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Abstract

This is a survey paper based on lectures given by the authors
at Thes, February/March 2015. In a first part, we recall the main
results on the tempered holomorphic solutions of D-modules in the
language of indsheaves and, as an application, the Riemann-Hilbert
correspondence for regular holonomic modules. In a second part, we
present the enhanced version of the first part, treating along the same
lines the irregular holonomic case.
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Introduction

In these lectures, we assume the audience familiar with the language of
sheaves and D-modules, in the derived sense.
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Let X be a complex manifold. Denote by Mod(Zx) the abelian category
of left Zx-modules, by Mody1(Zyx) the full subcategory of holonomic Zx-
modules and by Perv(Cx) the abelian category of perverse sheaves with
coefficients in C. Consider the functor constructed in [Ka75]

Sol: Modye (Zx)°? — Perv(Cy),
M — RAtom ,(M,Ox).

(Note that at this time the notion of perverse sheaves was not explicit, but in
his paper, the author proved that R#om ,(.#,Ox) is C-constructible and
satisfies the properties which are now called perversity.)

It is well-known that this functor is not faithful. For example, if X =
A!(C), the complex line with coordinate ¢, P = t?0; — 1 and Q = 20; + t,
then the two Zx-modules Px/%x - P and Zx/%x - Q will have the same
sheaves of solutions.

A natural idea to overcome this difficulty is to replace the sheaf Oy
with presheaves of holomorphic functions with various growths such as for
example the sheaf O} of holomorphic functions with tempered growth. This
presheaf is not a sheaf for the usual topology, but it becomes for a suitable
Grothendieck topology, the subanalytic topology, and here we shall embed
the category of subanalytic sheaves in that of indsheaves.

As we shall see, the indsheaf Q% is not sufficient to obtain a Riemann-
Hilbert correspondence, but it is a first step in this direction. To obtain
a final result, it is necessary to add an extra variable and to work with an
“enhanced” version of Q% in order to describe “various growths” in a rigorous
way.

In a first part, we shall recall the main results of the theory of ind-
sheaves and subanalytic sheaves and we shall explain with some details the
operations on D-modules and their tempered holomorphic solutions. As an
application, we obtain the Riemann-Hilbert correspondence for regular holo-
nomic D-modules as well as the fact that the De Rham functor commutes
with integral transforms.

In a second part, we do the same for the sheaf of enhanced tempered
solutions of (no more necessarily regular) holonomic D-modules. For that
purpose, we first recall the main results of the theory of indsheaves on bor-
dered spaces and its enhanced version, a generalization to indsheaves of a
construction of Tamarkin [Ta08]. As an application, we study integral trans-
forms with irregular kernels.



Bibliographical and historical comments. A first important step in
a modern treatment of the Riemann-Hilbert correspondence is the book of
Deligne [De70]. Then a detailed sketch of proof of the theorem establish-
ing this correspondence (in the regular case) appeared in [Ka80] where the
functor Thom of tempered cohomology was introduced, and a detailed proof
appeared in [Ka84]. Many tools used in the proof of this result were first
elaborated in [KK81]. A different proof to this correspondence appeared
in [Me84]. The functorial operations on the functor Thom, as well as the dual

notion, the Whitney tensor product (%VQ, are systematically studied in [KS96].
These two functors are in fact two particular applications of the theory of
indsheaves appeared in [KKS01]. This theory also contains that of the suban-
alytic sheaves, which is much easier and sufficient for most applications. (A
direct construction of subanalytic sheaves may be found in [Pr08].)

In the early 2000, it became clear that the indsheaf O% of tempered holo-
morphic functions was an essential tool for the study of irregular holonomic
modules and a toy model was studied in [KS03]. However, on X = A!'(C),
the two Z-modules # = Px - exp(1/t) and A = Px - exp(2/t) have the
same tempered holomorphic solutions which shows that O% is not precise
enough to treat irregular holonomic Z-modules. This difficulty is overcome
in [DK13] by adding an extra-variable in order to capture the growth at sin-
gular points. This is done, first by adapting to indsheaves a construction of
Tamarkin [Ta08], leading to the notion of “enhanced indsheaves”, then by
defining the indsheaf of “enhanced tempered functions”. Using fundamental
results of Mochizuki [Mo09, Mol1] (see also Sabbah [Sa00] for preliminary
results and see Kedlaya [Kel0, Kell] for the analytic case), this leads to the
solution of the Riemann-Hilbert correspondence for non necessarily regular
holonomic D-modules.

Organization of the paper. In these Notes, Sections 1 and 2 are extracted
from [KS96, KSO01], Section 3 is extracted from [Ka84, Ka03, KS01, KS03]
and Sections 4, 5 and 6 are extracted from [DK13] with the exception of
Theorem 6.7.1 and subsection 6.10 which are extracted from [KS14].

1 Indsheaves

1.1 Ind-objects

References are made to [SGA4] or to [KS06] for an exposition on ind-objects.
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1.1 Ind-objects

Let € be a category (in a given universe). One denotes by " the big
category of functors from ¢°P to Set. By the fully faithful functor h": € —
¢", we regard ¢ as a full subcategory of €.

An ind-object in € is an object A € € which is isomorphic to “liﬂ” X;

il
where X; € ¢ and [ filtrant and small. Here, “lim” is the inductivee limit
in €”. One denotes by Ind(%’) the full subcategory of € consisting of

ind-objects.
Theorem 1.1.1. Let € be an abelian category.
(i) The category Ind(€) is abelian.

(ii) The natural functors v: € — Ind(€) and Ind(€) — €" are fully faith-
ful.

(iii) The category Ind(€) admits exact small filtrant inductive limits, also
denoted by “lim” and the functor Ind(€) — €" commutes with such
limats.

(iv) Assume that € admits small projective limits. Then the category Ind(%€)
admits small projective limits, and the functor € — Ind(%€) commutes
with such limits.

(v) Assume that € admits small inductive limits, denoted by lim. Then
the functor v admits a left adjoint a. For X = “ligl” X, with X; € €

and I small and filtrant, o(X) ~ lim X;.

Note that for X = “lig” X;,and Y = “lig” Y; € Ind(%) with X, Y; €@,
one has i J

Hom ) (X, Y) = Jim lim Hom. (X;,Y;).
g

Example 1.1.2. Let k be a field. Denote by Mod(k) the category of k-vector
spaces and by Modf(k) its full subcategory consisting of finite-dimensional
vector spaces. Denote for short by I(k) the category of ind-objects of Mod (k).
The functor a: I(k) — Mod(k) admits a left adjoint 5: Mod(k) — I(k)
defined as follows. For V' € Mod(k), set S(V) = “lim” W, where W ranges



1.2 Indsheaves

over the family of finite-dimensional vector subspaces of V. In other words,
B(V) is the functor

Mod(k)°® — Mod(Z),
M — lim Hom (M, W), W finite-dimensional.

wcv

Note that 5(V)(M) ~ Hom, (M, k) ® V.

If V' is infinite-dimensional, 5(V') is not representable in Mod(k). More-
over, Homy, (k, V/B(V)) = 0.

Now, denote by 17(k) the category of ind-objects of Modf(k). There is
an equivalence of categories

o: U (k) = Mod(k), “lig” V; = lim V;.

We get the non commutative diagram of categories

(k)
(1.1.1) % lz
Mod(K) —— I(k).

Moreover, the functor 7 commutes with small inductive limits but the functor
¢ does not.

It is proved in [KS06] that the category I(k) does not have enough injec-
tives.

Definition 1.1.3. An object A € Ind(%) is quasi-injective if the functor
Hom ) (*, A) is exact on the category €.

It is proved in loc. cit. that if 4" has enough injectives, then Ind(%’) has
enough quasi-injectives.

1.2 Indsheaves

We refer to [KS90] for all notions of sheaf theory used here. For simplicity,
we denote by k a field, although most of the results would remain true when
k is a commutative ring of finite global dimension.

A topological space is good if it is Hausdorff, locally compact, countable
at infinity and has finite flabby dimension. Let M be such a space. One
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1.2 Indsheaves

denotes by Mod(kj,) the abelian category of sheaves of k-modules on M and
by DP(ky;) its bounded derived category. Note that Mod (k) has a finite
homological dimension.

For a locally closed subset A of M, one denotes by k4 the constant sheaf
on A with stalk k extended by 0 on X \ A. For F € D"(ky,), one sets
F A= F X k A-

We shall make use of the dualizing complex on M, denoted by wy;, and
the duality functors

(121) D/]\/[ = R%Om(',k]\/[% DM ::R,%”om(-,wM).

Recall that, when M is a real manifold, wy; is isomorphic to the orientation
sheaf shifted by the dimension.

One denotes by Mod®(ky,) the full subcategory of Mod(k,) consisting of
sheaves with compact support. We set for short:

I(kps) := Ind(Mod‘(ky))

and calls an object of this category an indsheaf on M.
When there is no risk of confusion, we shall simply write Ik,; instead of

I(ky).
Theorem 1.2.1. The prestack Z(ky) : U — I(ky), U open in M, is a stack.

For F = “liy” F; € I(ky) and G = “lim” G; € I(ky) with F;, G €
Mod®(kyy), we szet: ’

FoG = "in"(FG)),
Jhom (F,G) = I'L:lj“lig” stom (F;, Gj).
¢ J
Note that for F' € Mod(kys) and {G,};ecs a small filtrant inductive system
in I(kyr), we have
Fhom (F, “liﬂ” G,) ~ “lig” Fhom (F, Gj).
J J

Lemma 1.2.2. The category I(ky,) is a tensor category with @ as a tensor
product and ky; as a unit object.



1.2 Indsheaves

Note that Zhom is the inner hom of the tensor category I(ky,), i.e., we
have

Hom (K1 ® K>, K3) =~ HomI(kM)(Kl7 SJhom (K, K3)).

We have two pairs (apy, tar) and (B, anr) of adjoint functors

LM

MOd(kM) <~—0M

Bm

I(kyy).

The functor ¢y, is given by

i F = “lig” Fy, U open relatively compact in M.
uccM

The functor ay, is defined by

ap: “lim” Fy = lim F (I small and filtrant).

For F' € Mod(kyy), Ba(F') is the functor
Bu(F): G D(M; H'(D),G)® F), (G € Mod®(ky)).

(This last formula is no more true if k is not a field.)

e () is exact, fully faithful, and commutes with @,

e (), is exact and commutes with 1&1 and lig,

e [y is exact, fully faithful and commutes with lig,

e «y is left adjoint to ¢y,

e « is right adjoint to £y,

® a7 0ty ~ idnod(k,,) and ans o Bar = idmoed(ky,)-
Denote as usual by

Homy,  1(kar)™ x I(kar) — Mod(kar)

the hom functor of the stack Z(ky;). Then

%”omIkM ~ o o Lhom .



1.2 Indsheaves

Notation 1.2.3. As far as there is no risk of confusion, we shall not write
the functor ¢y;. Hence, we identify a sheaf F' on M and its image by ¢p;.

Example 1.2.4. Let U C M be an open subset, S C M a closed subset.
Then

B (ky) =~ “l'g” ky, V open ,V CC U,
Bar(kg) ~ “lié” ki, V open ,S C V.
v
Let a € M and consider the skyscraper sheaf ky,,. Then By(kgay) = Kyay is
an epimorphism in I(k,;) and defining N, by the exact sequence:
0= Ny = Bukiay) = ki = 0,
we get that Homp, (kp, N,) =~ 0 for all open neighborhood U of a.

Let f: M — N be a continuous map.
Let G = “lim” G; € I(ky) with G; € Mod®(ky). One defines f~!G €

I(kyps) by the formula
f—lG _ “hg” f_lGi-

Let F = “%ﬂ” F; € I(kys) with F; € Mod®(kps). One defines f. F' € I(ky)

by the formula?
fi(Mlig” Fy) = Jim “lim” f,(Fig) (K compact in M).
i K i

The two functors f, and f~! commute with both the functors ¢); and oy
and that is the reason why we keep the same notations as for usual sheaves.
Recall that for a usual sheaf F', its proper direct image is defined by

f‘F: hgl f*FU

vccM

Hence, one defines the proper direct image of F' = “lg” F; € I(ky) with
F; € MOdC(l{M) by

f!!(“lig” F) = “lig” fo(F).



1.3 Ring action

However, fi oty # tar o fi in general. That is why we have used a different
notation.

The category I(kys) does not have enough injectives even for M = pt
(see [KS06, Proposition 15.1.2]). In particular, it is not a Grothendieck cate-
gory. One can however construct the derived functors and the six operations
for indsheaves. The functor f~! has a right adjoint Rf,. The functor R fi
admits a left adjoint, denoted by f'.

Hence we have functors

ty  DP(ky) — DP(Iky,

ay : DP(Ikar) — D°(kas

By DP(ky) — DP(Iky,
® : D"(Iky) x DP(Iky,) — DP(Ikyy),
Rfhom : D"(Iky ) x D(Iky,) — DV (Ikyy),
(
(
(
(

I

)
),
),
) =
Rotomy, ~— : D°(Iky)® x D°(Iky) — D¥ (ky),
Rf, : DP(Iky) — D(Iky),
f~t : DP(Iky) — D"(Iky),
Rfy : DP(Iky) — DP(Iky),
' DP(Iky) — DP(Ikyy).

We may summarize the commutativity of the various functors we have
“”

introduced in the table below. Here, “o” means that the functors commute,
and “x” they do not. Moreover, hﬂ are taken over small filtrant categories.

@[ f|l Al S lim | lim

(1.2.2) vlol o Jox|o|X
« | © @) o

o
B | o o X | X X

Note that the pairs (f~, Rf.) and (Rfy, f') are pairs of adjoint functors,
which implies their commutation with lim or lim, as usual. Finally, note
that the functor f' commutes with filtrant inductive limits (after taking the
cohomology).

O

1.3 Ring action

We do not recall here the notion of a ring object B or a B-module in a tensor
category S (see [KSO01, §5.4]). (In the sequel, we shall consider the tensor

10



1.3 Ring action

category I(kys), see Lemma 1.2.2.) For such a ring object B in S, we denote
by Mod(B) the abelian category of B-modules in S and by DP(B) its derived
category.

We shall encounter the following situation. Let A be a sheaf of k-algebras
on M. Consider an object .# of I(kys) together with a morphism of sheaves
of k-algebras

A = nd gy, (A).
In this case one says that . is an A-module in I(k,;). One denotes by
e [(A) the abelian category of A-modules in I(ky,),

e DP(IA) := D"(I(A)) its bounded derived category. We use similar no-
tations with D replaced with D*, D~ and D.

One shall not confuse the category I(A) with the category Ind(Mod®(.A))
of ind-objects of the category of sheaves of A-modules with compact support,
and we shall not confuse their derived categories.

If A is a sheaf of k-algebras as above, then (3,4 is a ring-object in the
tensor category I(kys). Since

Hom, (A, Homy (A, M))~ HomI(kM)(BMA, Shom (M, H)),
we get equivalences of categories
Mod(ByA) ~1(A), D"(BarA) ~ D°(LA).

Remark 1.3.1. Our notations differ from that of [KSO01, §5.4, §5.5].

e For a ring object # in I(kys), Mod(%) in our notation was denoted by
[(A) in [KSO1].

e For a sheaf of rings 7, I(A) in our notation was denoted by I(5.A4) and
Ind(Mod¢(A)) in our notation was denoted by I(.A) in [KS01].

See [KSO1, Exe. 3.4, Def. 4.1.2, Def. 5.4.4, Exe. 5.3].

We have the quasi-commutative diagram

(1.3.1) Mod(A) <j—T> I(A)
l By l
Mod (kar) — I(ka).

an

11



1.3 Ring action

For .# € DP(A), .4/ € DP(A°P) and K € D"(LA) one gets the objects,
functorially in .Z, 4", K:

RAom. (M, K) € D" (Iky), N &, K €D (Iky).
They are characterized by
Homyp, oy, (L, RA#om 4(A, K)) ~ Homp , (A, R#omy, (L, K)),
HomD(IkM)(JV <§>A K,L) ~ Homp 4 (A, Ritom,, (K, L))
for any L € D(Ikyy).

Proposition 1.3.2. Let .# € D"(A), & € D°(A°) and ¥ € D (IA).
There are natural isomorphisms:

RAtom (M, H) ~ RIhom, ,(But, %) inD"(Iky),
L L o
N @, H =~ BuN ®ﬁMA°%/ in D™ (Ikys).
Proof. Let L € D*(Ikys). We have the sequence of isomorphisms
Homy, (L, R#om (A, X)) ~= Homp, 4 (A, RHAomy, (L, X))

~ Homp, s By, RIhom (L, X))
~ Homy,y (L, RFhomg (Bu A, ).

The second formula is proved similarly. Q.E.D.

