should be identifiable with the three basic
Serre-Chevalley generators of AE3. The fact that the Cartan matrix associated
to ay, as and a, coincides with the Cartan matrix of AFE3 is known and has
already been reviewed in section above. It is less evident that eq, ey and e,
satisfy the required Serre relations of AF3, and notably the delicate one

ad?_(e1) = 0. (4.9)

One can directly prove that [@3]) is satisfied within the Fjo Lie algebra. FEi-
ther one can use the general theorem proven in [27] or notice that the pu-
tative Eqp-root 3au. + ay associated to the LHS of (£9) has a squared norm

24In the notation of [4], this is DA4--19 and in the one of [8], it is

corresponds to the conjugate momentum IT' of @11 in [14].
25These conventions for the labelling of the generators is directly linked with the fact that
the Iwasawa variable A was chosen to be upper-triangular, which implied that e.g. af

12) —
B2 — B'. Note that these conventions differ from the ones used in 7, eg. e[lDKN] = Kls.

With our conventions, the exceptional generator in the Eig context is eg = E123 instead of
e[PEN] _ ps910
0 = .

(3)
P1\14,4,1o' It also

32



(o + a% = 48, which is too large for the LHS of [@J) to be an Ejo-
generator

This reasoning shows that the third K(AF3) generator J,, = E,, +w(E,
(with E,, = e.) can be embedded within K (FE1p) as a generator of the for

Jo, = Ca*JHM'”lO = Ca, (E1\14...10 - F1\14...10) . (4.10)
By starting from the unfaithful K (Ej) representation of Jl% @ given in
Eq. (2.30) of [7], and decomposing the Clifford(10) algebra according to ['* =
7‘1/ ® g (for a’ = 1,2,3 and setting ¥® =0 for a = 4,...,10), we have checked
the consistency of ([@I0) with the Clifford(3)-algebra representation (1) and
determined that the numerical coefficient ¢,, in Eq. (@I0) must be equal to
Ca. = £3. [This factor # also follows from the normalization adopted in [7] for
the level-3 generators which implies (E1‘14“'10|F1‘14___10) = 9. The sign of ¢4,
is unimportant in the present context and can be fixed at will]

4.3 Factorized structure of the K(AFE3) fermionic billiard

Let us now describe the SUGRA, fermionic dynamics in the billiard limit. The
treatment is parallel to the SUGRA1; case discussed in section [3.]] and consists
in combining the effects on ¥ coming from successive chaotic collisions on the
three dominant walls a1, as and a, of AE3. As for maximal supergravity in Eq.
BX0), we focus on a one-wall system and integrate the equation of motion (6]
as before. The computations from section 2.4] still hold for the AEj3-case, with
(#2) replacing (230) for the dominant gravitational wall ... Hence, the net
effect of a collision with a wall « is a K(AFEs)-rotation about the axis J, with
an angle €,%5. This rotation turns the incoming gravitino ¢ into an outgoing
one 1’

Vo= RO (W) (4.11)

with Ry, = efos e being a 12 x 12 matrix acting in the vector-spinor repre-
sentation space of 1)*4 (where a = 1,2, 3, while A = 1,2,3,4 is a real Majorana
spinor index). Similarly to the SUGRA1; treatment above, we found that the
transformation law of the gravitino simplifies very much, if we replace ¥* by
the following redefined fermionic variable:

e* = yy*Y?®  (no sum). (4.12)

With this redefinition, we find again, in complete analogy to [B.I7), that the
transformation (@11 in the vector-spinor representation factorizes as the tensor
product of a Weyl reflection r, (now acting in a 3-dimensional vector space
a = 1,2, 3) with a Dirac-spinor rotation e 3/a" (now acting in the 4-dimensional

26We thank P. Cartier for suggesting this test.
27Note that for the truncation of SUGRA 11 to supergravities in d+1 dimensions (associated
to the Kac-Moody algebra AFE,), the K(E10) generator linked to the dominant gravitational
; _ 1|1...d—2d+1...10
wall is Jo, = ca,J
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Majorana spinor space). In formulae, we have:

3 4
a a s A

gt = D) Irad® [R.] Be"P (4.13a)

b=1 B=1

a a OZ(QD) #a
where [ro(p)]® = % — o (4.13b)
(ale)

and R, o= i (4.13¢)

with J being Dirac-spinor generators acting in the 4-dimensional Majorana
spinor space. For symmetry wall rotations associated to a1 and as, this result
follows from a straightforward truncation of the K (E1o)-results, with the Dirac-
spinor representation

1 . .
Ji = gywﬂ for i =1,2. (4.14)

By contrast, the gravitational wall case needs a special treatment that we now
sketch. We start with the observation that the redefinition (4.I12) simplifies the
Lie algebra transformation (£.1) (with J2°(¢)* = v0v*J2 (¥)*) to

VS8 a 1 a a a a
Jo. ()" = 570’7123 [90 —4(67 — 05 — 53)901]- (4.15)

The orthogonal and parallel components ¢ and il BI0) of the gravitino ¢*
turn out again to be ‘eigendirections’ and hence, the J3°-action simplifies in the

same way as in (BII):

Joiel = Ja. ¢l (4.16a)
Jaopl = =3J5.¢%1 (4.16b)

where J is the Dirac-spinor action now defined as

1
Joo = 30077 (4.17)
In order to evaluate the group rotation Ry’ (@IT) on the eigenspaces spanned
by .1 and ¢ [@I6), we have to evaluate the exponential series defined in (Z.13])
for the gravitational wall c,:

s

RS = eoFa, (4.18)

Qs €y

Since the difference of the action on the eigenspaces ([I0) again is only a sign
due to e~ *F = —e'T, we finally obtain after recombining ¢ = ¢ + ¢|| the
factorized transformation of the gravitino that we quoted above (and that is
completely similar to (BI7)). Let us also note (for future use) that the explicit
form of the Weyl reflection 7. at the gravitational wall a, = afy; = 24! reads:

ra. () = " —2(07 - 05 — 55)’. (4.19)

We will continue the investigation of this gravitino billiard in the next section,
taking into account the supersymmetry constraint S.
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4.4 ‘Longitudinal’ and ‘transversal polarizations’ of the
‘G-photon’

