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1 Introduction

1.1 A,-algebras as spaces

The notion of A-algebra introduced by Stasheff (or the notion of A..-category
introduced by Fukaya) has two different interpretations. First one is operadic:
an A.-algebra is an algebra over the A.-operad (one of its versions is the
operad of singular chains of the operad of intervals in the real line). Second one



is geometric: an Ay,-algebra is the same as a non-commutative formal graded
manifold X over, say, field k, having a marked k-point pt, and equipped with
a vector field d of degree +1 such that d|,; = 0 and [d,d] = 0 (such vector
fields are called homological). By definition the algebra of functions on the non-
commutative formal pointed graded manifold is isomorphic to the algebra of
formal series }_, -, Zi17i27___7inel @iy i Tiy o Tiy 7= Y s ayz™ of free graded
variables z;,i € I (the set I can be infinite). Here M = (i, ...,i,),n > 0is a
non-commutative multi-index, i.e. an element of the free monoid generated by
I. Homological vector field makes the above graded algebra into a complex of
vector spaces. The triple (X, pt,d) is called a non-commutative formal pointed
differential-graded (or simply dg-) manifold.

It is an interesting problem to make a dictionary from the pure algebraic
language of A.-algebras and A, -categories to the language of non-commutative
geometry !. One purpose of these notes is to make few steps in this direction.

From the point of view of Grothendieck’s approach to the notion of “space”,
our formal pointed manifolds are given by functors on graded associative Artin
algebras commuting with finite projective limits. It is easy to see that such func-
tors are represented by graded coalgebras. These coalgebras can be thought of as
coalgebras of distributions on formal pointed manifolds. The above-mentioned
algebras of formal power series are dual to the coalgebras of distributions.

In the case of (small) A, -categories considered in the subsequent paper we
will slightly modify the above definitions. Instead of one marked point one will
have a closed subscheme of disjoint points (objects) in a formal graded manifold,
and the homological vector field d must be compatible with the embedding of
this subscheme as well as with the projection onto it.

1.2 Some applications of geometric language

Geometric approach to A..-algebras and A, -categories clarifies several long-
standing questions. In particular one can obtain an explicit description of the
Aso-structure on As.-functors. This will be explained in detail in the subse-
quent paper. Here we make few remarks. In geometric terms A, -functors
are interpreted as maps between non-commutative formal dg-manifolds com-
muting with homological vector fields. We will introduce a non-commutative
formal dg-manifold of maps between two such spaces. Functors are just “com-
mutative” points of the latter. The case of A..-categories with one object (i.e.
Ao-algebras) is considered in this paper. The general case reflects the difference
between quivers with one vertex and quivers with many vertices (vertices corre-
spond to objects). 2 As a result of the above considerations one can describe ex-
plicitly the A,,-structure on functors in terms of sums over sets of trees. Among
other applications of our geometric language we mention an interpretation of

1We use “formal” non-commutative geometry in tensor categories, which is different from
the non-commutative geometry in the sense of Alain Connes.
2 Another, purely algebraic approach to the Aso-structure on functors was suggested in

[Lyu].



the Hochschild chain complex of an A, -algebra in terms of cyclic differential
forms on the corresponding formal pointed dg-manifold (Section 7.2).

Geometric language simplifies some proofs as well. For example, Hochschild
cohomology of an A-category C is isomorphic to Ext®(Idc, Idc) taken in the
A-category of endofunctors C — C. This result admits an easy proof, if one
interprets Hochschild cochains as vector fields and functors as maps (the idea
to treat Ezt®(Idc,Idc) as the tangent space to deformations of the derived
category D?(C) goes back to A.Bondal).

1.3 Content of the paper

Present paper contains two parts out of three (the last one is devoted to Aso-
categories and will appear later). Here we discuss A..-algebras (=non-commutative
formal pointed dg-manifolds with fixed affine coordinates). We have tried to be
precise and provide details of most of the proofs.

Part I is devoted to the geometric description of A..-algebras. We start
with basics on formal graded affine schemes, then add a homological vector
field, thus arriving to the geometric definition of A -algebras as formal pointed
dg-manifolds. Most of the material is well-known in algebraic language. We
cannot completely avoid A, -categories (subject of the subsequent paper). They
appear in the form of categories of A,,-modules and A.,-bimodules, which can
be defined directly.

Since in the A,,-world many notions are defined “up to quasi-isomorphism”,
their geometric meaning is not obvious. As an example we mention the notion of
weak unit. Basically, this means that the unit exists at the level of cohomology
only. In Section 4 we discuss the relationship of weak units with the “differential-
graded” version of the affine line.

We start Part IT with the definition of the Hochschild complexes of A..-
algebras. As we already mentioned, Hochschild cochain complex is interpreted
in terms of graded vector fields on the non-commutative formal affine space.
Dualizing, Hochschild chain complex is interpreted in terms of degree one cyclic
differential forms. This interpretation is motivated by [Ko2]. It differs from
the traditional picture (see e.g. [Co], [CST]) where one assigns to a Hochschild
chain ag ® a1 ® ... ® a, the differential form agda;...da,. In our approach we
interepret a; as the dual to an affine coordinate z;, and the above expression
is dual to the cyclic differential 1-form z...x,dzo. We also discuss graphical
description of Hochschild chains, the differential, etc.

After that we discuss homologically smooth compact A.-algebras. Those
are analogs of smooth projective varieties in algebraic geometry. Indeed, the
derived category D?(X) of coherent sheaves on a smooth projective variety X is
Ao-equivalent to the category of perfect modules over a homologically smooth
compact Ay -algebra (this can be obtained using the results of [BvB]). The al-
gebra contains as much information about the geometry of X as the category
DP(X) does. A good illustration of this idea is given by the “abstract” ver-
sion of Hodge theory presented in Section 9. It is largely conjectural topic,
which eventually should be incorporated in the theory of “non-commutative



motives”. Encoding smooth proper varieties by homologically smooth compact
A.-algebras we can forget about the underlying commutative geometry, and
try to develop a theory of “non-commutative smooth projective varieties” in an
abstract form. Let us briefly explain what does it mean for the Hodge theory.
Let (Co(A, A),b) be the Hochschild chain complex of a (weakly unital) homo-
logically smooth compact As-algebra A. The corresponding negative cyclic
complex (Co(A, A)[[u]], b+ uB) gives rise to a family of complexes over the for-
mal affine line A} [42] (shift of the grading reflects the fact that the variable
u has degree 42, cf. [Co], [CST]). We conjecture that the corresponding family
of cohomology groups gives rise to a vector bundle over the formal line. The
generic fiber of this vector bundle is isomorphic to periodic cyclic homology,
while the fiber over © = 0 is isomorphic to the Hochschild homology. If com-
pact homologically smooth A -algebra A corresponds to a smooth projective
variety as explained above, then the generic fiber is just the algebraic de Rham
cohomology of the variety, while the fiber over u = 0 is the Hodge cohomology.
Then our conjecture becomes the classical theorem which claims degeneration
of the spectral sequence Hodge-to-de Rham.?.

Last section of Part II is devoted to the relationship between moduli spaces
of points on a cylinder and algebraic structures on the Hochschild complexes.
In Section 11.3 we formulate a generalization of Deligne’s conjecture. Recall
that Deligne’s conjecture says (see e.g. [KoSol], [McS], [T]) that the Hochschild
cochain complex of an A -algebra is an algebra over the operad of chains on
the topological operad of little discs. In the conventional approach to non-
commutative geometry Hochschild cochains correspond to polyvector fields,
while Hochschild chains correspond to de Rham differential forms. One can
contract a form with a polyvector field or take a Lie derivative of a form with
respect to a polyvector field. This geometric point of view leads to a general-
ization of Deligne’s conjecture which includes Hochschild chains equipped with
the structure of (homotopy) module over cochains, and to the “Cartan type”
calculus which involves both chains and cochains (cf. [CST], [TaT1]). We unify
both approaches under one roof formulating a theorem which says that the
pair consisting of the Hochschild chain and Hochschild cochain complexes of
the same A-algebra is an algebra over the colored operad of singular chains on
configurations of discs on a cylinder with marked points on each of the boundary
circles.®

Sections 10 and 11.6 are devoted to Ay.-algebras with scalar product, which
is the same as non-commutative formal symplectic manifolds. In Section 10 we
also discuss a homological version of this notion and explain that it corresponds
to the notion of Calabi-Yau structure on a manifold. In Section 11.6 we define
an action of the PROP of singular chains of the topological PROP of smooth ori-
ented 2-dimensional surfaces with boundaries on the Hochschild chain complex
of an A,-algebra with scalar product. If in addition A is homologically smooth

31n a recent preprint [Kal], D.Kaledin claims the proof of our conjecture. He uses a different
approach.

4 After our paper was finished we received the paper [TaT2] where the authors proved an
equivalent result.



and the spectral sequence Hodge-to-de Rham degenerates, then the above action
extends to the action of the PROP of singular chains on the topological PROP
of stable 2-dimensional surfaces. This is essentially equivalent to a structure of
2-dimensional Cohomological TFT (similar ideas have been developed by Kevin
Costello, see [Cos]). More details and an application of this approach to the
calculation of Gromov-Witten invariants will be given in [KaKoP].

1.4 Generalization to A, -categories

Let us say few words about the subsequent paper which is devoted to A.o-
categories. The formalism of present paper admits a straightforward gener-
alization to the case of A, -categories. The latter should be viewed as non-
commutative formal dg-manifolds with a closed marked subscheme of objects.
Although some parts of the theory of A, -categories admit nice interpretation in
terms of non-commutative geometry, some other still wait for it. This includes
e.g. triangulated A.,-categories. We will present the theory of triangulated Aqo-
categories from the point of view of A, -functors from “elementary ” categories
to a given As-category (see a summary in [Ko5], [Sol], [So2]). Those “elemen-
tary” categories are, roughly speaking, derived categories of representations of
quivers with small number of vertices. Our approach has certain advantages over
the traditional one. For example the complicated “octahedron axiom” admits
a natural interpretation in terms of functors from the A -category associated
with the quiver of the Dynkin diagram A, (there are six indecomposible objects
in the category D°(As —mod) corresponding to six vertices of the octahedron).
In some sections of the paper on A, -categories we have not been able to pro-
vide pure geometric proofs of the results, thus relying on less flexible approach
which uses differential-graded categories (see [Dr]). As a compromise, we will
present only part of the theory of A, -categories, with sketches of proofs, which
are half-geomeric and half-algebraic, postponing more coherent exposition for
future publications.

In present and subsequent paper we mostly consider A,,-algebras and cat-
egories over a field of characteristic zero. This assumption simplifies many
results, but also makes some other less general. We refer the reader to [Lyu],
[LyuOv] for a theory over a ground ring instead of ground field (the approach
of [Lyu],[LyuOv] is pure algebraic and different from ours). Most of the results
of present paper are valid for an A, -algebra A over the unital commutative
associative ring k, as long as the graded module A is flat over k. More precisely,
the results of Part I remain true except of the results of Section 3.2 (the minimal
model theorem). In these two cases we assume that k is a field of characteristic
zero. Constructions of Part II work over a commutative ring k. The results
of Section 10 are valid (and the conjectures are expected to be valid) over a
field of characteristic zero. Algebraic version of Hodge theory from Section 9
and the results of Section 11 are formulated for an Ay -algebra over the field
of characteristic zero, although the Conjecture 2 is expected to be true for any
Z-flat Ao-algebra.
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Part I
A -algebras and
non-commutative dg-manifolds

2 Coalgebras and non-commutative schemes

Geometric description of Ay -algebras will be given in terms of geometry of non-
commutative ind-affine schemes in the tensor category of graded vector spaces
(we will use Z-grading or Z/2-grading). In this section we are going to describe
these ind-schemes as functors from finite-dimensional algebras to sets (cf. with
the description of formal schemes in [Gr]). More precisely, such functors are
represented by counital coalgebras. Corresponding geometric objects are called
non-commutative thin schemes.

2.1 Coalgebras as functors

Let k be a field, and C be a k-linear Abelian symmetric monoidal category (we
will call such categories tensor), which admits infinite sums and products (we
refer to [DM] about all necessary terminology of tensor categories). Then we
can do simple linear algebra in C, in particular, speak about associative algebras
or coassociative coalgebras. For the rest of the paper, unless we say otherwise,
we will assume that either C = VectZ, which is the tensor category of Z-graded

vector spaces V = @pezVy, or C = Vectf/z, which is the tensor category of
Z/2-graded vector spaces (then V =V, & V1), or C = Vecty, which is the tensor
category of k-vector spaces. Associativity morphisms in Vect,% or Vectf/2 are
identity maps, and commutativity morphisms are given by the Koszul rule of
signs: c(v; ® vj) = (—1)%v; ® v;, where v, denotes an element of degree n.

We will denote by Cf the Artinian category of finite-dimensional objects in
C (i.e. objects of finite length). The category Algcs of unital finite-dimensional
algebras is closed with respect to finite projective limits. In particular, finite
products and finite fiber products exist in Alges. One has also the categories
Coalge (resp. Coalges) of coassociative counital (resp. coassociative counital
finite-dimensional) coalgebras. In the case C = Vect;, we will also use the
notation Algy, Alg}:, Coalgy, and Coalg,f for these categories. The category
Coalger = Algg; admits finite inductive limits.



We will need simple facts about coalgebras. We will present proofs in the
Appendix for completness.

Theorem 2.1.1 Let F : Algos — Sets be a covariant functor commuting with
finite projective limits. Then it is isomorphic to a functor of the type A +—
Homcoaige (A%, B) for some counital coalgebra B. Moreover, the category of
such functors is equivalent to the category of counital coalgebras.

Proposition 2.1.2 If B € Ob(Coalgc), then B is a union of finite-dimensional
counital coalgebras.

Objects of the category Coalges = AlgZl; can be interpreted as “very thin”
non-commutative affine schemes (cf. with finite schemes in algebraic geometry).
Proposition 1 implies that the category Coalge is naturally equivalent to the
category of ind-objects in Coalgcs.

For a counital coalgebra B we denote by Spc(B) (the “spectrum” of the
coalgebra B) the corresponding functor on the category of finite-dimensional al-
gebras. A functor isomorphic to Spc(B) for some B is called a non-commutative
thin scheme. The category of non-commutative thin schemes is equivalent to the
category of counital coalgebras. For a non-commutative scheme X we denote by
Bx the corresponding coalgebra. We will call it the coalgebra of distributions
on X. The algebra of functions on X is by definition O(X) = B%.

Non-commutative thin schemes form a full monoidal subcategory NAf f& C
Ind(NAffe) of the category of non-commutative ind-affine schemes (see Ap-
pendix).Tensor product corresponds to the tensor product of coalgebras.

Let us consider few examples.

Example 2.1.3 Let V € Ob(C). Then T(V) = @,>0V®" carries a structure of
counital cofree coalgebra in C with the coproduct A(vo®...Qv,) =Y (cicp(Vo®
e @) ® (Vig1 ® ... ® vp). The corresponding non-commutative thin scheme
is called non-commutative formal affine space Viorm (or formal neighborhood of
zero in 'V ).

Definition 2.1.4 A non-commutative formal manifold X is a non-commutative
thin scheme isomorphic to some Spc(T(V)) from the example above. The di-
mension of X is defined as dim;V .

The algebra O(X) of functions on a non-commutative formal manifold X
of dimension n is isomorphic to the topological algebra k((z1,...,z,)) of formal
power series in free graded variables zy, ..., z,,.

Let X be a non-commutative formal manifold, and pt : £k — Bx a k-point
in X,

Definition 2.1.5 The pair (X, pt) is called a non-commautative formal pointed
manifold. If C = Vect% it will be called non-commutative formal pointed graded
manifold. If C = Vectf/2 it will be called non-commutative formal pointed
supermanifold.



The following example is a generalization of the Example 1 (which corre-
sponds to a quiver with one vertex).

Example 2.1.6 Let I be a set and By = ®;c;1; be the direct sum of trivial
coalgebras. We denote by O(I) the dual topological algebra. It can be thought of
as the algebra of functions on a discrete non-commutative thin scheme I.

A quiver Q in C with the set of vertices I is given by a collection of objects
E;j € C,i,j € I called spaces of arrows from i to j. The coalgebra of @) is
the coalgebra Bg generated by the O(I) — O(I)-bimodule Eq = ®; jerE;j, i.e.
BQ ~ @nzg Dio,i1,....incl Ei0i1 ®...R Ein71in = @nzoBg), B% := By. FElements
of B% are called trivial paths. Elements of Bfy are called paths of the length n.
Coproduct is given by the formula

A(eigiy @ ®€i, 4i,) = Go<m<n(Cigiy @ ®€ipy 1in ) D (Cippipyy @@€4y iy ),

where for m =0 (resp. m =n) we set e;_,;, = Li, (Tesp. €i i, = li, ).

In particular, A(1;) =1; ® 1,4 € I and A(e;5) = 1; @ e;5 + e @ 1, where
eij € E;j, and 1, € By corresponds to the image of 1 € 1 under the natural
embedding into ®perl.

