A JUZVINSKII ADDITION THEOREM FOR FINITELY
GENERATED FREE GROUPS ACTIONS
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ABSTRACT. The classical Juzvinskit Addition Theorem states that
the entropy of an automorphism of a compact group decomposes
along invariant subgroups. Thomas generalized the theorem to a
skew-product setting. Using L. Bowen’s f-invariant we prove the
addition theorem for actions of finitely generated free groups on
skew-products with compact totally disconnected groups or finitely
dimensional Lie Groups (correcting an error from [BolOc|) and
discuss examples.
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1. INTRODUCTION

The following result was proven independently by H. Li [Lill] and
Lind-Schmidt [LS09].
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Theorem 1.1. [Addition theorem for amenable groups| Let T be a
countable discrete amenable group, G be a compact metrizable group
and a : T' — Aut(G) an action of I' on G by group-automorphisms.
Suppose N < G is a closed normal a(I")-invariant subgroup. Denote
by ay : I' = Aut(N) and ag/y : T' — Aut(G/N) the induced actions
and by pa, N, pa/n the Haar probability measures on G, N and G /N
respectively. Then the entropies of these actions satisfy:

hMG (a) = hNN (aN) + h#G/N (OZG/N)'

In the case I' = Z, this result is due to Juzvinskil [Ju65| from which
it receives its name. The case I' = Z¢ was proven in [LSW90]. Special
cases were obtained by Miles [Mi08] and Bjorklund-Miles [BM09.

The paper |[Bol0a] introduced a measure-conjugacy invariant, called
the f-invariant, for probability-measure-preserving actions of finitely
generated free groups. (Later a more general theory of sofic entropy
was introduced in [Bol0b], of which we have little to say in the present
article). In [BolOc|, a proof is claimed that the above addition for-
mula extends to the case when I' is a finitely generated free group,
the entropy is replaced with the f-invariant, and G is either totally
disconnected, a Lie group, or a connected finite-dimensional abelian
group (whenever the f-invariant is well-defined). However, there is
an error in the proof which this paper corrects (at least under a mild
extra hypothesis). The main result is Theorem 2.3 below. We also
prove a skew-product addition formula in Theorem 3.3 which may be
of independent interest.

Organization: §2 reviews the f-invariant and states the main theo-
rem; §3 reviews skew-products and proves Theorem 2.3 from Theorem
3.3. In §5 and §6 Theorem 3.3 is proven; §7 discuss examples, includ-
ing the Ornstein-Weiss example. The appendix offers an erratum to
[Bo10c].

Acknowledgements. We’'d like to thank Hanfeng Li for helpful
conversations and the Fields Institute where some of the work for this
project occurred. The second author would like to thank Benjamin
Weiss, Eli Glasner and Jon Aaronson for helpful discussions. L.B. was
partially supported by NSF grants DMS-0968762 and DMS-0954606.

2. THE f-INVARIANT

Let I' = (s1,...,s,) be a rank r free group. Let a be a measure-
preserving action of I" on a standard probability space (X, Bx,v). We
consider a as a homomorphism from I' to the group of automorphisms
of (X, Bx,v) and write a, for a(g) (Vg € I'). Let P = {P, P»,...}
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be a countable partition of X into measurable subsets. The Shannon-
entropy of P is

H,(P):= =Y v(P)log(v(P)).
PeP
By convention 0log(0) := 0. If P, Q are two partitions of X then their
join is defined by PV Q :={PNQ: PeP,Qe Q} fW CTlis
finite, we let PV := V wew @wP. Note that a is only implicit in this
notation. If H(P) < oo then define

F,(a,P) = (1-2r)H,(P)+ i H,(PV a,P)

fula,P) = v%/nchF” (a,PW)

where the infimum is over all finite W C T.
For g € ', let h,(a,, P) denote the entropy rate of P with respect
to the Z-action generated by ay,. To be precise,

n—oo

h,(ag,P) = lim (2n+1)"'H ( \/ 04273> :
The entropy of the action «ay is h,(ay) = supp hy (g, P) where the
supremum is over all finite measurable partitions P of X. Define

Fi(a,P) = (L—7)H,(P)+ > hy(as,P)

fo(a,P) = inf F(a,P")

where the infimum is over all finite W C I.

The partition P is said to be generating (for the action «) if the
smallest «(I')-invariant sigma-algebra containing P is By (up to sets
of measure zero).

Theorem 2.1. Let o be a measure-preserving action of I' on a stan-
dard probability space (X,Bx,v). If P,Q are any two finite-entropy
generating partitions for o then f,(a,P) = f,(«, Q).

Proof. Define
filon P) = inf F, (o, PP)

where B(n) C I' denotes the ball of radius n with respect to the

word metric induced by {sf',... s*!'}. This is the definition of the

f-invariant given in [Bol0Oa] and [Bol0Oc|. Clearly, f, (o, P) < fl(c, P).

However, if W C T' is any finite set with e € W then it follows
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from [BolOc, Propositions 4.3 and 5.1] that F),(a, PP™) < F, (o, PV)
for all sufficiently large n. Thus f/(a,P) < f,(a,P) which implies
fl(a,P) = f,(a,P). The result now follows from the main theorem of
[Bol0al. O

Because of this theorem, we define f,(«) := f,(«, P) where P is
any finite-entropy generating partition for a.. If there does not exist a
finite-entropy generating partition for a then f,(«) is undefined. One
of the main results of [Bol0c] is:

Theorem 2.2. Let o be a measure-preserving action of I' on a standard
probability space (X,Bx,v). Then for any finite-entropy generating
partition P for a, f,(a) = fi(a, P).

The main result of this paper is:

Theorem 2.3. Let I' = (sy,...,8,) be a rank r free group, G be a
compact metrizable group and o : I' — Aut(G) an action of I' on G
by group-automorphisms. Suppose N <@ G is a closed normal «(T)-
invariant subgroup. Denote by an : I' — Aul(N) and agn : I' —
Aut(G/N) the induced actions and by pa, pn, i/ the Haar probability
measures on G, N and G/N respectively. Suppose there exists finite-
entropy generating partitions for a, ay,aq/n and one of the following
hold.

(1) N is totally disconnected and there exists a clopen finite-index
normal subgroup Ny << N such that {gNy : g € N} is a gener-
ating partition for ay.