Concerning the supersymmetry constraint S, the AF3 model, describing the
BKL-limit of N' = 1 d = 4 supergravity, exhibits a qualitative difference with
respect to the Fjg-case of maximal supergravity: the constraint S ~ 0 can be
solved explicitly, which entails that the gravitino or ‘polarization vector’ ¢® can
be split into a ‘longitudinal’ and a ‘transversal’ part, both being Dirac-spinor

valued

As a first step, recall that the supersymmetry constraint in the billiard limit
(far away from any wall) only depended on the velocities 5%, e.g. [B21)) for the
Eqo-case. Since N =1 d = 4 supergravity can be obtained by a truncation of
maximal supergravity as explained in section [Z2] it is not a surprise that the
equation of motion of the gravitino component ¢° ([3)) in the present discussion
(after the standard rescaling [3.2) and gauge-fixing ¢° = 0 [B.3)) reduces to the
obvious truncation of the formula B21]):

3
0 ~ Sk, = Z (8" — o)y0y v" (4.20)
a=1
3 .
with o = ) f° (4.21)
c=1

As before, the formulation in terms of the redefined gravitino ¢ ([I2) allows
one to write S as an orthogonality constraint with respect to the Lorentzian

(-space metric G, ([23):

3
0~ SBKL = Z G;bﬁ.a@b. (422)

a,b=1

From the point of view of the 3-dimensional Lorentzian geometry of (-space
(forgetting about the hidden spinor index), the supersymmetry constraint S =~
0 (£22) is a scalar constraint on the 3-dimensional vector ¢®. It therefore
restricts the gravitino ¢ to live in a 2-dimensional hyperplane (actually, the
‘null’ hyperplane tangent along 3 to the S-light-cone). One can then explicitly
parametrize ¢ in terms of two (spinor-valued) scalars, say n and ®, by using
the existence of the cross product of vectors in three dimensions:

3
1. 1 be b
@ = —_pB° — ase P. 4.23
© UBTH-U E e*u’p ( )

b,c=1

Here, o is the quantity [@21)), e'?® = +1, and u® denotes the timelike vector in
[-space which has unit (contravariant) components: v = (1,1,1). The vector
u® plays a somewhat special role in the AFs5 billiard in that it naturally relates
the Lorentzian metric G, (2.3]) to the Euclidean metric, say v-w := 22:1 viw®.

28Note however that these components do not transform as Dirac spinors under K (AE3) as
we shall see in Eq. (@31)) below.
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Indeed, we have the identity:

3
Z Grootw® = vow—(u-v)(u-w). (4.24)
a,b=1

Keeping in mind that B“ is lightlike (27)), the parametrization of ¢® in terms
of ® and 7 is easily seen to span the general solution of the supersymmetry
constraint Spky, = 0 [{22). It is also easy to invert the parametrization ([€23))
(constrained by ([#.22)) and to express the two ‘scalars’ 1 and ® in terms of ¢®

(using o = u - # [@EZI) and 02 = 3 - 3 @70)):

3 3
1 ha _a m a
no= D B TET ) e (4.25a)
=1 a=1
1 abc, a b c
¢ = o ;16 uBp (4.25b)

Pursuing the analogy of considering the gravitino ¢® as a polarization vector, n
and @ can be thought of as its longitudinal and transversal part, respectively.
This point of view is reinforced by the fact that the bilinear form (-|-) (323 for
any two ‘polarizations’ ¢, 2, having the same null velocity B“, only depends
on their transversal parts ®1, ®y [@23)):

(prlp2) = 207, (4.26)

where &7 0, = Zi:l ®4®4 involves a trace over the hidden spinor indices.
Note also that the ‘gauge transformation’ of the gravitino ¢ along the light-
like direction 3% preserves this bilinear form [B27) and correspondingly only
affects the longitudinal part n. At this point, we want to emphasize again
that the decomposition of ¢ into two scalar-like components [@23) is a pe-
culiarity of the three dimensions of the (-space of SUGRA, (or AEs5). In
higher dimensions (i.e. higher rank), one will still have ﬁ and u as special
directions in [-space, but they will not provide enough structure for selecting
special directions in the null hyperplane orthogonal to 5% (besides the ‘longitu-
dinal’ direction 3% itself). Note also that instead of parametrizing ¢ (in the
AEFEj3 case) by two scalars, one could have also parametrized it by a lightlike
vector \* (Zz’bzl GT A?AY = 0), with A\ # (% by writing ¢ = § x A, ie.
o = Zi op €% 3PN (with g%y = Zf,‘, vy Gpy GT 2™ e"). We shall come back
to this péssibility below. ’

As a next step, we will investigate the transformation of the parameters n
and ® under a collision with a dominant wall. At first, recall that the dynamics
of the velocities ﬁ is described by the bosonic billiard, i.e. for any dominant
wall a with (a]a) = 2, we obtain the Weyl reflection (214)

B = ro(3) = B—aB)af. (4.27)

For the dominant symmetry walls «; and ag (ZI0), the reflection ro, (L21)
reduces to a mere permutation:

g g g g
ra | B2 = | B8] amd ra| 32| =[] (4.28)
3 3 3 3
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Since these permutations leave the unit vector v = (1,1,1) as well as o (@21
invariant and since their determinant is —1, the relations (@I3][A20) immedi-
ately fix the transformation of n and ® for the symmetry walls a; with i = 1,2
in terms of the Dirac spinor action R} EI13):

O(i,Eai
= Ri e (4.29a)
o = RS O (4.29b)

On the other hand, a collision with the gravitational wall a,, induces the Weyl

reflection r,, (I9)

4 _i
B =ro |32 = [B+28]. (4.30)
6'3 63 + 2ﬂ1

It implies o’ = o + 24" @21) and it allows one to deduce the induced transfor-
mations for ® and 7 using the Hamiltonian constraint 3 - 8 = o2 [@.7):

i Ra ca ((1 + %ﬂ'l> n+ 5(53 — 6'2)@) (4.31a)
= Ry .. ® (4.31b)

Qs E vy

The gauge direction or longitudinal polarization 7 is changed in an inhomoge-
neous way, in contradistinction to the transversal polarization ®. This im-
plies that neither n nor ® transform in the Dirac spinor representation of
K(AEs), the former due to the inhomogeneity and the latter due to the sign in
@290E315) PY The homogeneous transformation behaviour of the transver-
sal polarization ® was expected due to the preservation of the Euclidean norm
(p|le) = 20T® ([@286). By contrast, as this norm does not contain 7 it does not
provide any means to control the evolution of the longitudinal polarization n
and is thereby compatible with the inhomogeneous character of ([@3Tal).

