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Identities based on monodromy for integrations in strireptly are used to derive relations between different
color ordered tree-level amplitudes in both bosonic aneggymnmetric string theory. These relations imply
that the color ordered tree-levetpoint gauge theory amplitudes can be expanded in a miniasof(n —

3)! amplitudes. This result holds for any choice of polarizagi@f the external states and in any number of
dimensions.
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INTRODUCTION amplitudes in gauge theory, and an associated set of isntit
has been conjectured by Bern et al. [4] (see also ref. [Shier t
The search for a consistent theoretical framework of partic €Xtension to gauge theory with matter) and already checked

physics has led to remarkable progress in the understantling €xPlicitly to & high number of external legs with differeio-
fundamental interactions in Nature. String theory progide Pinations of external states and helicities. The originfus t
very general unified language that naturally incorporatgd fi réduction in basis amplitudes appears in a particulariystra
theories of phenomenological interest and gravity in the-lo Parentmanner from string theory.
energy limit. Much can be learned from studying the organiza Ve will here briefly recall how to derive these monodromy:-
tional and computational inspiration it poses [1]. Onekgtg ~ Induced relations for string theory amplitudes. Tixpoint
aspect is the link string theory can provide between gravity@MPplitude in open string theory withi( V') gauge group reads

_and gauge theorigs. Concrete examples_ of such relatianship A, = il (2m)P 6P (ky + - + k) )
include the Kawai-Lewellen-Tye [2] relations which conhec Y .

amplitudes in closed and open string theories. In the low- D ot T) Aas, - an)

energy limit this gives a very puzzling and non-trivial mag b (a1,..,an)€5n /Ln

tween perturbative amplitudes in gravity and Yang-Milleth Where D is any number of dimensions obtained by dimen-
ory that is far from obvious when viewed at the field theorySional reduction from26 dimensions if we consider the
perspective [3]. bosonic string, oil0 dimensions in the supersymmetric case.
In this Letter, we will consider a set of relations among tree !N fact our considerations are completely general and witho
level string theory amplitudes that are implied by their aiefi re_ference to any_specmc string theory. The color-ordered a
ing integrals. Different color orderings of external lege a Plitudes on the disc are given by [1]
connected to specific integration regimes on the stringavorl n \2ab Zae Zbe] n—1
sheet, but they can be related to each other through mond(ay,--- ,a,) = /H dz; =22 | ] H(xa, ., —2a,)
odromy relations. In the field theory limit the phase relasio i1 GZadapdze o
between different integrals induced by these monodromy con X H |z — a:j|2"“/k’i'k’-f F,, (2)
siderations reduce to a set of equations linking gauge yheor 1<i<j<n
amplitudes with different color traces. We first remark thyat ~ with dz; = dx; andz;; = x; — x; for the bosonic case and
cyclicity of the trace the number of color ordered amplitside dz; = dx;df; andz;; = x; — z; + 6;0; for the supersymmet-
is reduced fromn! to (n — 1)! The full set of monodromy re- ric case. The ordering of the external legs is enforced by the
lations for the color-ordered amplitudes imply a drastdue  product of Heaviside functions such thd{z) = 0 for z < 0
tion of the number of independent amplitudes in thpoint  andH(z) = 1 for z > 0. The M8biusSL(2,R) invariance
case. The number of basis amplitudes is in this way reducekquires one to fix the position of three points. A traditiona
from (n—1)!to (n — 3)! Analogously to the Kawai-Lewellen- choice isz; =0, z,,—1 = 1 andx,, = 400, supplemented by
Tye relations, the detailed understanding of the undeglyin the conditiord,,_; = 6,, = 0 in the superstring case.
identities at the gauge theory level poses an interestiaty ch  All helicity dependence of the external states is con-
lenge. The existence of a minimal number(af— 3)! basis tained in the F,, factor. For tachyons, one has