Notation 1.3.3. For .# € D*(IA), 4 € DP(IA?) and ¥ € D"(1A), we
I
shall use the notations R.#hom g (4, %) and N ®,, A", objects of D(Ikyy).

Let us briefly recall a few basic formulas.
We consider the following situation: f: M — N is a continuous map of

good topological spaces and & is a sheaf of k-algebras on N.
In the sequel, D' is D, D?, Dt or D™

Theorem 1.3.4. (a) The functor f~': I(ky) — I(kas) induces a functor
f~1:DV(1%) — DY(1f1%),

(b) The functor f.: I(ky) — I(ky) induces a functor Rf,: DI(1f*%#) —
DY (1%),

12



1.3 Ring action

(c) The functor fy: I(ky) — I(ky) induces a functor Rfy: DI(1f1%) —
D (1),

(d) the functor Rfy: DY(If~'#) — DT (IZ) admits a a right adjoint, de-
noted by f'.

Theorem 1.3.5. (a) For G € D™ (I#Z) and F € D' (If~'%), one has the

1somorphism

RIhom 3 (G, RfF) =~ Rf*Rﬂhomf,lﬁN%(f’lG,F).

(b) For G e DT(IZ) and F € D=(1f~'%), one has the isomorphism
RShom ; ,RfuF,G) ~ Rf.RIhom ., ,(F, f'G).

(c) (Projection formula.)For F € D=(1f %) and G € D~ (1%°P), one has
the isomorphism

L L
G ®5N% Rf!!F = Rf!!(filG ®f71/3N/% F)

(d) (Base change formula.) Consider the Cartesian square of good topological

spaces
(1.3.2) ML N
A oe
M—LoN.

There are natural isomorphisms of functors from DT(1f~*%#) to D' (1g~'%):

(1.3.3) Rf/[!g,_l ~ g_lan,
(1.3.4) Rf'.¢" ~¢'Rf..

Note that Theorem 1.3.6 below has no counterpart in classical sheaf the-
ory.

Theorem 1.3.6. Let o/ be a sheaf of ky-algebras, let F € DP(kyy), let
H € DP(IAP) and let £ € D(A). Then one has the isomorphism:

L L

(1.3.5) RSIhom (F, X') @ , £ = RIhom (F, X ®  Z).

13



1.4 Sheaves on the subanalytic site

Thanks to Proposition 1.3.2, isomorphism (1.3.5) may also be formulated
as

L L
(1.3.6) RIhom (F, ) @, 4 Pul = RIhom (F, X @, , BuL).

Also note that (1.3.5) is no more true if we relax the hypothesis that F' €
D" (k).

1.4 Sheaves on the subanalytic site

Recall first that, for real analytic manifolds M, N and a closed subanalytic
subset S of M, we say that a map f: .S — N is subanalytic if its graph is
subanalytic in M x N. One denotes by #Z& the sheaf of continuous R-valued
subanalytic maps on S. A subanalytic space (M, i), or simply M for short,
is an R-ringed space locally isomorphic to (S, @) for a closed subanalytic
subset S of a real analytic manifold.

We can define the notion of subanalytic subsets of a subanalytic space,
as well as R-constructible sheaves on a subanalytic space.

Definition 1.4.1. Let M be a subanalytic space, Op,, the category of its
open subsets, the morphisms being the inclusion. One denotes by Op,,
the full subcategory of Op,, consisting of subanalytic relatively compact
open subsets. The site Mg, is obtained by deciding that a family {U;}ie;
of subobjects of U € Op,,  is a covering of U if there exists a finite subset
J C I such that {J,, U; =U.

Let us denote by
(1.4.1) pu: M — M,

the natural morphism of sites and, as usual, by Mod (k) the Grothendieck
category of sheaves of k-modules on M,,. Hence, (py/,par,) is a pair of
adjoint functors.

Note that

a presheaf F' on M, is a sheaf if and only if F'()) = 0 and for any
(1.4.2) § pair (U, Us) in Op,,_, the sequence below is exact:
0—>F(U1UU2)—>F(U1)@F(U2) —>F<U1ﬂU2).

The functor p,; also admits a left adjoint, denoted by py,. For F €

Mod(kys), par F' is the sheaf associated to the presheaf U — F(U), U €

14



1.4 Sheaves on the subanalytic site

Opy,,- Hence we have the two pairs of adjoint functors (pars par.) and
(pary, P37)

PM x
Mod (k) =—pyi— Mod(Kaz, ).

PM

The functor py, is exact.
One denotes by “lim” the inductive limit in the category Mod(kyy., )-
Inductive limits do not commute with the functor pyy,.

Remark 1.4.2. It would be possible to develop the theory of subanalytic
sheaves and in particular the six operations (see [Pr08]). However, in these
Notes, we prefer to embed the category of subanalytic sheaves into that of
indsheaves, as we shall do now.

Denote by R-C(kj,) the small abelian category of R-constructible sheaves
(see [KS90] for an exposition) and denote by R-C¢(ky,) the full subcategory
consisting of sheaves with compact support. Recall that DP(R-C(ky)) =~
DI%—c(kM) Set

IRfc(kM) = IHd(R—CC(kM))

The fully faithful functor R-C“(ky;) — Mod®(kys) induces a fully faithful
functor Ig_.(ky/) — I(kys), by which we regard Iz_.(kys) as a full subcate-
gory of I(kyy).

We say that an indsheaf on M is a subanalytic indsheaf if it is isomorphic
to an object of Ig_.(kas).

We have a quasi-commutative diagram of categories in which all arrows
are exact and fully faithful:

(1.4.3) R-C(kp) —2> Iz o (k)

| |

Mod (k) —2>T(kyy).

Proposition 1.4.3. The restriction of the functor pys, to the category R-C(kyy)
15 exact and fully faithful.

15



1.4 Sheaves on the subanalytic site

We have a natural functor
(144) A IlRfc<kM) — MOd(kMsa), “h&” F,— “hgl” pM*E,
where the first “lim” is taken in the category Ig_.(kys) and the second one
is taken in the category Mod(ky., ).
Theorem 1.4.4. The functor Ay in (1.4.4) is an equivalence.

In other words, subanalytic indsheaves are usual sheaves on the subana-
lytic site. By this result, the embedding Ig_.(kas) < I(kys) gives an exact
and fully faithful functor

,LVMi MOd(kMsa) — I(kM)
Note that for G € Mod(kyy,, ), one has

G~ flim” F, where F' € R-C(kas).
oM F—G

Also note that
ity om (F,G) ~ Fhom (F,1yG) for F' € R-C(ky), G € Mod(kyy, ).

We have the following diagrams, where the one in the left is non commutative
and the one in the right is commutative (see Diagram 1.1.1 for the case
M = pt):

MOd(kqu) MOd(kMsa) = IR—c(kM)
(1.4.5) pM*T NC N M L

LM
The functors ¢y, and 1), are exact but pys, is not right exact in general.

Lemma 1.4.5. The two diagrams below commute:

Mod(kyy,, ) Mod(kyy., )

(1.4.6) lel { ,JM,T T

QN
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1.4 Sheaves on the subanalytic site

Proof. (i) Let us prove the commutation of the diagram on the left. Since
all functors in the diagram commute with inductive limits, we are reduced to
prove the isomorphism py/ par, F =~ aniypn, F for F € R-C(ky) and the
result is clear in this case.

(ii) Let us prove the commutation of the diagram on the right. Again all
functors in the diagram commute with inductive limits. We shall first prove
that

the functor [y, factors as By = ©y o Ay for a functor

(1.4.7) A Mod(kyy) — Mod(kyy, ).

First consider the case of F' = ky for U open and relatively compact in M.
In this case,

Buky =~ “lig” ky, V open in M
vVccu

and we may assume that V' is subanalytic. Hence Sjp/ky is a subanalytic
indsheaf. Since any F' € Mod(ky,) is obtained by taking direct sums and
cokernels of sheaves of the type ki and the subcategory of subanalytic ind-
sheaves is stable by these operations, B,/ F' is a subanalytic indsheaf for any
F € Mod(kys) and we get (1.4.7). It remains to prove that Ay ~ pary. Let
F € Mod(kys) and G € Mod(kyy,). Using (i) and the fact that 7, is fully
faithful, we have

Hom (pyr, F,G) =~ Hom (F, p;/G) ~ Hom (F, apipG)
~ Hom (A F,G).

Q.E.D.

We denote by DY . (Ikys) the full subcategory of D"(Ik,,) consisting of objects
with subanalytic indsheaves as cohomologies. By [KS01, Th 7.1], we have:

Theorem 1.4.6. The functor vy induces an equivalence of triangulated cat-
egories

(1.4.8) D" (kar,.) =2 Dip_o(Tkas).

Proposition 1.4.7. Let M be a subanalytic space.

17



1.5 Some classical sheaves on the subanalytic site

(i) Let K,L € DY (Iky). Then K ® L € Db (Ikyy).

(ii) Let K € D¥%_(Iky) and let F € DY (k). Then RShom (F,K) €
D})R-C(IkM)‘

Proposition 1.4.8. Let f: M — N be a morphism of subanalytic spaces.
(i) For L € D5 _(Iky), we have f~1L € D5, (Ikys) and f' L € DY, (Tkyy).
(ii) For K € Dby (Ikys), we have RfyK € Dby (Tky).

The next result will be of a constant use.

Proposition 1.4.9. A morphism u: K — L in D¥%_.(Ikys) is an isomor-
phism if and only if, for any relatively compact subanalytic open subset U
of M and any n € Z, u induces an isomorphism Hompy, - (ku(n], K) =

Hom py 1, (kv 1], L)

1.5 Some classical sheaves on the subanalytic site

In this subsection, M is a real analytic manifold and we take C as the base
field k.

1.5.1 Tempered and Whitney functions and distributions

As usual, we denote by C39 (resp. C4;) the sheaf of C-valued functions of
class C* (resp. real analytic) and by Dby, (resp. %) the sheaf of Schwartz’s
distributions (resp. Sato’s hyperfunctions). We also use the notation o7, =
C%;. We denote by %), the sheaf of finite-order differential operators with
real analytic coeffiecients. References for D-modules are made to [Ka03].

Definition 1.5.1. Let U be an open subset of M and f € C7(U). One says
that f has polynomial growth at p € M if f satisfies the following condition:
for a local coordinate system (x1, ..., z,) around p, there exist a sufficiently
small compact neighborhood K of p and a positive integer N such that

(1.5.1) sup (dist(z, K\ U))"|f(z)] < oo.

zeKNU
Here we understand that the left-hand side of (1.5.1) is 0 if K NU = () or
K\ U = 0. Tt is obvious that f has polynomial growth at any point of U.
We say that f is tempered at p if all its derivatives have polynomial growth
at p. We say that f is tempered if it is tempered at any point of M.

18



1.5 Some classical sheaves on the subanalytic site

An important property of subanalytic subsets is given by the lemma be-
low. (See Lojasiewicz [Lo59] and also [Ma66] for a detailed study of its
consequences. )

Lemma 1.5.2. Let U and V' be two relatively compact open subanalytic sub-
sets of R™. Then there exist a positive integer N and C' > 0 such that

dist (2, R" \ (U U V)" < C(dist(z, R" \ U) + dist(z, R" \ V).

For an open subanalytic subset U in M, denote by C5y*(U) the subspace
of C33(U) consisting of tempered functions.

Denote by Db}, (U) the space of tempered distributions on U, the im-
age of the restriction map I'(M;Dbys) — I'(U; Dbys). Using Lemma 1.5.2
and (1.4.2) one proves:

e the presheaf U ~ C57*(U) is a sheaf on M,
e the presheaf U — Db}, (U) is a sheaf on Mg,.

One denotes them by Cﬁs’: and Dby, .

For a closed subanalytic subset S in M, denote by I3; 5 the space of C*-
functions defined on M which vanish up to infinite order on S. In [KS96],
one introduced the sheaf:

Co®CY = Vi By
and showed that it uniquely extends to an exact functor
« ®FP, Moda(Car) — Mod(Cay).

One denotes by Cy;™ the sheaf on My, given by

COM(U) = T(M; H(D)y ky) @ 65%), U € Opyy...

If D}Cy ~ Cg, then Cpp"(U) ~ Cﬁ(M)/IOA;’U is the space of Whitney
functions on U. It is thus natural to call Cj;" the sheaf of Whitney C55-
functions on M,,. ‘

Note that the sheaf py;,Z)s does not operate on the sheaves C;Z;, Ca,
Dby, but pan Py does.

19



1.5 Some classical sheaves on the subanalytic site

Notation 1.5.3. Recall the exact and fully faithful functor 7, : Mod(C,,,) —
Mod(ICy). We denote by Cy* and Db}, the indsheaves 7,,Cyy" and 7 Db},

and calls them the indsheaves of tempered C*-functions and tempered dis-

tributions, respectively.

We have the sequence of monomorphisms

O e O O
Db, = Dby

Let F' € D} _(Cy/). One has the isomorphism in DP(Cjy):

pat R#om (Rpa F, Dby, ) ~ RAom 10y, (F, Dby,)

(1.5.2)
~ Thom(F,Dby),

where the functor

Thom(+,Dby): Dp_.(Car)°® — D(Cyy)
was defined in [Ka80, Ka84] as the main tool for the proof of the Riemann-
Hilbert correspondence for regular holonomic D-modules.

1.5.2 Operations on tempered distributions

Let us describe without detailed proofs the behaviour of the indsheaf of
tempered distributions with respect to direct or inverse images (see [KS01]).
In [KS96] these operations are treated in the language of the functor Thom
introduced in [Ka84], but we prefer to use the essentially equivalent language
of indsheaves.

For a real analytic manifold M and for a morphism of real analytic man-
ifolds f: M — N, we denote by

e dim M the dimension of M,
° ,@/J\(f mM) the sheaf of real analytic forms of top degree,
e O, the sheaf of real analytic vector fields,

e or ), the orientation sheaf,
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1.5 Some classical sheaves on the subanalytic site

o Vi = szﬂ(f im M) ®or s the sheaf of real analytic densities on M,

L
e Dby =7y ®,, Dby, the indsheaf of tempered distributions densities,

e Dy—nN = Q1 f~ 19y, the transfer bimodule. Recall that the
left Z,;-module structure of Z,;— y is deduced from the action of © ;.
For v € ©y, denoting by > . a; ®w; its image in @/ @1 f1Oy, the
action of v on Zy—sn is given by v(a®@P) = v(a) ® P+ ), aa; Qw; P.

Proposition 1.5.4. Let M and N be two real analytic manifolds. There
exists a natural morphism

(1.5.3) Dbl X Dby, — Dbl n in DP(I(Zy K D).
The next result is a reformulation of a theorem of [Ka84].

Theorem 1.5.5. Let f: M — N be a morphism of real analytic manifolds.
There exists a natural isomorphism

L (o)
(1.5.4) Dbyt @, Du—sn == [ Dby in D(If 1Y),

Sketch of proof. (i) First, we construct the morphism in (1.5.4). By adjunc-
tion it is enough to construct a morphism

L
(1.5.5) an(pbg\\/; ®9M 9M—>N) — ’Dbg\\;

Denote by Sp. () the Spencer complex of a coherent Z,-module .# .
There is a quasi-isomorphism Sp. (.#) — .# . Denoting by ©,, the sheaf of
real analytic vector fields on M, we have Sp,(A#) = Iy ®,, N Our R, -
Then Sp. (Zy—sn) gives a resolution of Zy—y as a (Za, [~ Zn)-bimodule
locally free over Z);. Note that Db}, ®g,, Spr(Zm—sn) is acyclic with respect
to the functor fy for any k. Hence, in order to construct morphism (1.5.5),
it is enough to construct a morphism of complexes in 1(Zx)

(1.5.6) fu(Dby; @, Spe(Zn—sn)) — DY
Set for short
He =DV @, Spe(Dai—sn) = Dy @, N\ Ou @1y [ Dy
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1.5 Some classical sheaves on the subanalytic site

Then we have fi(#5) = fu(Dbyr) ®,, Pn. The integration of distributions
gives a morphism

(1.5.7) /f:f”(Dbﬁ\}) s DB

Since DbY is a right Zy-module, we obtain the morphism u: f, (%) — DbY.
By an explicit calculation, one checks that the composition

fu(£7) a, futo = DY

vanishes. This defines morphism (1.5.5) and hence the morphism in (1.5.4).

(ii) One can treat separately the case of a closed embedding and a submersion.

(a) If f: M — N is a closed embedding, the result follows from the isomor-
phism

(b) When f is a submersion, one reduces to the case where M = N x R and
[ is the projection. Let F € D5 .(kys) such that f is proper on Supp(F) and
let us apply the functor Rf.RZom (F, «) to the morphism (1.5.4). Using
R.om (F, «) ~ apr o RFhom (F, ), we get the morphism

Rf. (RAom (F, DY) &, Fu—y) — RfRAom (F, f DHY)

(1.5.8)
~ Rstom (RfiF,DbY).