(2) G is a compact finite-dimensional Lie group and the action «
15 by smooth automorphisms.

Then
fuc(@) = fuy(an) + fugx(acn)-

Remark 2.1. The proof shows slightly more: if case (1) occurs and
ag/ny has a finite-entropy generating partition, then o automatically
has a finite-entropy generating partition. This follows from Lemmas
3.2 and 6.4. To be more precise, Lemma 3.2 shows that « is measurably
conjugate to a skew-product action of the form ag/n X, ay. If P is
a finite-entropy generating partition for ag/n and Q = {gNy : g €
G} is a generating partition for ay of the kind described in case (1)
above, then Lemma 6.4 shows that P x Q is generating for ag/n X an.
Because P has finite-entropy and Q is finite, P x Q has finite entropy
as required.
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Remark 2.2. Suppose N is totally disconnected and Ny < N is a
closed finite-index normal subgroup (the fact Ny is closed and finite-
index implies Ny is clopen). Let M = NgerayNy. Let ag/a, an/m be
the induced actions on G/M and N/M respectively. Let pc/a, tin/nm be
the respective Haar probability measures. Suppose that ag/y and ag/ny
admit finite-entropy generating partitions. Note that {gNo/M : ¢ €
G} is a generating partition for ay/as. So the above theorem implies

fMG/M (OJG/M) = fMN/M (aN/M) + qu/N (aG/N)-
By the previous remark, this formula holds as long as ag/y admits a
finite-entropy generating partition.

3. SKEW-PRODUCTS

The proof of Theorem 2.3 is based on a more general skew-product
theorem of independent interest, the construction of which we recall
next.

Definition 3.1. Let I' be a group. Let (X, Bx, v) be a Lebesgue space
equipped with a I'-action oo. We consider « as a homomorphism from
I" to the group of automorphisms of (X, Bx,r) and write «, for a(g) (
Vgel).

Let G be a compact group with Borel sigma-algebra % and Haar
measure p. Let § be a I'-action by group-automorphisms on G. Let
o :I'x X — G be acocycle for § and «, i.e., o is a measurable mapping
so that for all g,h e ', x € X

(3.1) o(gh,z) = (Byo(h,x)) - o (g, anz).
Define the skew-product action o X, 3 of I' on X x G by:

(X B)g(w,y) = (agz, (Bgy) - o(g,2)) (9 €T,z € X,y € G).

The connection between skew-product actions and the addition the-
orem is the following standard result (which we obtained from [Lill,
Proof of Corollary 6.3]).

Lemma 3.2. Let I' be a countable group, G be a compact metrizable
group, a : I' — Aut(G) an action of I' on G by group-automorphisms
and N < G a closed normal o(T)-invariant subgroup. Denote by auy :
I' = Aut(N) and ag/y : I' — Aut(G/N) the induced actions. Then
there is a cocycle 0 : ' xG/N — N such that ag/N XN 18 measurably
conjugate with a.

Proof. Let m: G — G/N denote the quotient map. Every continuous
open surjective map between compact metrizable spaces has a Borel

cross section by [Ar98, Theorem 3.4.1|. Thus we can find a Borel map
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¥ : G/N — G such that 7 is the identity map on G/N. It is easily
verified that the map ¢ : G/N x N — G sending (g, h) to ¥(gN)h
is an isomorphism from the measurable space (G/N x N, Bg/n x By)
onto the measurable space (G,Bg) (where Bg, By, Bg/n denote the
Borel sigma-algebras on G, N and G/N respectively). Furthermore,
denoting the Haar probability measures on G, N, G/N by puq, pin, pia/n
respectively, one sees that ¢, (pug/ny x py) is left-translation invariant
and hence ¢, (jia/n X pty) = pe. It is also readily checked that the map
o0:I'x G/N — N defined by

o(7,9N) = Y(agn(7)(gN)) " a(y) (P (gN))
is a cocycle for the actions ag/ny and ay so that ¢ intertwines the
actions ag/n X, ay with a. O

The main technical result of this paper is:

Theorem 3.3. Let ' = (s1,...,s,) be a rankr free group, o a measure-
preserving action of I' on a standard probability space (X, Bx,v), G a
compact metrizable group, 5 an action of I' on G by group-automorphisms,
and o : T'x X — G a cocycle for these actions. Suppose that G is to-
tally disconnected and there exists a finite-index clopen normal subgroup
N <G such that {gN : g € G} is a generating partition for (3. Let p
denote the Haar probability measure on G. Suppose also that there is

a finite-entropy generating partition for a. Then

f'/XM(O‘ Xo ﬁ) = fu(a> + fu(ﬁ)

The analog of this theorem for discrete countable amenable groups
I' when G is an arbitrary compact metrizable group was established in
[Lil1l]. The case I' = Z was proven earlier by Thomas [Th71] and the
case I' = Z¢ is shown in [LSW90).

Theorem 3.3 is proven in the next section. Next we combine this
result with the next two lemmas to complete the proof of Theorem 2.3.

Lemma 3.4. Let M be a smooth compact Riemannian manifold. Let
T : M — M be a diffeomorphism. Then h,(T) < oo for any T-
wwvariant probability measure fi.

Proof. This is due to Kushnirenko [Ku65|. Alternatively, it follows
from Ruelle’s inequality (see e.g. [KH95, Corollary S.2.17]). O

Lemma 3.5. LetT' = (sq,...,s,) be a rank r free group with r > 1, M
be a smooth compact Riemannian manifold, o a measure-preserving ac-
tion of I' on M by diffeomorphisms and p a non-atomic o(I')-invariant
probability measure on M. Then f,(a) = —oo if there is a finite-
entropy generating partition for the action.
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Proof. Let m = max]_, h,(as,). By the previous lemma, m < oco. Let
P be a finite-entropy generating partition for . Let N > 0. Because
f is non-atomic, there is a finite partition Q of M with H,(Q) > N.
So after replacing P with P V Q if necessary, we may assume that
H,(P) > N. By Theorem 2.2

fule) = fia,P)= inf Fy(a,P")

S (1 — T)H,,(P) + i hl/<asw7))

< (1—=7r)N+rm.

Because N > 0 is arbitrary and r > 1, this implies the lemma.