F, = 1 while for n gauge bosons of helicities contour integral expresses the original amplitude
; Vol (hi-kj)
h; one arrives atl, = exp—>) ., (T — o,
(o) i1 UG A(L,3,2,4) = —Re (72975 A(1,2,3,4)
Q(m»lﬁ)z ) |multilinear in h; fOr the bosonic string and &, = (6)
o T (00— 0V B kos ) —mrmrs (s oFos —2ia’ ko-(ky+k:
TIL, i exp— 3, (R0 gl o FeTmT ) AR 18, 0)

the superstring case wheggare anticommuting variables. . . . . .
P g ore 9 where the minus sign arises from the reversed orientation of

the contour. The imaginary part vanishes:
THE FOUR-POINT AMPLITUDE ‘

0 — Sm (672“1 7rk2~k3 A(]., 27 3’ 4)
In order to understand the relations that monodromy im- @)
poses we will begin with a discussion of the relations thigear

at four points [6, 7]. In that case, we can expand the ammditud__, . : L .
Ay ~ g2, (TYT2T3T4) A(1, 2,3, 4) plus permutations. ;rer:;esdy?ctlirpl o2f zqz)a.ltlons implies that all amplitudes can be
For simplicity, we phrase the discussion in terms of tachyon e

+ 6_27:0‘/77 k2'(k1+k3) A(za 17 3) 4)) ’

amplitudes. With the choice; = 0, 3 = 1 andzy = +oo, sin(2a/m ky - k2)

all three different color-ordered amplitude¥(i, j, k,[) are A(1,3,2,4) = sin(20/7 kg - k) A(1,2,3,4),

given by the same integrangs, |2 ¥1'52|1 — gz, |22 k2'ks put sin(20/7 ks - k) (8)

with z, integrated over different domains: A(2,1,3,4) = —————= A(1,2,3,4),
sin(2a/m kg - kq)

where we have used momentum conservation and the on-shell
condition, here, for a tachyor/k? = —1. For other external
00 , , states of higher spin with the inclusion of the approprigte
A(1,3,2,4) = / de 2 MR (p 1) ks (4)  factor, the integrals change in order to restore the idestfin-
10 cluding sign factors for the fermionic statistics of haitéger
A2,1,3,4) = [ da (_x)m/ Faka (] x)Q(" k2'ks —(5)  spins). These relations are valid for all four-point amyults
—c0 in bosonic and supersymmetric string theory, as can immedi-

. o . . ately be checked using the explicit expressions for suamgstr
By a relabeling of indices, we can derive all the four-pogtr  gmpjitudes.

lations shown below from just the first of these integralswHo  Taking the limita’ — 0, we get the following relations
ever, the present form is more useful for exploiting the monyetween field theory amplitudes:
odromy relations [6, 7] satisfied by thepoint amplitudes.

1
A(1,2,3,4) :/dx 2ol krka (1 g)2eihaks o (3)
0

We first considetA(1, 3,2, 4), where we can indicate the A(1,3,2,4) = ki - ke A(1,2,3,4),
contour integration from 1 tg-co by 2 " Kq 9)
ko - ks
0 . A(2,1,3,4) = T b A(1,2,3,4).
@ >

These identities agree with those of ref. [4].

Assuming that they' k; - k; are complex with negative real
parts, we can deform the integration region so that instead
of integrating between from 1 ta-co on the real line we
integrate either on a contour slightly above or below thé rea We now turn to the general-point case. By generalizing
axis. By deforming each of the contours, one can convert théhe four-point case we will prove that any color-ordered
expression into an integration fromoo to 1. When rotating  Point amplitude can be expressed in terms of a minimal basis
the contours one needs to include the appropriate phases ea®f (7 — 3)! amplitudesB. In the field theory limit these re-
time x passes through=0ory =1, lations reduce to the new amplitude relations conjectuned i
ref. [4].
o o Jeti™e  for clockwise rotation First, we show to how to reduce the number of independent
(2=y)% = (y—2)"x {e—z‘m for counterclockwise rotation amplitudes from(n — 1)! to (n — 2)! In this way we derive a
string theory generalization of the so-called Kleiss-Krgja-
The deformation of the integration region can thus be done btions in field theory [8, 9]. Indeed, in the limit' — 0, our
rotating in the upper half plane relations reduce to those, providing an immediate andredter
tive proof of them.
Our starting point will be the most general amplitude,
o-2idln(kyky) ® given in term of an integral with three fixed points, onéat
x1 = 0,oneatl: z,, = 1,and one atoo: z,, = +o0. There
Because the original amplitude is real, the real part of thican then be- points{ji,..., 5.} in the interval] — oo, 0],