4.5 Fermionic billiard dynamics and BKL-eras

Let us now briefly discuss the qualitative evolution of  and ® near a singularity.
We recall that, qualitatively speaking, the 3-dimensional BKL chaotic behaviour
can be thought of as made of eras that collect together (possibly long) sequences
of Kasner ‘epochs’ (where an epoch is an intervall between two successive wall
collisions) [I]. To explain the meaning of these eras, we start by recalling the
‘u-parametrization’ of the ‘Kasner circle’ [I]. First, it is convenient to work with
the Kasner exponents p® which are projective coordinates of the (homogeneous)
Lorentzian (-space velocities 3, namely

. 3
Pt = B ith o = > p*anda = 1,2,3. (4.32)
7 a=1
By construction, these lie in the plane
pl+pP+p> = 1. (4.33a)

29® could, however, be described as a pseudo-Dirac spinor, in analogy to a pseudo-scalar in
particle physics.
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Furthermore, the Hamiltonian constraint (7)) also restricts them to a sphere
@)+ )+ 0% = L (4.33b)
The intersection is a circle that is parametrized by u € R U {oo} following [I]:

P = 2% R = Y pPay=1-L1 (434

Ou Ou Ou

with o, = 14+u+u

The transformation of the projective velocities p® (£32) under a collision
with a dominant wall directly follows from the action on the velocities (¢
@2/ A30). These induce the following transformations on the parameter uf39

Ta,(u) = —u (4.35a)
To,(u) = —u-—1 (4.35b)
Tap(U) = % (4.35¢)

Next, we recall that the Weyl reflections 7o, for i = %,1,2 fulfill the Coxeter
relations that follow from the Dynkin diagram of AFE3 (figure 2). Apart from
T‘ii =1, these read

(Toz* Tag)Q = 1 (436&)
(TOtl raz)B =1 (436]:))
(Tal T, )oo = 1 (436C)

The exponents k = 2,3, 00 correspond to the angles 7 between the dominant

walls that confine the billiard motion of the scale factors §* to a polyhedron,
which intersects the unit hyperboloid 3 G43%3° = —1 into a hyperbolic trian-
gle of finite volume. The special geodesics with velocity u = +o00 correspond to
the ones that end at the fixed point (p',p?,p®) = (1,0,0) (which corresponds
to the flat Milne space-time), and hence do not exhibit a chaotic behaviour.
Chaos is restored for generic values of u € R, however. In particular note that
this fixed point is unstable, because any finite, but large value u decreases in a
sequence of consecutive collisions with the walls «.. and oy (£3H) due to:

TayTa, (W) = u—1 (4.37)

This sequence is called a BKL-era of length n = [u] € N [[JB] For long
eras n >> 1, we can neglect contributions of order u~2, which simplifies the
parametrization of the projective velocities p® in terms of u ([E34) to

1 1
1 2 3
~ ~ ~ 1.
p-(w) P (u) P (u)

30 As an example, the symmetry wall o interchanges p' and p? and leaves p> inert Z23).
This implies rq, (p')(u) = p*(u) = p'(ra, (u)), ra; (P*)(w) = p'(u) = p*(ra(u)) and
Tay (0%)(uw) = p?(u) = p*(ra, (u)).

Here, ng := [u] denotes the integer part of u. The generic chaotic dynamics can in fact
be understood as a sequence of BKL-eras, whose lengths n; are fixed by a continuous fraction

decomposition of u, i.e. u=mng + % .
n1+W
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Substituting this in the transformation for n (£31a)) yields for ny,—1 = 70,70, (N)u:

s s 2 1 1
Tt = Riyen, Rica, ((“ﬁ”“““‘a)%) +0(5).

We iterate this transformation n = [u] times and obtain for large n an approxi-
mate asymptotic relation linking the values at the beginning 7, to the ones at
the end 7y, of the BKL-era:

S S " 1
tn ~ (Riy e R ) (ﬁnu + 2n¢’u) . (4.38)
As for @, its evolution during the considered era is simply given by

n
By, = (Rghgalng*,ga*) o,,.
Qualitatively, we see that while the ‘spinor indices’ of both 1 and ® continu-
ously ‘rotate’ under the spinor actions Ry, . s, their ‘scalar magnitudes’ evolve
in very different ways: the ® one remains constant, while the 7 one is made of
two parts: One part, n%nu, decreases during an era, while the other part, 2n®,
linearly increases during an era. When considering successive eras, this leads
us to expect that the (gauge-like) ‘longitudinal’ part n will perform very large
‘excursions’; whose ‘directions’ (in spinor space) are restricted to the orbit of the
Dirac spinor action Rj, . on ®. In a ‘baby problem’, where we would replace
the ‘spinor direction’ By a direction in a complex plane, we conceive of 7 as
performing a kind of Brownian motion in the complex plane under a randomly
oriented force (ox ®) that grows linearly in time. In the next section, we shall
study in detail the evolution of the ® degrees of freedom, i.e. the rotations in
spinor space generated by the product of many K (AFE3) spinor rotations R e

But before doing so let us indicate that if one had used the parametrization
of ¢ by means of two lightlike vectors (8%, A’), the action of the fermionic
billiard on the pair (3%, A?) (where only A’ has an extra spinor index) would be
a “double BKL billiard”, namely

B = ra(B) (4.39a)
No= —Ri. @ra()) (4.39b)

with the same vector reflection r, (2.14) acting on the vector index of both light-
like vectors. We already know that the simple billiard 8’ = r,(8) has interesting
chaotic properties; we shall see in the next section that the R, . -billiard is not
chaotic, but rather periodic (finite multiplicative group). This means that the
‘chaotic’ part of the ‘doubled billiard’ ([@39) will essentially come from a double
bosonic BKL billiard: 3’ = ro(8), N = ro()). We leave to further work the
study of these dynamics.