[Proof of Theorem 2.3 from Theorem 3.3] By Theorem 1.1, we may
assume, without loss of generality, that » > 1. Because the case when GG
is trivial is clear, we assume G is non-trivial. Similarly, the case when
G = N is obvious, so we assume G # N. We also assume that the
actions o, ay and agyy all have finite-entropy generating partitions.

Suppose item (1) holds. By Lemma 3.2, « is measurable conjugate
with ag/y X, ay for some cocycle o. So Theorem 3.3 implies

fua(@) = fuc(acn Xo an) = fugx(@an) + fuy (an)

as required.

Suppose that item (2) holds; i.e., G is a finite-dimensional compact
Lie group and « is an action by smooth group-automorphisms. If G is
finite then the theorem is clear because

fual@) = =(r=1)1og|G| = =(r=1)log |G/N|+=(r=1)log |N| = fu;,x (@c/n)+fuy (an).

If G is infinite then, because it is compact, it has positive dimension.
So pi is non-atomic. So the previous lemma implies f, (o) = —oo.
Also, because G is infinite, either N or G/N is infinite. Therefore,
either piy or pug/n is non-atomic. Of course, the actions ay and ag/y
are smooth. It should be noted that the f-invariant does not take on
the value +o0. So the previous lemma implies f,,  (ac/n)+ fuy (an) =
—00. U

4. RELATIVE ENTROPY

The proof of Theorem 3.3 uses the relative f-invariant theory devel-
oped in [Bol0c|, which we review here. So let (X, Bx, v) be a standard
probability space. Let P be a countable measurable partition of X and
let 7 C Bx be a sub-sigma algebra. Recall that for a.e. x € X, the
conditional expectation E[-|F|(z) is a probability measure on (X, Bx)
satisfying
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(1) x — E[A|F](x) is F-measurable for any A € Bx;
(2) [E[A|F](z) dv(z) = v(A) for any A € By.
The information function I(P|F) is a function on X defined by
I(P|F)(x) = —E[P.|F](x) log(E[P:|F](x))

where P, € P is the unique partition element with x € P,. The
Shannon entropy of P relative to F is

H,(P|F)= /](73|]-")(x) dv(z).

If T is a measure-preserving transformation of (X, Bx,v) then the en-
tropy rate of (T',P) relative to F is

n—oo

hy(T,P|F) = lim (2n+1)"'H, ( \/ 1'P| ]—") .
This is well-defined whenever F is T-invariant. We also define the
entropy rate of T" relative to F by

h,(T|F) = sup h,(T,P|F)
P

where the supremum is over all finite-entropy partitions P of X.
Now suppose I' = (s1,...,s,) and « is a measure-preserving action

of I" on (X, Bx,v). Define

F,(a,PIF) = (1—2r)H,(P|F)+ i H,(PV a,P|F)

_ w
fu(a,P|F) = I/%/ncfr F, (a, P |]:)
where the infimum is over all finite W C I'. Also define

F(o,P|F) = (1—7r)H,(P|F)+ Z hy(as,, P|F)

* _ * w
fu(a77)|"f) - I/%/anFFV (Oé,P |‘/T)
where the infimum is over all finite W C I.

Theorem 4.1. Let o be a measure-preserving action of I' on a stan-
dard probability space (X,Bx,v). If P,Q are any two finite-entropy
generating partitions for a and F C Bx is an a(I')-invariant sub-
sigma-algebra then f,(o, P|F) = f.(«a, Q|F).

Proof. Define
fo(e. PIF) = inf F,(a, PP™|F)
8



where B(n) C I' denotes the ball of radius n with respect to the word
metric induced by {sf',...,s*!'}. This is the definition of the rela-
tive f-invariant given in [BolOc|. Clearly, f,(a, P|F) < f/(«a, P|F).
However, if W C I' is any finite set with e € W then it follows from
[Bol0c, Propositions 4.3 and 5.1] that F,(a, P2 |F) < F,(a, PV |F)
for all sufficiently large n. Thus f, (o, P|F) < f.(a, P|F) which im-
plies f/(«, P|F) = f,(a, P|F). The result now follows from [BolOc,
Theorem 5.3]. O

Because of this theorem, we define f,(a|F) := f, (o, P|F) where P
is any finite-entropy generating partition for . If there does not exist
a finite-entropy generating partition for « then f,(«|F) is undefined.
One of the main results of [Bol0c]| is:

Theorem 4.2. Let a be a measure-preserving action of I' on a standard
probability space (X,Bx,v). Let P,Q be finite-entropy partitions of
X. Let ¥(Q), X(P) be the smallest T'-invariant sub-sigma-algebras
containing Q@ and P respectively. Assume Q C P. Then

fole, PIE(Q)) = f7(a, PIE(Q)).

Proof. This is [BolOc, Theorem 9.1]. The proof requires a small cor-
rection; see §A. O

Theorem 4.3. [The f-invariant Abramov-Rokhlin Addition Formula/
Let o be a measure-preserving action of I' on a standard probability
space (X, Bx,v). Let P, Q be finite-entropy partitions of X. Let 3(Q)
be the smallest I'-invariant sub-sigma-algebra containing Q. Then

fula,PV Q) = f,(a, Q)+ f,(a, P|E(Q)).

Proof. This is [BolOc, Theorem 1.3]. The proof requires a small cor-
rection; see §A. O

5. A KEY LEMMA

The purpose of this section is to prove the key lemma below for
skew-products of Z-actions. So let (X, By,v) be a Lebesgue space,
T € Aut(X, Bx,v), G be a compact metrizable group, equipped with
Haar measure ;1 and S be a group-automorphism of G. A cocycle for
T and S is a cocycle for the actions of Z induced by 7" and S. That is,
it is a measurable map o : Z x X — G such that

(5.1) on+m,x)=(S"o(m,x)) o(n,T"z).
Let T' X, S be the automorphism of (X x G,v x u) defined by

T x4 8(z,9) = (T2,5(g)o(2))



This is the skew product of T' and S with respect to o.

Lemma 5.1. Let (X,Bx,v),G,T,S,0 be as above. Let Q be a finite-
entropy partition of G. Let

K(Q) = sup H(Qg|Q) + H(Q|Qy).

geG
Then

hosep (T %0 S, X x Q|Bx) — hy(S, Q)‘ < K(Q).