The coalgebra By has a counit € such that €(1;) = 1;, and £(x) = 0 for
z € Bg,n>1.

Example 2.1.7 (Generalized quivers). Here we replace 1; by a unital simple
algebra A; (e.g. A; = Mat(n;, D;), where D; is a division algebra). Then E;;
are A; — mod — Aj-bimodules. We leave as an exercise to the reader to write
down the coproduct (one uses the tensor product of bimodules) and to check that
we indeed obtain a coalgebra.

Example 2.1.8 Let I be a set. Then the coalgebra Br = ®;cr1; is a direct sum
of trivial coalgebras, isomorphic to the unit object in C. This is a special case
of Example 2. Notice that in general Bg is a O(I) — O(I)-bimodule.

Example 2.1.9 Let A be an associative unital algebra. It gives rise to the func-
tor Fu : Coalges — Sets such that Fa(B) = Homayg. (A, B*). This functor
describes finite-dimensional representations of A. It commutes with finite direct
limits, hence it is representable by a coalgebra. If A = O(X) is the algebra of
reqular functions on the affine scheme X, then in the case of algebraically closed
field k the coalgebra representing Fa is isomorphic to ®,ex 1) Oy x, where O x
denotes the topological dual to the completion of the local ring Oy x. If X is
smooth of dimension n, then each summand is isomorphic to the topological dual
to the algebra of formal power series k[[ty, ...,t,]]. In other words, this coalgebra
corresponds to the disjoint union of formal neighborhoods of all points of X .

Remark 2.1.10 One can describe non-commutative thin schemes more pre-
cisely by using structure theorems about finite-dimensional algebras in C. For
example, in the case C = Vecty, any finite-dimensional algebra A is isomorphic



to a sum Ay ®r, where Ay is a finite sum of matriz algebras &;Mat(n;, D;), D;
are division algebras, and r is the radical. In Z-graded case a similar decompo-
sition holds, with Ag being a sum of algebras of the type End(V;) ® D;,where V;
are some graded vector spaces and D; are division algebras of degree zero. In
Z/2-graded case the description is slightly more complicated. In particular Ag
can contain summands isomorphic to (End(V;)® D;)® Dy, where V; and D; are
Z/2-graded analogs of the above-described objects, and D) is a 1|1-dimensional
superalgebra isomorphic to k[€]/(€% = X), deg& = 1, € k*/(k*)?.

2.2 Smooth thin schemes

Recall that the notion of an ideal has meaning in any abelian tensor category.
A 2-sided ideal J is called nilpotent if the multiplication map J®"* — J has zero
image for a sufficiently large n.

Definition 2.2.1 Counital coalgebra B in a tensor category C is called smooth
if the corresponding functor Fg : Alges — Sets, Fg(A) = Homcoaig. (A*, B)
satisfies the following lifting property: for any 2-sided nilpotent ideal J C A the
map Fp(A) — Fp(A/J) induced by the natural projection A — A/J is sur-
jective. Non-commutative thin scheme X is called smooth if the corresponding
counital coalgebra B = Bx is smooth.

Proposition 2.2.2 For any quiver Q) in C the corresponding coalgebra Bg is
smooth.

Proof. First let us assume that the result holds for all finite quivers. We remark
that if A is finite-dimensional, and @ is an infinite quiver then for any morphism
f:A* = Bg we have: f(A*) belongs to the coalgebra of a finite sub-quiver of Q.
Since the lifting property holds for the latter, the result follows. Finally, we need
to prove the Proposition for a finite quiver () . Let us choose a basis {e;j} of
each space of arrows E;;. Then for a finite-dimensional algebra A the set Fp, (A)
is isomorphic to the set {((7;),Zij.a)ijer}, where m; € A, 77 = m;, mimj = m;m;,
if i # J,) icrm™ = la, and x5, € m;Am; satisfy the condition: there exists
N > 1 such that z;,j,,a;---Ti 4,0, = 0 for all m > N. Let now J C A be
the nilpotent ideal from the definition of smooth coalgebra and (7}, z;; ,) be
elements of A/J satisfying the above constraints. Our goal is to lift them to A.
We can lift the them to the projectors m; and elements z;; , for A in such a way
that the above constraints are satisfied except of the last one, which becomes
an inclusion z;,j, oy i, jm,am € J for m > N. Since J® =0 in A for some n
we see that =i, j, .o, --Ti,, jm,a, = 01in A for m > nN. This proves the result. W

Remark 2.2.3 a) According to Cuntz and Quillen (see [CQ2]) a non-commutative
algebra R in Vecty is called smooth if the functor Alg, — Sets, Fr(A) =
Hom g, (R, A) satisfies the lifting property from the Definition 3 applied to
all (not only finite-dimensional) algebras. We remark that if R is smooth in
the sense of Cuntz and Quillen then the coalgebra Rgyuq representing the func-
tor Coalg,f — Sets, B — HomAlg,f (R, B*) is smooth. One can prove that any

10



smooth coalgebra in Vecty is isomorphic to a coalgebra of a generalized quiver
(see Example 3).

b) Almost all examples of non-commutative smooth thin schemes consid-
ered in this paper are formal pointed manifolds, i.e. they are isomorphic to
Spe(T(V)) for some V€ Ob(C). It is natural to try to “globalize” our results
to the case of non-commutative “smooth” schemes X which satisfy the property
that the completion of X at a “commutative” point gives rise to a formal pointed
manifold in our sense. An example of the space of maps is considered in the
next subsection.

¢) The tensor product of non-commutative smooth thin schemes is typically
non-smooth, since it corresponds to the tensor product of coalgebras (the latter
is not a categorical product).

Let now z be a k-point of a non-commutative smooth thin scheme X. By
definition z is a homomorphism of counital coalgebras « : k — Bx (here k =1
is the trivial coalgebra corresponding to the unit object). The completion X'm
of X at z is a formal pointed manifold which can be described such as follows.
As a functor Fg Algé — Sets it assigns to a finite-dimensional algebra A
the set of such homomorphisms of counital colagebras f : A* — Bx which are
compositions A* — A} — Bx, where A} C Bx is a conilpotent extension of
x (i.e. Ay is a finite-dimensional unital nilpotent algebra such that the natural
embedding k - A} — Bx coinsides with z : k — Bx).

Description of the coalgebra Bg is given in the following Proposition.

Proposition 2.2.4 The formal neighborhood )?x corresponds to the counital
sub-coalgebra By C Bx which is the preimage under the natural projection
Bx — Bx/xz(k) of the sub-coalgebra consisting of conilpotent elements in the
non-counital coalgebra B/x(k). Moreover, X, is universal for all morphisms
from nilpotent extensions of x to X.

We discuss in Appendix a more general construction of the completion along
a non-commutative thin subscheme.
We leave as an exercise to the reader to prove the following result.

Proposition 2.2.5 Let Q) be a quiver and pt; € X = Xp, corresponds to a

vertex i € I. Then the formal neighborhood Xpti is a formal pointed manifold
corresponding to the tensor coalgebra T (E;;) = @nZOES", where E;; is the space
of loops at 1.

2.3 Inner Hom

Let X,Y be non-commutative thin schemes, and Bx, By the corresponding
coalgebras.

Theorem 2.3.1 The functor Algcs — Sets such that

A~ Homcoalg, (A* ® Bx, By)

11



is representable. The corresponding non-commutative thin scheme is denoted by
Maps(X,Y).

Proof. It is easy to see that the functor under consideration commutes with
finite projective limits. Hence it is of the type A = Homcoaig. (A*, B), where
B is a counital coalgebra (Theorem 1). The corresponding non-commutative
thin scheme is the desired Maps(X,Y). W

It follows from the definition that Maps(X,Y) = Hom(X,Y ), where the
inner Hom is taken in the symmetric monoidal category of non-commutative
thin schemes. By definition Hom(X,Y) is a non-commutative thin scheme,
which satisfies the following functorial isomorphism for any Z € Ob(NAf fth):

HOmNAfféh(Z, Hom(X,Y)) = HOmNAfféh(Z ®X,Y).

Notice that the monoidal category N Af fc of all non-commutative affine schemes
does not have inner Hom's even in the case C = Vecty. If C = Vect, then one
can define Hom(X,Y") for X = Spec(A), where A is a finite-dimensional unital
algebra and Y is arbitrary. The situation is similar to the case of “commutative”
algebraic geometry, where one can define an affine scheme of maps from a scheme
of finite length to an arbitrary affine scheme. On the other hand, one can show
that the category of non-commutative ind-affine schemes admit inner Hom'’s
(the corresponding result for commutative ind-affine schemes is known.

Remark 2.3.2 The non-commutative thin scheme Maps(X,Y) gives rise to
a quiver, such that its vertices are k-points of Maps(X,Y). In other words,
vertices correspond to homomorphisms Bx — By of the coalgebras of distribu-
tions. Taking the completion at a k-point we obtain a formal pointed manifold.
More generally, one can take a completion along a subscheme of k-points, thus
arriving to a non-commutative formal manifold with a marked closed subscheme
(rather than one point). This construction will be used in the subsequent paper
for the desription of the As-structure on Aso-functors. We also remark that
the space of arrows E;; of a quiver is an example of the geometric notion of
bitangent space at a pair of k-points i,j. It will be discussed in the subsequent

paper.

Example 2.3.3 Let Q1 = {i1} and Q2 = {i2} be quivers with one vertex such
that E; i, =V1,Ei,, = Va, dimV; < co,i = 1,2. Then BQi = T(V;),Z =1,2
and Maps(XBQ1 , XBQz) corresponds to the quiver () such that the set of vertices
Io = Homcoalge (Bg,, Bg,) = [1,,5; Hom(V®",Va) and for any two vertices
f,g € Ig the space of arrows is isomorphic to Ey, = 1,50 Hom (V2™ V5).

Definition 2.3.4 Homomorphism f : By — Bs of counital coalgebras is called
a minimal conilpotent extension if it is an inclusion and the induced coproduct
on the non-counital coalgebra Bs/f(By) is trivial.

Composition of minimal conilpotent extensions is simply called a conilpotent
extension. Definition 2.2.1 can be reformulated in terms of finite-dimensional
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coalgebras. Coalgebra B is smooth if the functor C' = Homcoaig. (C, B) satisfies
the lifting property with respect to conilpotent extensions of finite-dimensional
counital coalgebras. The following proposition shows that we can drop the
condition of finite-dimensionality.

Proposition 2.3.5 If B is a smooth coalgebra then the functor Coalge — Sets
such that C +— Homcoag. (C, B) satisfies the lifting property for conilpotent
extensions.

Proof. Let f : By — By be a conilpotent extension, and g : By — B
and arbitrary homomorphism of counital coalgebras. It can be thought of as
homomorphism of f(B;) — B. We need to show that ¢ can be extended to Bs.
Let us consider the set of pairs (C, g¢) such f(By) C C C Bs and go : C — B
defines an extension of counital coalgebras, which coincides with g on f(B;). We
apply Zorn lemma to the partially ordered set of such pairs and see that there
exists a maximal element (Byas,gmaz) in this set. We claim that By,q: = Bs.
Indeed, let # € Bs \ Bpaz- Then there exists a finite-dimensional coalgebra
B, C Bs which contains z. Clearly B, is a conilpotent extension of f(B;)NB,.
Since B is smooth we can extend gma. : f(B1)NB, - Btog, : B, - B
and,finally t0 gz maz : Bz + Bmaz — B. This contradicts to maximality of
(Bmaz, Ymae)- Proposition is proved. B

Proposition 2.3.6 If X,Y are non-commutative thin schemes andY is smooth
then Maps(X,Y) is also smooth.

Proof. Let A — A/J be a nilpotent extension of finite-dimensional unital
algebras. Then (A/J)* ® Bx — A* ® Bx is a conilpotent extension of counital
coalgebras. Since By is smooth then the previous Proposition implies that the
induced map Homc,,algc (A* (9 B)(,By) — Homcoalgc ((A/J)* & B)(,By) is
surjective. This concludes the proof. B

Let us consider the case when (X, ptx) and (Y, pty) are non-commutative
formal pointed manifolds in the category C = VectZ. One can describe “in
coordinates” the non-commutative formal pointed manifold, which is the for-
mal neighborhood of a k-point of Maps(X,Y). Namely, let X = Spe(B) and
Y = Spe(C), and let f € Homy pzyin (X,Y) be a morphism preserving marked
points. Then f gives rise to a k-point of Z = Maps(X,Y). Since O(X) and
O(Y") are isomorphic to the topological algebras of formal power series in free
graded variables, we can choose sets of free topological generators (z;);cr and
(yj)jes for these algebras. Then we can write for the corresponding homomor-
phism of algebras f*: O(Y) — O(X):

f*(yj) = ZC.[;’MCCM,
I

where c?’M € kand M = (i1,...,0n),5s € I is a non-commutative multi-index

(all the coefficients depend on f, hence a better notation should be cf]?/[) Notice
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that for M = 0 one gets C(;,o = 0 since f is a morphism of pointed schemes.

Then we can consider an “infinitesimal deformation” fgey of f

faer(yi) = Z(C?,M + 60?,M)~75M:

M

where 60 v are new variables commuting with all z;. Then 601 o can be thought
of as coordlnates in the formal neighborhood of f. More pedantically it can be
spelled out such as follows. Let A = k@®m be a finite-dimensional graded unital
algebra, where m is a graded nilpotent ideal of A. Then an A-point of the formal
neighborhood Uy of f is a morphism ¢ € HomNAffih(Spec(A) ® X,Y), such
that it reduces to f modulo the nilpotent ideal m. We have for the corresponding
homomorphism of algebras:

)= cjma,
M

where M is a non-commutative multi-index, ¢; » € A, and ¢ c y under
the natural homomorphism A — k = A/m. In particular ¢ € m. We can treat
coefficients ¢; ar as A-points of the formal neighborhood Uy of f € Maps(X,Y).

Remark 2.3.7 The above definitions will play an important role in the subse-
quent paper, where the non-commutative smooth thin scheme Spc(Bg) will be
assigned to a (small) A -category, the non-commutative smooth thin scheme
Maps(Spc(Bg, ), Spc(Bg,)) will be used for the description of the category of
Ao -functors between A, -categories, and the formal neighborhood of a point
in the space Maps(Spc(Bg, ), Spc(Bg,)) will correspond to natural transforma-
tions between A -functors.

3 A, -algebras

3.1 Main definitions

From now on assume that C = VectZ unless we say otherwise. If X is a thin
scheme then a vector field on X is, by definition, a derivation of the coalgebra
Bx. Vector fields form a graded Lie algebra Vect(X).

Definition 3.1.1 A non-commutative thin differential-graded (dg for short)
scheme is a pair (X,d) where X is a non-commutative thin scheme, and d
is a vector field on X of degree +1 such that [d,d] = 0.

We will call the vector field d homological vector field.

Let X be a formal pointed manifold and zy be its unique k-point. Such a
point, corresponds to a homomorphism of counital coalgebras k — Byx. We say
that the vector field d vanishes at zq if the corresponding derivation kills the
image of k.

14



Definition 3.1.2 A non-commutative formal pointed dg-manifold is a pair (X, zo), d)
such that (X,zo) is a non-commutative formal pointed graded manifold, and
d = dx is a homological vector field on X such that d|,, = 0.

Homological vector field d has an infinite Taylor decomposition at zy. More
precisely, let T, X be the tangent space at zo. It is canonically isomorphic to
the graded vector space of primitive elements of the coalgebra By, i.e. the set of
a € Bx such that A(a) = 1®a+a®1 where 1 € By is the image of 1 € k under
the homomorphism of coalgebras zo : ¥ — Bx (see Appendix for the general
definition of the tangent space). Then d := dx gives rise to a (non-canonically
defined) collection of linear maps dg?) i=my Ty X®" — Ty X[1],n > 1 called
Taylor coefficients of d which satisfy a system of quadratic relations arising
from the condition [d,d] = 0. Indeed, our non-commutative formal pointed
manifold is isomorphic to the formal neighborhood of zero in T;,X, hence the
corresponding non-commutative thin scheme is isomorphic to the cofree tensor
coalgebra T'(T,, X ) generated by T;,, X. Homological vector field d is a derivation
of a cofree coalgebra, hence it is uniquely determined by a sequence of linear
maps m,.

Definition 3.1.3 Non-unital A -algebra over k is given by a non-commutative
formal pointed dg-manifold (X, xo,d) together with an isomorphism of counital
coalgebras Bx ~ T(T,,X).

Choice of an isomorphism with the tensor coalgebra generated by the tangent
space is a non-commutative analog of a choice of affine structure in the formal
neighborhood of z.

From the above definitions one can recover the traditional one. We present
it below for convenience of the reader.

Definition 3.1.4 A structure of an As-algebra on V. € Ob(Vect?) is given
by a derivation d of degree +1 of the non-counital cofree coalgebra Ty (V[1]) =
©p>1 V" such that [d,d] = 0 in the differential-graded Lie algebra of coalgebra
derivations.