THE N-POINT AMPLITUDE

e—?m'ﬁ/czt(/q +h3)



k — 1 points{as,...,ai_1} in the interval]0,1[ ands — k
points {ayy1,-..,as} in the interval]l, +o0o[. Both r and
k are arbitrary, and of course= n — r — 2. (We use the
notationja,b] = {zla < x < b}.) We first focus on the
integrations of the{3, ..., 3.} variables in the amplitude
AB1,...,Br1,01,...,asn), ilustrated in the figure
below:

0 1
4«-w—+—w¢—~o—o—+—w—4—k
| = 00; 0] J0: 1] 1; 00]

{Br,..., 6.} {1} {ay, ... ;apa} {arH {arir, .. ast {n}

By analytic continuation of the integration regidn- oo, 0]
we now flip thes;-integrations into the regioj), +oo[ in one

go:

| — o0 0] Jo; 1] ,
{B,...,5} {1} {on,...;01} {ar}{ags1, .. a5t {n}
We thus have an identity that relates the original integiiti w

integrations in the domain- oo, 0] with @ sum of integrations
in the complementary regidf, +oo|.

0 1
My_—>— 7
] — 00 0f 0; 1] J1; 00]
{WMag, ... ap, .., ay U{B, ..., 3T {n}

orP

Taking the real parts of thig-point equation we arrive at the
following amplitude relation:

An(B1y. ., B Lag, ..., as,n) = (=1)" x

e[ [ S [ At

1<i<j<r ocCOP{a}u{pT}i=1j=1

(10)

with e(@f) = e2ima’(kako) if 15 > 2, and 1 otherwise.
The (—1)" arises because the flip is reversing thimtegra-
tions over thes;-variables. In (10) the sum runs over the or-

Sk2;k5 A(Qa 173a475) = Skg,k3+k4 A(].,

8k37k5 A(152745375) = Sk3,k1+kg A(1;
Skg,k58k1,k4 A(2,3,1,475) =
Sk3,k58k1,k4 A(1,4,2,3,5) =
Sk17k48k2,k58k3,k5 A(Qa 174a375) =

where we have introduced the notatisy), = sin(2¢/7p-q).

—Sk1 ko Sk ks A(1,2,3,4,5) — Sky ks Sk ks ks A(1,3,2,4,5),
—Sk1 by Sk ks A1,2,3,4,5) — Sky ks Sky ey 452 A(1,3,2,4,5)
(Skz,k3+k48k3,k1+k28k1,k4 - Skz,hSkl,szkg,M) A(1,2,3,4,5)
Sk ks Sk kg Sk ko +ks A(1,3,2,4,5)

dered set of permutations that preserves the order witluin ea
set. These new relations between string theory amplitudes a
generalizations of the field theory Kleiss-Kuijf relations

An(B, .. (—1)TZ An(l,0,n),

cCOP{a}u{pT}

'7ﬂra17a1a"'7a57n)

(11)

to which they reduce when’ — 0 since all phases become
unity in that limit. The string theory relations (10) redube
set of independent amplitudes from — 1)! to (n — 2)! in
detail by eliminating all amplitudes with legs in the intagr
tion interval] — oo, 0 in favor of those with legs in the in-
terval ]0, +oo[, with the two extreme ends fixed. However,
we have not yet used all the information contained in these
n-point monodromy relations.