Proof. By the definition of conditional entropy :

m—1
hysu(T x5 S, X x Q|Bx) = lim %huw (\/ (T X, S)f’fX X Q|BX)

k=0

where

P ("v (T x, 8)7*X x Q|Bx> = /1 (”v (T x, S)FX x Q|BX> (x,y)dv(z)du(y)

k=0 k=0

and the conditional information is given by:

k=0

I (\? (T x5 8)7"X x Q\Bx> (z,y) = —E[Pry|Bx](z,y) log(E[P: 4| Bx](z,y))

where P,,, € \/1" (T x, S)™*X x Q is the partition element con-
taining (z,y). Observe that the conditional expectation E[-|Bx|(z,y)
is the probability measure j, := 0, x p (where §, is the Dirac measure
concentrated on {x}). Thus

/GI (ni_/ (T x5 8)"X x QIBx> (,y) duly) = H,, (ﬁv (T x4 §) 75X x Q) .

We claim that for any set P C G,
{2} x GN (T x5 8) (X x P) = {z} x S*(Po(k,z)™).
Indeed, (z,y) is contained in (T x, S)™*(X x P) if and only if
(T x4 S)*(z,y) = (T"z, (S*y)o(k,x)) € X x P
which occurs if and only if

y € STF(Po(k,z)™h).
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So if
\/ S™H(Qa(k,x) ™).
then
m—1
H,, (\/(Tx S)7FX x Q) = H,(QM).
So I (Vi) (T x5 S)™*X x Q|Bx) (x,y) = H,(Q™) which implies:
(5.2) hysu (T x5 S), X x Q|Bx) = lim E/ H,(Q7)dv(x
Define:
m—1
- \/ SkQ

k=0
By the definition of entropy:
(5.3) h,(S, Q) = lim —/ H,(Q™)dv(x

Note [H,(Q™) — H,(Q7")| < H,(Q"|Q7") + H,(Q7'[Q™). Thus:

3
L

[H(Q™) — Hu(Q7)| < H,(S7Q|S™(Qo(k,2)™")) + H,(S™"(Qo(k,2))[S7"Q)

i
()

3
L

= 3 H(QIQo(k.a) ™) + H,(Qo(k,x)™)|Q) < mK(Q).

Finally (5.2) and (5.3) imply |h,«, (T X, S), X x Q|Bx) — h,(S, Q)| <
K(9Q). 0

Eod
o

6. PROOF OF THEOREM 3.3

For the rest of this section, let I', (X, Bx,v), (G, Bg, i), o, 5,0 be
as Theorem 3.3. A special partition of G is a partition Q such that
there exists a finite-index normal clopen subgroup N < G such that

Q={gN: geG}.

Lemma 6.1. If Q is special and Ty, ..., T, are automorphisms of G
then \/7_, T;Q is also special.

Proof. Let @ = {gN : g € G} where N is a finite-index normal clopen

subgroup. Because each T; is an automorphism, M = N’ T;N is a

finite-index normal clopen subgroup. So Qu = {gM : ¢ € G} is
11



special. Because each T;Q coarsens Qyy, it follows that \/* T,Q >
Q-

On the other hand, M € \/l’i1 T;Q. Because each T;Q is G-invariant
(ie., ¢1;Q = T;Q for every g € G), /-, T;Q is G-invariant. Hence
gM e \/" T,Q forevery g € G. So \/[*, T,Q < Qp. Thus V" | T;Q =
Q) is special. O

Lemma 6.2. If P is any finite-entropy partition of X and Q 1is a
special partition of G then

F:xu(a Xo 3, P % Q|BX) = F;(6> Q)

Proof. Because Qg = Q for any g € G, it follows that K(Q) = 0 where
K (-) is as defined in Lemma 5.1. So that Lemma implies

Fiu(a %o B,P % QBx) = (1= 1) Hyxu(P % QIBx) + Y hunul(a x4 B)s, P x Q|Bx)
i=1

— 1 HAQ) + Y (5. Q) = Fi(5,Q)

t

Lemma 6.3. Let Q be a special partition of G, g € I' and let P,
denote the partition of X obtained by pulling 5,(Q) back under the
cocycle a(g,-). Also, let P’ be an arbitrary measurable partition of X .
Then

(a Xq B)g((Py VP') x Q) = ay(Py VP') x 3(Q)

(up to sets of measure zero).

Proof. Let N be the finite-index clopen normal subgroup of G such
that Q = {¢N : ¢ € G}. Let P € P,, P’ € P’ and ¢N € Q. It suffices
to show that there exists some ¢” € G such that

(% B)g(PNP)xgN)=a,(PNP)xq"B,(N)

up to sets of measure zero. By definition of P, there exists a coset
¢ By(N) € G/B,(N) such that for every y € P, o(g,y) € ¢'B,(N).
Let z € PN P and n € N. Then there exists some m € N such that

(o xo B)g(x, qn) = (agz, By(qn)o(z, 9)) = (agz, By(qn)q' By(m)).
Because N is normal, f,(qn)q'B,(m) € By(q)¢'By(N). Thus (o x,
B)g(z,qn) € ayz(P N P') x B,(q)¢By(N). Since z,n are arbitrary,
this implies (a X, 8),((PNP") x gN) C ay(P N P') x ¢"5,(N) where
¢" = B,(q)q'. Because

yxu((PAP)xgN) = vxa((axq8),((PAP)xgN)) = vxpu(ay(PNP)xq"B,(N))
12



it follows that (a x, 3),((PNP’) x gN) = ag(PNP’") x ¢"B,(N) up to
sets of measure zero. Because P, P, ¢N are arbitrary, (a X, 3),((P, V

P') x Q) = (ay(Py VP')) x (5,Q) as claimed. ]

Lemma 6.4. Let P, Q be measurable partitions for o, 3 respectively.
Suppose Q is special and P is generating. Let X(P, Q) be the smallest
a X, B(I)-invariant sigma-algebra containing P x Q. Similarly, let
¥(Q) be the smallest B-invariant sigma-subalgebra of Bg which contains

Q.
Then %(P, Q) is the smallest sigma-algebra containing Bx x 3(Q)
(up to sets of measure zero).

Proof. Clearly, P x G is contained in (P, Q). Because
(X, B)y(PxG)=(yP) xG, VgeT,

it follows that (a,P) x G C X(P, Q) for every g € I'. Because P is
generating, this implies Bx x G C (P, Q) (up to sets of measure zero).
For each g € I', recall that P, is the partition of X obtained by
pulling 5,(Q) back under the cocycle o(g,-). Because o(g,-) is Bx-
measurable, P, x Q is contained in (P, Q). By Lemma 6.3,

(a0 X4 B8)g(Py x Q) = (ayPy) x (8,Q) C X(P, Q)

(up to sets of measure zero). Because X X 3,9 coarsens (o, P,) X (5,9),
it follows that X x 3,Q C X(P, Q) for every g € I'. By definition of
¥(Q), this implies X x X(Q) C X(P,Q). Because X x ¥(Q) and
Bx x G generate Bx x 3(Q) (up to sets of measure zero), this implies
X(P,Q) D Bx x X(Q).