Traditionally the Taylor coefficients of d = mj + mgy + ... are called (higher)
multiplications for V. The pair (V,m1) is a complex of k-vector spaces called the
tangent complez. If X = Spe(T(V)) then V[1] = To X and my = dg;) is the first
Taylor coefficient of the homological vector field dx. The tangent cohomology
groups H'(V,m;) will be denoted by H!(V). Clearly H*(V) = @®;ezH (V) is
an associative (non-unital) algebra with the product induced by ms.

An important class of A.-algebras consists of unital (or strictly unital) and
weakly unital (or homologically unital) ones. We are going to discuss the defi-
nition and the geometric meaning of unitality later.

Homomorphism of A.,-algebras can be described geometrically as a mor-
phism of the corresponding non-commutative formal pointed dg-manifolds. In
the algebraic form one recovers the following traditional definition.

15



Definition 3.1.5 A homomorphism of non-unital A -algebras (A -morphism
for short) (V,dv) — (W,dw) is a homomorphism of differential-graded coalge-
bras T+ (V[1]) — T4 (W1)).

A homomorphism f of non-unital A, -algebras is determined by its Taylor
coefficients f,, : V" — W[l —n],n > 1 satisfying the system of equations
El§l1<...,<li:n(_1)%m?/(fh(al,---;ah);
flzfll (al1+1; ey (1[2), srey fnflifl (anfli,1+1; srey an)) -
Es+r:n+1 Zlgjgs(_l)esfs(alv ey ajfl)my(aj) s ajJrrfl): Ajtry ey an)-
Here e; =73, o; deglap) +j—1+7(s=j), % =2 1<pci 10 —P)(lp —
bt = D)+ Xicpeini V() X0, 41<q<i, deg(aq), where we use the notation
v(lp) = 2 pr1<m<i(l —Im + ln—1), and set o = 0.

Remark 3.1.6 All the above definitions and results are valid for Z/2-graded
Aso-algebras as well. In this case we consider formal manifolds in the category
Vectf/2 of Z/2-graded vector spaces. We will use the correspodning results
without further comments. In this case one denotes by ILA the Z/2-graded vector

space A[l].

3.2 Minimal models of A, -algebras

One can do simple differential geometry in the symmetric monoidal category of
non-commutative formal pointed dg-manifolds. New phenomenon is the possi-
bility to define some structures up to a quasi-isomorphism.

Definition 3.2.1 Let f : (X,dx,x0) — (Y,dy,yo) be a morphism of non-
commutative formal pointed dg-manifolds. We say that f is a quasi-isomorphism
if the induced morphism of the tangent complezes f1 : (T, X, dg)) - (T,,Y, dg,l))
is a quasi-isomorphism. We will use the same terminology for the corresponding
A -algebras.

Definition 3.2.2 An A..-algebra A (or the corresponding non-commutative
formal pointed dg-manifold) is called minimal if my = 0. It is called contractible
if mp, =0 for alln > 2 and H*(A,m;,) = 0.

The notion of minimality is coordinate independent, while the notion of
contractibility is not.

It is easy to prove that any A.-algebra A has a minimal model My, i.e.
M 4 is minimal and there is a quasi-isomorphism M4 — A (the proof is similar
to the one from [Kol], [KoSo02]). The minimal model is unique up to an A,-
isomorphism. We will use the same terminology for non-commutative formal
pointed dg-manifolds. In geometric language a non-commutative formal pointed
dg-manifold X is isomorphic to a categorical product (i.e. corresponding to
the completed free product of algebras of functions) X,,, x Xj., where X, is
minimal and Xj. is linear contractible. The above-mentioned quasi-isomorphism
corresponds to the projection X — X,,.

The following result (homological inverse function theorem) can be easily
deduced from the above product decomposition.
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Proposition 3.2.3 If f : A — B is a quasi-isomorphism of A -algebras then
there is a (non-canonical) quasi-isomorphism g : B — A such that fg and gf
induce identity maps on zero cohomologies H°(B) and H°(A) respectively.

3.3 Centralizer of an A -morphism

Let A and B be two Ay.-algebras, and (X, dx,zo) and (Y, dy,yo) be the corre-
sponding non-commutative formal pointed dg-manifolds. Let f : A — B be a
morphism of A, -algebras. Then the corresponding k-point f € Maps(Spc(A), Spe(B))
gives rise to the formal pointed manifold Uy = Ma\ps(X ,Y)s (completion at
the point f). Functoriality of the construction of Maps(X,Y") gives rise to a
homomorphism of graded Lie algebras of vector fields Vect(X) & Vect(Y) —
Vect(Maps(X,Y)). Since [dx,dy] =0 on X ®Y, we have a well-defined homo-
logical vector field dz on Z = Maps(X,Y). It corresponds to dx ® 1y —1x @dy
under the above homomorphism. It is easy to see that dz|; = 0 and in fact
morphisms f: A — B of Ay-algebras are exactly zeros of dz. We are going to
describe below the A-algebra Centr(f) (centralizer of f) which corresponds
to the formal neighborhood Uy of the point f € Maps(X,Y). We can write
(see Section 2.3 for the notation)

_0
Cji,M = Cj pp +TjM,

where cg{ u € k and 7y are formal non-commutative coordinates in the neigh-
borhood of f. Then the A, -algebra Centr(f) has a basis (rja);m and the
Axo-structure is defined by the restriction of the homological vector dz to Uy.

As a Z-graded vector space Centr(f) =[5 Homy .z (A®" B)[—n]. Let
G1, ..., o € Centr(f),and ai, ...,an € A. Then we have my,(¢1, ..., pn) (a1, ...,an) =
I+ R. Here I corresponds to the term = 1x ® dy and is given by the following
expression
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[=2"

trees T

®

root

Similarly R corresponds to the term dx ®1y and is described by the following
picture

R=2 -

edges e,
trees T ¢

root

Comments on the figure describing I.

1) We partition a sequence (ay, ...,ay) into I > n non-empty subsequences.

2) We mark n of these subsequences counting from the left (the set can be
empty).

3) We apply multilinear map ¢;,1 < i < n to the ith marked group of
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elements q;.

4) We apply Taylor coefficients of f to the remaining subsequences.

Notice that the term R appear only for my (i.e. n = 1). For all subsequences
we have n > 1.

From geometric point of view the term I corresponds to the vector field dy,
while the term R corresponds to the vector field dx.

Proposition 3.3.1 Let doentr(s) be the derivation corresponding to the image
of dx ®dy in Maps(X,Y).
One has [dCentr(f)a dCentr(f)] =0.

Proof. Clear. R

Remark 3.3.2 The A -algebra Centr(f) and its generalization to the case of
A -categories discussed in the subsequent paper provide geometric description
of the notion of natural transformaion in the A -case (see [Lyu],[LyuOv] for a
pure algebraic approach to this notion).

4 Non-commutative dg-line L. and weak unit

4.1 Main definition

Definition 4.1.1 An A -algebra is called unital (or strictly unital) if there
exists an element 1 € V of degree zero, such that ms(1,v) = mo(v,1) and
My (V1 ey 1,y p) = 0 for all n # 2 and v,vy,...,v, € V. It is called weakly
unital (or homologically unital) if the graded associative unital algebra H®*(V)
has a unit 1 € HO(V).

The notion of strict unit depends on a choice of affine coordinates on Spc(T'(V)),
while the notion of weak unit is “coordinate free”. Moreover, one can show that
a weakly unital A,,-algebra becomes strictly unital after an appropriate change
of coordinates.

The category of unital or weakly unital A, -algebras are defined in the nat-
ural way by the requirement that morphisms preserve the unit (or weak unit)
structure.

In this section we are going to discuss a non-commutative dg-version of the
odd 1-dimensional supervector space A% and its relationship to weakly unital
Aso-algebras. The results are valid for both Z-graded and Z/2-graded Aoo-
algebras.

Definition 4.1.2 Non-commutative formal dg-line L is a non-commutative for-
mal pointed dg-manifold corresponding to the one-dimensional A -algebra A ~
k such that my = id, mypxe = 0.

The algebra of functions O(L) is isomorphic to the topological algebra of formal
series k((£)), where deg ¢ = 1. The differential is given by 9(¢) = £2.
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4.2 Adding a weak unit

Let (X,dx, o) be a non-commutative formal pointed dg-manifold correspod-
ning to a non-unital A, -algebra A. We would like to describe geometrically the
procedure of adding a weak unit to A.

Let us consider the non-commutative formal pointed graded manifold X; =
L x X corresponding to the free product of the coalgebras By, * Bx. Clearly
one can lift vector fields dx and dr, := 9/9¢ to X;.

Lemma 4.2.1 The vector field
d:=dx, =dx +ad(€) — £20/0¢
satisfies the condition [d,d] = 0.

Proof. Straightforward check. B

It follows from the formulas given in the proof that £ appears in the ex-
pansion of dx in quadratic expressions only. Let A; be an A.,-algebras cor-
responding to X; and 1 € Tp; X7 = A;[l] be the element of A;[1] dual to &
(it corresponds to the tangent vector 8/9¢). Thus we see that m3*(1,a) =
mi(a,1) = a,m3*(1,1) = 1 for any a € A and m?* (aq,...,1,...,a,) = 0 for all
n>2a,..,a, €A. This proves the following result.

Proposition 4.2.2 The Ay -algebra Ay has a strict unit.

Notice that we have a canonical morphism of non-commutative formal pointed
dg-manifolds e : X — X such that e*|x =id,e*(§) = 0.

Definition 4.2.3 Weak unit in X is given by a morphism of non-commutative
formal pointed dg-manifolds p : X1 — X such that poe = id.

It follows from the definition that if X has a weak unit then the associative
algebra H*(A,m{') is unital. Hence our geometric definition agrees with the
pure algebraic one (explicit algebraic description of the notion of weak unit can
be found e.g. in [FOOO], Section 20).

5 Modules and bimodules

5.1 Modules and vector bundles

Recall that a topological vector space is called linearly compact if it is a pro-
jective limit of finite-dimensional vector spaces. The duality functor V — V*
establishes an anti-equivalence between the category of vector spaces (equipped
with the discrete topology) and the category of linearly compact vector spaces.
All that can be extended in the obvious way to the category of graded vector
spaces.

Let X be a non-commutative thin scheme in Vect%.
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Definition 5.1.1 Linearly compact vector bundle £ over X is given by a lin-
early compact topologically free O(X)-module T'(E), where O(X) is the algebra
of function on X. Module T'(E) is called the module of sections of the linearly
compact vector bundle £.

Suppose that (X,zg) is formal graded manifold. The fiber of £ over zq is
given by the quotient space &,, = I'(£)/my,['(E) where m,, C O(X) is the 2-
sided maximal ideal of functions vanishing at z, and the bar means the closure.

Definition 5.1.2 A dg-vector bundle over a formal pointed dg-manifold (X, dx, zo)
is given by a linearly compact vector bundle £ over (X, xo) such that the corre-
sponding module T'(E) carries a differential dg : T'(£) — T(E)[1],d% = 0 so that
(D(E),de) becomes a dg-module over the dg-algebra (O(X),dx) and de vanishes
on £y .

Definition 5.1.3 Let A be a non-unital A -algebra. A left A-module M is
given by a dg-bundle E over the formal pointed dg-manifold X = Spc(T(A[1)]))
together with an isomorphism of vector bundles T'(E) ~ O(X)@M* called a
trivialization of £.

Passing to dual spaces we obtain the following algebraic definition.

Definition 5.1.4 Let A be an Ay -algebra and M be a Z-graded vector space.
A structure of a left Ax-module on M over A (or simply a structure of a left
A-module on M) is given by a differential dy; of degree +1 on T'(A[1l]) @ M
which makes it into a dg-comodule over the dg-coalgebra T'(A[1]).

The notion of right A -module is similar. Right A-module is the same as
left A°P-module. Here A°P is the opposite Ao.-algebra, which coincides with
A as a Z-graded vector space, and for the higher multiplications one has:
m(ay,...,an) = (=1)""=Y/2m, (a,,...,a;). The A, -algebra A carries the
natural structures of the left and right A-modules. If we simply say “A-module”
it will always mean “left A-module”.

Taking the Taylor series of dj; we obtain a collection of k-linear maps (higher
action morphisms) for any n > 1

mM : A%(=D) @ M — M[2 - n],

satisfying the compatibility conditions which can be written in exactly the same
form as compatibility conditions for the higher products m: (see e.g. [Ke 1]). All
those conditions can be derived from just one property that the cofree T'y (A[1])-
comodule T (A[1], M) = ©,>0A[1]®" ® M carries a derivation m™ = (m),,>0
such that [m™ mM] = 0. In particular (M, m) is a complex of vector spaces.

Definition 5.1.5 Let A be a weakly unital A -algebra. An A-module M is
called weakly unital if the cohomology H®*(M, m) is a unital H®(A)-module.

21



It is easy to see that left A,,-modules over A form a dg-category A — mod
with morphisms being homomorphisms of the corresponding comodules. As a
graded vector space

HomA,mod(M, N) = @nonomVect% (A[1]®n ® M, N)

It easy to see that Hom a—moq(M, N) is a complex.

If M is a right A-module and N is a left A-module then one has a naturally
defined structure of a complex on M ®4 N := ®,>oM @ A[1]*" ® N. The
differential is given by the formula:

dz@a ®..0a,0y)=>» +m (2006 ®..00) a1 @ ... a, ®y)+

Z TR @ .. @ i1 @M (4 D o @ Qi pe1) @ Qi @ o @ Gy DY+

Zi$®01®---®ai—1 ®m§~v(ai®...®an®y).

We call this complex the derived tensor product of M and N.

For any A, -algebras A and B we define an A — B-bimodule as a Z-graded
vector space M together with linear maps

ehl Lt A[]P™M @ M @ B1]9™ — M(1]

satisfying the natural compatibility conditions (see e.g. [Ke 1]). If X and YV
are formal pointed dg-manifolds corresponding to A and B respectively then
an A — B-bimodule is the same as a dg-bundle £ over X ® Y equipped with a
homological vector field de which is a lift of the vector field dx ® 1 + 1 ® dy .

Example 5.1.6 Let A= B = M. We define a structure of diagonal bimodule
A

on A by setting c;; ,, = MA ot
Proposition 5.1.7 1) To have a structure of an As-module on the complex
M is the same as to have a homomorphism of A -algebras ¢ : A — Endg (M),
where K is a category of complexes of k-vector spaces.

2) To have a structure of an A — B-bimodule on a graded vector space M is
the same as to have a structure of left A-module on M and to have a morphism
of Aso-algebras va,p : B? — Hom g—_moa(M, M).

Let A be an A-algebra, M be an A-module and w4 4 : A°? — Homa_moa(M, M)
be the corresponding morphism of A,-algebras. Then the dg-algebra Centr(yp)
is isomorphic to the dg-algebra Hom a—moeq(M, M).

If M =4 Mpis an A— B-bimodule and N =g N¢ is a B — C-bimodule then
the complex sMp ®p gN¢ carries an A — C-bimodule structure. It is called
the tensor product of M and N.

Let f : X = Y be a homomorphism of formal pointed dg-manifolds corre-
sponding to a homomorphism of A,-algebras A — B. Recall that in Section
4 we constructed the formal neighborhood Uy of f in Maps(X,Y) and the
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Aso-algebra Centr(f). On the other hand, we have an A — mod — B bimodule
structure on B induced by f. Let us denote this bimodule by M (f). We leave
the proof of the following result as an exercise to the reader. It will not be used
in the paper.

Proposition 5.1.8 If B is weakly unital then the dg-algebra Enda_moa—p (M (f))
is quasi-isomorphic to Centr(f).

Ao-bimodules will be used in Part II for study of homologically smooth
A.-algebras. In the subsequent paper devoted to As,-categories we will explain
that bimodules give rise to A,,-functors between the corresponding categories
of modules. Tensor product of bimodules corresponds to the composition of
A -functors.

5.2 On the tensor product of A.-algebras

The tensor product of two dg-algebras A; and A, is a dg-algebra. For A..-
algebras there is no canonical simple formula for the A, .-structure on 4; ®j, Ao
which generalizes the one in the dg-algebras case. Some complicated formulas
were proposed in [SU]. They are not symmetric with respect to the permutation
(A1, As) — (As, Ar). We will give below the definition of the dg-algebra which
is quasi-isomorphic to the one from [SU] in the case when both A; and A, are
weakly unital. Namely, we define the A..-tensor product

A1“®7As = Enda,—mod—4a, (A1 ® As).

Notice that it is a unital dg-algebra. One can show that the dg-category A —
mod — B is equivalent (as a dg-category) to A1 “ ®” A3¥ — mod.