By Proposition 1.4.9, it remains to prove that (1.5.8) is an isomorphism.

One then reduces to the case where F' = Cy for a closed subanalytic
subset Z of N xR proper over N. Then, by using the structure of subanalytic
sets, one reduces to the case where f~1(x) N Z is a closed interval for each
x € f(Z). Finally, one proves that the sequence below is exact.

0— flrzpr ﬁ—) f'FZDbM M Ff(Z)DbN — 0.

Q.E.D.

One often needs to compactify the real analytic manifold M. In order
to check that the construction does not depend on the compactification, the
next lemma is useful.
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1.5 Some classical sheaves on the subanalytic site

Lemma 1.5.6. Consider a morphism f: M — N of real analytic manifolds
and let V C N be a subanalytic open subset. Set U = f~'V and assume that
f induces an isomorphism of real analytic manifolds U = V. Then

(1.5.9) R.hom (Cy, Dbt,) ~ f' RIhom (Cy, DbY,).
Proof. By Theorem 1.5.5, we have
f' RIhom (Cy, DbY,) ~ RIhom (f'Cy, f' DbY)
~ R.Zhom (Cy, Dbl G%@M Dr—sN).

Since we have a monomorphism Z,,— %Z,;— n whose cokernel has its support
contained in X \ U, we have an isomorphism

L
R.Zhom ((CU, ’Dbg\}/) =~ R.Zhom (CU, ’Dbs\\/; ®@M .@M—H\[)
Q.E.D.

Remark 1.5.7. By choosing N = pt and F' = Cy for U open subana-
lytic, we obtain that RHom (R fiCy, C) ~ RI'(U;wy,) is isomorphic to the
De Rham complex with coefficients in Db, (U). This is a vast generaliza-
tion of a well-known theorem of Grothendieck [Gr66] which asserts that the
cohomology of the complementary of an algebraic hypersurface S may be
calculated as the De Rham complex with coefficients the meromorphic func-
tions with poles on S. This result has been generalized to the semi-analytic
setting by Poly [Po74].

1.5.3 Whitney and tempered holomorphic functions

Let X be a complex manifold. We denote by X¢ the complex conjugate
manifold to X and by Xy the underlying real analytic manifold.
We define the following indsheaves

0% = BxOx,
L
Ox = RJom, (Ox,C3")~=0x®, C3"[—dx],

L
O% = Rotbm,_ (Oxe,Dby,) ~Qxe @, Db, [~dx].
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1.5 Some classical sheaves on the subanalytic site

These are objects of D5 .(IZx). Hence O is isomorphic to the Dolbeault
complex with coefficients in Db :

0 — Dby, -5 DY Ly 2y pp ) g

where Db}fs’p b= qr. R0, Db,
One calls OF and O% the indsheaves of Whitney and tempered holo-
morphic functions, respectively. We have the morphisms in the category

D"(12x):
0% — 0% — 0% — Ox.
One proves the isomorphism
(1.5.10) Ox =~ RAtom, (Ox,CX")in D*(12x).

Note that the object O% is not concentrated in degree zero if dx > 1.
Indeed, with the subanalytic topology, only finite coverings are allowed. If
one considers for example the open subset U C C", the difference of an open
ball of radius R > 0 and a closed ball of radius 0 < r» < R, then the Dolbeault
complex will not be exact after any finite covering.

Example 1.5.8. (i) Let Z be a closed complex analytic subset of the complex
manifold X. We have the isomorphisms in D*(Zx):

Rotom . (DxCyz,O%) ~ (Ox)z (restriction),
Rotom . (D XCZ, oY) ~ (’)XTZ (formal completion),
RAom ¢ (Cz,0%) ~ RI'z(Ox) (algebraic cohomology),
Rtom . (Cz,0x) =~ RI'z(Ox) (local cohomology).

(ii) Let M be a real analytic manifold such that X is a complexification of
M. We have the isomorphisms in D°(Z,):

Rotom . (DxCur, O%)|m = @ (

RAom . (D Cur, O%)|n ~Cip  (C* functions),
R om . (DxCur, O%)In =~ Dby (

Rotom (DX(CM, Ox)|u ~ Py (hyperfunctions).

real analytic functions),

distributions),

There is a kind of duality between the indsheaves O% and O%, but we
shall not develop this point here (see [KS96, Th. 6.1]).
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2 Tempered solutions of D-modules

2.1 D-modules

References are made to [Ka03] for the theory of Z-modules.

Let (X, Ox) be a complex manifold and denote as usual by dy its complex
dimension, by 2x the invertible sheaf of differential forms of top degree and
by Zx the sheaf of algebras of finite-order differential operators.

Denote by Mod(Zx) the category of left Zx-modules, and by D®(Zx) its
bounded derived category.

Notation 2.1.1. According to Proposition 1.3.2, for .# € D*(Zy), we have
the functors

Rtom, (M,+) : D"(1Zx)— D*(ICx),

e &, M : D°(1Z%) - D~ (ICx).

7x

We also have the functor
D
e R e D_(I.@)(> X D_(ng) — D_<I.@)()

constructed as follows. The (Zx, Zx ® Zx)-bimodule structure on Zx R0
Dy gives

the structure of a Yx-module.
There are similar constructions with right Zx-modules.

Let f: X — Y be a morphism of complex manifolds. One denotes by

D
e X the (derived) operation of external tensor product for Z-modules,
* Ix—y = Ox @10, 'y, the transfer (Zx, Py )-bimodule,

e Dy x = f‘l.@y@)f_loyﬂx/y, the opposite transfer (%y, Zx)-bimodule,

Df*, Dfy and Df, the (derived) operations of inverse image, proper
direct images and direct images for Z-modules,

Dx.# = Ritom , (M, Dx Ry, 0% Y[dx], the dual of .# € D*(Zx),
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2.1 D-modules

o r: D*(Zx) =% D(Z) the equivalence of categories given by .#* =
L
Qx ®y, A .
Note that
Df*Oy >~ Ox, Df*Qy ~ Qx.

Recall that to a coherent Px-module .# one associates its characteristic
variety char(.#), a closed conic involutive subset of the cotangent bundle
T*X.

If char(.#) is Lagrangian, .# is called holonomic. It is immediately
checked that the full subcategory Mody,(Zx) of Modeon(Zx) consisting of
holonomic Z-modules is a thick abelian subcategory.

A Dx-module . is quasi-good if, for any relatively compact open subset
UC X, #|y is a sum of coherent (Ox|y)-submodules. A Zx-module .Z is
good if it is quasi-good and coherent. The subcategories of Mod(Zx) consist-
ing of quasi-good (resp. good) Zx-modules are abelian and thick. Therefore,
one has the triangulated categories

coh

DY (Zx) = {# € D*(Zx) ; H (M) is coherent for all j € Z},
e D} (Zx) = {4 € D*(Px) ; H (M) is holonomic for all j € Z},

e D0, 0a(Zx) = {4 € D"(Dx); H (M) is quasi-good for all j € Z},
. Dgood(@)() = {M € D"(Dx) ; H (M) is good for all j € Z}.

Note that the properties of being quasi-good are stable by inverse image and
tensor product, as well as by direct image by maps proper on the support of
the module. The property of being good is stable by duality.

Let f: X — Y be a morphism of complex manifolds. One associates the
maps

T*X <t" X, TY — Ty
\ l Lﬂ'y
7TX f
X Y.

One says that f is non-characteristic for .4~ € Db (Zy) if the map f; is
proper (hence, finite) on f;!(char(.4")).
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2.1 D-modules

The classical de Rham and solution functors are defined by

DR)(Z Db(@)() — Db((CX), M > QX é@X %,
Solx: D°(2x) — D"(Cy), M — RAom , (M, Ox).

For .# € D", (Zx), one has

Theorem 2.1.2 (Projection formulas [Ka03, Th. 4.2.8, Th 4.40]). Let f: X —
Y be a morphism of complex manifolds. Let # € D*(Zx) and £ € DP(AP).
There are natural isomorphisms:

12

(2.1.2) DAD L & M) ~ LD,
(2.1.3) RADSL &, M) ~ L&, Dfd.

In particular, there is an isomorphism (commutation of the De Rham functor
and direct images)

(2.1.4) Rfl(DRx(//)) ~ DRy(Dfl.//)

Theorem 2.1.3 (Commutativity with duality [Ka03, Sc86]). Let f: X — Y
be a morphism of complex manifolds.

(i) Let # € D (Px) and assume that f is proper on Supp(.#). Then

good

Dfu// & Db (@y) and Dy(Dfl,//) ~ Df;Dxﬂ.

good

(ii) Let 4 € DP_ .4(Dy). Then Df* 4 € Db (Px). Moreover, if N €

g-good q-good
DL (Zy) and f is non-characteristic for A, then Df*. 4" € D°, (Zx)
and Dx(Df*A) ~ Df*Dy. 4.

Corollary 2.1.4. Let f: X — Y be a morphism of complex manifolds.

(i) Let A € DY, q(Zx) and assume that f is proper on Supp(.#). Then

we have the isomorphism for A € D(Dy):
(2.1.5) Rf.RAom , (M ,Df*N)|dx] = R#om , (Dfdl, N) [dy].

In particular, with the same hypotheses, we have the isomorphism (com-
mutation of the Sol functor and direct images)

(2.1.6) Rf.RHom , (A, 6Ox)|dx]| ~RiAom, (Df..d,Oy)dy].
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2.2 Tempered De Rham and Sol functors

(ii) Let A € D, (Zy) and assume that f is non-characteristic for N .
Then we have the isomorphism for 4 € D(Px):

(2.1.7) Rf.RAom , (Df* N, M)|dx] = RH#om 5 (N, Dfd)[dy].

A transversal Cartesian diagram is a commutative diagram

f/

X' Y’
(2.1.8) jg, . jg
x—' .y

with X’ ~ X Xy Y’ and such that the map of tangent spaces
Ty@X & Tp@)Y' = Tig@)Y
is surjective for any z € X'.

Proposition 2.1.5 (Base change formula). Consider the transversal Carte-
sian diagram (2.1.8). Then, for any # € Dgood(.@X) such that supp(#) is
proper over Y, we have the isomorphism

Dg*Df..# ~Df' ., Dy .

2.2 Tempered De Rham and Sol functors

Setting Q% :=Qx ®, O, the tempered de Rham and solution functors are
given by

L
DR : D*(2x) — D~ (ICx), M= QA @, M,
Solk : D*(2x)° — D' (ICx), M — RAom,, (M,05%).
One has

Solx ~ axSoly, DRx ~ axDRY.
For .4 € D", (Zx), one has

(2.2.1) Sols (M) ~ DR (Dx. A )[—dx].

The next result is a reformulation of a theorem of [Ka84] (see also [KS01,
Th. 7.4.1])
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2.2 Tempered De Rham and Sol functors

Theorem 2.2.1. Let f: X — Y be a morphism of complex manifolds. There
is an isomorphism in DP(Lf 1)

L
(2.2.2) Ve @, Dx—sy [dx] == 1Oy [dy].

Proof. Consider the isomorphism (1.5.4) with M = X and N = Yi and
L
apply Ry e Oy.. We get the result since

L L
*® Dxxxe—syxye Qe Oye

Dxxxe

L L
= Qe Dxxxe—syxye O . Dye—spt

L L
> Qo Dxxxe—yxye Oy Dyxye—y
L
> @y Dxxxe—y
L L
~ 0 ®, Dx—y ®gp. o Oxe.
Q.ED.

Note that this isomorphism (2.2.2) is equivalent to the isomorphism

L .
(2.2.3) Dy —x @, Ok ldx] = f' Oy [dy].

Corollary 2.2.2. Let f: X — Y be a morphism of complex manifolds and
let /€ D”(Zy). Then (2.2.2) induces the isomorphism

(2.2.4) DRY(Df* ) [dx] ~ f DR (A) [dy] in D*(ICx).

L
Proof. Apply « ®; ., f7tA to isomorphism (2.2.2). Q.E.D.
Corollary 2.2.3. For any complex manifold X, we have

Corollary 2.2.4. Let f: X — Y be a morphism of complex manifolds. There
18 a natural morphism

L
(2.2.5) 1y @y, Priox — QY in D(12¢°).
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2.2 Tempered De Rham and Sol functors

Proof. (i) Assume that f is a closed embedding. We have
10t = ! 10t =
F7y @y, Dyex = [RAUTQ @51, Dyex)

| L
I (Qy ®, Rfi%yex)

Lot o -1
[y @y, [T Drvex

12

12

L L
QY Rg, Dx—sy D1, Dy x [dx — dy]
~ Qg(

12

(ii) Assume that f is submersive. We have

L
R%Omg;p(.@}/(—x,gzg(> ~ Q% Rg, R%ﬂom@;p(.@w_x,.%()

L
~ Qg( ®@X gxﬁy [dy — dx]
~ fIOL [2dy — 2dx] ~ fIOL.

Then use
L
R%Om@;p%@yex, Qg() ®f71~@y @y(—X — QE(

Q.E.D.

Note that morphism (2.2.5) is equivalent to the morphism in D*(1Zy)

L
Dx—y @14, [0y — O%.

The next result is a kind of Grauert theorem for tempered holomorphic
functions. It will be generalised to D-modules in Corollary 2.2.6. Its proof
uses difficult results of functional analysis.

Theorem 2.2.5 ([KS96, Th. 7.3]). (Tempered Grauert theorem.) Let f: X —

Y be a morphism of complex manifolds, let F € D, (Ox) and assume that

f is proper on Supp(.%). Then there is a natural isomorphism

L L
(2.2.6) Rf”(O)t( ®(9x 35) ~ O;E/ ®Oy Rf!g.
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2.2 Tempered De Rham and Sol functors

Sketch of proof. 1t is enough to prove that for any G € R-C(Cy ), we have

(227)  RAom(f'G,0Y &, F) = RAom (G, 04 &y RAF).

Since . and Rf,.% are coherent, (2.2.7) is equivalent to

(228)  RAom(f'G,0Y) &, F ~ RiAom (G, 0F) &, RAZ.
Such a formula is proved in [KS96, Th. 7.3]. Q.E.D.

Corollary 2.2.6 ([KS01, Th. 7.4.6]). Let f: X — Y be a morphism of

complex manifolds. Let A € D ,q(Zx) and assume that f is proper on

supp .# . There is an isomorphism in DP(ICy)

(2.2.9) DR (Dfed) = Rf.DRY(A).

Proof. Applying the functor Rfy (- é%( A) to the morphism (2.2.5) we
obtain the morphism in (2.2.9). To check it is an isomorphism, we reduce to
the case where . #Z = Y Do, Z with .Z a coherent Ox-module such that f
is proper on Supp(.%). Then we apply Theorem 2.2.5. Q.E.D.

Corollary 2.2.7. Let f and 4 be as in Corollary 2.2.6. Then we have the
1somorphism

(2.2.10) Df.(OL @) ~ OL &Df, sl in D*(1%y).
Proof. We have
0L @Dfl =~ OL &, (Fy SDfid)
~ Oy &,, DA Ty ®.4)
~ DR (DA(Dx—y &.4)),

where the second isomorphism follows from the projection formula (2.1.2).
Applying Corollary 2.2.6, we obtain

D L D
Oy @Dfid =~ Rf(Vx @, (Ix—y @M)).
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2.3 Localization along a hypersurface

On the other-hand, we have

¢ L D . D L
Qy ®y (Dx—y @M) = QU @M)Q, Dx—y.

Therefore,

D D
N @Dfil ~ Df.(QY @.4).

To conclude, use the equivalence of categories D*(2y") ~ DP(%y) given by
L

Remark 2.2.8. If one replaces (2.2.2) with its non-tempered version, then
the formula is no more true, contrarily to isomorphism (2.2.9) which remains
true by Theorem 2.1.2.

2.3 Localization along a hypersurface

In order to prove Theorem 3.3.2 below, we need some lemmas.
If S C X is a closed hypersurface, denote by Ox(xS) the sheaf of mero-

morphic functions with poles at S. It is a regular holonomic Zx-module,
and it is a flat Ox-module. For .# € D*(19x), set

M (+S) = M & Ox (x5).

Lemma 2.3.1. Let S be a closed complexr hypersurface in X. There are
1somorphisms

O4(%S) =~ RIhom(Cx\s,O%) in D*(12x),

(2.3.1) ,
OX(*S) ~ R%OTTLICX(C)(\S,O;() m Db(.@)()

Proof. (i) The second isomorphism follows from the first one by applying the
functor ayx.