To show the opposite inclusion, it suffices to show that (a x, 3,)(P x
Q) € Bx x X(Q) for any g € I'. By the previous lemma,

(X0 y)(PxQ) < (ax)g((PyVP)x Q) = (ag(PyVP)) X (5, Q) € Bxx¥(Q).

This shows the opposite inclusion.
[Proof of Theorem 3.3] By Theorem 4.3

fuxu<04 Xo ﬁ) = fu(a)+fuxu(a Xo ﬂ|BX)

Let P be a finite-entropy generating partition for o and Q be a special
generating partition for 5. By the previous lemma, P x Q is generating
for a X, 3. So Theorem 4.2 implies

fuxu(a Xo ﬁ‘BX) = Fu*xu(a Xo ﬁv (P X Q)W’BX)

where

inf
Wcr

(Px Q" =\ (ax,8)uPxQ

weW
13



and we take the infimum over all finite sets W C I'. More generally, if
L is any partition of X x G, we let LY =\ (a x5 B) L. If L is
a partition of X, we let £ = Vwew @l and if £ is a partition of G
then we let LY =\/, .y BuL.

For each g € I, let P, be the partition of X obtained by pulling
(8,9Q) back under o(g, ). By Lemma 6.3, for any partition P’ of X,

(a Xy B)g((Py VP') x Q) = (ag(Py VP)) x (8,Q)-

Let Ry = \/gew P, and R}}; = Vwew @wRw. By Lemma 6.3,

(PVRw)x Q" = \/(ax,B)u((PVRw)x Q)

weWw

=V aw(PVRw) x 5,(Q)

weW
= (P \/Rw)w X QW
Because we are conditioning on Bx and (R x G)V = (R{}; x G),
Fr o (ax, B, (PxQY|Bx) = F' (ax,8 (PxQWVRE x G|Bx)

vXp UX [
Fr(o %o B, (P V Rw) x Q) |By)
= F:xu(a Xo ﬁ) ((7) \ RW)W X QW|B)()
By Lemma 6.2,

Ey(ax, B,((PV Rw)" x QV|Bx) = (B, o).

So we now have

fuxu(a Xo ﬁ) = fu(a) + fuxu(a X ﬁ|BX)
= fila)+ mf Fyxu(a Xq B, (P x Q)Y |Bx)
=LM+MWMW>
= fula) + fu(B).
The last equality holds by Theorem 2.2. O

7. EXAMPLES

It is convenient to introduce the following notation. Let I' = (sq,..., ;)
be the rank r free group. If K is a set then K is the set of all func-
tions x : I' — K. The shift-action of I' on K" is defined as follows. For
g,f €T and z € K", g € KT is the map (gz)(f) = z(g71f).

If " acts on a compact group G and the action is understood, we write
f(I' ~ G) to mean the f-invariant of the action of G with respect to

Haar measure.
14



7.1. The Ornstein-Weiss Example. This example comes from the
appendix to [OWS8T7]. To explain its relevance, let us recall some basic
facts from classical entropy theory. Let A be an amenable group, K a
finite set and u the uniform probability measure on K. It is straight-
forward to compute the entropy of the shift action of A on (K2, u®):
it is log |K|. Because entropy never increases under a factor map, it
follows that if |K| > 1 then the action A ~ (K? u®) cannot factor
onto the action A ~ ((K x K)2, (u x u)?).

By contrast, Ornstein and Weiss showed that if I" is the rank 2 free
group then I' ~ (Z/2Z)" factors onto I' ~ (Z/27Z x Z/27Z)". This
convinced many researchers that there could not be an entropy theory
for free groups.

The factor map is defined by

¢ (Z)22)" — (Z)27 x 7.)27)",

¢(x)(9) = (2(g) +a(gs1), 2(g) + x(gs2)), Vo € (Z/2Z)",g € T

We consider (Z/27)" and (Z/27 x 7./27)" as compact groups under
pointwise addition. It is a straightforward exercise to show that ¢ is
a surjective homomorphism which is equivariant with respect to the
shift-actions of I' and therefore, defines a factor map. Moreover, the
kernel of ¢ consists of two elements, xg,z1, where z; : I' — Z/27 is
defined by z;(g) = i. Let N = {xg,z1}. Because N is finite, it clearly
satisfies the conditions of Theorem 2.3. So that result implies

fO~(Z)22)") = f(T ~ N)+ f(T ~ (Z/2Z x Z)27)").

In [Bol0al, it is shown that f(I' ~ (Z/2Z)") = log(2) and f(I' ~
(Z)27 x 7.)27)") = log(4) as expected. Therefore, f(I' ~ N) =
—log(2). This is easy to verify by direct computation.

7.2. A generalization. The example above can be generalized with
the help of [MRV11, proof of Theorem B| which states the following:
if ' = (s1,...,s,) is any finite rank free group, K is any compact
second countable group, KT is the group of all functions z : I' — K
under pointwise multiplication and K is identified with the constant
functions in K' then the action I' ~ K'/K is measurably conjugate
to ' ~ (K™)' (where the measures involved are the Haar measures and
the actions are the shift actions).
When K is finite, we can apply Theorem 2.3 to obtain

(T~ K" = (0~ K) + [T~ (K)).

This is easy to check: f(I' ~ KT) = log(|K|) and f(I' ~ (K")")
rlog(|K|) by [Bol0a|. By a straightforward computation, f(I' ~ K) =
—(r—1)log |K].