6 Yoneda lemma

6.1 Explicit formulas for the product and differential on

Centr(f)

Let A be an Ay-algebra, and B = Endk(A) be the dg-algebra of endomor-
phisms of A in the category K of complexes of k-vector spaces. Let f = fa :
A — B be the natural A,,-morphism coming from the left action of A on itself.
Notice that B is always a unital dg-algebra, while A can be non-unital. The aim
of this Section is to discuss the relationship between A and Centr(fa). This
is a simplest case of the Ay -version of Yoneda lemma (the general case easily
follows from this one. See also [Lyu],[LyuOv]).
As a graded vector space Centr(f4) is isomorphic to [], s, Hom(A® ™+ A)[—n].
Let us describe the product in Centr(f) for f = fa. Let ¢, be two homo-
geneous elements of Centr(f). Then

(¢-¥)(a1,az2,...,an) = £o(ay,...,ap_1,%(ap,...,an)).
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Here ¢ acts on the last group of variables ap,...,ay, and we use the Koszul
sign convention for A,,-algebras in order to determine the sign.
Similarly one has the following formula for the differential (see Section 3.3):

(d¢)(a17 s )aN) = Zi¢(a1) s >as>mi(as+17 . '7as+i))as+i+1 . '7aN)+
Zﬂ:mi(al, cey Qs 1, P(Agy v, Ay e, AN)).

6.2 Yoneda homomorphism

If M is an A — B-bimodule then one has a homomorphism of A, -algebras
B°P — Centr(¢a,m) (see Propositions 5.1.7, 5.1.8). We would like to apply
this general observation in the case of the diagonal bimodule structure on A.
Explicitly, we have the A.-morphism A°? — End,,,q—a(A) or, equivalently,
the collection of maps A®™ — Hom(A®", A). By conjugation it gives us a
collection of maps

A®™ @ Hom(A®", A) — Hom(A®(m+™)  A),

In this way we get a natural A.,-morphism Yo : A°? — Centr(fa) called the
Yoneda homomorphism.

Proposition 6.2.1 The Ay, -algebra A is weakly unital if and only if the Yoneda
homomorphism is a quasi-isomorphism.

Proof. Since Centr(fa) is weakly unital, then A must be weakly unital as
long as Yoneda morphism is a quasi-isomorphism.

Let us prove the opposite statement. We assume that A is weakly unital.
It suffices to prove that the cone Cone(Y o) of the Yoneda homomorphism has
trivial cohomology. Thus we need to prove that the cone of the morphism of
complexes

(A%, m1) = (Bnz1 Hom (A", A),m{ ")),

is contractible. In order to see this, one considers the extended complex A &
Centr(fa). It has natural filtration arising from the tensor powers of A. The
corresponding spectral sequence collapses, which gives an explicit homotopy
of the extended complex to the trivial one. This implies the desired quasi-
isomorphism of H°(A°P) and H®(Centr(f4)). B

Remark 6.2.2 It look like the construction of Centr(fa) is the first known
canonical construction of a unital dg-algebra quasi-isomorphic to a given A -
algebra (canonical but not functorial). This is true even in the case of strictly
unital A -algebras. Standard construction via bar and cobar resolutions gives
a non-unital dg-algebra.
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Part II
Smoothness and compactness

7 Hochschild cochain and chain complexes of an
A -algebra

7.1 Hochschild cochain complex

We change the notation for the homological vector field to @, since the letter d
will be used for the differential.® Let ((X,pt), Q) be a non-commutative formal
pointed dg-manifold corresponding to a non-unital A.-algebra A, and Vect(X)
the graded Lie algebra of vector fields on X (i.e. continuous derivations of
O(X)).

We denote by C*(A, A) := C*(X, X) := Vect(X)[—1] the Hochschild cochain
complex of A. As a Z-graded vector space

C*(4,4) = [] Home(A[1]*", A).

n>0

The differential on C*(A, A) is given by [Q),e]. Algebraically, C*(A4, A)[1] is a
DGLA of derivations of the coalgebra T'(A[1]) (see Section 3).

Theorem 7.1.1 Let X be a non-commutative formal pointed dg-manifold and
C*(X, X) be the Hochschild cochain complex. Then one has the following quasi-
isomorphism of complexes

C*(X, X)[1] > Tiay (Maps(X, X)),
where T;q, denotes the tangent complex at the identity map.

Proof. Notice that Maps(Spec(k[e]/(€?)) ® X, X) is the non-commutative dg
ind-manifold of vector fields on X. The tangent space T34, from the theorem
can be identified with the set of such f € Maps(Spec(k[e]/(e?)) ® X, X) that
fliptyex = idx. On the other hand the DGLA C*(X, X)[1] is the DGLA of
vector fields on X. The theorem follows. B

The Hochschild complex admits a couple of other interpretations. We leave
to the reader to check the equivalence of all of them. First, C*(A4,A4) ~
Centr(ida). Finally, for a weakly unital A one has C*(A4, A) ~ Hom A—mod—a(4A, A).
Both are quasi-isomorphisms of complexes.

Remark 7.1.2 Interpretation of C*(A, A)[1] as wvector fields gives a DGLA
structure on this space. It is a Lie algebra of the “commutative” formal group in

5We recall that the super version of the notion of formal dg-manifold was introduced by
A. Schwarz under the name “Q-manifold”. Here letter @ refers to the supercharge notation
from Quantum Field Theory.
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Vect%, which is an abelianization of the non-commutative formal group of in-
ner (in the sense of tensor categories) automorphisms Aut(X) C Maps(X, X).
Because of this non-commutative structure underlying the Hochschild cochain
complez, it is natural to expect that C*(A, A)[1] carries more structures than
just DGLA. Indeed, Deligne’s conjecture (see e.g. [KoSol] and the last sec-
tion of this paper) claims that the DGLA algebra structure on C*(A, A)[1] can
be extended to a structure of an algebra over the operad of singular chains of
the topological operad of little discs. Graded Lie algebra structure can be recov-
ered from cells of highest dimension in the cell decomposition of the topological
operad.

7.2 Hochschild chain complex

In this subsection we are going to construct a complex of k-vector spaces which
is dual to the Hochschild chain complex of a non-unital A.-algebra.

7.2.1 Cyclic differential forms of order zero

Let (X,pt) be a non-commutative formal pointed manifold over k, and O(X)
the algebra of functions on X. For simplicity we will assume that X is finite-
dimensional, i.e. dim,TpX < oco. If B = Bx is a counital coalgebra cor-
responding to X (coalgebra of distributions on X) then O(X) ~ B*. Let us
choose affine coordinates x, s, ..., T, at the marked point pt. Then we have
an isomorphism of O(X) with the topological algebra k({(z1,...,x,)) of formal
series in free graded variables xy, ..., ;.
We define the space of cyclic differential degree zero forms on X as

Q[c)ycl(X) = O(X)/[O(X)7 O(X)]tozn

where [O(X), O(X)]top denotes the topological commutator (the closure of the
algebraic commutator in the adic topology of the space of non-commutative
formal power series).

Equivalently, we can start with the graded k-vector space ngcl’ duar(X) de-

fined as the kernel of the composition B — B ® B — A\’ B (first map is the
coproduct A : B —+ B ® B, while the second one is the natural projection to

the skew-symmetric tensors). Then Q) ;(X) =~ (2,0 gua(X))* (dual vector
space).

7.2.2 Higher order cyclic differential forms

We start with the definition of the odd tangent bundle T[1]X. This is the dg-
analog of the total space of the tangent supervector bundle with the changed
parity of fibers. It is more convenient to describe this formal manifold in terms
of algebras rather than coalgebras. Namely, the algebra of functions O(T[1]X)
is a unital topological algebra isomorphic to the algebra of formal power series
k((z;,dz;)),1 < i <n, where deg dz; = deg z; + 1 (we do not impose any com-
mutativity relations between generators). More invariant description involves
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the odd line. Namely, let t; := Spc(By), where (B1)* = k{(£))/(£?), deg € = +1.
Then we define T[1]X as the formal neighborhood in Maps(t;, X) of the point
p which is the composition of pt with the trivial map of ¢; into the point Spec(k).

Definition 7.2.1 a) The graded vector space

O(T[)X) = *(X) = ] 2™(X)

is called the space of de Rham differential forms on X .
b) The graded space

ngcl I]X H Qcycl

m>0
is called the space of cyclic differential forms on X.

In coordinate description the grading is given by the total number of dz;.
Clearly each space (Uf, ,(X),n > 0 is dual to some vector space Q7 ; 7,,,;(X)
equipped with athe discrete topology (since this is true for Q°(T[1]X)).

The de Rham differential on Q°*(X) corresponds to the vector field 9/9¢ (see
description which uses the odd line, it is the same variable &). Since Qcyd is
given by the natural (functorial) construction, the de Rham differential descends
to the subspace of cyclic differential forms. We will denote the former by dpg
and the latter by d.ye.

The space of cyclic 1-forms Qcycl( ) is a (topological) span of expressions
1Z2...2; dzj,z; € O(X). Equivalently, the space of cyclic 1-forms consists of
expressions 7, o;,, fi(z1,...,xy) dz; where f; € k((z1, ..., zn))-

There is a map ¢ : Q}, ;(X) = O(X)eq := O(X)/k, which is defined on
Q'(X) by the formula adb — [a,b] (check that the induced map on the cyclic
1-forms is well-defined). This map does not have an analog in the commutative
case.

7.2.3 Non-commutative Cartan calculus

Let X be a formal graded manifold over a field k. We denote by g := gx the
graded Lie algebra of continuous linear maps O(T[1]X) — O(T[1]X) generated
by de Rham differential d = d4r and contraction maps i¢,§ € Vect(X) which
are defined by the formulas i¢(f) = 0,i¢(df) = &(f) for all f € O(T[1]X). Let
us define the Lie derivative Lie; = [d,i¢] (graded commutator). Then one can
easily checks the usual formulas of the Cartan calculus

[d, d] = 0, Lieg = [d, ’ig], [d, Lieg] = 0,
[Lieg, in] = i[ﬁﬂ?]’ [Lieg, Lien] = Lie[gm], [ig, in] = 0,

for any &,n € Vect(X).
By naturality, the graded Lie algebra gx acts on the space QC (X)) as well
as one the dual space (92¢,.,(X))".
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7.2.4 Differential on the Hochschild chain complex

Let @ be a homological vector field on (X, pt). Then A = T,,;X[—1] is a non-
unital A-algebra.

We define the dual Hochschild chain complex (Co(A, A))* as Q:;ycl(X)[Q]
with the differential Lieg. Our terminology is explained by the observation

that QF, ,(X)[2] is dual to the conventional Hochschild chain complex
Co(A, A) = ®,50(A[1)®" ® A.

Notice that we use the cohomological grading on C(A4, A), i.e. chains of
degree n in conventional (homological) grading have degree —n in our grading.
The differential has degree +1.

In coordinates the isomorphism identifies an element f;(x1,...,2,) ® x; €
(A[1]®"®A)* with the homogeneous element f;(z1,...,,) dz; € QL ,(X). Here
z; € (A[1])*,1 < i < n are affine coordinates.

The graded Lie algebra Vect(X) of vector fields of all degrees acts on any
functorially defined space, in particular, on all spaces Q/(X),Q’ (X), etc.

. cycl
Then we have a differential on Q7 . (X) given by b = Lieg of degree +1. There

is an explicit formula for the differential b on Co(A4, A) (cf. [T]):

blag ® ... ® an) = Z +ao @ ... @my(a; @ ... ® a;) @ ... ® ay,

+Zim,(aj R QU ® A D e ® ) D iy ® o D 1.

It is convenient to depict a cyclic monomial ag ® ... ® a, in the following way.
We draw a clockwise oriented circle with n + 1 points labeled from 0 to n such
that one point is marked We assign the elements ag, a1, ..., a, to the points with

the corresponding labels, putting ay at the marked point.

a,

Then we can write b = by + bo where by is the sum (with appropriate signs)
of the expressions depicted below:
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id

Similarly, by is the sum (with appropriate signs) of the expressions depicted
below:

id

N

In both cases maps m; are applied to a consequitive cyclically ordered se-
quence of elements of A assigned to the points on the top circle. The identity
map is applied to the remaining elements. Marked point on the top circle is the
position of the element of ag. Marked point on the bottom circle depicts the
first tensor factor of the corresponding summand of b. In both cases we start
cyclic count of tensor factors clockwise from the marked point.

7.3 The case of strictly unital A, -algebras

Let A be a strictly unital A, .-algebra. There is a reduced Hochschild chain

complex
O (A, 4) = Bazod @ ((A/k-1)[1])*",
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which is the quotient of C4(A,A). Similarly there is a reduced Hochschild
cochain complex

(4, 4) = T Home ((A/k- D[1]#", 4),
n>0
which is a subcomplex of the Hochschild cochain complex C*(A4, A).

Also, Ce(A, A) carries also the “Connes’s differential ” B of degree —1 (called
sometimes “de Rham differential”) given by the formula (see [Co], [T])

B(ap ® ... ® an) :Zil@ai®...®an®a0®...®ai,1,B2 =0,Bb+bB =0.

Here is a graphical description of B (it will receive an explanation in the section
devoted to generalized Deligne’s conjecture)

Let u be an independent variable of degree +2. It follows that for a strictly
unital A, -algebra A one has a differential b + uB of degree +1 on the graded
vector space C, (A, A)[[u]] which makes the latter into a complex called negative
cyclic complez (see [Co], [T]). In fact b+uB is a differential on a smaller complex
Ce(A, A)[u]. In the non-unital case one can use Cuntz-Quillen complex instead
of a negative cyclic complex (see next subsection).

7.4 Non-unital case: Cuntz-Quillen complex

In this subsection we are going to present a formal dg-version of the mixed com-
plex introduced by Cuntz and Quillen (see [CQ1]). In the previous subsection we
introduced the Connes differential B in the case of strictly unital A.-algebras.
In the non-unital case the construction has to be modified. Let X = A[1]¢orm be
the corresponding non-commutative formal pointed dg-manifold. The algebra
of functions O(X) ~ [],,5,(A[1]®™)* is a complex with the differential Lieg.
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Proposition 7.4.1 If A is weakly unital then all non-zero cohomology of the
complex O(X) are trivial, and H°(O(X)) ~ k.

Proof. Let us calculate the cohomology using the spectral sequence associated
with the filtration [],., (A[1]*")*. The term E; of the spectral sequence
is isomorphic to the complex [, ~,((H*(A[1],m1))®")* with the differential
induced by the multiplication m4 on H*(A,m{'). By assumption H*(A,m{') is
a unital algebra, hence all the cohomology groups vanish except of the zeroth
one, which is isomorphic to k. This concludes the proof. H.
It follows from the above Proposition that the complex O(X)/k is acyclic.
We have the following two morphisms of complexes
deyer : (O(X)/k -1, Lieg) — (2

cycl

(X)a LieQ)
and
¢ (Qoya(X), Lieq) = (O(X)/k - 1, Lieg).
Here d.y and ¢ were introduced in the Section 7.2.2. We have: deg(dcyc) =
+1,deg(p) = —1,deyci o9 = 0,p 0 deyer = 0..
Let us consider a modified Hochschild chain complex
CToU(4, A) == (R (X)[2)* @ (0(X) [k - 1)*

cycl

with the diffgrential
b= (LZ@Q)* (10* )

0 (Lieg)*
Let
B= ( d*o 8 > be an endomorphism of CJ*°4(A, A) of degree —1. Then
cycl

B? = 0. Let u be a formal variable of degree +2. We define modified negative
cyclic, periodic cyclic and cyclic chain complexes such as follows

CComN(A) = (C9(A, Alull, b+ uB),
CP4(A) = (C7U(A, A)((w), b+ uB),

CCI(A) = (CP(A)/COT ™ (A))[-2).

For unital dg-algebras these complexes are quasi-isomorphic to the standard
ones. If char k = 0 and A is weakly unital then CC’._’mod(A) is quasi-isomorphic
to the complex (Q° (X),Lieg)*. Notice that the k[[u]]-module structure on

cycl
the cohomology H*((Q°, ,(X), Lieg)*) is not visible from the definition.

cycl

8 Homologically smooth and compact A,.-algebras

From now on we will assume that all A, -algebras are weakly unital unless we
say otherwise.
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8.1 Homological smoothness

Let A be an A, -algebra over k and F1, Es, ..., E, be a sequence of A-modules.
Let us consider a sequence (E<;)i<;<n of A-modules together with exact trian-
gles

Ei — Egi — Ei+1 — El[].],

such that E<; = E;.

We will call E<,, an extension of the sequence Ex, ..., E,.

The reader also notices that the above definition can be given also for the
category of A — A-bimodules.

Definition 8.1.1 1) A perfect A-module is the one which is quasi-isomorphic
to a direct summand of an extension of a sequence of modules each of which is
quasi-isomorphic to A[n],n € Z.

2) A perfect A— A-bimodule is the one which is quasi-isomorphic to a direct
summand of an extension of a sequence consisting of bimodules each of which
is quasi-isomorphic to (A ® A)[n],n € Z.

Perfect A-modules form a full subcategory Per f4 of the dg-category A—mod.
Perfect A — A-bimodules form a full subcategory Perfa 04— a of the category
of A — A-bimodules.®

Definition 8.1.2 We say that an Ay -algebra A is homologically smooth if it
is a perfect A — A-bimodule (equivalently, A is a perfect module over the A-
algebra A“® 7 A°P).

Remark 8.1.3 An A — B-bimodule M gives rise to a dg-functor B — mod —
A —mod such that V — M ®p V. The diagonal bimodule A corresponds to the
identity functor Idg_moq : A — mod — A — mod. The notion of homological
smoothness can be generalized to the framework of A -categories. The corre-
sponding notion of saturated A..-category can be spelled out entirely in terms
of the identity functor.