(ii) By taking the Dolbeault resolution of O% we are reduced to prove a
similar result with Db instead of O%. More precisely, consider a real
analytic manifold M a real analytic map f: M — C. Set S = {f = 0} and
denote by j: (M \ S) < M the open embedding. Define the sheaf o7/[1/ f]

as the inductive limit of the sequence of embeddings .o7), i> R4y, i>
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2.3 Localization along a hypersurface

Equivalently, «7[1/f] is the subsheaf of j,j '@, consisting of sections u
such that there locally exists an integer m with f™ - u € ;. Set

Dby [1/f]:=Dby; ®,,, (Fu(1/[]).

(Note that Db},[1/f] is isomorphic to the inductive limit of the sequence of
morphisms Db}, EN Db}, ER .) Tt is enough to prove the isomorphism

(2.3.2) Db, [1/f] ~ Rhom (Cyp s, Db,

or, equivalently, the isomorphism for any open relatively compact subanalytic
subset U of M

l

(2.3.3) T(U; Db, [1/f]) ~ T(U\ S;Dbly.).

This follows from the fact that f: T'(U \ S; Dby, ) — T(U \ S; Dby, ) is
bijective. (See also Lojasiewicz [Lo59].) Q.E.D.

In the sequel, we set for a closed complex analytic hypersurface S

(2.3.4) OL(x5) := O% @ Ox(%S) =~ RIhom (Cans, O%).

Lemma 2.3.2. Let S be a closed complexr hypersurface in X. There are
1somorphisms

L L
(235) QX ®@X O;((*S) = QX ®@X Ox<*5) ~ R¢om (Cx\s,Cx) [dx]

Proof. Tt follows from Lemma 2.3.1 that

L L
Ox ®y, O%(%S) =~ RSIhom(Cx\g, Ay ®g, o).

Then the result follows from the isomorphisms

L L
QX ®9X O)t( ~ QX ®»@X OX ~ CX [dx]

Q.E.D.
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3 Regular holonomic D-modules

3.1 Regular normal form for holonomic modules

For the notion of regular holonomic D-modules, refer e.g. to [Ka03, §5.2]
and [KK81].

Definition 3.1.1. A holonomic Zx-module .Z is regular if, denoting by A
its characteristic variety in 7*X and by .#, the ideal of gr(Zx) of functions
vanishing on A, there exists locally a good filtration on .# such that .# -
gr(A) = 0.

One can prove that the full subcategory Mod,,(Zx) of Modcon(Zx) con-
sisting of regular holonomic Zx-modules is a thick abelian subcategory, sta-
ble by duality. Denote by D5 (Zx) he full subcategory of D’(Zx) whose
objects have holonomic cohomologies. Then DY (Zx) is triangulated.

For a coherent Zx-module ., denote by SingSupp(.#) the set of x € X
such that .# is not a coherent Oyx-module on a neighborhood of z.

Definition 3.1.2. Let X be a complex manifold and D C X a normal
crossing divisor. We say that a holonomic Zx-module .#Z has reqular normal

form along D if locally on D, for a local coordinate system (zl, ooy zp)on X
suchthat D = {2z -+ 2, = 0}, 4 ~ Dx /I for A = (A1,..., \) € (C\Zx)".
Here, .#, is the left 1deal generated by the operators (2;0; — ;) and 0; for

26[.—{1,...,7’},]G{r—i—l,..., }.

One shall be aware that the property of being of normal form is not stable
by duality. Note that, for A = (A,..., ) € C™, Dx/ I\ ~ (Dx/HF\)(xD)
if and only if \; € C\ Zs for any i € {1,...,r}.

Of course, if a holonomic Zx-module has regular normal form, then it is
regular holonomic.

Lemma 3.1.3. Let £ be a holonomic module with reqular normal form along

D. Then Sle($> ®<CX\D = SOZ)((D%)
Proof. 1t is enough to prove that Solx(Z)|p ~ 0. In a local coordinate
system (21, ..., 2,), set Z; = {z; = 0}. Setting P; = 2;0;,—\; with \; € C\Z>,

i

which is clear. Q.E.D.
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3.1 Regular normal form for holonomic modules

Lemma 3.1.4. Let Px(.#) be a statement concerning a complex manifold
X and a regular holonomic object M € D (Px). Consider the following
conditions.

(a) Let X =

.1 Ui be an open covering. Then Px () is true if and only
v,) is true for any i € I.

(b) If Px(A) is true, then Px(.#[n]) is true for any n € Z.

(c¢) Let ' — M — A" Y be a distinguished triangle in Db.(Zx). If
Px(A") and Px(A") are true, then Px(A4) is true.

(d) Let A and A" be reqular holonomic Dx-modules. If Px (M & M) is
true, then Px (M) is true.

(e) Let f: X — Y be a projective morphism and let .# be a good reqular
holonomic Px-module. If Px (M) is true, then Py (D f..#) is true.

(f) If A is a regular holonomic Px-module with a reqular normal form along
a normal crossing divisor of X, then Px () is true.

If conditions (a)—(f) are satisfied, then Px(A) is true for any complex man-
ifold X and any A4 € D5 (Zx).

Sketch of proof. (i) If D is a normal crossing hypersurface of X and .Z is a
regular holonomic Zx-module satisfying

e M = M(xD),

« SingSupp(#) C D,

then, locally on X, there exists a filtration

M= My D M DD MDD M= 0

such that .#;/.#;, has regular normal form. It follows that in this case,
Px(A) is true.

(ii) Let us take a closed complex analytic subset Z of X such that the sup-
port of .# is contained in Z. We argue by induction on the dimension m of
Z. There exists a morphism f: W — Z such that

(1) W is non singular with dimension m,

(2) f is projective,

(3) there exists a closed complex analytic subset S of Z with dimension < m
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3.2 Real blow-up

such that
(3-) f7Y(Z\ S) — Z\ S is an isomorphism,
(3-ii) D := f~1S is a normal crossing hypersurface of W,
(3-iii) H™~9xDg*.# has no singularities outside D, where g is the com-
position W Lz x.
We have
(Dg* ) (xD) =~ ((H™ *Dg*.#)(xD))[dx — m].

Then by step (i), Pw ((Dg*# ) (D)) is true. Hence Py (Dg.((Dg*.#)(xD)))
is true. Let us consider a distinguished triangle

M — Dg.((Dg* A )(xD))[m — dx] — N =

Since Supp(.A47) C S, Px(A4) is true by the induction hypothesis. Hence
Px(A) is true. Q.E.D.

Remark 3.1.5. In fact, we could remove condition (d) in the regular case.
We keep it by analogy with the irregular case.

3.2 Real blow-up

A classical tool in the study of differential equations is the real blow-up and
we shall use this construction in the proof of Theorems 3.3.2, 6.7.1 and in
the definition of normal form given in §6.5.

Recall that C* denotes C \ {0} and R~ the multiplicative group of pos-
itive real numbers. Consider the action of R.y on C* x R:

(3.2.1) R.oo X (C* xR) = C* xR, (a,(z,1t)) = (az,a™'t)
and set
C** = (C* X R)/Rsp, C7° = (C* X Rxp)/Rs0,C* = (C* x Rsg)/Rop.
One denotes by @' the map:
(3.2.2) @ C = C,  (z,t) — tz.

Then we have
Clt 5 C2° > C>° = C*.
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3.2 Real blow-up

Let X = C" ~ C" x C" " and let D be the divisor {z; ---z. = 0}. Set
)’Ztot — (@tot)r % (Cnfr’ 5{'>0 — (@>O)T % (jnfr7 5{' — (@20)r x Q"

Then X is the closure of X>0 in Xt

The map @™ in (3.2.2) defines the map

w: X — X.
The map w is proper and induces an isomorphism
@] g0 X7 = H(X\ D) = X\ D.

We call X the real blow up along D.

Remark 3.2.1. The real manifold X (with boundary) as well as the map
o X > X may be intrinsically defined for a complex manifold X and a
normal crossing divisor D, but X' is only intrinsically defined as a germ of
a manifold in a neighborhood of X.

We set

Dby = Jhom(Cgso, Db, )|z

(3'2'3) ~ w’fhom ((Cx\Dan;(R%

where the last isomorphism follows from Lemma 1.5.6. Now we set
O;? = R%O:nw,1@XC (w_lOXc,’Db;}),
(3.2.4) Az = o305,
L
@;—? = A)‘Z ®w710}( wing.
Note that Ag and 9;? are concentrated in degree 0, and hence they are

sheaves of C-algebras on X. Also note that:

(3.2.5) Db is an object of I(@)“i(l Rw ' Dxe),

t o : b A
O is an object of D”(17%).

By using (3.2.3), we get the isomorphism
(3.2.7) OL ~ @' 0L (xD) in D*(Iw* Zx).

X

Recall that the map w is proper, and hence Rw) ~ Rw,.
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3.2 Real blow-up

Lemma 3.2.2. Let % € D*(ICy) and assume that F =% RIhom (Cx\p, F).
Then Roww' .F °5 F.

Proof. One has
Roww' F ~ Rw*w!RJhom(CX\D,ﬁ)

!

Rw, RIhom (w™'Cx\p, @' F)
R.%hom (Rw;;w‘lCX\D, F)~ F.

12

12

Q.E.D.
As a corollary, we obtain the isomorphism
(3.2.8) Rw, 0% ~ O% (D) in D*(12x).
For A4 € Db(.@;?), we set

L
(3.2.9) DRL(AN) = QL Oga N,
(3.2.10) SolL(N) = Rz%”om@;?\(t/V, 0%).

L
Here QL = @™ 'Qx ®_ 1, Of. It is an object of Db(I((@;(i‘)Op)).
For a Yx-module .#Z we set:

(3.2.11) M= DF éw_lgx @ ' € D"(2%).
Lemma 3.2.3. For ./ € D*(%x), we have

(3.2.12) @' DR (M (D)) ~ DR (M™),
(3.2.13) Rw. DR (M*) ~ DR (M (xD)).

Proof. By (3.2.7), we have
| Yyt Lot &
@' DR (M (D)) =~ w' (U ®,, M (D))
(O =
~ @' (Q%(xD) ®g. M)
L
~ (w' QL (xD)) Qg o H
o L 4L B
~ 05 Opa I3 Cprg, @ M

L
~ Ok Oga M~ DR (MH).
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3.3 Regular Riemann-Hilbert correspondence

Hence we obtain the first isomorphism.
Since

DR (M (xD)) == RIhom (Cx\p, DR (A (xD))),
the second isomorphism follows from Lemma 3.2.2. Q.E.D.

Proposition 3.2.4. Let £ be a_holonomic Px-module with regular normal
form along D. Then, locally on X,

LA~ Ay ~ OF in D°(23).

Proof. Let us keep the notations of Definition 3.1.2. We may assume that
& = Dx /. Since 20 =[], 2 is a locally invertible section of Ag, the
result follows from

Q.E.D.

3.3 Regular Riemann-Hilbert correspondence

We shall first prove the regularity theorem for regular holonomic D-modules,
namely, any solution of such a D-module is tempered.

Theorem 3.3.1. Let # € D5,(Zx). Then there are isomorphisms:

(3.3.1) DR (M) =5 DRx (M) in DP(ICx),
Sol' (M) = Solx(#) in D°(ICx).

Proof. (i) Note that, thanks to (2.2.1), the isomorphism in (3.3.2) is equiva-
lent to the isomorphism in (3.3.1) for Dx.#. We shall only prove (3.3.1).

(ii)) We shall apply Lemma 3.1.4. Denote by Px(.#) the statement which
asserts that the morphism in (3.3.1) is an isomorphism.

(a-d) of this lemma are clearly satisfied.

(e) follows from isomorphism (2.2.9) in Corollary 2.2.6 and its non-tempered
version, isomorphism (2.1.4) in Theorem 2.1.2.

(f) Let us check property (f). Let .# be a holonomic Zx-module with regular
normal form along a normal crossing divisor D.
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3.3 Regular Riemann-Hilbert correspondence

We want to prove the isomorphism DR (#) == axDRY (). Since
Rw, DR (M) =% DR () by Lemma 3.2.3 and since Rew, commutes

with «, we are reduced to prove the isomorphism
DR (M) 22 ag DR (MAH).

This is a local problem on X and we may apply Proposition 3.2.4. Hence it
is enough to show

DR%(0%) =2 axDR%(0%),

which follows from

DR (0%) ~ Cxldx].
This completes the proof of property (f). Q.E.D.

The following theorem is a generalized form of the Riemann-Hilbert cor-
respondence for regular holonomic D-modules (see Remark 3.3.3).

Theorem 3.3.2. Let # € D5, (Zx). Then, there is an isomorphism func-
torial in M

(3.3.3) OL ® M 225 RIhom (Solls (M), 0%) in D*(1Z).

Proof. (i) The morphism in (3.3.3) is obtained by adjunction from the com-
position of the morphisms

t D L t t L t t
(3.3.4) Ox @ A @ RIhom,, (M ,0x) — Ox @4, Ox = Ox.

(ii)) We shall apply Lemma 3.1.4. Denote by Px(.#) the statement which
asserts that the morphism in (3.3.3) is an isomorphism.

(a-d) Properties (a)—(d) of this lemma are clearly satisfied.
(e) By Corollary 2.2.7, we have

D D
(3.3.5) O @Df,tl ~Df. (O @ .A).
On the other hand we have

Soly (Df, M) ~ RfySols (M )[dx — dy]
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3.3 Regular Riemann-Hilbert correspondence

by (2.2.1), (2.2.9) and Theorem 2.1.3 (i). Hence we have
R.Zhom (Soly (D f..# ), Oy)
~ RIhom (Rfy Sols (A)|dx — dy], Oy)
~ Rf.RIhom (Sol% (A )[dx — dy], f' OF).

By (2.2.3), we have

flOL ~ Dy x Q%@X Oy ldx — dy].
Hence we have
R.2hom (Soly (D f..#), O)
~ Rf. RFhom (Sols (M), Dy x é%{ Ox)

~ Rf.(Dyx &, RIhom (Solk(.4),0%))
~ Df,RIhom (Sol (), 0%).

Combining with (3.3.5), we finally obtain

OL EDfol ~ DI04 E.M)
~ Df.RIhom (Sols(M),O%)
~ RIhom (Soly-(Df..M),O5).

Here the second isomorphism follows from Px (.Z).

(f) Let us check property (f) for (3.3.3). Hence, we assume that .# has
regular normal form along D.
By Lemmas 3.1.3 and 2.3.1 we have
R.Zhom (Solx (), 0%) =~ RIhom (Solx () ®Cx\p,O%)

~ R.Zhom (SOZ)((%), R.%hom ((Cx\D,O)t())
~ RShom (Solx (M), Rw.O%)
~ Rw,R.Ihom (w *Solx (M), 0%)

~ Rw,RIhom (Solg (M), 0%).

Here the last isomorphism follows from
L L
Cgoo @@ 'Solx (M) ~ Cizo @ Solg (MH).
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3.3 Regular Riemann-Hilbert correspondence

On the other-hand, we have
. D . D .. D
Ox @M ~Ox(*D) .M =~ (Rw.0%)® .4
L
~ Rw*(O)% Q10 w L)

~ Rw,(O% <§> M)

* X A)} :
Hence it is enough to show that

(3.3.6) OL &, M* — RIhom (Sol (M), 0%)

is an isomorphism. Note that this morphism is obtained from a similar
morphism to (3.3.4) by adjunction. By Proposition 3.2.4, .Z* is locally
isomorphic to Ag. Then Solg(.#*) ~ Cg, and it is obvious that (3.3.6) is
an isomorphism.

Q.E.D.

Remark 3.3.3. Isomorphism (3.3.1) already appeared in [Ka84]. Isomor-
phism (3.3.3) (with a different formulation) is essentially due to Bjork [Bj93,
Th. 7.9.11].

Applying the functor acx to the isomorphism (3.3.3), we get the Riemann-
Hilbert correspondence for regular holonomic D-modules:

Corollary 3.3.4 ([Ka80)). Let .# € D5,(Zx). There is an isomorphism in
Db(.@)() .

(3.3.7) M~ RAom ¢ (Solx(A),O%).

Corollary 3.3.5. Let .# € D5, (Zx) and let £ € D*(Zx). Then isomor-
phism (3.3.3) induces the isomorphism

(3.3.8) DRYL & M) ~ RIhom (Sol's (M), DR'(L)).
Proof. We have

D L D
DRI L @ M) = Qx®, (LM)
¢ D L
~ QxM)Q, £
~ Rsthom (Solly (M), Q) &, &
~ RIhom (Sol' (M), QY <}I§>@X 2.
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3.4 Integral transforms with regular kernels

Here, the last isomorphism follows from Theorem 1.3.6, using the fact that

Sol* (M) == Sol(M). Q.E.D.
As an application of isomorphism (3.3.2), we get:

Corollary 3.3.6. Let .# € D% (Zx) and let F € D} .(Cx). Then we have
the natural isomorphism

RAom,, (M, RHAom ¢ (F,0%)) == RAom,, (M ,RAom (F,0x)).