15



7.3. An algebraic example. Asabove, let I' = (sq,...,s,) be a finite
rank free group. Let p > 1 be a prime number and h € (Z/pZ)['. We
consider h as a function from I" to Z such that h(s) = 0 for all but
finitely many s € I'. Define the convolution operator ¢y, : (Z/pZ)" —
(Z/pZ)" by
on(z)(g) = x(gs)h(s™"), VgeT.
sel’

This is a I'-equivariant homomorphism. Let X}, denote the kernel
of ¢p. Let X < Xj, be the subgroup consisting of all elements
x € Xpp with z(e) = 0. This is a finite-index normal clopen subgroup
and {gXj; ,: g € Xp,} is a generating partition for the shift-action of
I'. Therefore, we can apply Theorem 2.3 to obtain

f(C~(Z/pZ)") = F(T ~ Xnp) + F(C ~ ¢u((Z/pZ)")).
Theorem 7.1. ¢, is onto if h is nonzero.

Therefore,

f(C ~&n((Z/pZ)")) = f(T ~ (Z/pL)").
Thus f(I' ~ X},) = 0.
To prove Theorem 7.1, we need a little preparation.

Definition 7.2. Let C, be the Cayley graph of I'. It has vertex set I'
and edges {g,¢9s;} for all g € ' and 1 <1 < r. Given a set F C I, the
induced subgraph of F' is the subgraph C,(F) C C, which has vertex
set F' and contains every edge of C,. which has both endpoints in F. A
subset F' C I' is said to be connected if its induced subgraph in C, is
connected. The convex hull of a set F' C I is the smallest connected
set F/ C I' with F' C F’. An extreme point of F' is an element f € F
that has degree 1 in C,.(F). We let Ex(F") denote the set of extreme
points of F'. Note that if F’ is the convex hull of F' then Ex(F") C F.

Lemma 7.3. Let F = {g € T': h(g™') # pZ}. Let F be the convex
hull of F'. Suppose there exists an ordering Yo, V1, V2, - .- of I' such that
for everyn > 1 {yo,...,7m} is connected and

f}/nf SZ U?;017if~
Then ¢, 1s onto.

Proof. By compactness of (Z/pZ)" and continuity of ¢y, it suffices to
show that for every y € (Z/pZ)" and every n > 0, there exists an
x € (Z/pZ)" such that ¢p,(z)(v;) = y(v) for every 0 < i < n. We will
prove this statement by induction on n. It is clearly true for n = 0.

So suppose there is an n > 0 for which the statement is true. Fix
16



y € (Z/pZ)' and let x € (Z/pZ)" be such that ¢,(z)(v;) = y(;) for
every 0 <1 < n.

By hypothesis, 7,1 F ¢ U™ o7 F. Because UM o, F and 7,1 F are
connected and the convex hull of the exreme points set of a connected
set is the connected set itself , there must be an extremal point f €
Ex(F) such that v, 1 f ¢ U gy, F. However, Ex(F) C F. So f € F.
By definition, this means that h(f~') # pZ. Because p is prime, we
may therefore define an element m € Z/pZ by

m=h(f"")" [ y(ys1) — Z (Yns19)h(g™)
geM\{f}

Define 2’ € (Z/pZ)" by 2'(g) = x(g) if g # Yu+1f and 2’ (Y1 f) = m.
Because 7,11 f ¢ Ul gy F, it follows that ¢p,(z')(7i) = ¢n(z)(v;) for all
0 <i < n. Also a straightforward computation shows ¢p(z)(Vn41) =
Y(Ynt1)- So op(2')(vi) = y(v) for all 0 < ¢ < n+ 1. This completes
the inductive step and the claim. U

Definition 7.4. Let S = {s1,...,s,}. For g € T, let |g| be the smallest
number n > 0 such that there exist elements ¢;,...,t, € SUS™! with
g =t --t,. We also let d(gi,92) = |g; *go| for any g1,¢9o € I'. For
g€ T andn >0, let B(g,n) ={k el : d(k,g) <n} be the ball of
radius n centered at g.

Let K C I' be a finite set. The radius of K is the smallest number
r > 0 such that there exists a v € I" such that B(v,r) D K. An element
v € I'is called a center of K if B(v,r) D K where r is the radius of K.
For any v, w € T, we let [v,w] C T be the set of all g € T" such that the
shortest path from v to w in the Cayley graph C, contains g.

Lemma 7.5. Let K be a connected finite set with radiusr > 1. Suppose
the identity element e is a center of K. Then there exist elements
v,w € K such that [e,v] N [e,w] = {e}, |v| =7 and |w| € {r — 1,7}

Proof. Because K has radius r and center ¢, there is an element v with
|v| = r. To obtain a contradiction, suppose that there is no w € K with
lw| € {r—1,r} and [e,v]N[e,w] = {e}. Let v; € SUS™! be the unique
element with |v;'v| = r — 1. We claim that B(v;,r — 1) D K. To see
this, let w € K. If jw| <r — 2 then w € B(e,r —2) C B(vy,r —1). If
|w| > r— 2 then, because K has center e and radius r, |w| € {r—1,r}.
By assumption, this implies [e, v] N [e, w] # {e}. So let y € [e,v]N]e, w]
with y # e. Then [e,y] C [e,v]. This implies that v; € [e,y]. In
particular, vy € [e,v] N [e,w], so v1 € [e,w]. Because |w| < r, this
implies d(v,w) < r—1 as claimed. So we have shown that in all cases,
17



if w € K then w € B(vy,r — 1). This shows that the radius of K is at
most  — 1, a contradiction. This contradiction proves the lemma. [J

Lemma 7.6. Let K be a connected finite set with radiusr > 1. Suppose
the identity element e is a center of K. Suppose g1,...,g, € T'\ {e}
are elements with

K cU g,K.
Then e is contained in the convex hull of {g1,...,gn}-

Proof. Let v,w € K be elements such that [e,v] N [e,w] = {e}, [v] =7
and |w| € {r—1,r}. Let g;,9; € {g1,...,9n} be such that v € ¢;K and
w € g; K. Let x,y € K be such that v = g;z and w = g;y.