Let us list few examples of homologically smooth A.,-algebras.

Example 8.1.4 a) Algebra of functions on a smooth affine scheme.

b) A =k[z1,...,xy]q, which is the algebra of polynomials in variables x;,1 <
i < n subject to the relations x;x; = q;; xjx;, where q;; € k™ satisfy the proper-
ties qi; = 1,q:5q5; = 1. More generally, all quadratic Koszul algebras, which are
deformations of polynomial algebras are homologically smooth.

¢) Algebras of regular functions on quantum groups (see [KorSo]).

d) Free algebras k(x1,...,Ty).

e) Finite-dimensional associative algebras of finite homological dimension.

6Sometimes Perf, is called a thick triangulated subcategory of A — mod generated by
A. Then it is denoted by (A). In the case of A — A-bimodules we have a thik triangulated
subcategory generated by A ® A, which is denoted by (A ® A).
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f) If X is a smooth scheme over k then the bounded derived category D°(Per f(X))

of the category of perfect complexes (it is equivalent to D*(Coh(X))) has a gen-
erator P (see [BuB]). Then the dg-algebra A = End(P) (here we understand
endomorphisms in the “derived sense”, see [Ke 2]) is a homologically smooth
algebra.

Let us introduce an A — A-bimodule A' = Homa_moq—a(A, A ® A) (cf.

[Gi2]). The structure of an A — A-bimodule is defined similarly to the case of
associative algebras.

Proposition 8.1.5 If A is homologically smooth then A' is a perfect A — A-
bimodule.

Proof. We observe that Homg —meq(C, C) is a dg-algebra for any A..-algebra

C. The Yoneda embedding C' — Hom¢c—meqa(C,C) is a quasi-isomorphism of
A-algebras. Let us apply this observation to C = A ® A°?. Then using
the As-algebra A“® ” A% (see Section 5.2) we obtain a quasi-isomorphism of
A — A-bimodules Hom g _meq-a(A® AJA® A) ~ A® A. By assumption A
is quasi-isomorphic (as an A,,-bimodule) to a direct summand in an extension
of a sequence (A ® A)[n;] for n; € Z. Hence Homa—_mod—a(A @ A, A® A) is
quasi-isomorphic to a direct summand in an extension of a sequence (A® A)[m;]
for m; € Z. The result follows. B

Definition 8.1.6 The bimodule A' is called the inverse dualizing bimodule.

The terminology is explained by an observation that if A = End(P) where P

is a generator of of Perf(X) (see example 8f)) then the bimodule A' corresponds
to the functor F s F ® Kx'[~dim X], where Kx is the canonical class of X .

Remark 8.1.7 In [ToVa] the authors introduced a stronger notion of fibrant dg-
algebra. Informally it corresponds to “non-commutative homologically smooth
affine schemes of finite type”. In the compact case (see the next section) both
notions are equivalent.

8.2 Compact A,-algebras

Definition 8.2.1 We say that an Ay -algebra A is compact if the cohomology
H*(A,my) is finite-dimensional.

Example 8.2.2 a) If dimpA < co then A is compact.

b) Let X/k be a proper scheme of finite type. According to [BuB] there exists

a compact dg-algebra A such that Perf4 is equivalent to D*(Coh(X)).

¢) If Y C X is a proper subscheme (possibly singular) of a smooth scheme

X then the bounded derived category D% (Perf(X)) of the category of perfect
complexes on X, which are supported on Y has a generator P such that A =
End(P) is compact. In general it is not homologically smooth for Y # X. More
generally, one can replace X by a formal smooth scheme containing Y, e.g. by
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the formal neighborhood of Y in the ambient smooth scheme. In particular, for
Y = {pt} C X = A! and the generator Oy of D*(Perf(X)) the corresponding
graded algebra is isomorphic to k(£)/(€?), where deg& = 1.

Proposition 8.2.3 If A is compact and homologically smooth then the Hochschild
homology and cohomology of A are finite-dimensional.

Proof. a) Let us start with Hochschild cohomology. We have an isomorphism of
complexes C*(A, A) ~ Homa—moq—a(A, A). Since A is homologically smooth
the latter complex is quasi-isomorphic to a direct summand of an extension
of the bimodule Homg_moa—a(A ® A, A ® A). The latter complex is quasi-
isomorphic to A® A (see the proof of the Proposition 8.1.5). Since A is compact,
the complex A ® A has finite-dimensional cohomology. Therefore any perfect
A — A-bimodule enjoys the same property. We conclude that the Hochschild
cohomology groups are finite-dimensional vector spaces.

b) Let us consider the case of Hochschild homology. With any A — A-
bimodule E we associate a complex of vector spaces E* = ©,>0A[1]*" @ E (cf.
[Gi2]). The differential on E* is given by the same formulas as the Hochschild
differential for Co(A, A) with the only change: we place an element e € E
instead of an element of A at the marked vertex (see Section 7). Taking E = A
with the structure of the diagonal A — A-bimodule we obtain A% = C,(4, A). On
the other hand, it is easy to see that the complex (A ® A)* is quasi-isomorphic
to (A,m1), since (A ® A)? is the quotient of the canonical free resolution (bar
resolution) for A by a subcomplex A. The construction of E* is functorial, hence
A* is quasi-isomorphic to a direct summand of an extension (in the category of
complexes) of a shift of (A® A)*, because A is smooth. Since A* = Co(A4, A) we
see that the Hochschild homology He(A, A) is isomorphic to a direct summand
of the cohomology of an extension of a sequence of k-modules (A[n;],m1). Since
the vector space H*(A, my) is finite-dimensional the result follows. B

Remark 8.2.4 For a homologically smooth compact Ay -algebra A one has a
quasi-isomorphism of complezes Co(A, A) ~ Homa_moq—a(A', A) Also, the
complex Hom A noq—a(M', N) is quasi-isomorphic to (M @4 N)* for two A— A-
bimodules M, N, such that M is perfect. Here M' := Homa _moq—a(M, A® A)
Having this in mind one can offer a version of the above proof which uses the
isomorphism

HomA—mod—A(A!a A) = HomA—mod—A(HomA—mod—A(Aa A® A): A)

Indeed, since A is homologically smooth the bimodule Homa_moq—a(A, A ®
A) is quasi-isomorphic to a direct summand P of an extension of a shift of
Homa—mod—aA(AR A AR A) ~ AR A. Similarly, Hom a—_moq—a(P, A) is quasi-
isomorphic to a direct summand of an extension of a shift of Homa—_moq—a(A®
AARA)~ A® A. Combining the above computations we see that the complex
Co(A, A) is quasi-isomorphic to a direct summand of an extension of a shift
of the compler A ® A. The latter has finite-dimensional cohomology, since A
enjoys this property.
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Besides algebras of finite quivers there are two main sources of homologically
smooth compact Z-graded A.-algebras.

Example 8.2.5 a) Combining Examples 8.1.4f) and 8.2.2b) we see that the
derived category D*(Coh(X)) is equivalent to the category Perfa for a homo-
logically smooth compact Ay, -algebra A.

b) According to [Se] the derived category D*(F(X)) of the Fukaya category of
a K3 surface X is equivalent to Perf4 for a homologically smooth compact A -
algebra A. The latter is generated by Lagrangian spheres, which are vanishing
cycles at the critical points for a fibration of X over CPY. This result can be
generalized to other Calabi-Yau manifolds.

In Z/2-graded case examples of homologically smooth compact A,-algebras
come from Landau-Ginzburg categories (see [Or], [R]) and from Fukaya cate-
gories for Fano varieties.

Remark 8.2.6 Formal deformation theory of smooth compact Ay, -algebras gives
a finite-dimensional formal pointed (commutative) dg-manifold. The global mod-
uli stack can be constructed using methods of [ToVa]). It can be thought of as a
moduli stack of non-commutative smooth proper varieties.

9 Degeneration Hodge-to-de Rham

9.1 Main conjecture

Let us assume that char k = 0 and A is a weakly unital A.,-algebra, which can
be Z-graded or Z/2-graded.

For any n > 0 we define the truncated modified negative cyclic complex
cmedm (A, 4) = Cod(A, A) ® k[u]/(u™), where deg u = +2. It is a complex
with the differential b+uB. Its cohomology will be denoted by H* (C’:rwd’(n) (4, A4)).

Definition 9.1.1 We say that an A -algebra A satisfies the degeneration prop-
erty if for any n > 1 one has: H'(C’:rwd’(n) (A, A)) is a flat klu]/(u™)-module.

Conjecture 9.1.2 (Degeneration Hodge-to-de Rham). Let A be a weakly unital
compact homologically smooth A -algebra. Then it satisfies the degeneration

property.
We will call the above statement the degeneration conjecture.

Corollary 9.1.3 If the A satisfies the degeneration property then the negative
cyclic homology coincides with lim H*(Cl" (A, A)), and it is a flat k[[u]]-
module.

Remark 9.1.4 One can speak about degeneration property (modulo u™) for
Ao -algebras which are flat over unital commutative k-algebras. For example,
let R be an Artinian local k-algebra with the maximal ideal m, and A be a flat
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R-algebra such that A/m is weakly unital, homologically smooth and compact.
Then, assuming the degeneration property for A/m, one can easily see that it
holds for A as well. In particular, the Hochschild homology of A gives rise to a
vector bundle over Spec(R) x Aj,,..[=2].

Assuming the degeneration property for A we see that there is a Z-graded
vector bundle 4 over A% [-2] = Spf(k[[u]]) with the space of sections iso-
morphic to

lim H*(C3M™ (4, 4)) = HC;™o(4),

which is the negative cyclic homology of A. The fiber of £4 at u = 0 is isomorphic
to the Hochschild homology HI"4(A, A) := He(Cs(A, A)).

Notice that Z-graded k((u))-module HP*¢(A) of periodic cyclic homology
can be described in terms of just one Z/2-graded vector space HP™°%(A) @

EVEN

IH P94(A), where HPT4(A) (resp. HP™9%(A)) consists of elements of de-
gree zero (resp. degree +1) of HP™°?(A) and II is the functor of changing
the parity. We can interpret £4 in terms of (Z/2-graded) supergeometry as a
G,,-equivariant supervector bundle over the even formal line A} orm- The struc-
ture of a Gy,-equivariant supervector bundle &4 is equivalent to a filtration F'
(called Hodge filtration) by even numbers on HP™¢(A) and by odd numbers
on HP™5(A). The associated Z-graded vector space coincides with He(A, A).

We can say few words in support of the degeneration conjecture. One is,
of course, the classical Hodge-to-de Rham degeneration theorem (see Section
9.2 below). It is an interesting question to express the classical Hodge theory
algebraically, in terms of a generator £ of the derived category of coherent
sheaves and the corresponding A.-algebra A = RHom/(&,£). The degeneration
conjecture also trivially holds for algebras of finite quivers without relations.

In classical algebraic geometry there are basically two approaches to the
proof of degeneration conjecture. One is analytic and uses Kéhler metric, Hodge
decomposition, etc. Another one is pure algebraic and uses the technique of re-
duction to finite characteristic (see [DI]). Recently Kaledin (see [Kal]) suggested
a proof of a version of the degeneration conjecture based on the reduction to
finite characterstic.

Below we will formulate a conjecture which could lead to the definition of
crystalline cohomology for A, -algebras. Notice that one can define homologi-
cally smooth and compact A.,-algebras over any commutative ring, in particu-
lar, over the ring of integers Z. We assume that A is a flat Z-module.

Conjecture 9.1.5 Suppose that A is a weakly unital A -algebra over Z, such
that it is homologically smooth (but not necessarily compact). Truncated neg-
ative cyclic complexes (Co(A, A) @ Z[[u, p]]/(u™,p™),b+ uB) and (Ce(4,A) ®
Z[[u,p]]/(u™,p™),b — puB) are quasi-isomorphic for all n,m > 1 and all prime
numbers p.

If, in addition, A is compact then the homology of either of the above com-
plezes is a flat module over Z[[u,p]]/(u™,p™).
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If the above conjecture is true then the degeneration conjecture,probably, can
be deduced along the lines of [DI]. One can also make some conjectures about
Hochschild complex of an arbitrary A,.-algebra, not assuming that it is compact
or homologically smooth. More precisely, let A be a unital A,.-algebra over the
ring of p-adic numbers Z,. We assume that A is topologically free Z,-module.
Let Ay = A®z, Z/p be the reduction modulo p. Then we have the Hochschild
complex (Cq (Ao, Ao),b) and the Z/2-graded complex (Co (Ao, 4o),b+ B).

Conjecture 9.1.6 For any i there is natural isomorphism of Z/2-graded vector
spaces over the field Z/p:

H.(C.(Ao,Ag),b) ~ H.(C.(Ao,Ag),b + B)

There are similar isomorphisms for weakly unital and non-unital A -algebras,
if one replaces Cs (Ao, Ao) by C°%( Ay, Ag). Also one has similar isomorphisms
for Z/2-graded A -algebras.

The last conjecture presumably gives an isomorphism used in [DI], but does
not imply the degeneration conjecture.

Remark 9.1.7 As we will explain elsewhere there are similar conjectures for
saturated Ao -categories (recall that they are generalizations of homologically
smooth compact A -algebras). This observation supports the idea of intro-
ducing the category NCMot of non-commutative pure motives. Objects of the
latter will be saturated A -categories over a field, and Homncaot(Ci,Co) =
Ko(Funct(Cy,C2)) ®@Q/equiv where Ko means the Ko-group of the A -category
of functors and equiv means numerical equivalence (i.e. the quivalence relation
generated by the kernel of the Euler form (E,F) := x(RHom(E,F)), where
X 4s the Euler characteristic). The above category is worth of consideration
and will be discussed elsewhere (see [Ko4]). In particular, one can formulate

non-commutative analogs of Weil and Beilinson conjectures for the category
NCMot.

9.2 Relationship with the classical Hodge theory

Let X be a quasi-projective scheme of finite type over a field & of characteristic
zero. Then the category Perf(X) of perfect sheaves on X is equivalent to
H°(A—mod), where A—mod is the category of A.,-modules over a dg-algebra A.
Let us recall a construction of A. Consider a complex E of vector bundles which
generates the bounded derived category D®(Perf(X)) (see [BvB]). Then A is
quasi-isomorphic to RHom(E, E). More explicitly, let us fix an affine covering
X = U;U;. Then the complex A := @i, 4y,....i. T (Ui, N...NU; , E*Q E)[—n], n =
dim X computes RHom/(E, E) and carries a structure of dg-algebra. Different
choices of A give rise to equivalent categories H°(A — mod) (derived Morita
equivalence).

Properties of X are encoded in the properties of A. In particular:

a) X is smooth iff A is homologically smooth;
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b) X is compact iff A is compact.
Moreover, if X is smooth then

H*(A, A) ~ Exth conx xx)) (Oa; Oa) =

@i j>0H (X, NTx)[—(i + 7)]]

where Oa is the structure sheaf of the diagonal A C X x X.
Similarly . .
H (A A) ~ EBZ"J‘ZOHl(X, NT)J — 1.

The RHS of the last formula is the Hodge cohomology of X. One can con-
sider the hypercohomology H*(X, Q% [[u]]/u™Q%[[u]]) equipped with the dif-
ferential udgr. Then the classical Hodge theory ensures degeneration of the
corresponding spectral sequence, which means that the hypercohomology is a
flat kfu]/(u")-module for any n > 1. Usual de Rham cohomology H3,(X) is
isomorphic to the generic fiber of the corresponding flat vector bundle over the
formal line A}, [-2], while the fiber at u = 0 is isomorphic to the Hodge
cohomology Hyr, .. (X) = @i j>oH (X, NT%)[j —4]. In order to make a con-
nection with the “abstract” theory of the previous subsection we remark that
HjR(X) is isomorphic to the periodic cyclic homology H P,(A) while Ho(A, A)
is isomorphic to Hyy,g,.(X).

10 A, -algebras with scalar product

10.1 Main definitions

Let (X, pt, Q) be a finite-dimensional formal pointed dg-manifold over a field &
of characteristic zero.

Definition 10.1.1 A symplectic structure of degree N € Z on X is given by a
cyclic closed 2-form w of degree N such that its restriction to the tangent space
Ty X is non-degenerate.

One has the following non-commutative analog of the Darboux lemma.

Proposition 10.1.2 Symplectic form w has constant coefficients in some affine
coordinates at the point pt.

Proof. Let us choose an affine structure at the marked point and write down
w = wo+wi+ws+...., where w; = Z” ¢ij(¢)dz; ®dz; and ¢;j(z) is homogeneous
of degree ! (in particular, wy has constant coefficients). Next we observe that
the following lemma holds.

Lemma 10.1.3 Let w = wo + r, where r = w; + wiy1 + ...,0 > 1. Then there
is a change of affine coordinates x; — x; + O(z!*1) which transforms w into
wo + wWig1 + ...
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Lemma implies the Proposition, since we can make an infinite product of
the above changes of variables (it is a well-defined infinite series). The resulting
automorphism of the formal neighborhood of z( transforms w into wp.