4.6 Spinorial extension of the Weyl group Wyg,

An important link between the cosmological billiard dynamics and hyperbolic
Kac—Moody algebras g consists of the fact that any sequence of billiard collisions
corresponds to a word in the associated Weyl group W,. We have transferred
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this idea to the fermionic dynamics in section by defining the spin extension
Wy of the Weyl group Wg. For g = Ey¢, we have found two concrete realiza-
tions Wg* and W in terms of matrix groups (generated by the matrices Ry}
B32) and Ré e, B33)) respectively) that were characterized by the proposi-
tions 1 and 2. For g = AE3, we can perform a similar analysis. Since AFs is a
subalgebra of Ejg, the structure of the matrix realizations W3%, and Wi, of
the spin extension of the Weyl group shows great similarity to the Ejg-case, as
exemplified by the following statements:

Proposition 4

e The vector-spinor realization Wi, of Wfﬂéz, i.e. the group multiplica-

tively generated by the three 12 x 12 matrices Ry, = e2 /o #-11) for
i =%, 1,2, is infinite.

o The generators Ry of Wi, satisfy the following generalized Cozeter re-
lations:

(R = -1, (4.40a)
(RER:)” = -1 (4.40b)
and RS commutes with Rg; .

e The squares of the matrices (RZS+)2 generate a normal subgroup Dyp.
of Wig,, which is non-abelian and whose cardinality is 2 x 8.

e The Weyl group Wag, is isomorphic to the quotient group Wik, /DY o
Wag, ~ Wig,/Dig,- (4.41)

The discussion of the Dirac spinor action for the AFs-case can be made more
precise than the corresponding one for E1g in proposition 2:

Proposition 5

o The spinor realization Wi g, of Wfﬁéz, i.e. the group multiplicatively gen-

erated by the three 4 x 4 matrices R, = e Ja; G-AFIT) withi = *,1,2,
forms a finite group of cardinality 4 x 48.

e The generators Ry, of Wig, fulfill an additional generalized Cozeter re-
lation compared to the ones of proposition 4: The matriz R;,  commutes
with both R}, and R;,,, so thatl the group W}, is the direct product of
two separate groups.

o The squares of the matrices (RY)? form a mormal subgroup Dig, of
Wig,- It is isomorphic to the group Dy, defined for the vector-spinor
representation.

e The quotient group Wip. /D4y, is isomorphic to Zz x S3 (here Sz =~
SL(2,7Z5) denotes the permutation group Ss of order 3!, which is the Weyl
group of sls.)
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o There is a homomorphism between the Weyl group Wag, and the quotient
group Wi g, /DZE3

1ts kernel forms a normal subgroup of the Weyl group Wag,. This nor-
mal subgroup is isomorphic to the principal congruence subgroup, defined
by the kernel of the canonical homomorphism

PSL(2,Z) — PSL(2,Z,). (4.43)

The proof of theorems 3 and 4 closely follows the one for the Fp-case pro-
vided in Appendix the factorizability of the gravitino action R;’ . into
a Weyl reflection r,, and a Dirac spinor action Rg,, . =~ allows one to consider
proposition 4 as a corollary of proposition 5 as before. The latter discusses
the property of the group W} ., whose generators can be written in the form

EIZETD):

e, = % (14 707"?),
River = (147",
Rizens = % (1+9%).
In this form, it is clear that Ry .~ commutes with both R7, _ ~and RZ, .

and hence can be discussed separagely from the other two. It is interesting to
phrase this fact in terms of Dynkin diagrams: for AFj3, it is straightfoward to
check that all elements in the quotient group Wi g, /Djp, fulfill the Coxeter
relations corresponding to the disconnected diagram

o O o
R aq g
figure 3

This is, however, not the Dynkin diagram of AFEs5 (figure 2), but the one of the
finite dimensional product group SL(2) x SL(3). Its associated Weyl group is
Z3 x S3 being isomorphic to the group of equivalence classes W4 . /D% .- Note
that this statement is in sharp contrast to the E1g-case of section [3.5] for which
there is no additional Coxeter relation for the quotient group. The associated
Coxeter diagrams for Ey¢ and for the quotient group Wy, | / Dy, are the same
but nevertheless, the latter was of finite cardinality. We have checked that the
‘disconnection’ (figure 3) that occurs for AF3 is non-generic in that the Dirac-
spinor representations of the higher rank cases AE; lead to generalized Coxeter
relations rooted in the full corresponding connected Dynkin diagram.

The statement that the kernel of the homomorphism ([#42) is a congruence
subgroup ([43)) is related to the observation that the Weyl group of AFj3 is
isomorphic to PGL(2,Z) [28]. We can make this precise within the context
of the cosmological billiard dynamics. Using the parameter u ([34]) for their
description, the transformations r,, of u ([£35]) provide a natural link between
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the generators of the Weyl group 7o, (for i = *,1,2) and 2 x 2 matrices A; :=

(‘Z 5?) with integer coefficients a;, b;, ¢;, d; and determinant +1 tantamount to
a;u+ b;
To, (U _ 4.44
wlw) = (4.44)

The three matrices A., A1, A2 generate the group PGL(2,Z) [28, 13] As a
next step, consider the two group homomorphism

det : PGL(2,Z) — Zs and
C:PGL(2,Z) — PGL(2,Zs) = SL(2,Z,).

The kernel of det is the modular group PSL(2,Z) that hence is a normal sub-
group of PGL(2,Z). The same is true for the kernel of C. Furthermore, the
intersection of two normal subgroups again is a normal subgroup and it is non-
trivial in this case: On the one hand, we have r,, € Ker(C) and r,, ¢ Ker(det),
whereas on the other hand r,, o, ¢ Ker(C) and ry,74, € Ker(det) (£35).
Therefore, there is a homomorphism with kernel Ker(C’) = Ker(C) N Ker(det)
of the form

C': PGL(2,Z) — Ty x SL(2,Z).

Due to the isomorphisms PGL(2,Z) ~ Wag, and SL(2,Zs) ~ Ss, the kernel of
the homomorphism in (£42) is isomorphic to Ker(C’) = Ker(C) N PSL(2,Z).
Due to the identity SL(2,Zs) = PSL(2,Zs2), it is furthermore isomorphic to the
principal congruence subgroup, defined by the kernel of the canonical homomor-

phism (Z43)
PSL(2,Z) — PSL(2,Zs).