Let vy, v9, 71,9 € I be such that v = vyv, [v] = |v1| + |va|, 22 = vg,
T = X1y, |x| = |x1| + |22| and |ve| = |z2] is as large as possible. Thus
gi = vzt = vir;t and |var~!| = |vi| + |21|. Because r is the radius
of K, e is a center and x € K we have |z| < r. Also, we cannot have
v = x (since this would imply g; = vz~ = e, a contradiction). So we
must have |v;| > 1. Thus [e,v] N e, g;] # {e}.

Let wy,wa,y1,y2 € T be such that w = wyws, |w| = |wi| + |wsl,
y2 = wo, ¥y = vz, |yl = [l + |yo| and |wa| = [ys] is as large as
possible. Thus g; = wy™ = wyy; ' and |wy ™| = |wi| + |y1]. Because
r is the radius of K, e is a center and y € K we have |y| < r.

Case 1. If |w| = r, then, as in the previous paragraph, we must
have [e,w] N [e,g;] # {e}. Because [e,v] N [e,w] = {e}, this implies
e € [g;, g;] which implies the lemma.

Case 2. Suppose |w| =r—1and |w;| > 1. Thus [e,w]N]e, g;] # {e}.
Because [e,v] N [e,w] = {e}, this implies e € [g;, g;] which implies the
lemma.

Case 3. Suppose |w| = r — 1 and |w;| = 0. Then w = ws, so
lwy| =7 — 1. Because g; = wy™' = wyy; ' =y, ' # e, we must y; # e.
Thus [y| = [y1] + |y2| = || + [we] = [y1] +r — 1. Because y € K and
K has radius 7 and center e, we must have |y;| = 1 and |y| = r. If
le,y]N[e,v] = {e} then, after replacing w with y we are in the situation
of Case 1 (note y = gxy’ for some 1 <k <n and ¢y € K). So we may
assume [e,y] N [e,v] # {e} which implies y; € [e,v]. Because g; = y; ',
and [e,v] N [e,g;] # {e}, we have [e, ¢;] N [e, g;] = {e} which implies
e € [gi, gj] which implies the lemma.

[Proof of Theorem 7.1] Let F' = {g € T : h(g™!) # pZ}. Let F be
the convex hull of F'. For any g € I', ¢, is onto if and only if ¢, is
onto. So after replacing h with gh for some g € I', we may assume that

¢ is a center of F.
18



Let go, g1, - . . be an ordering of I" such that for every n > 0, {go, ..., gn}
is connected. We claim that for every n > 1,

771? Q U?Z_OLYiF'
To obtain a contradiction, suppose that the claim is false for some
n > 1. Then F C Uy, ' F, vty # e for any 0 < i <n — 1 and
because {7y, - - -, Yn_1} is connected, {7, Yo, ...,V "Ym_1} is connected
which implies that e is not in the convex hull of {7, o, ..., 7, "Yn_1}-

This contradicts the previous lemma. So we must have that for every
n>1,

The theorem now follows from Lemma 7.3. O

APPENDIX A. ERRATUM TO [Bol0c|

[Bol0c, Lemma 9.3] is incorrect because the support of v is not
contained in the image of ¢ in general. However, the proof of [BolOc,
Lemma 9.3] remains correct when = o™ (see justification below).
This special case is the only case used to prove [BolOc, Theorem 9.1]
and the Abramov-Rokhlin Addition Formula [Bol0c, Theorem 1.3]. So
those theorems hold as stated.

Proof. |Justification of a key step in the proof of Lemma 9.3] We now
justify the claim that the proof of [Bol0c, Lemma 9.3| remains correct
when 5 = o”. Recall that K is a finite set, G = (s, ..., s,) is a finitely
generated free group and n > 0. Let B(e,n) C G denote the ball of
radius n centered at the identity element (with respect to the word
metric). Let L = KB, Let ¢ : K¢ — L% be the map

o(2)(9)(f) = (g9f), =€ K® geG, feBlen)

Let 1 be a shift-invariant probability measure on K¢ and let v be the
Markov measure on L% induced from ¢, . Then v is supported on the
set Z C LY of all z : G — L with the property that, for any ¢ € G
and s € SUS™! (where S = {sy,...,5,}), there exists a y € K¢
with ¢(y)(g) = 2z(g) and ¢(y)(gs) = z(gs). We claim that Z C ¢(K%)
(which implies that the proof of [BolOc, Lemma 9.3| remains correct
when (= ™).

To prove the claim, define v : Z — K% by %(2)(g) = z(g)(e). It
suffices to show that ¢ is the identity map on Z. Because ¢ and 9
are G-equivariant, it suffices to prove that ¢(¢(2))(e) = z(e) for any
z € Z. Equivalently, it suffices to show that for every f € B(e,n),

o(¥(2))(e)(f) = z(e)(f) which, by definition of ¢, is equivalent to
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W(2)(f) = z(e)(f). By definition of 1, this is equivalent to z(f)(e) =
z(e)(f)-

So let f € B(e,n). Let us write f = t;---t,, where t; € SUS™!
and m is the word length of f. Let f; =t;---t; for 1 <i < m. Also
let fo = e the identity element. Let z; be the map from B(f;,n) (the
ball of radius n centered at f;) to K defined by z;(fig) = z(fi)(g) for
g € B(e,n). By the definition of Z, we must have that z; and z;44
agree on B(f;,n) N B(fit1,n) for 0 <i < m — 1. Therefore, 2y and z,,
agree on the set (-, B(f;,n). It is easy to see that f € (-, B(fi,n).
Therefore, zo(f) = zm(f) which implies z(e)(f) = z(f)(e) as claimed.

U

The proof of [Bol0c, Proposition 12.1] relies on the incorrect [Bol0c,
Lemma 9.3]. Moreover, the statement is incorrect even when G = Z
because of the next result.

Theorem A.1. There exists an ergodic automorphism T € Aut(X, )
(where (X, ) is a standard probability space), a finite generating par-
tition o of X and an increasing sequence {P,}°2, of finite partitions
such that \/.~_, P, is the partition into points and f,(a) = h,(T) #
liminf, .o H,(P,|T'P,) = liminf, . F,(P,).

To prove this, we need the next few lemmas.