Proof of the lemma. We have deyqw; = 0 for all j > [ (see Section 7.2.2
for the notation). The change of variables is determined by a vector field v =
(v1,...,vp) such that v(zg) = 0. Namely, z; — x; — v;, 1 < i < n. Moreover, we
will be looking for a vector field such that v; = O(z!*1) for all i.

We have Lie,(w) = d(iywo) + d(iyr). Since dw; = 0 we have w; = dag4 for
some form a;;1 = O(z'*!) in the obvious notation (formal Poincare lemma).
Therefore in order to kill the term with w; we need to solve the equation
dajy1 = d(iywo). It suffices to solve the equation ay41 = i,wp. Since wp
is non-degenerate, there exists a unique vector field v = O(z!*!) solving last
equation. This proves the lemma. W

Definition 10.1.4 Let (X, pt, Q,w) be a non-commutative formal pointed sym-
plectic dg-manifold. A scalar product of degree N on the Ay -algebra A =
Ty X [—1] is given by a choice of affine coordinates at pt such that the w becomes
constant and gives rise to a non-degenerate bilinear form A ® A — k[—N].

Remark 10.1.5 Notice that since Lieg(w) = 0 there exists a cyclic function
S € 92,,(X) such that iqw = dS and {S,S} = 0 (here the Poisson bracket
corresponds to the symplectic form w). It follows that the deformation theory of
a non-unital As-algebra A with the scalar product is controlled by the DGLA

00,.1(X) equipped with the differential {S, e}.

We can restate the above definition in algebraic terms. Let A be a finite-
dimensional A.-algebra, which carries a non-degenerate symmetric bilinear
form (,) of degree N. This means that for any two elements a,b € A such
that deg(a) + deg(b) = N we are given a number (a,b) € k such that:

1) for any collection of elements ay, ..., an+1 € A the expression (my (a1, ..., an), Gnt1)
is cyclically symmetric in the graded sense (i.e. it satisfies the Koszul rule of
signs with respect to the cyclic permutation of arguments);

2) bilinear form (e, e) is non-degenerate.

In this case we will say that A is an As.-algebra with the scalar product of
degree N.

10.2 Calabi-Yau structure

The above definition requires A to be finite-dimensional. We can relax this con-
dition requesting that A is compact. As a result we will arrive to a homological
version of the notion of scalar product. More precisely, assume that A is weakly
unital compact Ay-algebra. Let COM°Y(A) = (CCI°4(A, A)[u~'],b+ uB) be
the cyclic complex of A. Let us choose a cohomology class [¢] € H*(CCI°4(A))*
of degree N. Since the complex (4,m;) is a subcomplex of CI°?(A, A) C
CC"4(A) we see that [p] defines a linear functional T'ry,) : H*(A) — k[—-N].

Definition 10.2.1 We say that [p] is homologically non-degenerate if the bilin-
ear form of degree N on H*(A) given by (a,b) — T'r,(ab) is non-degenerate.
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Notice that the above bilinear form defines a symmetric scalar product of
degree N on H*(A) .

Theorem 10.2.2 For a weakly unital compact Ao -algebra A a homologically
non-degenerate cohomology class [¢] gives rise to a class of isomorphisms of
non-degenerate scalar products on a minimal model of A.

Proof. Since char k = 0 the complex (CCM™°%(A))* is quasi-isomorphic to
(ngcl( )/k7 LlCQ)

Lemma 10.2.3 Complez (02 (X), Lieg) is quasi-isomorphic to the complex

cycl
(Q[c)ycl( )/k’ L’LGQ)

Proof. Notice that as a complex (ngccl( ), Lieg) is isomorphic to the com-
plex QL ,(X)/deyer Q0,4 (X). The latter is quasi-isomorphic to [O(X), O(X)]sop
via adb — [a,b] (recall that [O(X), O(X)]op denotes the topological closure of
the commutator).

By definition Q7 ;(X) = O(X)/[O(X), O(X)]top- We know that O(X)/k
is acyclic, hence Qcycl( )/k is quasi-isomorphic to [O(X), O(X)].p. Hence the

complex (Qiyccll( ), Lieg) is quasi-isomorphic to (2, ,(X)/k, Lieq). B
As a corollary we obtain an isomorphism of cohomology groups H*® (nyccll( )) ~
H*(Q,.,(X)/k). Having a non-degenerate cohomology class [p] € H*(CCJ*%(A4))*

H'(nyccll( ), Lieg) as above, we can choose its representative w € ngffl( )s
Liegw = 0. Let us consider w(zg). It can be described pure algebraically such as
follows. Notice that there is a natural projection H*(Q cycl( )/ k) — (A/[A, A)])*
which corresponds to the taking the first Taylor coefficient of the cyclic function.
Then the above evaluation w(zg) is the image of ¢(xo) under the natural map
(A/[A, AD)* — (Sym?(A))* which assigns to a linear functional [ the bilinear
form I(ab).

We claim that the total map H'(Qiyccll( )) — (Sym?(A))* is the same
as the evaluation at xp of the closed cyclic 2-form. Equivalently, we claim
that w(zo)(a,b) = Try(ab). Indeed, if f € Q2 ,(X)/k is the cyclic function
corresponding to w then we can write f = . a,2;4+0(2?). Therefore Lieg(f) =
Dol aicfj (i, 2]+ O(2?), where cfj are structure constants of O(X). Dualizing
we obtain the claim.

Proposition 10.2.4 Let wy, and wy be two symplectic structures on the finite-
dimensional formal pointed minimal dg-manifold (X, pt, Q) such that [w1] = [wo)
in the cohomology of the complex (ngccll( ), Lieq) consisting of closed cyclic 2-
forms. Then there exists a change of coordinates at xo preserving ) which

transforms wy into ws.

Corollary 10.2.5 Let (X, pt, Q) be a (possibly infinite-dimensional) formal pointed
dg-manifold endowed with a (possibly degenerate) closed cyclic 2-form w. As-
sume that the tangent cohomology H° (T, X) is finite-dimensional and w induces
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a non-degenerate pairing on it. Then on the minimal model of (X,pt,Q) we
have a canonical isomorphism class of symplectic forms modulo the action of
the group Aut(X,pt, Q).

Proof. Let M be a (finite-dimensional) minimal model of A. Choosing a
cohomology class [¢] as above we obtain a non-degenerate bilinear form on M,
which is the restriction w(zg) of a representative w € 0% (X). By construction
this scalar product depends on w. We would like to show that in fact it depends
on the cohomology class of w, i.e. on ¢ only. This is the corollary of the following
result.

Lemma 10.2.6 Let w; = w+ Lieg(da)). Then there ezists a vector field v such
that v(zg) =0, [v, Q] = 0 and Lie,(w) = Lieg(da).

Proof. As in the proof of Darboux lemma we need to find a vector field v,
satisfying the condition di,(w) = Lieg(da). Let S = Lieg(a). Then df =
dLieg(a) = 0. Since w is non-degenerate we can find v satisfying the conditions
of the Proposition and such that di,(w) = Lieg(da). Using this v we can
change affine coordinates transforming w + Lieg(da) back to w. This concludes
the proof of the Proposition and the Theorem.l

Presumably the above construction is equivalent to the one given in [Kaj].
We will sometimes call the cohomology class [¢] a Calabi-Yau structure on A
(or on the corresponding non-commutative formal pointed dg-manifold X'). The
following example illustrates the relation to geometry.

Example 10.2.7 Let X be a complex Calabi-Yau manifold of dimension n.
Then it carries a nowhere vanishing holomorphic n-form vol. Let us fix a holo-
morphic vector bundle E and consider a dg-algebra A = Q%*(X, End(E)) of
Dolbeault (0,p)-forms with values in End(E). This dg-algebra carries a linear
functional a — fX Tr(a) Avol. One can check that this is a cyclic cocycle which
defines a non-degenerate pairing on H®(A) in the way described above.

There is another approach to Calabi-Yau structures in the case when A
is homologically smooth. Namely, we say that A carries a Calabi-Yau struc-
ture of dimension N if A' ~ A[N] (recall that A' is the A — A-bimodule
Homa—moq—a(A, A ® A) introduced in Section 8.1. Then we expect the fol-
lowing conjecture to be true.

Conjecture 10.2.8 If A is a homologically smooth compact finite-dimensional
Ao -algebra then the existence of a non-degenerate cohomology class [¢] of degree
dim A is equivalent to the condition A' ~ A[dim A].

If A is the dg-algebra of endomorphisms of a generator of D(Coh(X)) (X
is Calabi-Yau) then the above conjecture holds trivially.

Finally, we would like to illustrate the relationship of the non-commutative
symplectic geometry discussed above with the commutative symplectic geom-
etry of certain spaces of representations 7. More generally we would like to

"It goes back to [Ko2], and since that time has been discussed in many papers, see e.g.
[Gi2].
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associate with X = Spc(T(A[1])) a collection of formal algebraic varieties,
so that some “non-commutative” geometric structure on X becomes a collec-
tion of compatible “commutative” structures on formal manifolds M(X,n) :=
Re\po((’)(X), Mat,(k)), where Mat, (k) is the associative algebra of n X n ma-
trices over k, O(X) is the algebra of functions on X and Re\po(...) means the
formal completion at the trivial representation. In other words, we would like
to define a collection of compatible geometric structure on “M aty, (k)-points” of
the formal manifold X. In the case of symplectic structure this philosophy is
illustrated by the following result.

Theorem 10.2.9 Let X be a non-commutative formal symplectic manifold in

Vecty. Then it defines a collection of symplectic structures on all manifolds
M(X,n),n > 1.

Proof. Let O(X) = A,O(M(X,n)) = B. Then we can choose isomorphisms
A~ k{{z1,...,2,)) and B ~ ((a:i'ﬁ, %8Y)), where 1 < a,8 < n. To any
a € A we can assign a € B ® Mat,(k) such that:

Z; = fo‘ﬁ ® €q,8,
a,B

where e, g is the n xn matrix with the only non-trivial element equal to 1 on the
intersection of a-th line and $-th column. The above formulas define an algebra
homomorphism. Composing it with the map idp ®@ TTprq, (k) We get a linear
map Ogye(X) = O(M(X,n)). Indeed the closure of the commutator [4, A]
is mapped to zero. Similarly, we have a morphism of complexes Qf (X) —
Q*(M(X,n)), such that

L]
cycl

dz; — Z dz®Peq 5.
a,B

Clearly, continuous derivations of A (i.e. vector fields on X) give rise to the
vector fields on M(X,n).

Finally, one can see that a non-degenerate cyclic 2-form w is mapped to the
tensor product of a non-degenerate 2-form on M(X,n) and a nondegenerate
2-form Tr(XY) on Maty (k). Therefore a symplectic form on X gives rise to a
symplectic form on M(X,n),n > 1. B

11 Hochschild complexes as algebras over oper-
ads and PROPs

Let A be a strictly unital A, .-algebra over a field k of characteristic zero. In
this section we are going to describe a colored dg-operad P such that the pair
(C*(A,A),C4(A, A)) is an algebra over this operad. More precisely, we are going
to describe Z-graded k-vector spaces A(n,m) and B(n,m), n,m > 0 which are
components of the colored operad such that B(n,m) # 0 for m = 1 only and
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A(n,m) # 0 for m = 0 only together with the colored operad structure and the
action

a) A(n,0) ® (C*(4, A))®" — C*(A, A),

b) B(n,1) ® (C*(A, A))®" @ Ce(A, A) — Co(4, A).

Then, assuming that A carries a non-degenerate scalar product, we are going
to describe a PROP R associated with moduli spaces of Riemannian surfaces
and a structure of R-algebra on C,(A4, A).

11.1 Configuration spaces of discs

We start with the spaces A(n,0). They are chain complexes. The complex
A(n,0) coincides with the complex M,, of the minimal operad M = (My)n>0
described in [KoSol], Section 5. Without going into details which can be found
in loc. cit. we recall main facts about the operad M. A basis of M, as a
k-vector space is formed by n-labeled planar trees (such trees have internal
vertices labeled by the set {1,...,n} as well as other internal vertices which are
non-labeled and each has the valency at least 3).

We can depict n-labeled trees such as follows

"] '«.
! @/ \@ / \@
|

root root

AN
N

Labeled vertices are depicted as circles with numbers inscribed, non-labeled
vertices are depicted as black vertices. In this way we obtain a graded operad
M with the total degree of the basis element corresponding to a tree T' equal to

deg(T)= > (A=oh+ > B-lo]

vEVian (T) VEVnont(T)

where Vi (T') and V,,0n1(T') denote the sets of labeled and non-labeled vertices
respectively , and |v| is the valency of the vertex v, i.e. the cardinality of the
set of edges attached to v.

The notion of an angle between two edges incoming in a vertex is illustrated
in the following figure (angles are marked by asteriscs).
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3 @

Operadic composition and the differential are described in [KoSol], sections
5.2, 5.3. We borrow from there the following figure which illustrates the operadic
composition of generators corresponding to labeled trees 77 and T5.

® root ® root

—
N©)
Ner!
I
I+
@—> ®—> [
I+
I+
()— )—
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Informally speaking, the operadic gluing of T to 77 at an internal vertex v
of T is obtained by:

a) Removing from T the vertex v together with all incoming edges and
vertices.

b) Gluing T to v (with the root vertex removed from T5). Then

c) Inserting removed vertices and edges of T} in all angles between incoming
edges to the new vertex vy -

d) Taking the sum (with appropriate signs) over all possible inserting of
edges in c).

The differential dy; is a sum of the “local” differentials d,, where v runs
through the set of all internal vertices. Each d, inserts a new edge into the set
of edges attached to v. The following figure borrowed from [KoSol] illustrates
the difference between labeled (white) and non-labeled (black) vertices.

val>1
f— /’\
new
/. val>1

/’Q + /O\

N> ?i\ i

In this way we make M into a dg-operad. It was proved in [KoSol], that
M is quasi-isomorphic to the dg-operad Chains(FM,) of singular chains on
the Fulton-Macpherson operad FM>. The latter consists of the compactified
moduli spaces of configurations of points in R? (see e.g. [KoSol], Section 7.2
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for a description). It was also proved in [KoSol] that C*(A, A) is an algebra over
the operad M (Deligne’s conjecture follows from this fact). The operad F M, is
homotopy equivalent to the famous operad C> = (C2(n)),>0 of 2-dimensional
discs (little disc operad). Thus C*(A4, A) is an algebra (in the homotopy sense)
over the operad Chains(Cs).

11.2 Configurations of points on the cylinder

Let ¥ = S! x [0,1] denotes the standard cylinder.

Let us denote by S(n) the set of isotopy classes of the following graphs
rck:

a) every graph I is a forest (i.e. disjoint union of finitely many trees I' =
Ui T5);

b) the set of vertices V' (I') is decomposed into the union Vox, UV UV, 0 UVL
of four sets with the following properties:

bl) the set Vpy is the union {in} U {out} UV, of three sets of points which
belong to the boundary 0% of the cylinder. The set {in} consists of one marked
point which belongs to the boundary circle S* x {1} while the set {out} consists
of one marked point which belongs to the boundary circle S* x {0}. The set V,ut
consists of a finitely many unlableled points on the boundary circle S* x {0};

b2) the set Vi, consists of n labeled points which belong to the surface
St x (0,1) of the cylinder;

b3) the set Vj,on consists of a finitely many non-labeled points which belong
to the surface S* x (0,1) of the cylinder;

b4) the set V] is either empty or consists of only one element denoted by
1€ S x (0,1) and called special vertex;

c) the following conditions on the valencies of vertices are imposed:

cl) the valency of the vertex out is less or equal than 1;

c2) the valency of each vertex from the set Vos \ Vyut is equal to 1;

c3) the valency of each vertex from Vj,, is at least 1;

c4) the valency of each vertex from V., is at least 3;

Ic5) if the set V; is non-empty then the valency of the special vertex is equal
to 1. In this case the only outcoming edge connects 1 with the vertex out.

d) Every tree T; from the forest I has its root vertex in the set Vay.

e) We orient each tree T; down to its root vertex.
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out

out out

Remark 11.2.1 Let us consider the configuration space X,,n > 0 which con-
sists of (modulo C*-dilation) equivalence classes of n points on CP'\ {0, 00}
together with two direction lines at the tangent spaces at the points 0 and oco.
One-point compactification X,, admits a cell decomposition with cells (except of
the point X, \ X..) parametrized by elements of the set S(n). This can be proved
with the help of Strebel differentials (cf. [KoSol], Section 5.5).

Previous remark is related to the following description of the sets S(n) (it
will be used later in the paper). Let us contract both circles of the boundary 0%
into points. In this way we obtain a tree on the sphere. Points become vertices
of the tree and lines outcoming from the points become edges. There are two
vertices marked by in and out (placed at the north and south poles respectively).
We orient the tree towards to the vertex out. An additional structure consists
of:

a) Marked edge outcoming from in (it corresponds to the edge outcoming
from in).

b) Either a marked edge incoming to out (there was an edge incoming to
out which connected it with a vertex not marked by 1) or an angle between two
edges incoming to out (all edges which have one of the endpoint vertices on the
bottom circle become after contracting it to a point the edges incoming to out,
and if there was an edge connecting a point marked by 1 with out, we mark the
angle between edges containing this line).

