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1 Introduction

Understanding the dynamics of Mb5-branes is one of the most important problems in M-
theory or string theory. For the D-branes, the low energy effective actions were found and
they are essentially the Yang-Mills action. However, the effective action for the multiple
Mb5-branes is not known yet, although single M5-brane action is known [1, 2, 3]. Actually,
from the AdS/CFT correspondence, the degree of freedom of the N Mb5-branes will be
proportional to N3, which can not be realized by the Yang-Mills theory naively. Thus,
there should be interesting physics which is not yet known behind it.

Recently, the effective action of multiple M2-branes on C*/Z; was suggested by [4]
(we will call the action as ABJM action), following [5, 6, 7, 8]. Because the D4-brane
action is constructed from the D2-brane action by the Matrix theory like construction
[9, 10] using the non-commutative space [11]-[15], we expect that this ABJM action will
be useful to study Mb5-branes. More concretely, it is known that the effective action of
N D2-branes, which is three dimensional supersymmetric Yang-Mills theory, in a large

N limit has a classical solution which correspond to D4-branes with a constant magnetic
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flux. This is an D2-D4 bound state and the flux represents the non-zero D2-brane charge.
When we consider small fluctuation around this classical solution, we obtain the effective
D4-brane action, which is five dimensional supersymmetric Yang-Mills theory. We would
like to uplift this situation to M-theory in order to obtain an Mb-brane action from an
M2-brane action, which we expect to be the ABJM action®.

Several classical solutions of M2-M5 bound state have been found in the ABJM action.
One of them is the M2-branes ending on M5-branes. Such a classical solution was first
studied in [17] and a closely related solution was also found in the mass deformed ABJM
action [18]. Although both of them are expected to form a fuzzy S*/Zy, they actually
show a fuzzy S? in the naive classical analysis. The fluctuation around this classical
solution was also calculated [19] and shown that it actually reduces to D4-brane action’.
Indeed, the classical solution [18] of the mass deformed ABJM model is shown to be
exactly equivalent to the usual fuzzy S? solution corresponding to the D2-D4 bound state
constructed with the adjoint scalar field at the classical level® [19].

In the previous paper [20], we found another classical solution of M5-branes. This
solution is an uplift of the flat D4-brane solution with a constant magnetic flux, which is
constructed from infinitely many D2-branes satisfying [X', X?] = const. where X' and
X? are the adjoint scalar fields corresponding to the transverse direction of the D2-branes
like [9]. The three-algebra structure was also found in this solution. In this paper, we
expand ABJM action around our classical solution. We obtain D4-brane like action, which
contains only the zero modes of the S! direction on which the Zj of the C*/Z;, acts. This
is because the non-zero modes should have the vortex (or monopole) charge through the
Chern-Simons term. In order to include them, we should take into account the monopole

operators [4].

3In [16], a single M5-brane is constructed from BLG model by using Nambu-Poisson bracket as the
three-algebra. However, multiple M5-branes has not been obtained.

41t is discussed in [19] that we have to take the limit k — oo in order that this analysis is reliable. In
this limit, M5-branes reduce to D4-branes.

5Since this analysis is purely classical, the contribution from the monopole operator, which we mension
later, is not included.



However, it would be remarkable that the gauge coupling constant of our D4-brane
like action depends on the spacetime coordinate. We would like to stress that such an
action is not obtained from the D2-branes. This dependence reflects the geometry C*/Z,
in which the radius of the S! increases as we go away from the orbifold fixed point. In
this sense, our action includes the information of M5-brane, which is not included in the
D4-brane constructed from D2-branes. Although our result may not include all the low
energy dynamics of the Mb5-branes, we hope it will still be helpful for the understanding
of the M5-branes.

2 ABJM action and the Mb5-brane solution

In this section, we review ABJM action and our classical M5-brane solution.

2.1 ABJM action

ABJM action is a three dimensional N = 6 supersymmetric Chern-Simons theory, whose
gauge group is U(N); XU (N ). Its matter contents are gauge fields A,(}), Af?) of each gauge
group, four complex bi-fundamental scalar fields Y4 (A = 1,2,3,4) and their fermionic

superpartners. The bosonic part of the ABJM action is given by
k., ) | 2 1 9) 20 2
L= Ty <A§}>8VA§) + §A§}>A9>Ag> — A®9,AP — gAfLQ)A(V?)A(A)
Ty [(DMYA)TE“YA] Vs (2.1)

The bosonic potential V4, is given by

Ar? AB c
Vibos = —%TY ({T o, Tan }) ) (2-2)
where
T80 = [V Y2 Ye] - %5@ [YP VP Yp] + %53 Y2 v vpl, (2.3)

and the bracket { , } is the anti-commutator. Here, the three-bracket is defined as
(X, Y Z]=XZY -YZX. (2.4)
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The scalar fields with lower indices are given by
Yy= (Y. (2.5)

By using the definition above, the bosonic potential can be explicitly written in terms of

three-bracket as
Voo = —oTr({[Y4 Y7 Ye], [Ya, Vis Y]}
—% {[Y* Y% Y], Y5, Yoi Y7 }) . (2.6)
For later convenience, we define new basis of the gauge fields as