This completes the proof of theorem 4. O

We can also make this more precise in terms of 2 x 2-matrices. A comparison

of [@35) with ([E44) yields:

~1 0 1 -1 0 1
a0 ) e (0 ) ()

It is an easy exercise to verify the Coxeter relations (£30]) in terms of these
matrices!>] The additional Coxeter relation from proposition 5, saying that the
matrix R, commutes with R , corresponds to the fact that the images of the
canonical homomorphism C(A,) and C(A;) commute in PSL(2,Z2):

1] [ 1]
C(AA) = < [ ~ C(A14Ay) = .
WA=l WA=l
32The Zs-factor in PGL(2,Z) = GL(2,Z)/Zx> corresponds to the subgroup (£12) that clearly
corresponds to the same fractional transformation ([@44) keeping in mind that the matrix

product agrees with the concatenation of two transformations (£44).
33The canonical homomorphism C amounts to mapping any element (Z 2) € PGL(2,Z) to

the matrix of Z/2Z-equivalence classes ([[Z]] [[Z) € PGL(2,Z>).
34Note that the relation (ra,ra,)? = 1 (@36a) (i.e. that the two matrices As and Ag

commute in PGL(2,Z)) follows from the equivalence relation 1o ~ —1a.
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It may also be interesting to investigate whether this pattern linking principal
congruence subgroups to the description of the billiard dynamics of a Dirac
spinor in terms of the finite group Wy allows for a generalization to other Kac—
Moody algebras g. A promising result in this respect was recently provided in
[29], where the Weyl group of Eiy was shown to be related to the ‘modular
group’ PSL(2,0) of octonionic integers O (octavians) This might hint at a
possibility of identifying the kernel of the homomorphism Wg,, — Wy, /Dy,
(B36) in proposition 2 with a suitably generalized principal congruence subgroup
involving the octavians.

5 Conclusions

We have studied the “fermionic billiards”, i.e. the chaotic dynamics of the grav-
itino, that arise in the near-spacelike-singularity limit (or Belinski-Khalatnikov—
Lifshitz, BKL limit) of supergravity. We have focussed on eleven-dimensional
supergravity (whose bosonic cosmological billiard takes place in the Weyl cham-
ber of E1p), and have also considered in detail N' =1 D = 4 supergravity (whose
bosonic billiard takes place in the Weyl chamber of AE; = A]T). We have
shown that a useful tool for studying the fermionic side of the near-singularity
cosmological billiards is the Kac-Moody coset reformulation of the supergravity
dynamics. In this reformulation, the bosonic coset velocity P, and the grav-
itino variable 1), are both parallel-transported by the same abstract connection
Q belonging to the maximal compact subalgebra of the relevant Kac—-Moody
algebra, namely K (FEjo) for maximal supergravity and K(AFEs) for its D = 4
N =1 truncation. The time evolution, near a spacelike singularity, of the, say,
K (E10)-valued ‘angular velocity’ Q(t) was shown to consist of a succession of
well-separated inverse-cosh ‘spikes’ associated to the collision on a ‘Toda wall’
(itself associated to a certain root a of Ejg). Each such K(F1g)-spike takes
place along the ‘rotational axis’ J, = E, — E_, = E, + w(E_,) associated
(within K(FE10)) to the corresponding wall root «.

We found that the integral over the collision of each ‘angular velocity’ Q(t)
generates a finite K (F1o) rotation given by the universal formula

Rot = efila = ¢F3(Fa—ba) (5.1)

where the normalization of E, and E_, = —w(E,) (w denoting the Cheval-
ley involution) is such that E,, E_, and h, := [Ey, E_,] form a standardly
normalized sla-algebra (see Appendix [B]). When evaluated within the ‘adjoint’
representation which acts on the coset velocity P (and in the billiard limit where
P € b, the Cartan subalgebra of E1g), the K (E1¢)-rotation (B.1) reproduces the
standard geometrical Weyl reflection r,, see Eq. (2I4). The effect of each
collision on the fermionic variable 1 is obtained by evaluating the general ab-
stract K (FE1p) rotation (B.1)) within the ‘vector-spinor’ representation of K (FE1p)
to which v belongs. As a consequence, the billiard dynamics of the gravitino
can be described as a ‘word’, i.e. a product, of discrete vector-spinor K (E1g)

35Concerning the subtleties in defining a ‘group’ over the non-associative division algebra
of octonions O, we refer the reader to [29].
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rotations, say (as in ([B8])

W= ORI RE LRE L (5.2)
where o;, — o, — --- — «;, denotes an unbounded sequence of collisions
encountered by the billiard particle moving in the Weyl chamber of Ejo. Here,
(i, .-, iy) is a sequence of simple roots (the signs ,, = + associated to
each simple root are fixed in the BKL-limit and could here be all conventionally
replaced by +). The vector-spinor word w”® ([.2)) is the fermionic side of the
corresponding bosonic billiard result, described by a word in the Weyl group,
say

W = Ta Tag,Tag - (5.3)

We found that the ‘vector-spinor reflections’ (5.2) happen to factorize as the
tensor product of the usual vector Weyl reflections (5:3) and of a corresponding
K (FE10) ‘Dirac-spinor’ reflection as in ([.20), induced by the same sequence of
collisions o, — @, — -+ — iyt

w® = RZiN!EOLiN T R2127€ai2 Rgipaail : (54)
We considered ([5.2)) and (5.4) as particular representations of an abstract ‘spin’
extension W*" of the Weyl group of E1¢ (or more generally of any Kac—Moody
algebra), formally defined as the discrete subgroup of a suitable covering of the
‘group’ K(F10), which is multiplicatively generated by the formal exponentials
(EI0). We found that the generators of the two representations (5.2]) and ([G.4]) of
W3PI gatisfy generalized Coxeter relations (see propositions 1 and 2 in section
BE). We also found that its realization W' in the vector-spinor representa-
tion is infinite and contains a quotient group Wv$/D"® (where D is a normal
subgroup of finite cardinality) that is isomorphic to the usual Weyl group W.
Therefore, we can think of YW as a finite-index extension of WW. By contrast,
we found that the Dirac-spinor realization W* of W*P™" is of finite cardinality.
Physically, this means that a Dirac-billiard, described by the action of the words
(B on some initial 32-valued Dirac-spinor variable ey, has only a finite orbit
in R32 (though, due to the chaotic nature of the underlying Weyl-chamber bil-
liard, the sequence of Dirac variables €1, €a, ..., €,,... will run chaotically over
the finite orbit W¥e).