Let M be a real analytic manifold and X a complexification of M. Choos-
ing for F the object D'y Cy; we get the isomorphism between the complexes
of distribution solutions and hyperfunction solutions of .Z:

RAom , (M ,Dby) = RHom , (M, PBu).

Remark 3.3.7. Of course, isomorphism (3.3.3) is no more true if one re-
places O% with Ox. For example, choosing .# = Ox(xY) for Y a closed
hypersurface, the left-hand is the sheaf of meromorphic functions with poles
on Y and the right-hand side the sheaf of holomorphic functions with possibly
essential singularities on Y.

3.4 Integral transforms with regular kernels

Consider morphisms of complex manifolds

S
RN
X Y.
Notation 3.4.1. (i) For .# € D*(Zx) and .Z € D"(%s) one sets

(34.1) MO L =Dy (Df M © L.
(ii) For L € D’(ICg), F € DP(ICx) and G € DP(ICy) one sets

LoG:=Rfy(L®g'Q),
O, (G)=LoG, V., (F)=Rg.RIhom (L, f'F).
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3.4 Integral transforms with regular kernels

Note that we have a pair of adjoint functors
(342) (IDLI Db(I(CY) — Db(ICX) : \IJL

Theorem 3.4.2. Let # € D’  .(Zx), let £ € D" (%s) and set L :=

q-good

Sols(L). Assume that f~1supp(.#) N supp(Z) is proper over Y and that
& is good. Then there is a natural isomorphism in D(ICy):

D
(3.4.3) U (DRY(A)) [dx — ds] = DR (M 0 L).
Note that any regular holonomic Z-module is good.

Proof. Applying Corollaries 2.2.2, 2.2.6 and 3.3.5, we get:

DRL(#B.L) = DRL(Dg.(Df* 4 & L))

~ Rg.DRYDf' M &.2)

Rg. RFhom (Sol$ (L), DRs(Df* )
Rg. RIhom (L, f' DRY () [dx — ds]
V(DR (A)) [dx — ds]-

12

12

Q.E.D.

By applying the functor RHom (G; +) with G € DP(ICy) to both sides
of (3.4.3), one gets

Corollary 3.4.3 ([KS01, Th. 7.4.13)). Let # € DY, .4(Zx), let £ €
D>.(%s) and let L := Sols(£). Assume that f~'supp(.#) N supp(L) is
proper over Y and that £ is good. Let G € DP(ICy). Then one has the

1somorphism

(3.4.4) RHom . (L o G,DRY (A ))[dx — ds]
~ RHom, . (G, DRy (A4 ©.2)).

Note that a similar formula holds when replacing O% and O with their
non tempered versions Ox and Oy (and indsheaves with usual sheaves),
but the hypotheses are different. Essentially, .# has to be coherent, f non
characteristic for .# and Df*.# has to be transversal to the holonomic
module .Z. On the other hand, we do not need the regularity assumption
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3.5 Irregular ¥-modules: an example

on .Z. See [DS96] for such a non tempered formula (in a more particular
setting).

However, if one removes the hypothesis that the holonomic module .Z is
regular in Theorem 3.4.2, formula (3.4.3) do not hold anymore and we have
to replace O% with its enhanced version, as we shall see in the next sections.

3.5 Irregular Z-modules: an example

In this subsection we recall an example treated in [KS03] which emphasizes
the role of the sheaf O} in the study of irregular holonomic D-modules.
Let X = C endowed with the holomorphic coordinate z. Define

U=X\{0}, j:U < X the open embedding.

Consider the differential operator P = 220, + 1 and the Zx-module .Z =
Dxexp(l)z) ~ Dx/PDx - P.

Notice first that O% is concentrated in degree 0 (since dim X = 1)
and it is a sub-indsheaf of Ox. Therefore the morphism H°(Sol%(Z£)) —
H°(Solx(¥)) ~ Cy is a monomorphism. It follows that for V' C X \ {0}
a connected open subset, ['(V; H'Sol*(.#)) # 0 if and only if V C U and
exp(1/z)]y is tempered.

Denote by B. the closed ball with center (g, 0) and radius e and set

U.=X\B.={2cC\{0};Re(1/2) < 1/2¢}.

One proves that exp(1/z) is tempered (in a neighborhood of 0) on an open
subanalytic subset V' C X\ {0} if and only if Re(1/z) is bounded on V', that
is, if and only if V' C U, for some ¢ > 0. We get the isomorphism

(3.5.1) Sol'(¥) ® Cy ~ “lig” C.

e>0
Since Sol'(£) ~ DR'(D.Z) and D.¥ ~ D.Z(x{0}), we get that

Sol' (&) ~ RIhom (Cy, Sol* (L)) ~ RIhom (Cy, Sol* (L) @ Cy).
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Therefore,

Sol* (&) ~ RIhom (Cy, “ling” Cp.),
e>0
H°(Sol" (&) ~ “lim” Cy,
e>0
HY(Sol'(ZL)) ~ “limy” Ext'(Cy, Cp,) ~ Cyoy,
e>0

Sol(L) ~ axSol" (L) ~ R#om (Cy,Cy),
H(Sol(£)) = Cy, H'(Sol(£)) ~ Cyy.

The functor Sol* is not fully faithful since the Zx-modules .#:=%x exp(1/z)
and A := PDx exp(2/z) have the same indsheaves of tempered holomorphic
solutions although they are not isomorphic.

However, Sol% (Zx exp(1/z)) # Soly(Zx exp(1/2™)) for any m > 1.
Hence, the functor Sol® is sensitive enough to distinguish m € Z-g in
PDx exp(z~™) but is not sensitive enough to distinguish ¢ € R~ in Zx exp(cz™1).
In order to capture ¢, we need to work in the framework of enhanced

indsheaves, which we are going to explain in the next sections.

4 Indsheaves on bordered spaces

4.1 Bordered spaces

Definition 4.1.1. The category of bordered spaces is the category whose ob-
jects are pairs (M, M) with M C M an open embedding of good topological

—

spaces. Morphisms f: (M, M) — (N, N ) are continuous maps f: M — N
such that

(4.1.1) ;- M is proper.

Here I'y C M x N is the graph of f an T; is its closure in M x N.

The composition of (L, L) % (M, ]\7) EN (N, N)is given by fog: L — N

(see Lemma 4.1.2 below), and the identity id 5, 77 Is given by idy.

—

Lemma 4.1.2. Let f: (M, M) — (N,N) and g: (L,L) — (M,]\/I) be mor-
phisms of bordered spaces. Then the composition f o g is a morphism of
bordered spaces.

46



4.1 Bordered spaces

One shall identify a space M and the bordered space (M, M). Then, by

using the identifications M = (M, M) and M = (]\/4\, M\), there are natural
morphisms of bordered spaces

M—>(M,]/\/[\)—>J/\/[\.

Note however that (M, M ) — M is a morphism of bordered spaces if and

only if M is a closed subset of M.
We can easily see that the category of bordered spaces admits products:

(4.1.2) (M, M) x (N,N) ~ (M x N, M x N).

Let (M, ]\/Z) a bordered space. Denote by i: ]\//T\ M — M the closed
embedding. Identifying Db(kﬂ\ A7) With its essential image in DP(ky;) by the
fully faithful functor Ri, ~ Ri,, the restriction functor F' — F|); induces an
equivalence

D" (k7)/D" (kg75,) = D(kay).

This is no longer true for indsheaves. Therefore one sets
D®(Ik 7)) := D" (Ikz7) /D (Tk g7 ), )-

where DP (IkM\ o) 1s identified with its essential image in DP(Iks;) by Riy ~
Ri,, as for usual sheaves.

Recall that if .7 is a triangulated category and .# a subcategory, one
denotes by +.# and .#* the left and right orthogonal to .# in .7, respectively:

+7:={A€ 7 ;Hom (A, B) =0 for any B € .9},
t:={A€ 7 ;Hom,(B,A) =0 for any B € .¥}.

Proposition 4.1.3. Let (M, ]\/Z) be a bordered space. Then we have

D*(Ikg,,) = {F €D"(Iky);kn @ F =~ 0}
= {F € D"(Ik5;); R#hom (ky, F) ~ 0},
“D(Ikgp ) = {F eD(Ikgy)iky © F = F},
D°(Ikgp )~ = {F € D’(Iky); F == RIhom (kar, F)}.
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4.2  Operations

Moreover, there are equivalences

D*(Ik i) = D°(Ikg,)",  F = RIhom (ku, F),

D*(Ik i) == “D’(Ikgp ), Frky®F,
with quasi-inverse induced by the quotient functor.

Corollary 4.1.4. For F,G € D"(Iky;) one has
Hom p, 1y, (F,G) ~ Hom Db(Ikﬁ)(kM QR F,G)

~ Hom Db(Ikﬁ)(F> R.-Zhom (kyr, G)).

(M, 57))

The functors ® and R.#hom in D"(Ik;;) induce well defined functors (we
keep the same notations)

®: Db(Ik(Mﬂ)) X Db(Ik(Mﬂ)) - Db(Ik(M,J\?))’
R.%hom : Db(Ik(Mﬁ))op X Db(Ik(Mﬁ)) — Db(Ik(M,M\))'

4.2 Operations

—

Let f: (M, M) — (N, ]V) be a morphism of bordered spaces, and recall that
'y denotes the graph of the associated map f: M — N. Since I'y is closed

in M x N, it is locally closed in M x N. One can then consider the sheaf kr,
on M x N. Let qi: M x N — M and qs: M x N — N be the projections.

—

Definition 4.2.1. Let f: (M, M) — (N,N) be a morphism of bordered
spaces. For F € DP(Ik;;) and G € D"(Ikg), we set

RfF = Rgu(kr, ®q;'F),
Rf.F = Rg,RIhom (kr,,q, F),
f'a = Rq1y(kr, ®qG),
f'G = Raq,RIhom (kr,,q; G).
Remark 4.2.2. Considering a continuous map f: M — N as a morphism of

bordered spaces with M = M and N = N, the above functors are isomorphic
to the usual external operations for indsheaves.
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4.2  Operations

Lemma 4.2.3. The above definition induces well-defined functors
Rfu, Rfe: D°(Tky, 7)) — D (T 5)
ST DRIk 5y) = D(Ik 1))

Lemma 4.2.4. Let jy: (M, J\/Z) M be the morphism given by the open
embedding M C M. Then

(i) The functors jy; ~ ji; : D*(Iks;) — Db(Ik(Mﬁ)) are isomorphic to the
quotient functor.

(ii) For F € D(Ikg;) one has the isomorphisms in D (Ikq;)

Rivnint F =~ ky ®F, Rjarjy F ~ Rhom (kyy, F).

(iii) The functors @ and RShom commute with jy; ~ ji, .

(iv) The functor @ commutes with Rjyry and the functor RShom commutes

The operations for indsheaves on bordered spaces satisfy similar proper-
ties as for usual spaces.

Lemma 4.2.5. Let f: (M, ]\//.7) — (I, ]/\\7) and g: (L,Z) — (M, ]\//.7) be mor-
phisms of bordered spaces.

(i) The functor Rfy is left adjoint to f'.
(i) The functor f=* is left adjoint to Rf,.

(iii) One has R(f o g)y ~ RfuoRgn, R(fog), ~ Rf. oRg., (fog)™ ~
gtoftand(fog) ~g'of'.

—

Corollary 4.2.6. If f: (M, M) — (N, N) is an isomorphism of bordered
spaces, then Rf, ~ Rfy and f~' ~ f'. Moreover, Rf, and f~' are quasi-
inverse to each other.

Most of the formulas for indsheaves on usual spaces extend to bordered
spaces.
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4.2  Operations

Proposition 4.2.7. Let f: (M, ]\//.7) — (N, N) be a morphism of bordered
spaces. For F € DP(Ik and G,G1,G4y € Db(Ik(N’ﬁ)), one has isomor-
phisms

(M,A?))

Rfn(f'G®F) ~GRfF,

G ©Gy) ~ 1G ® G,
RShom (G, Rf.F) ~ Rf.RIhom (f G, F),
RAhom (RfnF,G) ~ Rf Rhom (F, f' G),

' RIhom (G1,Gy) ~ RIhom (f1Gy, f' Gy),
and a morphism
f'RAIhom (G, Gs) — RIhom (f Gy, f1Gy).

Lemma 4.2.8. Consider a Cartesian diagram in the category of bordered
spaces

(M/ M/) (N/ N/)
o
(M, M) —L~ (N, N).
Then there are isomorphisms of functors Db(Ik(

M’ 1\7')) - Db(Ik(Nﬁ))

g 'Rfu~Rflg™",  ¢'Rf.~Rflg"

The notion of proper morphisms of topological spaces is extended to the
case of bordered spaces as follows.

Definition 4.2.9. The morphism of bordered spaces f: (M, ]\//7) — (N, ]/\\f)
is proper if the following two conditions hold:

(a) f: M — N is proper,
(b) the projection I'; — N is proper.

Lemma 4.2.10. The map f: (M, ]\/4\) — (N, N) is proper if and only if the
following two conditions hold:

(a) ff XNNC Ff.
(b) the projection Ty — N is proper.

Proposition 4.2.11. Assume that f: (M, ]\/4\) — (N, J/\\f) s proper. Then
Rfyw == Rf. as functors Db(Ik(MJ\?)) — Db(Ik(Nﬁ)).
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5 Enhanced indsheaves

In this section, extracted from [DK13], one extends some constructions of
Tamarkin [Ta08] to indsheaves on bordered spaces. We refer to [GS12] for a
detailed exposition and some complements to Tamarkin’s paper.

5.1 Tamarkin’s construction

Let M be a smooth manifold and denote by T*M its cotangent bundle.
Given F € D"(ky,), its microsupport SS(F) C T*M (see [KS90]) describes
the codirections of non propagation for the cohomology of F'. It is a closed
conic co-isotropic subset of T*M.

In order to treat co-isotropic subsets of T*M which are not necessarily
conic, Tamarkin adds a real variable ¢ € R. Denoting by (¢, t*) the symplectic
coordinates of T*R, consider the full subcategory DY _,(karxr) C D (kasxr)
whose objects K satisfy SS(K) C {t* < 0}. There are equivalences

D <o(knrxr) = D (karxw)/Drco(karxr) = Dpco(knrxm) ™

between the quotient category and the left and right orthogonal categories.
Let us recall the description of the first equivalence.
For K,L € D"(kysxr), consider the convolution functor with respect to
the ¢ variable

tr . -1 —1
K®L:=Ru(qy K®q L),

where p(x,ty,t2) = (z,t1 +1t2), q1(x,t1,t2) = (z,t1) and gz, t1,t2) = (2, t2).
One sets

(5.1.1) Ki>01 = K{(@.)eMxr ; ter, >0},

and we use similar notation for k{tzo}, k{t>0}, k{th}, k{t<0}, k{tyéo} and k{t:a};
etc. These are sheaves on M x R.

+
Note that ky—gy ® K ~ K. Then

+

D co(kmxr) = {K € DP(kuxr); kpsop @ K = 0},
+

DYco(knyxr) = {K €D"(kyxr); ko © K 25 K},

and one has an equivalence

+
D (Kasxr) /D?*SO(kMxR) Ea XN LDE*SO(kJM), K = kyso @ K.
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5.2 Convolution products

5.2 Convolution products

Consider the 2-point compactification of the real line R:fRI_I {£o0}. Denote
by P'(R) = R U {oo} the real projective line. Then R has a structure of
subanalytic space such that the natural map R — P!(R) is a subanalytic
map.

Notation 5.2.1. We will consider the bordered space
R, := (R, R).
We denote by 7: R,, — R the projection.

Note that R, is isomorphic to (R, P}(R)) as a bordered space.
Consider the morphisms of bordered spaces

a: Ry — R,
(5.2.1) 1y qr,go: Rog X Ryg — Ry,

where a(t) = —t, u(t1,t2) = t1 +1t2 and q1, go are the natural projections. For
a good topological space M, we will use the same notations for the associated
morphisms

a: M xRy — M xR,
1y g M X Ry X Ry = M X Ry,.

We also use the natural morphisms

M x Ry, J M xR

A

M.

Definition 5.2.2. The functors

+
®: D*(Ikyrxr..) X DP(Ikprr..) — DP(Ikarxr., ),
Ihom™: DP(Tkprur. ) x D°(Ikprer.. ) — DP(IKasxr.. ),

are defined by

ha -1 —1
Ky @ Ky = Run(qy K1 ®qy K),
Ihom™ (K1, K3) = Rg1, RFhom (g5 ' K1, i K»).