Lemma A.2. Let x > 0. Then for every ¢ > 0 there exists a 6 > 0
such that if xq,...,z, > 0 are such that )", x; = x and x; < ¢ Vi

then
n n
fo <€ and inxi,l <.
i=1 =2

Proof. Let 6 < £. Notice " ;o7 < max;x; y . 2 < 0z < £z =€

Similarly Y7,z < max; z; Y ., x; < €. O
Let [n] ={1,...,n}.

Lemma A.3. Let (X, u) be a standard probability space and B C X
a set of positive measure. Let € > 0. For any measurable partition

{Bi,...,B,} of B and function ¢ : [n] — [2], fori,j € [2], let
Then there exists a § > 0 such that if {By,..., B,} is any measurable
partition of B with u(B;) < 0 for every i and
Yiji={¢:[n] = [2] - [Cii(0) — (1/4)u(B)| < €}
then 27"|Y;;| > 1 — € (for every i,j € [2]).
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Proof. Fix i,j € [2]. Let ¢ : [n] — [2] be chosen uniformly at random.

To prove the lemma, by Chebyshev’s inequality, it suffices to show that,

as 0 \, 0, the expected value of Cj;(¢) tends to 1/4 and the variance

of Cj;(¢) tends to 0. Let Z, =1 if ¢(k) = ¢ and Z;, = 0 otherwise.
Case 1. Let us assume ¢ = j. Then

Cij(¢) =Y Zn-1Zipu(By).

k=2
The expected value of Z;,_1Zj is 1/4. So, the expected value of C;;(¢)
is (1/4)(u(B)—u(By)). This implies that, as 6 N\ 0, the expected value
of C;;(¢) tends to 1/4.
The variance of C;;(¢) is

Var(Cy(¢)) = > u(Bi)*Var(Zi_1Zu)+2 > _ u(By)u(Bi)Cov(Zi_1Z;, Zur Z,).-
k=2 j<k

Note that

Var(Zy_1Zy) = E[Zi 78] — [EZx_1Z)* = (1/4) — (1/16) = (3/16).

If j < k—1then Z;_1Z; and Zj_,Z; are indepedent which implies

Cov(Zi—1Z;, Zx—1Zy) = 0. On the other hand, if j = k — 1 then

COV(Zj_1Zj, Zk_le) == E[Zk_QZi_IZk]—E[Zk_gzk_l]E[Zk_lzk] = (1/8)—(1/16) = (1/16)

Therefore,

Var(Cyj(9)) < (3/16) ) u(Bi)* + (2/16) Y _ pu(Bi1)p(By)-

By the previous lemma, Var(Cj(¢)) tends to zero as § ~\, 0. This
finishes Case 1.
Case 2. Let us assume ¢ # j. Then

Cij(0) =Y (1 = Zi1) Zipu( By).-
k=2
The expected value of (1 — Zy_1)Z is 1/4. So, the expected value
of Ci;(¢) is (1/4)(u(B) — p(B1)). This implies that, as § N\, 0, the
expected value of C;;(¢) tends to 1/4.
The variance of C;;(¢) is

Var(Cy(¢)) = Y u(Bi)*Var((1=Zi-1)Zi)+2 Y u(By)(Bi) Cov((1-Z-1)Zy, (1—Za1) Z)-

k=2 j<k
Note that

Var((1—Zy_1)Zy) = E[(l—Zk_l)QZ%]I—[E(l—Zk_l)Zk]Q = (1/4)—(1/16) = (3/16).



If j <k—1then (1—-2;_1)Z; and (1 — Zj_;)Z}, are independent which
implies Cov((1 — Zj—1)Z;, (1 — Zx_1)Zx) = 0. On the other hand, if
J =k —1 then
Cov((1 = Zj—1)Z;, (1 — Zu—1)Zy)
= E[(1—Zk2)Zk1(1 — Zy_1)Zk] — E[(1 — Z—2) Zr1)E[(1 — Zx_1) Z]

— 0—(1/16).
Therefore,
Var(Cij(¢)) < (3/16) p_ u(By)*.
k=1
By the previous lemma, Var(Ci;(¢)) tends to zero as § N\, 0. This
finishes Case 2. O

Lemma A.4. Let T € Aut(X, ) be a free ergodic automorphism of a
standard probability space. Let P be a finite measurable partition of X .
Let € > 0. Then there exists a finite measurable partition Q > P such
that H,(Q|T1Q) > H,(P|T~'P) + log(2) —

Proof. Let 6 > 0 and N > 0 be an integer. By the Rokhlin Lemma,
there exists a measurable set B C X and ann > N such that B,TB,...,T" 'B

are pairwise disjoint and
<U T°B ) >1—

Let ¢ : [n] — [2] be chosen at random and for i € [2], let C;

UjEd)_l(Z B and @ = PV {Cl,CQ,X \ (Cl U 02)} Let ¢ > 0. By
the prev1ous lemma, it follows that, by choosing § small enough and N
large enough, with high probability, for every P, P’ € P and i,j € [2],

WPNT P OCNTTICh) = (1/4)u(PNT P < €

By choosing €' to be sufficiently small, we see that there exists such a
¢ so that H,(QIT1Q) > H,(P|T'P) + log(2) — € as required. [

Proof of Theorem A.1. Let (X, u) be a standard probability space, T' €
Aut(X, p1) a free and ergodic automorphism such that there exists a fi-
nite generating partition for 7. Let {P, }°°,; be a sequence of increasing
finite partitions such that \/ -, P, is the partition into points. Using
the previous lemma and an inductive argument, we see that there exists

a sequence {Q,}°°, of increasing finite partitions such that P, < Q,
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and H,(Q,|T1Q,) > HN(Pn|T’1Pn)+log(2)—%. Therefore, \/7”, O,
is the partition into points and

liminf H,(Q,|T™'Q,) > log(2) + liminf H,(P,|T~'P,).

So either {P,}>2, or {Q,,}°, satisfies the theorem.
4

The proof of the addition theorem, |[BolOc, Theorem 13.1], relies
on the incorrect [BolOc, Proposition 12.1] (however, nothing else in
[Bol0c| relies on this proposition). We conjecture that the statement
of [Bol0Oc, Theorem 13.1] is correct. The proof also relies on [Bol0c,
Theorem 13.2], a result which is assumed to follow from minor modifi-
cations of |[Th71, Theorem 2.3]. It now appears that [Bol0Oc, Theorem
13.2| does not so follow and we do not know whether it remains true.
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