Because the amplituded,,(51,...,06: 1, a1,...,as,n)
are real, the imaginary parts of thepoint relations give

(\}m|:H€2i7ra’(kﬁi-kﬁj) Z ﬁ ﬁe(a“ﬁj)An(L o,n)|.

1<i<j<r s COP{a}U{BT}i=1j=1

0

(12)

By systematically using these relations, we can connect all
amplitudes which have points in the regidn+oo[ with am-
plitudes which have points only in the regid 1] (and one
leg fixed at infinity).

Our proof will be by explicit construction. A generic am-
plitude (withz,, = 1) A, (1, @1,y Qs Y1, - - oy Yn—2—ky 1)
can be uniquely eliminated by considering the
string theory relations (10) for the amplitude
An(Yn—2-k,---»71, 1, a1,...,ag,n). This way we have an
explicit expression ford,, (1, a1, ..., kY1, - - - Yn—2—k, 1)
in terms of amplitudes with at least ong among the set
{a1,...,ax} and now with at most. — 3 — k elements
between]1, +o0[. Proceeding iteratively on the number of
elements in{v} starting withn — 2 — k& elements, we can
apply (12) to express all amplitudes having points in the
interval]1, +oo[ in terms of(n — 3)! amplitudes restricted to
the intervall0, 1].

Explicitly, the five-point case gives

2,3,4, 5) + Skz,k4 A(l, 3,2,4, 5) ,
2,3,4,5) + Sky ks A(1,3,2,4,5)
(13)

plicit form of tree amplitudes in string theory amplitudes i

Analogous equations are obtained by the exchange of labetdring theory given in [10-12]. In the field theory limit they

2 « 3. Itis immediate to verify these relations from the ex-

reduce to the relations discussed in ref. [4].



4

GRAVITY AMPLITUDES sin(2wa’ p - ¢). Since the matrix is symmetric this provides a
] o left/right symmetric expression for the the gravity amydiés
We finally turn towards implications of these results for i, terms of the color ordered gauge theory amplitudes.

gravity amplitudes. ~The:-point closed string amplitudes  xq 4 girect application of our procedure, we can rewrite the
can be represented as a left/right product of COIOr'OrdereQawai-LewelIen-Tye relations at four-point level as
open string amplitudes through the Kawai-Lewellen-Tye re-

lations [2]. Using the result of the previous section, we can My = 5 Sty ko Sk ks As(1,2,3,4)2. (15)
expand each open string amplitude of this sum in the basis of o« Sky ks T
open string amplitudeB’, B”): Similarly, the five point closed string amplitude takes thes
K\ n—2 N metric form
My =o' () S Gu(k)) BB, (14) 3
1<1,J<(n—3)! M = e {gn |A5(1,2,3,4,5)]* + Ga2|A45(1, 3,2, 4,5)[?
The holomorphic factorization of the amplitude into leftan A (1.2.3.4.5)4-(1.3.2.4.5 16
right open string amplitudes introduces- 3 extra phase fac- +012(A5(1,2,3,4,5) ~5( 3,2,4,5) (16)
tors [2] of the type discussed above and the entries of the ma- +A5(1,3,2,4,5)A5(1,2, 3,4, 5))} ,
trix G are rational functions of degree— 3 in the quantities
where
|
Sk ks Sk ks Sk ks G111 = Sky ks Sk ks <3k2,k3+k43k3,k1+k23k1,k4 - Sk:g,k:gskl,kgskg,k4) , a7)
Sk ks Ska ks Ski ks G22 = Sk ks Ska ks (Skg,k2+k48k2,k1+k:38k1,k4 - Sk:g,k:gsktl,k:38k2,k4) , (18)
Sk ks Ska ks Ski ks 912 = Sk kaSki ks Sk ka Sk ka Sk ko+ks - (19)

Inthe limita’ — 0theS, , are replaced by the scalar productstiplet. This and other related issues will be discussed taide
2w a’ (p - q). They lead to an expression for the field theory elsewhere.
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