52



5.2 Convolution products

Although we work now on M xR, we keep the same notations as in (5.1.1)
and one sets
(5.2.2) kii>0p = k{(x,t)eMxR : teR, t>0}

and we use similar notation for ky;—oy, kgi>o1, Kge<oy, Koy, Kgiz0y and kyy—qy,
etc. These are sheaves on M x R whose stalk vanishes at points of M x (R\R).
We also regard them as objects of D®(Tksxr., )-

Lemma 5.2.3. For K € D*(Ikyyr.,) there are isomorphisms

+
k{t:O} & K~ K~ ﬂh0m+(k{t:0}, K)

More generally, for a € R, we have

Ki—a) © K = Rpta, K ~ Jhom™ (kg—_ay, K),
where pg: M X Ry — M X Ry, is the morphism induced by the translation
t—1t+a.
Corollary 5.2.4. The category Db(IkMxRoo) has a structure of commutative
tensor category with (}% as tensor product and Ky—gy as unit object.

As seen in (5.2.3) below, the functor #hom™ is the inner hom of the

tensor category DP(Iky/xg. ).

Lemma 5.2.5. For K, Ky, K3 € D*(Iky/«g..) one has

+
(5.2.3) Hompyq,, , (K1 ® K2, K;)
(K1, Fhom™ (K>, K3)),

~Y
=~ Hom DY (TIk a7 xRoo )

Ihom™ (K, @ Ky, Ks) ~ Shom* (K1, Shom™ (Ky, K3)),
R, RZhom (K1 @ Ky, K3) =~ R, R-Zhom (K1, Zhom™ (Ks, K3)).

The following lemmas are used to define the category of enhanced ind-
sheaves.

Lemma 5.2.6. For K, Ky € D*(Ikyr..) and L € DP(Iky,) one has

-1 i -1 pa
T LR(K QK ~ (LK) ® K,
R.Zhom (7 'L, Shom™ (K1, K3)) ~ Shom™ (17'L @ K, K>)
~ Jhom™ (K, RFhom (7 'L, K5)).
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5.3 Enhanced indsheaves

Lemma 5.2.7. For K € D*(Iky/r..) and L € DP(Iky,) one has

-1 -1 pa
T LK~ (1 Loky—g) ® K,
RShom (1 'L, K) ~ Shom™ (1 'L @ ky—qy, K),
a 'RIhom (K, 7' L) ~ Shom™ (K, ky—oy @ 7 'L).

Lemma 5.2.8. For K1, Ky € D*(Iky/xr..) there are isomorphisms

RW[;(Kl é Kg) =~ RW;IKl ®R7T53K2,
RW*JhOmJF(Kl,Kg) ~ RAhom (Rmy K1, Rm. K>).

Corollary 5.2.9. For any K € D(Ikyyr.,), one has

+
PUT!!(ktzo ® K)~0,
Rr..Zhom™ (kyso, K) ~ 0.
Lemma 5.2.10. For K € DP(Ikyxgr.. ) and L € D"(Iky;) one has
(7 L) ® K ~ 7~ (L @ Ry K),
SIhom™ (1 'L, K) ~ 7' R#hom (L, Rm, K),
SIhom™ (K, n' L) ~ 7' RIhom (RmyK, L).
Proposition 5.2.11. For K € D’(Iky;xg. ), one has a distinguished triangle

7T_1L — k{tZO} é K — jh0m+(k{t20}, K) +—1>

+
with L = R, (k{tzo} X K) ~ Rﬂ'!]fhoer(k{tZO}, K)

5.3 Enhanced indsheaves

Definition 5.3.1. Consider the full triangulated subcategories of D (Ik y/xg.. )

+
[Cco = {K;kpyzoy ® K ~ 0}
= {K, jhoer(k{tZ(]}, K) =~ 0}7

+
ICt*ZO = {K7 k{t§0} & K~ 0}
= {K; Fhom™ (ky<py, K) ~ 0},
ICt*:() = ICt*SO N ICt*zo.
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5.3 Enhanced indsheaves

Consider also the corresponding quotient categories

E2 (Ikps) = ICpe>0/1C—o,
E"(Iky;) = DP(Ikpsxr., ) /ICH—o.

They are triangulated categories. One calls EP(Ik,,) the triangulated cate-
gory of enhanced indsheaves.
One defines similarly the categories E(Ik,), ET(Tkys) and E~(Iky,).

One also defines the category EP(ky,) as
(5.3.1) E"(ky) = D’ (kuxr)/ {K ;7 'Rm, K =5 K} .
Then EP(ky,) is a full subcategory of EP(Iky,_).
Proposition 5.3.2. There are equivalences of triangulated categories
EY (Tkys) ~ D" (Ikpsxr., ) /ICxi <o,
EP(Iky) ~ EP (Tky) @ EP (Tkyy).
This follows from Proposition 5.3.4 below.

Remark 5.3.3. The categories E® (Ik),) are the analogue of Tamarkin’s
construction in the framework of indsheaves.

Proposition 5.3.4. One has
L s ~ ¥
[Cipcg = {Kikpso @ K =5 K} = {K;k{z0) ® K ~ 0},
ICheco = {K;K % Fhom™ (kpasoy, K)} = {K; Fhom™ (k(wim0y, K) = 0},
+
TCeoo = {K;(kpsoy ® kp<oy) @ K 3 K}

= {K;kMxRéKZO}:{K;RWHKZO},
IC:_, = {K;Ihom™ (kysoy ® ky<oy, K) = K}
= {K; Ihom™ (kyxr, K) ~ 0} = {K;Rm, K ~ 0},
ICy—y = LIct*zo D LICt*go,
ICE_, = ICEs @ ICEL,.
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5.3 Enhanced indsheaves

Moreover, one has the equivalences

EL (Iky) =%
EL (Iky) =
EP(Iky) =%
E(Iky) =%

+
Chiico, K Ktz ® K,

€1
Icit* <0

K+— fhom+(k{it20}, K),

+
0y, K (ko @ kjr<oy) @ K,

ICE:_,,

K~ Jhom+(k{t20} @ k<o, K),

where the quasi-inverse functors are given by the quotient functors.

Also notice that

IC¢-—o

Therefore,

{K € D*(Ikyxr.) ;7 'Rm.K =5 K}
{K € D"(Ikyxp..) s K =5 7' RmyK'}
{K € D*(Ikpyxr..); K ~ 7 'L for some L € D"(Iky)} .

(5.3.2) E(Iky) ~ D"(Tkpsxr.,)/{K € DP(Ikysr. ); 7 'R K ~5 K},

These categories are illustrated as follows:

D(Ikpsxr.. )
[Ci+>0 ICi+<0
A A AN
ICix_g ICyx_o \E;(IkM) EP (Ikpr)  ICa—o ICix—o
~ | ~~ [ ~
EE’F(IkM) B (IkM)\ T /EE(IkM EP (Ikas)

0

Here, A—c—= B or A—C>B means that C' ~ B/A.

Definition 5.3.5. One introduces the functors

LE
RE

+
(kizoy ® kp<oy) @ (), EP(Ikpr) = T1Cp—g C D (Tkyixr,, ),

fh0m+(k{t20} S¥ k{t§0}7 ¢ )7

o6
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5.4 Operations on enhanced indsheaves

The functors LF and RY are the left and right adjoint of the quotient
functor DP(Ikxr..) — EP(Iky/), and the two compositions

E
P (Tk ) ——= D" (Tkrse, ) —— EP(Tka)
R

are isomorphic to the identity.

Definition 5.3.6. One defines the hom-functor

(5.3.3)  FLhom": EP(Iky)°P x E°(Iky,) — DV (Ikyy)
Ihom"™ (K, K,) = Rr, R#hom (LE(K), R¥(K,)),

and one sets

(5.3.4)  AHom" = ayr o Fhom"™ . EP(Iky )P x EP(Iky,) — DT (kyy),
(5.3.5)  RHom"(K\, K;) = RI'(M; #om"(K,, K5)).

Note that

Ihom® (K1, Ky) ~ R, RShom (LE(K), LE(K))
~ R, R#hom (RE (K1), RE(K3))

and

5.4 Operations on enhanced indsheaves

By Lemma 5.2.10 the following definition is well posed.

Definition 5.4.1. The bifunctors

©: EP(Ikys) x E°(Ikyr) — EP(Ika),
Fhom™: B~ (Tknr)® x E*(Tkns) — E+(Tkar)

are those induced by the bifunctors é and Zhom™ defined on D®(Tkysxk. ).
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5.4 Operations on enhanced indsheaves

For any K € EP(Ik,,) there is an isomorphism in EP(Ik,/)

+
ktz() QR K = jhOer(ktZQ, K),

which follows from Proposition 5.2.11.

+
The bifunctor @ gives EP(Ik,,) a structure of a commutative tensor cate-
gory with ky—g) as a unit object. Moreover, Shom™ is the inner hom of the

tensor category EP(Iky,):
Lemma 5.4.2. For K, Ky, K3 € EP(Iky) there is an isomorphism

+
HOmE+(IkM)(K1 X KQ, Kg) ~ HomEJF(IkM)(Kb jhOer(KQ, Kg))
We have the following orthogonal relations:
+
E" (Iky) @ E” (Ikps) ~ 0,
Shom™ (EY (Ikay), EX (Ikys)) =~ 0.
Definition 5.4.3. By Lemma 5.2.10 one gets functors

7 () @ (+): DP(Iky,) x EP(Iky) — EP(Iky,),
RAhom (m71(+), +): D™ (Iky ) x ET(Tkys) — Et(Iky,).

Remark 5.4.4. The functor ® does not factor through EP(Ik,,) x EP(Ikyy),
and the functor R.#hom does not factor through EP(Ik,,)°P x EP(Ik,,).

Let f: M — N be a continuous map of good topological spaces. Denote
by f: M xR, — N x R, the associated morphism. Then the composition
of functors

(5.4.1) Rfu,Rf.: D*(Ikpsxr. ) = DP(Ikyyr. ) — EP(Iky),
(5.4.2) F4F D2 (Ikyyr. ) — DP(Tkprwr.. ) — EP(Tkyy),

factor through EP(Ik,,) and EP(Iky), respectively.
Definition 5.4.5. One denotes by

Efu, Ef.: EP(Tkas) — EP(Tky),
Ef ' Ef': EM(Iky) — E°(Iky),

the functors induced by (5.4.1) and (5.4.2), respectively.
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5.4 Operations on enhanced indsheaves

Definition 5.4.6. For K € EP(Iky,) and L € EP(Iky), we define their
external tensor product by

T g | b
KXL=Ep['K @ Ep;'L € EP(Ikysyn),

where p; and p, denote the projections from M x N to M and N, respectively.
Using Definition 5.3.5, for F' € EP(Tk,,) and G € EP(Iky) one has
EfuF ~RALE(F) ~ RAR®(F),
Ef.F ~RLL®(F) ~ RARE(F),
Ef7IG ~ [TILE(G) ~ fIRM(G),
Ef'G~ f'LE(G) ~ f'RE(G).
The above operations satisfy analogous properties as the external opera-

tions for indsheaves.

Proposition 5.4.7. Let f: M — N be a continuous map of good topological
spaces.

(i) The functor Efy is left adjoint to E f*.
(i) The functor E f=' is left adjoint to Ef..

Proposition 5.4.8. Given two continuous maps of good topological spaces
LiMLN, one has

E(fog)y =~ EfuokEgy, E(fog), ~Ef.oEqy.

and
E(fog) '~Eg'oEf™", E(fog) ~Eg' oEf"

Proposition 5.4.9. Let f: M — N be a continuous map of good topological
spaces. For K € E*(Iky) and L, L1, Ly € EP(Iky), one has isomorphisms

Ef(Ef L& K

1 ¥ Ee-l7 L
Eff (Li®Ly) ~Ef "Li®Ef Lo,

)~ L & EfuK,
)

Ihom™ (L, Ef,K) ~ Ef,#hom™ (Ef 'L, K),
)
)

Ihom " (EfyK, L) ~ Ef, #hom™* (K, E f'L),
Ef' Phom™(Ly, Ly) ~ Fhom™ (Ef 'Ly, E f'Ly),
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5.5 Stable objects

and a morphism
E f_lfhoer (Ll, LQ) — ﬂh0m+(E f_lLl, E f_1L2>.
Proposition 5.4.10. Consider a Cartesian diagram of good topological spaces

ML N

lv o s

M—N.

Then there are isomorphisms in the category of functors from EP(Ikys) to
Eb(IkN/)
Eg 'Efu ~EfyEg™",  Eg'Ef. ~EfIEg".

Lemma 5.4.11. For f: M — N a morphism of good topological spaces,
K € EP(Iky) and L € EP(Iky), one has

Rf,.#om™(K,Ef'L) ~ #om"(EfyK, L),
Rf.#om"(E f 'L, K) ~ #om"(L,Ef,K).

Remark 5.4.12. Let f: M — N be a morphism of good topological spaces
and Ly, L, € EP(Iky). Since o and f' do not commute in general, the
isomorphism f' . #om®(Ly, Ly) ~ om"(E f~'Ly,E f'Ly) does not hold in

general.

5.5 Stable objects

The notion of stable object which will be introduced below is related to the
notion of torsion object from [Ta08] (see also [GS12, §5]).

Notation 5.5.1. Consider the indsheaves on M x R

Koy = "lim” kyisay, Kitcuy i= "lim” Kgicay.

a——+00 a——+00
We regard them as objects of DP(Ikyxr..)-

There is a distinguished triangle in D" (Ikp/xr_ )
1
kyxr = Kgsor — Kjpas) 1] e

and there are isomorphisms in DP(Iky/xg..)

- -
Kii>—a) @Koy = Kpsoy = Kooy @ Kpsop (@ € Ryo).
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5.5 Stable objects

Notation 5.5.2. Denote by k%, the object of EP(Ik,/) associated with k.03 €
D"(Ikpsxr., ). More generally, for F' € D"(ky,), set

FP =k @7 'F € EP(Iky).

Note that
LP(ky) ~ kpsop, RY(KY,) ~ kpen[1].

Proposition 5.5.3. Let K € E? (M) (equivalently, K € EP(Iky) and K ~
K(i>0y é K). Then the following conditions are equivalent.

(a) k>0 é K =5 kpy>a) é K for any a >0,

(b) Fhom™ (kisay, K) == Fhom™ (kysoy, K) for any a > 0,

+ +
(C) k{tZO} & K = k%/[ X K,

(d) Fhom™ (KE,, K) == Fhom™ (kysoy, K),

(e) K ~ k%, oL for some L € EP(Iky,),

(f) K ~ Fhom™ (k¥,, L) for some L € EP(Iky,).

Definition 5.5.4. A stable object is an object of E" (Ik,,) that satisfies the
equivalent conditions in Proposition 5.5.3.

Lemma 5.5.5. For ' € DP(ky«r..) and K € EP(Iky,), there is an isomor-
phism in EP(Ikyy)

KE, © Fhom™* (F, K) ~ Fhom™ (F,kE, & K).
Corollary 5.5.6. For K € EP(Iky;) and F € DP(kys), we have
- +
k¥, @ RFhom (n7'F, K) ~ RShom (n ' F, kY, @ K).
Proposition 5.5.7. Let f: M — N be a continuous map of good topological

spaces. Then, the functors Efy, Ef~' and E f' send stable objects to stable
objects. More precisely, we have:
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5.6 Constructible enhanced indsheaves

(i) For K € EP(Iky) one has
E & B L
Efu(ky; @ K) ~ky @ EfuK.
(ii) For L € E(Iky) one has
“1LE & E LpE 1
Ef kB & L) ~KE ®EfL,
+ +
Ef'(kS @L)~KkE, ®Ef'L.
Definition 5.5.8. One defines the functors

(5.5.1)  enr,enr: DP(Ikyr, ) — EP(Tkyy, ),
BM(F) :k];\)/[oo(@’ﬁ_lF, EM(F) :k{t20}®7r_1F.

Note that
exr(F) ~ KB, @ ex(F).
Proposition 5.5.9. The functors ey, and ey are fully faithful.
Definition 5.5.10. We define the duality functor
DY, : E°(Iky) — EP(Iky)®, K+ Jhom™ (K, w)),
where wE, :=k§, @ 771wy,

The functor DY, is related to the usual duality functor for sheaves by the
formula:

(5.5.2) DY (KE, & F) ~ k&, ® a~'DaeF in EP(Tkay),
where F' € DP(ky/xr..) and a is the involution of M x R given by (z,t) —
(x,—t).

5.6 Constructible enhanced indsheaves

In this subsection, we assume that M is a subanalytic space. Recall the
natural morphism
Jm: M xRy — M xR,

and the category D" (kysxr..)-
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5.7 Enhanced indsheaves with ring action

Definition 5.6.1. We denote by D2 _(kasxk.. ) the full subcategory of D (kysxr..)
whose objects F' are such that Rjy, F' is R-constructible.
We regard DR _(krxr.,) as a full subcategory of DP(Tkp/xr.. ).