The reader notices that the star of the vertex out can be identified with a
regular k-gon, where k is the number of incoming to out edges. For this k-gon
we have either a marked point on an edge (case a) above) or a marked angle
with the vertex in out (case b) above).

11.3 Generalization of Deligne’s conjecture

The definition of the operadic space B(n, 1) will be clear from the description of
its action on the Hochschild chain complex. The space B(n,1) will have a basis
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parametrized by elements of the set S(n) described in the previous subsection.
Let us describe the action of a generator of B(n, 1) on a pair (71 ® ... ® vy, 5),
where 71 ® ... ® 7, € C*(A, A)®" and B = ay ®a; @ ... ¥ a; € Ci(A4,A). We
attach elements ag,ar,...,q; to points on L in a cyclic order, such that ag
is attached to the point in. We attach 7; to the ith numbered point on the
surface of ¥j,. Then we draw disjoint continuous segments (in all possible ways,
considering pictures up to an isotopy) starting from each point marked by some
element a; and oriented downstairs, with the requirements a)-c) as above, with
the only modification that we allow an arbitrary number of points on S x {1}.
We attach higher multiplications m; to all non-numbered vertices, so that j
is equal to the incoming valency of the vertex. Reading from the top to the
bottom and composing v; and m; we obtain (on the bottom circle) an element
by ®...Q by, € Ce(A, A) with by attached to the vertex out. If the special vertex
1 is present then we set by = 1. This gives the desired action.

% bl
o b,, b= out

Composition of the operations in B(n, 1) corresponds to the gluing of the
cylinders such that the point out of the top cylinder is identified with the point
in of the bottom cylinder. If after the gluing there is a line from the point
marked 1 on the top cylinder which does not end at the point out of the bottom
cylinder, we will declare such a composition to be equal to zero.

Let us now consider a topological colored operad C5° = (C5°(n,m))n,m>0
with two colors such that C5°(n,m) # 0 only if m = 0,1, and

a) In the case m = 0 it is the little disc operad.

b) In the case m = 1 C5°(n, 1) is the moduli space (modulo rotations) of the
configurations of n > 1 discs on the cyliner St x [0,h] h > 0, and two marked
points on the boundary of the cylinder. We also add the degenerate circle of
configurations n = 0,h = 0. The topological space C5°(n,1) is homotopically
equivalent to the configuration space X,, described in the previous subsection.

Let Chains(C5°) be the colored operad of singular chains on C§°!. Then,
similarly to [KoSol], Section 7, one proves (using the explicit action of the

colored operad P = (A(n,m), B(n,m)),,m>0 described above) the following
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result.

Theorem 11.3.1 Let A be a unital As-algebra. Then the pair (C*(A, A),Ce(A4, A))
is an algebra over the colored operad Chains(C5°') (which is quasi-isomorphic to

P) such that for h = 0,n = 0 and coinciding points in = out, the corresponding
operation is the identity.

Remark 11.3.2 The above Theorem generalizes Deligne’s conjecture (see e.g.
[K0So1]). It is related to the abstract calculus associated with A (see [T], [TaT]).
The reader also notices that for h = 0,n = 0 we have the moduli space of two
points on the circle. It is homeomorphic to S'. Thus we have an action of S*
on Co(A, A). This action gives rise to the Connes differential B.

Similarly to the case of little disc operad, one can prove the following result.

Proposition 11.3.3 The colored operad C5° is formal, i.e. it is quasi-isomorphic
to its homology colored operad.

If A is non-unital we can consider the direct sum 4; = APk and make it into
a unital A,-algebra. The reduced Hochschild chain complex of A; is defined
as C1¢4( A1, A1) = ®n>041 @ ((A1/k)[1])®™ with the same differential as in the
unital case. One defines the reduced Hochschild cochain complex C?, (A1, A1)
similarly. We define the modified Hochschild chain complex C"°?( A, A) from the
following isomorphism of complexes C7¢%(A;, A;) ~ C™°? (A, A) ® k. Similarly,
we define the modified Hochschild cochain complex from the decomposition
Ce (A1, A) ~ C° (A A) @ k. Then, similarly to the Theorem 11.3.1 one

red mod
proves the following result.

Proposition 11.3.4 The pair (CI"°¢(A4, A),C?, (A, A)) is an algebra over the
colored operad which is an extension of Chains(CS5?) by null-ary operations on
Hochschild chain and cochain complexes, which correspond to the unit in A, and
such that for h = 0,n = 0 and coinciding points in = out, the corresponding

operation is the identity.

11.4 Remark about Gauss-Manin connection

Let R = k[[t1, ..., t,]] be the algebra of formal series, and A be an R-flat A..-
algebra. Then the (modified) negative cyclic complex CCqs ™4 (A) = (Cy (A, A)[[u]], b+
uB) is an R[[u]]-module. It follows from the existense of Gauss-Manin connec-
tion (see [Get]) that the cohomology HCy ™%(A) is in fact a module over the
ring

Dgr(A) = k[[t1, .-, tn, u]][ud/Bt1, ..., ud | Oty).
Inedeed, if V is the Gauss-Manin connection from [Get] then ud/0t; acts on the
cohomology as uVy s, 1 <i <n.

The above considerations can be explained from the point of view of conjec-
ture below. Let ¢ = C*(A4, A)[1] be the DGLA associated with the Hochschild
cochain complex, and M := (Cy ™°%(4). We define a DGLA § which is the
crossproduct (g ® k(&) x k(9/0€), where deg& = +1.

49



Conjecture 11.4.1 There is a structure of an Ls,-module on M over G which
extends the natural structure of a g-module and such that 0/0¢ acts as Connes
differential B. Moreover this structure should follow from the P-algebra struc-
ture described in Section 11.3.

It looks plausible that the formulas for the Gauss-Manin connection from
[Get] can be derived from our generalization of Deilgne’s conjecture. We will
discuss flat connections on periodic cyclic homology later in the text.

11.5 Flat connections and the colored operad

We start with Z-graded case. Let us interpret the Z-graded formal scheme
Spf(k[[u]]) as even formal line equipped with the G,-action u — A>u. The
space HC:’mOd(A) can be interpreted as a space of sections of a G, -equivariant

vector bundle £4 over Spf (k[[u]]) corresponding to the k[[u]]-flat module lim = H* (C’Sn) (4, A4)).
The action of G, identifies fibers of this vector bundle over v # 0. Thus we
have a natural flat connection V on the restriction of {4 to the complement of
the point 0 which has the pole of order one at u = 0.
Here we are going to introduce a different construction of the connection V
which works also in Z/2-graded case. This connection will have in general a
pole of degree two at v = 0. In particular we have the following result.

Proposition 11.5.1 The space of section of the vector bundle &4 can be en-
dowed with a structure of a k[[u]][[u?0/0u]]-module.

In fact we are going to give an explicit construction of the connection, which
is based on the action of the colored dg-operad P discussed in Section 11.3
(more precisely, an extension P™®" of P, see below). Before presenting an
explicit formula, we will make few comments.

1. For any Z/2-graded A, -algebra A one can define canonically a 1-parameter
family of A..-algebras Ay, A € Gy, such that Ay = A as a Z/2-graded vector
space and m/> = AmA.

2. For simplicity we will assume that A is strictly unital. Otherwise we will
work with the pair (C"°¢(A, A),C?,, (A, A)) of modified Hochschild complexes.

3. We can consider an extension P™*" of the dg-operad P allowing any non-
zero valency for a non-labeled (black) vertex( in the definition of P we required
that such a valency was at least three). All the formulas remain the same. But
the dg-operad P™*" is no longer formal. It contains a dg-suboperad generated
by trees with all vertices being non-labeled. Action of this suboperad P/cY is
responsible for the flat connection discussed below.

4. In addition to the connection along the variable u one has the Gauss-
Manin connection which acts along the fibers of £4 (see Section 11.4). Probably
one can write down an explicit formula for this connection using the action of
the colored operad P™*". In what follows are going to describe a connection
which presumably coincides with the Gauss-Manin connection.

Let us now consider a dg-algebra k[B,~o,y2] which is generated by the fol-
lowing operations of the colored dg-operad P"¢%:
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a) Connes differential B of degree —1. It can be depicted such as follows (cf.
Section 7.3):

b) Generator -y, of degree 2, corresponding to the following figure:

=
[\
Il

c) Generator 7o of degree 0, where 27, is depicted below:

I+
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Proposition 11.5.2 The following identities hold in P™":
B? =dB = dy, = 0,dy = [B, 7],

Byo + B := [B,%]+ = —B.

Here by d we denote the Hochschild chain differential (previously it was denoted
by b).

Proof. Let us prove that [B,7] = —B, leaving the rest as an exercise to the
reader. One has the following identities for the compositions of operations in
P"%: By =0, B = B. Let us check, for example, the last identity. Let us
denote by W the first summand on the figure defining 279. Then B = %WB .
The latter can be depicted in the following way:

out P

It is easily seen equals to 2- :B = B. B

Corollary 11.5.3 Hochschild chain complex Co(A, A) is a dg-module over the
dg-algebra k[B,vo0,72]-

Let us consider the truncated negative cyclic complex (Co(A, A)[[u]]/(u"),d, =
d + uB). We introduce a k-linear map V of Ce(A, A)[[u]]/(u™) into itself such
that V,25/9, = u?0/0u — v2 + uyo. Then we have:

a) [Vu28/8u>du] =0;

b) [Vuzg/au,u] = u2.

Let us denote by V' the unital dg-algebra generated by V25,5, and u, sub-
ject to the relations a), b) and the relation v = 0. From a) and b) one deduces
the following result.

Proposition 11.5.4 The complex (Co(A, A)[[u]]/(u"),dy, = d+ uB) is a V-
module. Moreover, assuming the degeneration conjecture, we see that the oper-
ator V29,9, defines a flat connection on the cohomology bundle

H* (Co (A, A)[[u]]/(u"), du)
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which has the only singularity at uw = 0 which is a pole of second order.

Taking the inverse limit over n we see that H*(Ce(A, A)[[u]], dy) gives rise to
a vector bundle over A}Orm[—Q] which carries a flat connection with the second
order pole at u = 0. It is interesting to note the difference between Z-graded and
Z/2-graded A.-algebras. It follows from the explicit formula for the connection
V that the coefficient of the second degree pole is represented by multiplication
by a cocyle (mp)n>1 € C*(A, A). In cohomology it is trivial in Z-graded case
(because of the invariance with respect to the group action m,, — Am,), but
nontrivial in Z/2-graded case. Therefore the order of the pole of V is equal to
one for Z-graded A.-algebras and is equal to two for Z/2-graded A..-algebras.
We see that in Z-graded case the connection along the variable u comes from
the action of the group G, on higher products m,,, while in Z/2-graded case it
is more complicated.

11.6 PROP of marked Riemann surfaces

In this secttion we will describe a PROP naturally acting on the Hochschild
complexes of a finite-dimensional A -algebra with the scalar product of degree
N.

Since we have a quasi-isomorphism of complexes

C*(A4,A) = (Co(A, 4))"[-N]

it suffices to consider the chain complex only.

In this subsection we will assume that A is either Z-graded (then N is an
integer) or Z/2-graded (then N € Z/2). We will present the results for non-
unital A,.-algebras. In this case we will consider the modified Hochschild chain
complex

CI = Do @ (A" € Dnz1 (AL,

equipped with the Hochschild chain differential (see Section 7.4).

Our construction is summarized in i)-ii) below.

i) Let us consider the topological PROP M = (M(n, m))n, m>0 consisting of
moduli spaces of metrics on compacts oriented surfaces with bondary consisting
of n + m circles and some additional marking (see precise definition below).

ii) Let Chains(M) be the corresponding PROP of singular chains. Then
there is a structure of a Chains(M)-algebra on C"°¢(A, A), which is encoded
in a collection of morphisms of complexes

Chains(M(n,m)) @ CT°% (A, A)®" — (CIo4(4, A))®™.

In addition one has the following:
iii) If A is homologically smooth and satisfies the degeneration property then

the structure of Chains(M)-algebra extends to a structure of a Chains(M)-
algebra, where M is the topological PROP of stable compactifications of M (n,m).
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Definition 11.6.1 An element of M(n,m) is an isomorphism class of triples
(2, h,mark) where ¥ is a compact oriented surface (not necessarily connected)
with metric h, and mark is an orientation preserving isometry between a neigh-
borhood of O and the disjoint union of n +m flat semiannuli Uj<;<,(S* x
[0,€)) U Ll<i<m (S* x [—£,0]), where ¢ is a sufficiently small positive number.
We will call n circle “inputs” and the rest m circles “outputs”. We will assume
that each connected component of ¥ has at least one input, and there are no
discs among the connected components. Also we will add ¥ = S* to M(1,1) as
the identity morphism. It can be thought of as the limit of cylinders S x [0, €]
as € — 0.

The composition is given by the natural gluing of surfaces.

Let us describe a construction of the action of C'hains(M) on the Hochschild
chain complex. In fact, instead of C'hains(M) we will consider a quasi-isomorphic
dg-PROP R = (R(n,m),,m>0) generated by ribbon graphs with additional data.
In what follows we will skip some technical details in the definition of the PROP
R. They can be recovered in a more or less straightforward way.

It is well-known (and can be proved with the help of Strebel differentials) that
M(n,m) admits a stratification with strata parametrized by graphs described
below. More precisely, we consider the following class of graphs.

1) Each graph I is a (not necessarily connected) ribbon graph (i.e. we are
given a cyclic order on the set Star(v) of edges attached to a vertex v of I'). It
is well-known that replacing an edge of a ribbon graph by a thin stripe (thus
getting a “fat graph”) and gluing stripes in the cyclic order one gets a Riemann
surface with the boundary.

2) The set V(I') of vertices of I is the union of three sets: V(I') = V;,,(I') U
Viniddie () U Vour (T). Here V;,, (T') consists of n numbered vertices iny, ..., in,
of the valency 1 ( the outcoming edges are called tails), Viiqare(I') consists
of vertices of the valency greater or equal than 3, and V(') consists of m
numbered vertices outy, ..., out,, of valency greater or equal than 1.

3) We assume that the Riemann surface corresponding to I" has n connected
boundary components each of which has exactly one input vertex.

4) For every vertex out; € Vo (T),1 < j < m we mark either an incoming
edge or a pair of adjacent (we call such a pair of edges a corner).
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marked edge S

corner

/
e
/s

More pedantically, let E(I") denotes the set of edges of I and E°"(T") denotes
the set of pairs (e, or) where e € E(I") and or is one of two possible orientations of
e. There is an obvious map E°"(I') — V(T') x V(T') which assigns to an oriented
edge the pair of its endpoint vertices: source and target. The free involution o
acting on E°"(T') (change of orientation) corresponds to the permutation map
on V(I') x V(TI'). Cyclic order on each Star(v) means that there is a bijection
p: E°"(T') — E°"(T") such that orbits of iterations p™,n > 1 are elements of
Star(v) for some v € V(I'). In particular, the corner is given either by a pair
of coinciding edges (e, e) such that p(e) = e or by a pair edges e, e’ € Star(v)
such that p(e) = ¢’. Let us define a face as an orbit of p o 0. Then faces are
oriented closed paths. It follows from the condition 2) that each face contains
exactly one edge outcoming from some in;.

We depict below two graphs in the case g = 0,n = 2,m = 0.

35



deg I'= 0

deg I'= —1

Here is a picture illustrating the notion of face

Two faces: one contains in,

another contains in ,
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Remark 11.6.2 The above data (i.e. a ribbon graph with numerations of in
and out vertices) have no automorphisms. Thus we can identify T' with its
isomorphism class.

The functional (m,(ay, ..., an),an+1) is depicted such as follows.

n=lvl-1

We define the degree of T' by the formula

degT= > B-ph+ DY A=+ > e —NxD),

VEVmiddie(T) VEVout (T) vEVout (T)

where €, = —1, if v contains a marked corner and ¢, = 0 otherwise. Here
x(I') = |V([')| — |E(T")| denotes the Euler characteristic of T'.

Definition 11.6.3 We define R(n, m) as a graded vector space which is a direct
sum ®ryr of 1-dimensional graded vector spaces generated by graphs T as above,
each summand has degree degT.

One can see that ¢r is naturally identified with the tensor product of 1-
dimensional vector spaces (determinants) corresponding to vertices of I.