Although our results have relied on the use of the only currently known
spinorial representations of K (E1) (which are both finite-dimensional and un-
faithful), we think that these results could be more general, and will, in partic-
ular, apply to the representations of W' (where G is a ‘Kac-Moody group’)
that are defined as the tensor product of a representation of the Weyl group
W¢ and a ‘pure spin 3’ representation of K(G) (where each K(G) rotation

generator has eigenvalue :I:%)

As a particular example of another Kac—-Moody algebra of interest for physics
we considered AF3, whose Weyl group describes the billiard of pure supergrav-
ity in D = 4 dimensions. We explicitly studied the fermionic billiard that arises
in =1 D = 4 supergravity. It is a simpler version of the Eiy case, though
it retains the main features mentioned above: e.g. factorizability, existence of
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generalized Coxeter relations, finite cardinality of W} . A special feature of
the AFEj case is, however, that W} can be decomposed into two commuting
quotient groups, because the rotation generator J; € K(AE3) (associated to
the dominant gravitational wall) happens to commute with the two other simple
generators J5 and J3,. This situation is non-generic in that it does not occur
for the AE, case (which is associated to pure gravity in D = d+ 1 dimensions).

Finally, we found that the ‘super-billiard’ obtained by combining the bosonic
and fermionic billiards exhibits (for E1g as well as for AF3) a striking analogy
with the dynamics of a ‘polarized photon’ bouncing on the Lorentzian mir-
rors corresponding to the Weyl chamber of E1g (or AE3). It has a ‘momen-
tum’ v* (given by the Cartan-space velocity v® = B“), a ‘polarization vector’
©* (linked to the vector-index of the gravitino, after a suitable redefinition
(B9) or [I12)), two on-shell constraints (‘masslessness’, >, , Gapv®v® = 0, and
‘transversality, > bGabv“@b = 0, where G is the flat Lorentzioan metric in
Cartan space), and a Maxwell-like gauge invariance (¢'* = ¢ + &v®). This
analogy exhibits some intriguing metamorphoses of gauge symmetries (local su-
persymmetry < Maxwell-like gauge symmetry), as well as of group symmetries
(S0(d) < SO(d — 1,1)). Tt may hint at new ways of using the conjectural
gravity-coset correspondence for illuminating the hidden symmetries of maxi-
mal supergravity.
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Appendices

A D =11 supergravity

Following the conventions in [7], we use a real representation of the Clifford
algebra

{r4rey = 4% (A1)

with n = diag(— + ---+4) and A,B = 0,...,10. The Lagrangian of D = 11
supergravity [20] in the vielbein frame (23)) reads modulo higher fermionic terms
using Einstein’s summation conventio
1 i - 1
671,6 _ ZRll _ §¢5411)FABCvagl) _ 4_8FABCDFABCD
(- _
_% (¢(El1)FABCDEng-1) + 121/)2411)1—‘301/)?11)) FABCD
2e1

—|—Wé‘ABCDEFGHIJKFABCDFEFGHAIJK- (A.2)

36Note that in most of the text of the paper, we suppress the use of Einstein’s summation
convention to avoid ambiguities.
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Here e denotes the determinant of the vielbein ef, in 11 dimensions and A, B

are ‘flat’ frame indices. We reserve M, N,... for D = 11 coordinate indices.
The field strength is Fapcp = 4V[4Apcp) with the Levi-Civita connection V.
The supersymmetry variations are with I'p; := e‘j‘/[F A

beep® = el g\}ll) (A.3a)
1
55¢§\}[1> = Vwye—+ m (FMNPQR — 8511\V4FPQR) 6FNPQR (A3b)
3.
5€AMNP = _§Z€F[MN1/)(P]-]1) (A?)C)

The equations of motion following from the Lagrangian (A22]) are as in [7] to
lowest order in fermions:

1 1
Rap = gFACDEFBCDE — %UABFCDEFFCDEF (A.da)
1
v FABOD  _ 5768BCDE1...E4F1..~F4FE1“.E4FF1___F4 (A.4Db)
1
va&UwB] = —mPB (P[ACDEF — 85E4FDEF) ¢g]1)FCDEF (A.dc)

We also use the decomposition of the spin connection wapc = wa(pc) in terms
of the anholonomy coefficients Qapc = Q4pjc that reads

1
waBc = 3 (Qapc +Qcap — QUpca) (A.5)
with Qapc = 2E%E]By8[MEN]C-

B General (non-simply laced) case for the one wall limit

Let us indicate what are the modifications to bring to the reasonings of section
24lin the case of a non-simply laced algebra where the various real roots that one
might have to consider do not all have the same norm. First, note that, in the
context of the gravity-coset correspondence, the Cartan subalgebra is naturally
endowed with the symmetric bilinear form G, associated to Eq. (ZX). The
metric Ggp, (together with its inverse G?) then defines the norm of any root:
(ala) = Y, G®agzap. G also provides one with the general definition of
the co-root & = h, € h that is associated to a general (non-null) root a € h*,
namely (generalizing the simple root case ([Z.22))):

at = La#“ (B.1)

(ala)

where a#® := Y, G"a;,. The definition, and in particular the normalization
(with the factor 2/(ala)) of hq = &*H, € b (where H, is the 8-coordinate basis
in h; Gap = (Hga|Hp)) is such that

alhy) = ala) = 2. (B.2)
Kac [21] has shown that the symmetric bilinear form (-|-) defined on § (and b*)

admits a unique extension to the full Kac-Moody algebra g when requiring its
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invariance (([z,y]|z) = (z|[y, 2]) for any z,y, z € g). In particular, he has shown
that two generators E, (with associated root a > 0) and E_, (with associated
opposite root —a < 0) satisfy [Ea, F_o] = (Eo|E_s)a®. In view of this result,
it is convenient to normalize the generator E, (and its Chevalley associated
E_, = —w(E,)) such that

(FalE-) - (5.3

W E—q) = —— = 04 .
(ala)

Indeed, with this normalization the three generators E,, F_, and hoa = & € §
satisfy

hae = [Ea,E_4] (B.4)
together with

&2

[ha;E:I:a] = :I:oz(ha)Eia :|:2E':|:a. (B5)

In other words, the normalization (B.3]) ensures that the three generators Ey, E_ o, hq
satisfy the commutation relations of a standardly normalized sl5 algebra. [When
(ala) = 2, Eq. (B3) reduces to (Fo|E_4) = 1 which is the normalization we
had used in section 241]

Let us now see how the use of the normalization (B.3]) changes, when (a|c) #
2, i.e. 04 # 1, the calculations done in section Z4l The first formule of
section [24] that are affected by the generalization allowing for o, # 1, are the
Lagrangian £|, (2:30) and the conjugate momentum II, (231)), which now read:

10
_ 1 Ha b Ta 2a(B) 2
Ly = 5 > GapB + et (B.6)
a,b=1
m, = %a 20 (B.7)

Then, when decomposing the motion of 8 in parallel and orthogonal pieces,
we also need to remember that the kinetic energy of the orthogonal part is no

longer %a(ﬁ')a but ;(Sf'):) = %a(ﬁ)? The conservation of orthogonal energy

233) then gets modified into

Then, the solution (234 takes the form

Ha

e® = o cosh(co(t —t.))
O’aEH
4F

with ¢f = —H,
Oa

and the angular velocity 6 (Z37) reads

i = o —a@

Oa
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while its integral becomes
0(t) = eqarctan (eco(t*te)) +0_

with the sign ¢, := % € {£1} as before. As we see, the final result is not
affected by this generalization: the kink in 6(¢) is 7 independently of the initial
data (apart from the sign of Il,), and of the norm of a. The crucial point is
that the ‘rotation generator’ J, = E, — E_,, entering the final result (Z44]) is
normalized in the standard sly way, see Eqs. (BA4L[BE). This is, e.g., what we
had used in the explicit SL(2,R) calculation (Z46]).

C Proof of the propositions of section

The factorizability of the vector-spinor action R¢’. —into the tensor product of
a Weyl reflection r,, (ZI4]) and a Dirac spinor action (BI7) will allow us in fact
to consider proposition 1 as a corollary of proposition 2. The proof of the latter
will be divided into several parts. We start with proving the generalized Coxeter
relations:

Lemma 1

The matrices R, € R32*32 (FTA[F.33), associated to the dominant walls
with i =0,...,9 (Z10), fulfill the following generalized Coxeter relations:

(R)" = -1 (C.1)

If two nodes ay, oy in figure 1 are not linked, the associated matrices commute,
otherwise these fulfill

(RaR:)” = -1 (C2)

The ten elements R, generate a group W*. Note that this implies in particular
that the genmerators RE (FI2[318) would have generated the same group

Qis€ay

for all choices of signs eq, -

Proof

We start with the observation that the matrices I'** = 2J; B.I4) with i =
0,...,9 square to the negative identity matrix. This entails the relation (CII)
after an evaluation of a matrix exponential series (equivalent to e™ = —1) with
the unit matrix 1:

(RZLI)AL @ eﬂ-rai
= -1
It also allows us to rewrite the group elements in a different manner:
1
RS = —
«; \/5

Given any two nodes aj,; in figure 1 that are not linked, the identification
of I'* with I'-matrices (8I4) then immediately implies that the correspond-
ing group elements commute, taking into account the Clifford algebra relation

(141%). (C.3)
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{Pe T} = 2§%. For the case of linked nodes «;,a;, the product k of the
anticommuting matrices i := I'“ and j := '/ is a square root of —1 again.
k := ij also anticommutes with i and j. The elements i, j, k generate a multi-
plicative group with 8 elements (namely {1, +i, +j, £k}). This allows for an
easy evaluation of the product of the matrices R, (C.3):

1
RoRS, = 5(11+ i+j+k)
1
= S (1+V3I) (C.4)
with mi+nj+pk =: /m2+4+n2+p?l for m,n,peR,
which is a standard formula for anticommuting quaternions i, j, k with I? = —1.

Since (CA) is a third root of —1, the relation (C.2)) follows.

Another consequence of the relation (C)) is that any matrix R, is an eighth
root of unity. This in particular implies that its inverse also is contained in the
set of words W* generated by arbitrary products of the matrices R;,,. Thus,
W is endowed with a group structure. Since the inverse of Ry, . - BIy) is

Re. —c., the group W* is not sensitive to the choices of eq, € {£1}. O
Lemma 2

The group W* generated by the ten matrices R}, (3IZ[3.33) is a finite subgroup
of SO(32).
Proof

First, we recall from [7] that the algebra generators J; (B.I2) are particular
cases of K(F1g)-generators acting unfaithfully on a 32 dimensional space en-
dowed with an invariant norm Q° which reads for any e € R32:

Q%(e1,62) = elex = Ze (C.5)

This implies J;. € sosz and for the group generators R, = eFa; B33) R, €
S0O(32). Hence, the group W? is a subgroup of SO(32). We will show next that
W# is finite. Squaring the equation (C3)) results for any i € {0,...,9} in the
identity

(Ra)" = I
= Ry, V2-1 (C.6)

We have already shown in lemma 1 that two rotations R, commute, if the
associated nodes in the Dynkin diagram of E1¢ in figure 1 are not connected
with a line. For all the remaining cases, it is a straightforward calculation with
I'-matrices to verify the following anticommutation relation:

RE LR b = RLV24+RSV2-1. (C.7)
{riomy} = RLVEER

49



Hence, any matrix product of generators R,. can be written as a sum of ordered
matrix products, for which there only are a finite number of possibilities due
to the relation (C.6]). Furthermore, the coefficients of the ordered matrix prod-
ucts are contained in the Galois extension Z[v/2] of integers. In other words,
the group action in W?* stabilizes on a Z[/2]-lattice, spanned by the ordered
products of generators R;, . In formulse, this means that any word g € W?*
constructed from these generators can be associated to constants c. € Z[v/2]
such that

9
g = CQ]l + Z CiRgi + Z CiliQRZ,il Rziz +...
i=0 i1 <i2
+ Z Cil_”imRZil .- 'Rzim. (Cg)

i1 <---<i10

In order to prove the finiteness of W?, it is hence sufficient to show that the
constants ¢, € Z[v/2] may only take a finite number of values. As a next step,
we substitute the I-matrices for R, BI4[C.3) in this expansion. This implies
that a general element g € WW* has the form

10
1
9 = ﬁ <d0]l+ 2 :daFa + § :dalazralaz +o § dal...amrm...am) .
a=1

ay1<az a1<---<aio

The important observation is that there is a maximal denominator which is
32 = \/510 and that the coefficients d,. € Z[\/ﬁ] are still Galois extended integers.
Since the group W? is a subgroup of the special orthogonal group SO(32) (CH),
any g € W* has to fulfill the orthogonality constraint g7 g = 1. Taking the trace
of this constraint (i.e. considering the part o 1 in the expansion of g7g along
the ordered I'-basis) leads us to the following diophantine equation:

10
32 = Ao+ di+ D di e+ D> da (C.9)
a=1 a1<az a1<---<aio

Now, the substitution d, =: d’. + d”’\/2 of the Galois extended integers d, €
Z[\/2] for ordinary integers d.,d” € Z produces two equations from (C.9)):

10
32 = dy” +2dg% +>  (d? +2d)%) + -+ > (A aye +2d07 a,,)(C.10)
a=1 a1<---<aio

10
0= dé)dg + Z dizd;/ + Z dizl...amdizll...am
a=1

a1<---<aio

Since all terms on the RHS of (CI0) are positive and the coefficients d,, d// are
integer, the number of solutions of the equation (C.I0) is finite. As the collective
of integers d., d!! parametrize a general word g € W?#, this proves that W? is of

finite cardinality. t
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Lemma 3
The squares of the generating elements R, (312[3.33) of the group W? for
1=0,...,9 form a normal subgroup D* of W?*:
s s \2);
D° = (((R:,)7]i=0,...,9)) (C.11)
Vg € W*, Yh € D* g-h-gteDs (C.12)

The subgroup D? is not abelian and its cardinality is 2048.

Proof

Since the ten generating elements (R, )?* BIAB33) for i = 0,...,9 are fourth
roots of unity (CI)), their free product indeed forms a subgroup D* of W5.
Furthermore, the relations [3.I2) and (CH) in fact imply that the group D*
(CI1) is generated by products of the following Clifford matrices:

HDS — <<F12,F23,...,F9107F123>>.
A short computation proves that the generating Clifford matrices I'* for a =
1,...,10 are contained in D? and hence, we have
D° = {£1, £, L0492 . £09%0q; € {1,...,10}}.  (C.13)

Therefore, the cardinality of D* is 2'9+1 = 2048 and it obviously is not abelian.
To prove that D? is a normal subgroup, it is sufficient to show that the relation
(C12) is fulfilled for the generators RS, € W* (C3) (with i =0,...,9) and the
generators h € {+1,+T*} (for a =1,...,10)

RS -h-(R:) € D

[e23

which can be easily checked by a direct computation. O

Lemma 4

There is a homomorphism ® between the Weyl group W of Eqo and the quotient
group W#/D?:

oW — WD’ (C.14)

Proof

As shown in lemma 3, D* is a normal subgroup of W*. Hence, the coset W*/D?
in (CI4) is well-defined. Next, we define the mapping ® ([CI4) by linking
the fundamental reflections ro, € W to the D’-equivalence classes [R}, ] of
generating elements of W?*:

oW — W/D° (C.15)

TOti = [RZLI] = fo"

i

The mapping ® can then be extended to the entire Weyl group W by the usual
relation for any two fundamental reflections 7,74, € W with 4,5 € {0,...,9}

Q(ro,7a;) = P(ra,)P(ra,)-
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To complete the proof that ® (C.I5) defines a homomorphisms, one has to check
that the identity 1 € W can be mapped to the D*-equivalence class [1] of the
identity in W?* in a consistent way. This is equivalent to checking that the
Coxeter relations that the Weyl group W is subject to and that are encoded in
the Dynkin diagram of Eyq (figure 1), are preserved by the mapping ®:

2= [, (C.16a)
(PaiTa,)? = (1] for adjacent nodes «, cv; and (C.16b)
(PaiTa,)? = (1] for non-adjacent nodes oy, a;. (C.16¢)

The first equation is an immediate consequence of the definition of the nor-
mal subgroup D?, the second one follows from the relations (C2[C13) and the
third one can be deduced from the first one (CI6a]) taking into account that
the matrices 7, and 7,; commute for the case of non-adjacent nodes as shown
in lemma 1. O

The proof of theorem 2 is then completed by combining the four lemmas:
Since the group W?* is finite (lemma 2), the cardinality of the quotient group
W?#/D? also is finite. Combining this observation with the infinite cardinality
of the Weyl group W of E1g, any homomorphism ® (C.I4] lemma 4) must have
a non-trivial kernel, corresponding to a normal subgroup of the Weyl group W
of El(). U

As mentioned above, the proof of proposition 1 follows from a combination of
proposition 2 and the factorization of the vector-spinor action Ry into the tensor
product of a Weyl reflection r,, (2Z2I4]) (acting on the vector part of the gravitino
¢®) and a Dirac spinor action R, (acting on its spinor part) as exhibited in
Eq. @BI0). In formulee, for all dominant walls o; (ZI0) with r,, € W and
R;, € W?* we have

RYE = 1, R, (C.17)

The group structure of W' is then inherited from the group structure of the
Weyl group W and of the Dirac-spinor group W?*. Since the fundamental re-
flections 7, of the Weyl group W are subject to the Coxeter relation rii =1,
the squares of the generators of W' have the form
(Rese)? = 10(RS, ..

This immediately implies that these matrices generate a normal subgroup D"®
of W"? that is isomorphic to D?® and hence shares all its properties. The general-
ized Coxeter relations stated in proposition 1 then also directly follow from the
tensor product structure (keeping in mind lemma 1 and the standard Coxeter
relations for the Weyl group W of Eyo (CI6])). Furthermore, a homomorphism
® linking the Weyl group W of Ejo to the quotient group W'$/D"® can be
constructed in a similar way as in (CIH). Hence, we are left with proving that
the homomorphism ® linking the Weyl group W of E1y to the quotient group
WY /D8 is an isomorphism (3.30):

oW — WY/D™.
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The tensor product structure of Rg’ = ro, ® R;

[ ZNSF

(CIT) together with the
isomorphism of the quotient groups D' ~ D?® and ‘the Dirac-spinor mapping
(CI3) implies that a general word w (with w = rq, 74, 74, ) in the Weyl
group W is mapped by @ to:

oW — W¥/DY
w o WRT (C.18)

The issue is now to know whether one can uniquely reconstruct the pre-image
w € W, when one is given some equivalence class of matrices in the tensor
product W, Clearly given a matrix R%4 5 (B.17), it determines the factor w®;,
it comes from modulo a (real) factor, say Aw?,. But we also know that w € W is
an orthochronous Lorentz transformation which preserves the Lorentzian norm
Gabﬁaﬁb. This implies that there is a unique w within a “line” Aw. [Even

A = —1 is impossible, because W preserves the future light cone in (S-space.]
This completes the proof of the propositions of section O
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