Definition 5.6.2. One says that an object K € EP(Ik,,) is R-constructible
if for any relatively compact subanalytic open subset U C M there exists an
isomorphism

-1 E & b
7 ky @ K ~kj; ® F for some F € Dg_.(kyxr.,)-

One denotes by E2 (Ikys) the full subcategory of EP(Ikj,) consisting of R-
constructible objects.

Clearly, R-constructible objects of EP(Ik,,) are stable. One proves that:
Theorem 5.6.3. (i) The category ES_ (Tkyr) is triangulated.

(ii) The property for K € EP(Ikys) of being R-constructible is a local prop-
erty over M.

+
(iii) The functors ® and Fhom™ when restricted to R-constructible objects
give R-constructible objects.

(iv) For K € ER_(Iky ), DY, K € EX_(Iky/) and DY, o DY, K ~ K.

+
(V) For Ky, K5 € Eﬂ%—c(IkM)f D]]?/[ﬂhOm—i_(Kl,Kg) ~Ki® D%/IKQ
(vi) Let f: M — N be a morphism of subanalytic spaces.

(a) If G € Eb_.(Iky), then Ef~*G and E f'G belong to BEY_ (Tkay),

(b) For F € Eb_(Iky), EfuF € Eb (Iky) as soon as supp®(F) :=
M (supp(REF)) is proper over N.

5.7 Enhanced indsheaves with ring action

Let A be a sheaf of k-algebras on M. For 1 = ,b,+, —, we define
D' (I(r~"A)) == D'(I(@"A)) /DN U7 A) [y« mir)))+
where 7: M x R — M is the projection. Then we set

E'(IA4) = D'(I(m " A4))/ {K € D'(I(r"A)) ; K ~ 'L for some L € D'(14)}.
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We call objects of EP(IA) enhanced indsheaves with A-action.
We can define also the functors

D0 EP(LAP) x EP(LA) — E~(Tky),
Jhom’, , - EP(1A)°P x EP(IA) — ET(Iky,),

Jr
which satisfy similar properties to ® and fhom™.
Similarly we can define

&, EP(LAP) x D"(A) — B~ (Iky),
Rs#om , : D*(A)® x E’(IA) — E~ (Iky).

If X is a complex manifold and A = Py, we can define

©: EP(12x) x DP(Zx) — B (1%5).

6 Holonomic D-modules

6.1 Exponential D-modules

Let X be a complex analytic manifold, Y C X a complex analytic hypersur-
face and set U = X \ Y. For ¢ € Ox(xY), one sets

Dxe? = Px/{P;Pe* =00on U},

éﬂ(f\x = Dxe?(xY).
Hence Zxe? is a Px-submodule of éaUﬂX, and Pxe? as well as é"gf'X are
holonomic Zx-modules. Note that cfg‘ « Is isomorphic to Ox(*Y) as an
Ox-module, and the connection Ox(xY) — Qf ®, Ox(xY) is given by
u — du + udep.

For ¢ € R, set for short
{Rep < c}:={x € U;Rep(x) < ¢} C X.

Notation 6.1.1. One sets

Cirep<s} = “hﬁnw Cirep<ey € ICx,

c——+00

EE\X = RAhom (CU, C{Re<p<*}) € Db(I(Cx>
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6.2 Enhanced tempered holomorphic functions

For example, denoting by z € C C P the affine coordinate of the complex
projective line, one has

C{Rez<*} for ] =0,
(6.1.1) H E&p ~ { Cloy for j =1,

0 otherwise.

The next result (see [DK13, Prop. 6.2.2]) generalizes [KS03, Proposi-
tion 7.3] in which the case X = C and ¢(z) = 1/z was treated (see §3.5).

Proposition 6.1.2. Let Y C X be a closed complex analytic hypersurface,
and set U = X \'Y. For ¢ € Ox(xY), there is an isomorphism in DP(ICx)

DRB{(‘%?{) ~ Ef xldx].

6.2 Enhanced tempered holomorphic functions

Consider first a real analytic manifold M and the natural morphism of bor-

dered spaces
j: M xRy — M x PY(R).

Definition 6.2.1. One sets Dby, = j!Db}V[XPl(R) and one denotes by

Db}, € DP(ICyxr.,) the complex, concentrated in degree —1 and 0:
Dbl == Dblyn. 25 Dby .
Note that H*(Db},) = 0 for k # —1.

Proposition 6.2.2. There are isomorphisms in DP(ICyxg_ )

Dby, =% Shom™ (Cyis0p, Dby,)
<~ Jhom™ (Cysay, Dbyy)  for any a > 0.

Moreover, denoting by ¢: M x R — M X R, the natural morphism, one
has the isomorphism (™ 1Db], ~ ~1x~1Db}, [1] and therefore:

(6.2.1) Fhom”(Ci—oy, Db},) =~ Db},

Now let X be again a complex manifold.
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6.2 Enhanced tempered holomorphic functions

Definition 6.2.3. One sets

O% = RA#om ., (7 'Oxe, Dby,) € E*(12x),

0% = Qx ®,, O%.
One calls OF the enhanced indsheaf of tempered holomorphic functions.
Remark 6.2.4. When X = pt, then Of% ~ CE.

Applying Proposition 6.2.2, we get
Proposition 6.2.5. There are isomorphisms in EP(12x)
ot ~ fhom+(C{t20}, 0%)
<~ Jhom™ (Cpysay, O%)  for any a > 0.

In particular, O% is a stable object in E*(12x).

As a consequence of Proposition 6.2.5 and Proposition 5.5.3, we get the
following result.

Corollary 6.2.6. There are isomorphisms in E*(19x)
+
0% ~ Jhom™(C%, 0%) ~ C§ ® O%.
Then, using the isomorphisms

Jhom™(C%,08) ~ shom®(CK, #hom™ (CE, OL))

12

~  Jhom"™(Cyio ®CX,(’)X)

(
Fhom"(C% ®(C ,0%)
(
~  Fhom"(Cy—py, O%)

and (6.2.1), one gets the isomorphism in D®(1Zx):

(6.2.2) SFhom™(C%,08) ~ 0.
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6.3 Enhanced De Rham and Sol functors

6.3 Enhanced De Rham and Sol functors
For ./ € D(Zx), set

DRE(M) — OE &, 4,
SolS (M) = Rotom , (A, o%).
We get functors
DR : D*(2x) — E*(ICx),
Sol%;: D*(Zx)® — EP(ICx).
Note that
Sol§ (M) ~ DRS (Dx.#)|[—dx] for .# € DL, (Zx).

By using Proposition 6.1.2, one can calculate explicitly DR (.#) when .#
is an exponential D-module.

Proposition 6.3.1. Let Y C X be a closed complex analytic hypersurface,
and set U = X \Y. For ¢ € Ox(xY), there are isomorphisms

DR%(65x) =~ RIhom (17 Cy, “li” Cpisrepie))
c—>o0

~ C% é R.Zhom (7 'Cyr, Cyi—Re gy )-

The next results are easy consequences of Theorem 2.2.1, Corollary 2.2.2,
Corollary 2.2.6 and Corollary 2.2.7.

Theorem 6.3.2. Let f: X — Y be a morphism of complex manifolds.
(i) There is an isomorphism in E*(I(f~*9y))

\ L
EfO}E[dy] ~ gy%x ®@X O)E([dx]

(ii) For any A € D®(Dy) there is an isomorphism in EP(ICx)
(6.3.1) DRE (Df* A )[dx] ~ E f'DRE (AN)[dy].

(ili) Let A € D,q(Zx), and assume that supp .4 is proper over Y. Then

there are isomorphisms in EP(ICy)
DRy (Df.tl) =~ EfDRS (M),
Df.(OF & .4) ~ OE @D fodl.

67



6.4 Ordinary linear differential equations and Stokes phenomena

6.4 Ordinary linear differential equations and Stokes
phenomena

Let us recall the local theory of ordinary linear differential equations. Let
0 € X C C be an open neighborhood of 0 € C and let .# be a holonomic
P x-module such that SingSupp(.#) C {0} and A4 ~ #(x{0}). Then .#
is a locally free Ox(x{0})-module of finite rank. Let us take a system of
generators (uy,...,u,) of 4 as an Ox(*{0})-module on a neighborhood of
0. Then, setting 4 the column vector consisting of these generators, we have

d

for an (r x r)-matrix A(z) whose components are in Ox(x{0}). Then for

any Zx-module £ such that £ ~ £ (x{0}), we have
(6.4.1) Hom, (A,ZL)={u€c L";u satisfies equation (6.4.2) below}
where we associate the homomorphism from .# to £ defined by 4 — « to
u. Here

d

(6.4.2) = A()i

Now we have the following results on the solutions of the ordinary linear
differential equation (6.4.2).

(i) there exist linearly independent r formal (column) solutions u; (j =
1,...7) of (6.4.2) with the form

\3
|
—

u; = e?i(2) A a;jr(z)(log z)k,
0

B
Il

where m € Zwg, p;(2) € 27 V™Clz7Y™M, N € Cyajn(2) = Y. ajrnz" €

nem=1Zxq

C[[zY™)]" with a;., € C".

(ii) for any 6y € R and each j = 1,...,r, there exist an angular neighbor-
hood 4
Dy, ={z=1re";10 — 0| <cand 0 <r <4}
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6.4 Ordinary linear differential equations and Stokes phenomena

for sufficiently small €, > 0 and holomorphic (column) solution u; €
Ox(Dg,)" of (6.4.2) defined on Dy, such that

wu; ~ ’l/],j,
in the sense that, for any N > 0, there exists C' > 0 such that
(6.4.3) |u; — aj,V| < C|e?i D AN | = CleRe(es (@) AN

where ﬁjv is the finite partial sum

r—1
ﬁ;v = i) N Z Z a£7nz"(log 2)",

k=0 nEm*IZZO,
n<N

1/m

Here we choose branches of 2*/™ and log z on Dy, .

Note that a holomorphic solution w; is not uniquely determined by the
formal solution w;. In fact, w; + Y, cyuy also satisfies the same estimate
(6.4.3) whenever

Re(pi(2)) < Re(p;(z)) on Dy, if ¢ # 0.

We can interpret these results as follows. Let w: X — X be the real
blow up of X along {0} defined in § 3.2. Then e~%®u; gives a section of
(Ag)" defined on a neighborhood of ¢ € w™'(0). Define the ZZ-module

(s d
L= @;?e%( ) = _@;?/9;?(% — cp;(z))
Here we take a branch of ¢; on a domain and .Z; is defined on such a domain.

Then (e=%®u;)e® € (Z)" is a solution of equation (6.4.2), and hence
(6.4.1) defines a morphism of .@}?—modules

M — L.

Collecting such a morphism for all 5, we obtain an isomorphism defined on
a neighborhood of e € ww=1(0):

(6.4.4) M DL
j=1
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6.4 Ordinary linear differential equations and Stokes phenomena

Note that
o M~ M
However, these isomorphisms (6.4.4) are not globally defined. That is,
M4 is only locally isomorphic to @ -%;. We have
=1

=

(645) %OW_@;(Q%,%INW—WO) ~ CU],,],, C wal(o),

where

Uy =4pew(0); Re(p;(2)) < Re(p;(2)) on UNX>° for a neighbor- '
’ hood U of p

Hence the isomorphism class of a _@)i?|w71(0)—module % locally isomorphic

to @ Zj|o-1(0) is determined by a topological data, which is called Stokes
j=1
matrices.

Assuming that m = 1, let us explian them more precisely. Let £ be
a @§|w71(0)—module locally isomorphic to @1,2””@71(0). We identify ww=1(0)
J:
with R/27Z by R/27Z > 6 +— €. Let us take {01,...,0,} such that s > 2,
Op <6 <---<B,_1 <0, and

w_l(())ﬂ U {ZE)N(>O;Regoj(z):Recpj/(z)}C{@l,...,gs}.

1<y, 4'<r,
piFP

Here we set Opiys = O +2ml for 1 < k < sand | € Z. Set V, =
{9 ; Gk_l <0< 0k+1} and W, = {9 ; Gk <0< 0k+1} =V, N Vk—i—l' Then we
have @™ (0) = U <4<, Va-

By (6.4.5), any isomorphism . =% é} Zj|o-1(0) defined on a neighbor-
j=1

hood of 0, can be extended to an isomorphism defined on V}. Therefore we
have an isomorphism

Py $|Vk = EBl"gﬂVk
j:

Let us set

T '
_1 ~Y
§ = Ypp1 01y 691«3]‘|Wk ~ D ZLlw,-
j= j=1
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6.5 Normal form

Then & is obtained by patching @ .Z}|v, by the &’s. Each isomorphism &
j=1
is given by the matrix Sy, = (sp.i7i)1<iir<r € GL,.(C). Here s;.; € C is given
by the morphism

I8 '
Z|ka>_> 691"%|Wk T) Q%‘Wk _>>ZL'|WI€
j= j=

through
F(Wk;%Omgg(ﬁ,ﬁf)lw—l(O)) ~T'(Wi;Cy, ) CT(Wi;Crrg)) = C

due to (6.4.5). Hence, we have sg.;; = 0 if Wy ¢ U, 4.
The matrices {Sk}1<k<s are called the Stokes matrices. Conversely, for

a given family of matrices {Sk}i<k<s, we can find a @§|w71(0)—module Z
locally isomorphic to @ .Zj|--1(p) by patching @ Zj|v, by {Sk}i<i<s-
Jj=1 j=1

6.5 Normal form

The results in § 6.4 are generalized to higher dimensions by T. Mochizuki
([Mo09, Mol1]) and K. S. Kedlaya ([Kel0, Kell]). In this subsection, we
collect some of their results that we shall need.

Let X be a complex manifold and D C X a normal crossing divisor. We
shall use the notations introduced in § 3.2 and in particular the real blow up
w: X — X and the notation .Z* of (3.2.11).

Definition 6.5.1. We say that a holonomic Zx-module .# has a normal
form along D if

(i) A ~ M (xD),

(ii) SingSupp(#) C D,

(iii) for any = € @ 1(D) C X, there exist an open neighborhood U C X of
w(z) and finitely many ¢; € I'(U; Ox (*D)) such that

(AN |y ~ <@(£§<DU>A>

7

v

for some open neighborhood V' of x with V' C w=}(U).
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6.5 Normal form

A ramification of X along D on a neighborhood U of x € D is a finite
map

p: X' = U
of the form p(z') = (4™, ...,20"™ 2/ ,...,z,) for some (mq,...,m,) €
(Zo)". Here (21,...,2]) is a local coordinate system on X', (z1,...,2,) a

local coordinate system on X such that D = {z;--- 2, = 0}.

Definition 6.5.2. We say that a holonomic Zx-module .# has a quasi-
normal form along D if it satisfies (i) and (ii) in Definition 6.5.1, and if for
any r € D there exists a ramification p: X’ — U on a neighborhood U of x
such that Dp*(.#|yy) has a normal form along p~'(D N U).

Remark 6.5.3. In the above definition, Dp*(.#|y) as well as Dp.Dp*(4|v)
is concentrated in degree zero and .Z | is a direct summand of Dp,Dp* (4 |).

The next result is an essential tool in the study of holonomic Z-module
and is easily deduced from the fundamental work of Mochizuki [Mo09, Mo11]
(see also Sabbah [Sa00] for preliminary results and see Kedlaya [Kel0, Kell]
for the analytic case).

Theorem 6.5.4. Let X be a complex manifold, .# a holonomic Px-module
and x € X. Then there exist an open neighborhood U of x, a closed analytic

hypersurface Y C U, a complex manifold X' and a projective morphism
f: X" = U such that

(i) SingSupp(Z)NU CY,

(i) D:= f~YY) is a normal crossing divisor of X',
(iii) f induces an isomorphism X'\ D — U\ Y,
(iv) (Df*4)(xD) has a quasi-normal form along D.

Remark that, under assumption (iii), (Df*.#)(xD) is concentrated in
degree zero.
Using Theorem 6.5.4, one easily deduces the next lemma.

Lemma 6.5.5. Let Px () be a statement concerning a complex manifold X
and a holonomic object M € D}, (Px). Consider the following conditions.

(a) Let X = U,c; Ui be an open covering. Then Px () is true if and only
if Py,(AM |y,) is true for any i € 1.
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6.6 Enhanced de Rham functor on the real blow up

(b) If Px(A) is true, then Px(.#[n]) is true for any n € 7Z.

(c¢) Let M' — M — A" L be a distinguished triangle in Db (Zx). If
Px(A") and Px(A") are true, then Px(A) is true.

(d) Let A4 and A’ be holonomic Dx-modules. If Px(.# & .#") is true, then
Px (M) is true.

(e) Let f: X =Y be a projective morphism and A a good holonomic D -
module. If Px(A) is true, then Py (Dfi.#) is true.

(f) If A is a holonomic Dx-module with a normal form along a normal
crossing divisor of X, then Px (M) is true.

If conditions (a)—(f) are satisfied, then Px(4) is true for any complex man-
ifold X and any A € D}, (Zx).