Now, having a graph I which satisfies conditions 1-3) above, and Hochschild
chains 71, ..., 7, € CI"°?(A, A) we would like to define an element of C"°? (A4, A)®™,
Roughly speaking we are going to assign the above n elements of the Hochschild
complex to n faces corresponding to vertices in;, 1 < i < n, then assign tensors
corresponding to higher products m; to internal vertices v € Vpiqae (T'), then
using the convolution operation on tensors given by the scalar product on A to
read off the resulting tensor from out;,1 < j < m. More precise algorithm is
described below.

a) We decompose the modified Hochschild complex such as follows:

CIoU(A, A) = Br0.e0, O (A, A),
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where C/"2% (A, A) = A® (A[1])®" and C/"2% (A, A) = k @ (A[1])®" according
to the definition of modified Hochschild chain complex. For any choice of I; >
0,e; € {0,1},1 < i < n we are going to construct a linear map of degree zero
friYr® C’,’fﬁ‘;‘f(A,A) ® e ® C{Z’Ofl (A, A) — (Cmod(A, A))®™,

The result will be a sum fr = ) ., fr of certain maps. The description of
the collection of graphs I' is given below.

b) Each new graph I'' is obtained from I' by adding new edges. More precisely
one has V(I'") = V(T') and for each vertex in; € V;,(T') we add [; new outcoming
edges. Then the valency of in; becomes [; + 1.

‘,
(>

More pedantically, for every i,1 < ¢ < n we have constructed a map from the
set {1,...,1;} to a cyclically ordered set which is an orbit of p o o with removed
the tail edge oucoming from in;. Cyclic order on the edges of I is induced by
the cyclic order at every vertex and the cyclic order on the path forming the
face corresponding to in;.

2

corner
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c) We assign v; € Cy, ¢, to in;. We depict v; as a “wheel” representing the
Hochschild cocycle. It is formed by the endpoints of the I; + 1 edges outcoming
from in; € V(I') and taken in the cyclic order of the corresponding face. If
g; = 1 then (up to a scalar) v; = 1® a1 ® ... ® q7;, and we require that the tensor
factor 1 corresponds to zero in the cyclic order.

d) We remove from considerations graphs I' which do not obey the following
property after the step c):

the edge corresponding to the unit 1 € k (see step c¢)) is of the type (in;,v)
where either v € Vipiqaie(I') and [v]| = 3 or v = out; for some 1 < j < m and
the edge (in;, out;) was the marked edge for out;.

Let us call unit edge the one which satisfies one of the above properties. We
define a new graph I'" which is obtained from I' by removing unit edges.

e) Each vertex now has the valency |v| > 2. We attach to every such vertex
either:

the tensor ¢ € A ® A (inverse to the scalar product), if |v| = 2,

or

the tensor (m)y|—1(a1,...,ay|-1), @) if [v| > 3. The latter can be identified
with the element of A®I’l (here we use the non-degenerate scalar product on
A).

Let us illustrate this construction.
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Y2

f) Let us contract indices of tensors corresponding to Vi, (I'") U Vinigaie (T")
(see ¢), e)) along the edges of I'"' using the scalar product on A. The result will
be an element a,,; of the tensor product ®; < j<,, A7 (0uti),

g) Last thing we need to do is to interpret the element a,,; as an element of
Cmod(A, A). There are three cases.

Case 1. When we constructed I’ there was a unit edge incoming to some
outj. Then we reconstruct back the removed edge, attach 1 € k to it, and
interpret the resulting tensor as an element of C"qutdj ‘751_:1(14, A).

Case 2. There was no removed unit edge incoming to out; and we had a
marked edge (not a marked corner) at the vertex out;. Then we have an honest
element of C"thdj e;=0(A, A4)

Case 3. Same as in Case 2, but there was a marked corner at out; € Vot (T).
We have added and removed new edges when constructed I'". Therefore the
marked corner gives rise to a new set of marked corners at out; considered as
a vertex of I''. Inside every such a corner we insert a new edge, attach the
element 1 € k to it and take the sum over all the corners. In this way we obtain
an element of C/°¢ (A, A). This procedure is depicted below.

lout;|,e;=1
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€, and e, are new edges.

Three new /\

corners with
new unit edges

This concludes the construction of fr. Notice that R is a dg-PROP with
the differential given by the insertion of a new edge between two vertices from
Vimidare (T').

Proof of the following Proposition will be given elsewhere.

Proposition 11.6.4 The above construction gives rise to a structure of a R-
algebra on C°%(A, A).

Remark 11.6.5 The above construction did not use homological smoothness of

A.

Finally we would like to say few words about an extension of the R-action
to the Chains(M)-action. More details and application to Topological Field
Theory will be given in [KaKoP].

If we assume the degeneration property for A, then the action of the PROP
R can be extended to the action of the PROP Chains(M) of singular chains
of the topological PROP of stable degenerations of 1/, ;’fﬁ”;ﬁed. In order to see

this, one introduces the PROP D freely generated by R(2,0) and R(1,1),i.e. by
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singular chains on the moduli space of cylinders with two inputs and zero outputs
(they correspond to the scalar product on Ce(A, A)) and by cylinders with one
input and one output (they correspond to morphisms Ce(A, A) — Co(A4, A4)).
In fact the (non-symmetric) bilinear form h : He(A, A) ® He(A, A) — k does
exist for any compact A.-algebra A. It is described by the graph of degree
zero on the figure in SEction 11.6. This is a generalization of the bilinear form
(a,b) € AJ[A, Al®A/[A, A] = T'r(azb) € k. It seems plausible that homological
smoothness implies that h is non-degenerate. This allows us to extend the action
of the dg sub-PROP D C R to the action of the dg PROP D’ C R which contains
also R(0,2) (i.e. the inverse to the above bilinear form). If we assume the
degeneration property, then we can “shrink” the action of the homologically non-
trivial circle of the cylinders (since the rotation around this circle corresponds
to the differential B). Thus D’ is quasi-isomorphic to the dg-PROP of chains
on the (one-dimensional) retracts of the above cylinders (retraction contracts
the circle). Let us denote the dg-PROP generated by singular chains on the
retractions by D”. Thus, assuming the degeneration property, we see that the
free product dg-PROP R’ = R *p D" acts on C°?(A, A). One can show
that R’ is quasi-isomorphic to the dg-PROP of chains on the topological PROP

—marked

M, . of stable compactifications of the surfaces from Mmarked,

Remark 11.6.6 a) The above construction is generalization of the construction
from [Ko3], which assigns cohomology classes of M, , to a finite-dimensional
Ao -algebra with scalar product (trivalent graphs were used in [Ko3]).

b) Different approach to the action of the PROP R was suggested in [Cos].
The above Proposition gives rise to a structure of Topological Field Theory as-
sociated with a non-unital A -algebra with scalar product. If the degeneration
property holds for A then one can define a Cohomological Field Theory in the
sense of [KoM]

¢) Homological smoothness of A is closely related to the existence of a non-
commutative analog of the Chern class of the diagonal A C X x X of a projective
scheme X . This Chern class gives rise to the inverse to the scalar product on A.
This topic will be discussed in the subsequent paper devoted to Ao -categories.

12 Appendix

12.1 Non-commutative schemes and ind-schemes

Let C be an Abelian k-linear tensor category. To simplify formulas we will
assume that it is strict (see [McL]). We will also assume that C admits infinite
sums. To simplify the exposition we will assume below (and in the main body
of the paper) that C = Vect?Z.

Definition 12.1.1 The category of non-commutative affine k-schemes in C

(notation NAf fc) is the one opposite to the category of associative unital k-
algebras in C.

62



The non-commutative scheme corresponding to the algebra A is denoted by
Spec(A). Conversely, if X is a non-commutative affine scheme then the cor-
responding algebra (algebra of regular functions on X) is denoted by O(X).
By analogy with commutative case we call a morphism f : X — Y a closed
embedding if the corresponding homomorphism f* : O(Y) — O(X) is an epi-
morphism.

Let us recall some terminology of ind-objects (see for ex. [Gr], [AM], [KSch]).
For a covariant functor ¢ : I — A from a small filtering category I (called fil-
trant in [KSch]) there is a notion of an inductive limit “lim”¢ € A and a
projective limit “lim”¢ € A. By definition “@”¢(X) = liﬂHomA(X,qﬁ(i))
and “lim "o(X) = lim Hom 4(¢(i), X). All inductive limits form a full subcate-
gory Ind(A) C A of ind-objects in A. Similarly all projective limits form a full
subcategory Pro(A) C A of pro-objects in A.

Definition 12.1.2 Let I be a small filtering category, and F : I — NAffc a
covariant functor. We say that “lim” F' is a non-commutative ind-affine scheme
if for @ morphism i — j in I the corresponding morphism F(i) — F(j) is a
closed embedding.

In other words a non-commutative ind-affine scheme X is an object of
Ind(NAffe), corresponding to the projective limit 1£1 Ay, a € I, where each
A, is a unital associative algebra in C, and for a morphism a — 3 in I the cor-
responding homomorphism Ag — A, is a surjective homomorphism of unital
algebras (i.e. one has an exact sequence 0 - J — Az — A, — 0).

Remark 12.1.3 Not all categorical epimorphisms of algebras are surjective ho-
momorphisms (although the converse is true). Nevertheless one can define closed
embeddings of affine schemes for an arbitrary Abelian k-linear category, observ-
ing that a surjective homomorphism of algebras f : A — B is characterized
categorically by the condition that B is the cokernel of the pair of the natural
projections fi1o: Axp A — A defined by f.

Morphisms between non-commutative ind-affine schemes are defined as mor-
phisms between the corresponding projective systems of unital algebras. Thus
we have

Homp ay g (lim X, lim Yj) = limlim Homy e (X3, Yj).
I J g
Let us recall that an algebra M € Ob(C) is called nilpotent if the natural
morphism M®" — M is zero for all sufficiently large n.

Definition 12.1.4 A non-commutative ind-affine scheme X is called formal if
it can be represented as X = li Spec(A;), where (A;)ier is a projective system
of associative unital algebras in C such that the homomorphisms A; — A; are
surjective and have nilpotent kernels for all morphisms j — i in I.

Let us consider few examples in the case when C = Vecty.
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Example 12.1.5 In order to define the non-commutative formal affine line
AL it suffices to define Hom(Spec(A), Al ) for any associative unital algebra
A. We define HomNAffk(Spec(A),./i}vc) = lim Hom g, (E[[t]]/(t"), A). Then
the set of A-points of the non-commutative formal affine line consists of all
nilpotent elements of A.

Example 12.1.6 For an arbitrary set I the non-commutative formal affine

space AL corresponds, by definition, to the topological free algebra k{(t;))icr.

If A is a unital k-algebra then any homomorphism k({t;))icr — A maps almost

allt; to zero, and the remaining generators are mapped into nilpotent elements of

A. In particular, if = N = {1,2, ...} then AN, = liESpec(k((tl, e b)Y/ (t1, ey t0)™),
where (t1,...,t,) denotes the two-sided ideal generated by t;,1 < i < n, and the

limit is taken over all n,m — oo.

By definition, a closed subscheme Y of a scheme X is defined by a 2-sided
ideal J C O(X). Then O(Y) = O(X)/J. If Y C X is defined by a 2-sided ideal
J C O(X), then the completion of X along Y is a formal scheme corresponding
to the projective limit of algebras lim O(X)/J"™. This formal scheme will be
denoted by Xy or by Spf(O(X)/.J).

Non-commutative affine schemes over a given field k form symmetric monoidal
category. The tensor structure is given by the ordinary tensor product of unital
algebras. The corresponding tensor product of non-commutative affine schemes
will be denoted by X ® Y. It is not a categorical product, differently from the
case of commutative affine schemes (where the tensor product of algebras corre-
sponds to the Cartesian product X x Y'). For non-commutative affine schemes
the analog of the Cartesian product is the free product of algebras.

Let A, B be free algebras. Then Spec(A4) and Spec(B) are non-commutative
manifolds. Since the tensor product A ® B in general is not a smooth algebra,
the non-commutative affine scheme Spec(A ® B) is not a manifold.

Let X be a non-commutative ind-affine scheme in C. A closed k-point € X
is by definition a homomorphism of O(X) to the tensor algebra generated by
the unit object 1. Let m, be the kernel of this homomorphism. We define the
tangent space T, X in the usual way as (m,/m2)* € Ob(C). Here m2 is the
image of the multiplication map m®? — m,.

A non-commutative ind-affine scheme with a marked closed k-point will be
called pointed. There is a natural generalization of this notion to the case of
many points. Let ¥ C X be a closed subscheme of disjoint closed k-points (it
corresponds to the algebra homomorphism O(X) - 1®1@®...). Then Xy isa
formal manifold. A pair (Xy,Y) (often abbreviated by Xy) will be called (non-
commutative) formal manifold with marked points. If Y consists of one such
point then (Xy,Y) will be called (non-commutative) formal pointed manifold.

12.2 Proof of Theorem 2.1.1

In the category Algqs every pair of morphisms has a kernel. Since the functor
F is left exact and the category Alges is Artinian, it follows from [Gr], Sect. 3.1

64



that F' is strictly pro-representable. This means that there exists a projective
system of finite-dimensional algebras (4;);ecs such that, for any morphism i — j
the corresponding morphsim A; — A; is a categorical epimorphism, and for any
A € Ob(Alges) one has

F(A) = li_n;HomAlgcf (A“A)
I

Equivalently,
F(A) = hﬂ Homcoalgcf (A:, A*),
I

where (Af);er is an inductive system of finite-dimensional coalgebras and for
any morphism ¢ — j in I we have a categorical monomorphism g;; : A7 — AZ.

All what we need is to replace the projective system of algebras (A;);er by
another projective system of algebras (4;);cr such that

a) functors “lim”hy4, and “lim”h. are isomorphic (here hx is the functor
defined by the formula hyx (Y) = Hom(X,Y));

b) for any morphism i — j the corresponding homomorphism of algebras
fi; + Aj — A is surjective.

Let us define 4; = Ni_; Im(fij), where Im(f;;) is the image of the homo-
morphism f;; : A; — A; corresponding to the morphism ¢ — j in I. In order to
prove a) it suffices to show that for any unital algebra B in C/ the natural map
of sets

liﬂHomcf (AZ,B) — liﬂHome (Zl,B)
T T

(the restriction map) is well-defined and bijective.

The set lim - Homs (A;, B) is isomorphic to (||, Hom¢rs (A;, B))/equiv, where
two maps f; : A; =& B and f; : A; — B such that i — j are equivalent if
fifij = f;. Since C  is an Artinian category, we conclude that there exists A,,
such that fi,(An) = A, fim(Am) = Zj. From this observation one easily
deduces that f;;(A;) = A;. It follows that the morphism of functors in a) is
well-defined, and b) holds. The proof that morphisms of functors biejectively
correspond to homomorphisms of coalgebras is similar. This completes the proof
of the theorem. W

12.3 Proof of Proposition 2.1.2

The result follows from the fact that any 2 € B belongs to a finite-dimensional
subcoalgebra B, C B, and if B was counital then B, would be also counital.
Let us describe how to construct B,. Let A be the coproduct in B. Then one

can write
A(z) = Zai ® by,
i

where a; (resp. b;) are linearly independent elements of B.
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It follows from the coassociativity of A that
Z A(al) ®b; = Zai ® A(bl)
Therefore one can find constants c;; € k such that

A(az) = Zaj & Cij,
J

and

Alb) = cji @b
J

Applying A ® id to the last equality and using the coassociativity condition
again we get

A(Cji) = chn & Cni-

Let B, be the vector space spanned by x and all elements a;,b;,c;j. Then B,
is the desired subcoalgebra. H

12.4 Formal completion along a subscheme

Here we present a construction which generalizes the definition of a formal
neighborhood of a k-point of a non-commutative smooth thin scheme.

Let X = Spc(Bx) be such a scheme and f : X — Y = Spe(By) be a
closed embedding, i.e. the corresponding homomorphism of coalgebras Bx —
By is injective. We start with the category A'x of nilpotent extensions of X,
i.e. homomorphisms ¢ : X — U, where U = Spc(D) is a non-commutative
thin scheme, such that the quotient D/f(Bx) (which is always a non-counital
coalgebra) is locally conilpotent. We recall that the local conilpotency means
that for any a € D/f(Bx) there exists n > 2 such that A(®(a) = 0, where
A" is the n-th iterated coproduct A. If (X, ¢1,U;) and (X, ¢o,Us) are two
nilpotent extensions of X then a morphism between them is a morphism of non-
commutative thin schemes ¢ : Uy — Us, such that t¢; = ¢ (in particular, N'x
is a subcategory of the naturally defined category of non-commutative relative
thin schemes).

Let us consider the functor Gy : Ny¥ — Sets such that G(X, ¢,U) is the set
of all morphisms ¢ : U — Y such that ¢ = f.

Proposition 12.4.1 Functor Gy is represented by a triple (X, m, f’X) where the

non-commutative thin scheme denoted by Yx is called the formal neighborhood
of f(X) inY (or the completion of Y along f(X)).

Proof. Let By C Bx be the counital subcoalgebra which is the pre-image of
the (non-counital) subcoalgebra in By /f(Bx) consisting of locally conilpotent
elements. Notice that f(Bx) C By. It is easy to see that taking Yy = Spc(By)
we obtain the triple which represents the functor Gy. W

Notice that }A/X — Y is a closed embedding of non-commutative thin schemes.
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Proposition 12.4.2 If Y is smooth then }A/X is smooth and ?X ~ ??X.

Proof. Follows immediately from the explicit description of the coalgebra
By given in the proof of the previous Proposition. W
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