Sketch of the proof. The proof is similar to the regular case (Lemma 3.1.4).

We shall only prove here that Px(.#) is true for any holonomic Zx-
module . which has a quasi-normal form along a normal crossing divisor
D.

Let p: X’ — U be as in Definition 6.5.2. Then Dp*(.#|) has a normal
form along p~'(D N U). Hence Px/(Dp*(.#|v)) is true by hypothesis (f).
Hence Py (DpDp*(.#|y)) is true by hypothesis (e). We have a chain of
morphisms

//|U — Dp!Dp*(.%h]) — %‘U,

whose composition is equal to mid , where m is the number of the generic
fiber of p. Hence .|y is a direct summand of Dp,Dp*(.#|y;). Then, hypoth-
esis (d) implies that Py(.#|y) is true. Q.E.D.

6.6 Enhanced de Rham functor on the real blow up

By Lemma 6.5.5, many statements on holonomic D-modules can be reduced
to the normal form case. In order to investigate this case, we shall introduce
the enhanced de Rham functor on the real blow up.

Let D be a normal crossing divisor of a complex manifold X and let
w: X — X be the real blow up of X along D as in § 3.2. By a similar
construction to O)%, we can construct the enhanced indsheaf

Of € E*(17%)
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6.7 Extended Riemann-Hilbert correspondence

which satisfies
O)E( ~ Ew'O%(xD) in E°(I(w™'%yx)),
Ew.0f ~ O%(xD) in E°(1Zx),
where
OE (+D) := OF & Ox (+D) ~ RIhom (1~ 'Cx\ p, OF).

We set QF = Qx ®, OF € EX(12%).
Then, for A € Db(.@;(i‘), we define the enhanced de Rham functor on X
by
E _ OE L
DRY(AN) = Q5 Q@pa A,
X
SolS(A) = RA#om (N, 0F).
X
Then (6.6.1) and (6.6.2) imply that
6.3) DR (M) ~ Ew ' DRE (M (D)) in EP(ICg),
Ew.DRE (4*) =~ DRE (4 (+D)) in E*(ICx).

for any .# € DP(Zx).

6.7 Extended Riemann-Hilbert correspondence

The following theorem is the main theorem.

Theorem 6.7.1 (Generalized Riemann-Hilbert problem). There exists a
canonical isomorphism functorial with respect to M € DY (Dx):

(6.7.1) M @ OE 25 Fhom* (SolE (M), 08) in EX(17x).

The idea of the proof is to reduce the problem to the case where .Z is
an exponential D-module. However, in this case, we can treat DR (.#) by
Proposition 6.3.1, but not Sol%(.#). In order to calculate it, we need the
commutativity of the enhanced de Rham functor and the duality functor (see
Theorem 6.8.3 and its consequence Corollary 6.8.8 below).

Postponing the proof of Theorem 6.7.1, we shall first give its corollaries.
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6.7 Extended Riemann-Hilbert correspondence

Corollary 6.7.2. There exists a canonical isomorphism functorial with re-
spect to M € Dpy(Dx):

(6.7.2) M DOY =2 FhomP(Sol (), OF) in D*(17x).

Proof. Let us apply the functor #hom™(C%, «) to the isomorphism (6.7.1).
Since Zhom"(C%, O%) ~ O% by (6.2.2), we get

12

Thom®(CE, .4 ©08) ~ 4 BOL.

On the other-hand, we have
Ihom"(C5., Fhom™ (SolS(.#), OF))
~ Jhom"(Sol% (M), Shom™ (C%, 0%))
~ Jhom"(Sol% (), 0%).
Q.E.D.

Corollary 6.7.3 (Enhanced Riemann-Hilbert theorem). There ezists a canon-
ical isomorphism functorial with respect to .4 € D}, |(Zx):

(6.7.3) M 2 Hom® (Sol§ (), 08%) in EP(12x).
Proof. Apply the functor ax to (6.7.2). Q.E.D.
As a corollary, we cobtain
Theorem 6.7.4. The functor
DR : Dyo(Zx) — Eg (ICx)
is fully faithful.

Remark 6.7.5. Corollary 6.7.3 due to [DK13, Th. 9.6.1] is a natural for-
mulation of the Riemann-Hilbert correspondence for irregular D-modules.
Theorem 6.7.1 due to [KS14, Th. 4.5] is a generalization to the irregular case
of Theorem 3.3.2 which is itself a generalization/reformulation of a theorem

of J-E. Bjork ([Bjo3]).
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6.8 Constructibility of solutions

6.8 Constructibility of solutions

Theorem 6.8.1. Let .# € D (Zx). Then DRS () and Sol% (.4) belong
to E%_C(ICX)

Sketch of the proof. Using Lemma 6.5.5, one reduces the proof to the case
where .# has a normal form along a normal crossing divisor D. Let w: X —
X be the real blow up along D.

Then, .#* is locally isomorphic to a direct sum of (5’;}’\ D|U)“4 with ¢ €

['(U; Ox(xD)). Since DR; ((éa(‘f\DlU)A) ~ Ew!DRE((éa(f\D‘U) is R-constructible
by Proposition 6.3.1, DR (.#*) is R-constructible. Hence DRE (A) ~
Ew*DRE? (M) is R-constructible. Q.E.D.

Lemma 6.8.2. Let X, and X, be a pair of complex manifolds. Let #; €

DYo(Zx,) (7 =1,2). Then we have a canonical isomorphism

+ D
(6.8.1) DR, (1) R DR, (M) == DR, x, (A R M)

Sketch of the proof. Using Lemma 6.5.5, one reduces the proof to the case
where .1 and ./ are exponential Z-modules. In this case, the result follows
from Proposition 6.3.1. Q.E.D.

Theorem 6.8.3. Let .# € D (Px). Then, we have
DRE (Dx.#) ~ DEDRE ().

Note that we have DRY (Dx.#) ~ Sol% () [dx].

Idea of the proof.

Let 7 be a monoidal category with 1 as a unit object. Recall that a pair
of objects X and Y are dual if and only if there exist morphisms

XY 51,
1-5YeX

such that the composition

X®n e®X
X—XQYQ®X —— X
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6.8 Constructibility of solutions

is equal to idx and

neY Y®e
Y — Y XY —Y

is equal to idy.
This criterion of duality has many variations.

Sheaf case: Let M be a real analytic manifold, and let F, G € D (k).
Denote by A, the diagonal subset of M x M.

Now F' and G are dual to each other, i.e., G ~ Dy F, if and only if
there exist morphisms

FRG = wa,,,

ka,, —+ GXF
such that the composition

FRky, —5 FRGRF 25 ) K F

is equal to idy via isomorphism (6.8.8) below and

ka, BG 125 GRFRG 25 GRw,,,

is equal to idg via isomorphism (6.8.9) below.

Enhanced indsheaf case: Let F' and G € E_(Iky). They are dual to
each other, i.e., G ~ DY, F, if and only if there exist morphisms

+ 13
FRG — wg
(6.8.2) N
kK§ , — GXF

such that the composition

+ +
e X F

o FRn 4 4 e
(6.8.3) FXRky,, —— FRGRF —— w,y, KF
is equal to idp via the enhanced version of isomorphism (6.8.8) and
+ nKG +  + GN e +
(6.8.4) ken,, MG —— GRFXG —— GXuw,
is equal to idg via the enhanced version of isomorphism (6.8.9).
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6.8 Constructibility of solutions

Holonomic Z-module case: Let X be a complex manifold and let §: X —
X x X be the diagonal embedding. We set %a, 1= DJ,.Ox.

Let 4, A € D2 (Zx). They are dual to each other, i.e., # ~ Dx.#,
if and only if there exist morphisms

D
MRN =5 B [dx],
(6.8.5) axldx]

D
B, |—dx] 2> N KA

such that the composition

D ARy D D Y D

is equal to id 4 via isomorphism (6.8.10) and
D D
N Ne D

D n &N D D
(6.8.7)Bay|[—dx| RN —— N RAMRM —— N KB, [dx]
is equal to id 4 via isomorphism (6.8.11).

Now we shall prove Theorem 6.8.3. Set ./ = Dx.#. Then we have
morphisms as in (6.8.5) which satisfy the conditions that the compositions
(6.8.6) and (6.8.7) are equal to id_, and id s, respectively. Now we shall apply
the functor DRE. Then we obtain morphisms as in (6.8.2) with M = Xg,
k =C, F = DR% () and G = DR5. (/). Note that we have

DRy x(Paxl—dx]) = CX,, DRy.x(Bayldx]) ~ i,
By applying the functor DR, . x, the morphisms in (6.8.6) and (6.8.7) are

sent to (6.8.3) and (6.8.4). Hence the compositions (6.8.3) and (6.8.4) are
equal to idp and idg, respectively. Thus we conclude that G ~ DY F. O

Here is the lemma that we used in the course of the proof of Theorem 6.8.3.

Lemma 6.8.4. Let M be a real manifold and let F,G € D"(ky). Then we
have the isomorphisms

(6.8.8)  Homp,
(6.8.9)  Homp,

Knrxmxm

)(F & kAI\/[’ CL)AM & G) ~ :[—:[()IrlDb(kz\/[)(F’7 G)7
kA]M IX F, G IX WAIM) ~ Home(kjw)(F’ G)

kMxMxM)( ’

where Ay C M x M is the diagonal subset.
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6.8 Constructibility of solutions

Proof. Define the maps p;, i, by piy. 4 (1, .. 2m) = (24, .., 2;,). Then
we have a commutative diagram
M d M x M
lé O lpl,Q,Q
M x M MxMxM
Pp1,1,2

In the sequel, we write for short Hom instead of Hom, —with N = M, M x
M x M. Then we have

Hom (F M Kka,,, wa,, ®G) ~ Hom (Rpi 20,(F Kkys), Rp11.2,05 G)
zHom(F@kM,plmenz pQG)
~ Hom(F@kM,Ré 5! p2 G)
(6~
(F,

~ Hom

G).

~ Hom

Q.E.D.

Similarly, we have the following D-module version. Here again, we write for
short Hom instead of Hom, with ¥ = X, X x X x X.

Lemma 6.8.5. Let X be a complex manifold and let 4, N € D> (Zx).
Then we have the isomorphisms

D D
(6.8.10)  Hom (A R B, |—dx|, PBa,ldx| R A) ~Hom (A, N ),
D D
(6.8.11)  Hom (ABa,,[—dx]| XA, N KB, |dx]) ~ Hom (A, N).
As applications of Theorem 6.8.3, we obtain the following corollaries.

Proposition 6.8.6. Let f: X — Y be a morphism of complex manifolds.
Then, for any A € DP (Zy),

(6.8.12) SolS(Df* ) ~ E f~1Solg(N).
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6.8 Constructibility of solutions

Proof. We have
SolS(Df*. )

12

DY DR (Df* A )[—dx]
DYE f'DRY (A)[—dy]
Ef'DYDRY(A)[—dy]
~ Ef'SolE(N).

12

12

Q.E.D.

Corollary 6.8.7. Let X be a complex manifold and #, NV € D} (Px).
Then we have

(6.8.13) DRE((.///QD@,/V) ~ E&' (DR (M) %DRE((,/V))[CJX],

D
(6.8.14)  SolS(l @ N) = SolS (M) & SolE(N),
where 0: X — X x X s the diagonal embedding.

D D
Proof. Since M @ N ~ Do*(# K .A), it is enough to apply (6.3.1) and
(6.8.12). Q.E.D.

Corollary 6.8.8. For a closed hypersurface Y of a complex manifold X and
M € Db (Ox), we have

Sol5 (M (xY)) ~ 7 'Cx\y @ Sol§ ().
Proof. 1t follows from Theorem 6.8.3 and isomorphisms
DRE(M (xY)) = RIhom (7' Cx\y, DR (A))
and
DY (RShom (1 'Cx\y, DR (M) ~ 7' Cx\y @ D§ (DR™(A))
(see Theorem 5.6.3 (v)). Q.E.D.

Corollary 6.8.9. For a closed hypersurface Y of a complex manifold X and
v € Ox(xY), we have

+
SOZ)E((g)?\nx) ~ C% ® Cpi=-Rey)-
This follows from Proposition 6.3.1, (5.5.2) and Theorem 6.8.3, because
g)?\nx ~ (Dxéagipy'X)(*D).
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6.9 Sketch of the proof of Theorem 6.7.1

6.9 Sketch of the proof of Theorem 6.7.1
The proof is parallel with the one of Theorem 3.3.2.

First we shall construct a morphism (6.7.1). We have a canonical mor-
phism
+
0% @40, O% — O%.
Hence we have
D + +
(M @ 0OF) @ Sol (M) — OF ®,, OF — OF

which induces a morphism

(6.9.1) M SOE —s Fhom™ (SolE(4), OF).

In order to see that it is an isomorphism, we shall apply Lemma 6.5.5.

We shall only check property (f) of this lemma. Hence, we are reduced
to the case where .Z has a normal form along a normal crossing divisor D.
Then we have Sol§ () ~ w 'Cx\p ® Sol5 () by Corollary 6.8.8, which
implies that

Fhom™ (Sol5 (), 0%) ~ Fhom™ (Sol; (M), O% (xD)).
Let w: X — X be the real blow-up of X along D. Then we have

D L
M R0% ~ Ew, (M = 0%)

X
and

Fhom™ (Sol§ (M), 0% (xD)) ~ Ew, Ihom™ (Sol§(.4*), OF).

Hence it is enough to show that

(6.9.2) MAS , OF — Fhom™(SolE(M4), OF)

is an isomorphism.
Since the question is local and .#“ is locally isomorphic to a direct sum
of exponential D-modules (é")f\D‘X)A with p € Ox(xD), we may assume that

MA = (é’;\D'X)A. Since (6.9.2) is the image of (6.9.1) by the functor Ew’,
it is enough to show that (6.9.1) is an isomorphism when .Z = g)?\m)('
In this case, Corollary 6.8.9 implies that

+
Sol (M) ~ C% @ Cpe_Reyys

and we can easily see that (6.9.1) is an isomorphism. O
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6.10 Integral transform with irregular kernels

6.10 Integral transform with irregular kernels

Theorem 6.10.1. Let X be a complex manifold and let £ € D (Zx) and
M € D*(Dx). There is a natural isomorphism

E(cp 2 ~ +( e E E
DRY(ZL @ M) ~ Ihom™ (Solx (L), DR (A)).

Proof. By Theorem 6.7.1, we have an isomorphism in EP(I1%x):
D HE E E
(6.10.1) L 205 = Fhom™ (Solx (L), 0%).
L
Let us apply .Z" ®,, * to both sides of (6.10.1). We have

rL D E D T E
M@, (LR03) ~ (ML), O
~ DRE(M &%),
and

r b + E E + E r 5 E
M R, Fhom™ (Sol5 (L), 0%) ~ SFhom™ (Solx (L), # Qg Ox)
~ Jhom*(Sol5 (L), DR (A)).

(We do not give the proof of the first isomorphism and refer to [KS14,
Lem. 3.1.2].) Q.E.D.

Consider morphisms of complex manifolds

S
X Y.
Notation 6.10.2. (i) For .# € D, ,4(Zx) and £ € D¢ ,4(Zs) recall
that one sets
D
ML =Dg.(Df M DL).
(ii) For L € EP(ICg), F € EP(ICx) and G € EP(ICy) one sets
LO8G =Efu(L ®Eg'G),

(6.10.2) .
OY(G)=LoG, VE(F)=Eg.Ihom™ (L Ef'F).
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Note that we have a pair of adjoint functors
(6.10.3) oF . EP(ICy) == E"(ICx) : V.

Theorem 6.10.3. Let # € D",  (Zx), £ € DP,..(%s) :=DP.,(Zs) N

q-good g-hol

DYooa(Zs) and let L := Sol§(L). Assume that f~' supp(.#) Nsupp(L) is
proper over Y. Then there is a natural isomorphism in EP(ICy):

VE(DRE () [dx — ds) ~ DRE(M 0 ZL).

Proof. The proof goes as in the regular case (Theorem 3.4.2) by using The-
orems 6.3.2 and 6.10.1. Q.E.D.

Corollary 6.10.4. In the situation of Theorem 6.10.3, let G € EP(ICy).
Then there is a natural isomorphism in D(C)

RHom® (LS G, 05 &, ) [dy — ds
L D
~ RHom"™(G, 0y ©@,, (M 0Z)).

Proof. This follows from Theorem 6.10.3 and the adjunction (6.10.3). Q.E.D.

Note that Corollary 6.10.4 is a generalisation of [KS01, Th.7.4.12] to not
necessarily regular holonomic Z-modules.

Remark 6.10.5. In [KS14] we apply Theorem 6.10.3 to the study of the
Laplace transform which allows us to generalize results of [KS97] to non
conic situations.
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