1 1
= (AD 4+ A®), B, = 5 (AL — A®) . (2.7)

o

Rewriting the Chern-Simons term with these new basis, we obtain
k 21
LCS = —8“WPTI' BHF,,)\ + —B#BVB)\ s (28)
2m 3
where we put
F,»=0,A\ — 0,Ay +i[A,, A (2.9)

The covariant derivatives for the bi-fundamental fields Y4 are also rewritten in terms

(2.7) as
D,Y* =D, Y*+i{B,,Y"} (2.10)
where we put
DY =0, Y +i[A,, Y. (2.11)
The bosonic part of the ABJM action is then rewritten as
2

. .
L o= ™ (B#FyﬁgBuB,,BA)

~Tr (DYa +i{B,, Ya})  (D"YA +i{B",Y*}) — Vies. (2.12)
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The moduli space of this theory is (C*/Z;)" /S, where Z;, simultaneously rotate the
phase of all the complex scalar fields Y* by 27/k. Thus, the ABJM model is supposed
to describe the N M2-branes probing C*/Z,;. If we take the limit ¥ — oo and look far
away from the orbifold fixed point at the same time, the local geometry of C*/Z; becomes
cylinder. Thus, the M2-branes can be regarded as D2-branes probing R” in this limit.
Indeed, when we give a vacuum expectation value v to one of the scalars Y and expand

around that vacuum, and consider the following limit;

_ k? 1
k,v — oo with 9727 Iy fixed, (2.13)

we obtain the D2-branes low energy effective action, i.e. the super Yang-Mills theory
[4, 21]. Due to the Higgs mechanism, the field B, becomes massive and integrated out
while A, remains as a gauge field on the D2-branes. We denote the limit (2.13) as the

scaling limit in this paper.

2.2 Mb5-brane solution

In the previous paper [20], we showed the existence and uniqueness, up to some trivial
ambiguities, of the solution of the following form of the equations of motion for U(N) x

U(N) ABJM action with N — oo:

Yl - Yl - 1n><n ®T(i’7g)’ Y2 = YV2 = 1n><n ® Tl(‘C(A:’@)?
Y¥=0, Y*=0,

1) 2)
AP = AR =0, (2.14)
where
r(@,g) =v+i+0w™?), (&9 =9, [&79] =10, (2.15)

and we regard that £ and ¢ are infinite dimensional irreducible hermitian matrices. This
solution is constructed so that it reduces in the scaling limit to the solution representing

the n D4-branes in the action of infinitely many D2-branes. Thus, we interpret this
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classical solution as a solution representing n M5-branes. We found the explicit form of
r(2,9) pertubatively in O(v™?) [20].
Interestingly, in the commutative limit © — 0°, we can replace the commutator by

Poisson bracket and found the solution:

16u

[ r'lp = ——;, (2.16)
Vr2 42
where [, |p represents the Poisson bracket and v is a constant’. Here the coordinates

become commutative in the limit and we denote them as r, and r’. More explicitly, from

the above equation with the ansatz, the function r(z,y) is determined by

Or(z,y) v
= 2.1
Ox N (2.18)
with
[z,y]p = iO. (2.19)

Note that the M5-branes span {r,7’,0} where Y! = re? and Y2 = 1/¢?. The -direction
corresponds to the S! direction which is mensioned in section 1. The induced metric on

the Mb-branes is given by
ds® = ds(z)® + dr® + dr'” + (r* + r*)d6?, (2.20)

where ds(3)? is the flat metric of the 1+2 dimensional Minkowski space-time and then,

the Nambu-Poisson bracket naturally defined as [z, y, 0]np ~ \/%eijk@xﬁjyﬁke where
etgij

6This limit will correspond to the large background magnetic field in the D4-brane picture. The
reason why the commutative limit does not correspond to © — 0 limit is that we use matrix model like
construction of the solution [15].

"The anti-bracket {f, g} will be approximated as 2fg using the star-product formalism in the limit
and the equations of motion become

0 =~ ((Y))+ @))% Y, Y2plp - YV, Y?]p)
0 =~ ((Y))+ @)L YL Y2ele + V(Y Y?p)% (2.17)

The general solution of these equations is indeed (2.16).
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i,7,k = {r,y, 0} on this space is constant. However, if we naively define a Poisson bracket

: : : 2 ij
on the dimensionally reduced space with ds? = dr? + dr'* as [z, y]»> ~ \/ﬁgije kO, x0;y
where 4, j = {r,y}, then it is not constant by (2.18) and is different from (2.19).

Thus, the above Poisson bracket will have to be regarded as the Nambu-Poisson bracket

with one variable always chosen to 6,

[f(ra T/)a 9(7°> T/)]p = [f(rv 7’/), g(r, TI)? 9]NP7 (221)
where
[, Olvp = v (2.22)
r2 + r?
with
[.f,y,@]]vp = Z@ (223)

It can be written as

[r, 7', 0lnp = i@m/detgij_l, (2.24)

where g;; is the metric on the space spanned by {r,r’,6}.
In the following section, we consider fluctuations from this classical solution® in the

commutative limit © — 0.

3 The Mb5-action from the ABJM action

In this section, we will expand the ABJM action around our classical solution (2.16) and
find the action for the multiple M5-branes, although we can keep only the zero-mode for
the 6 direction in the action. We will see the action has a form of the Yang-Mills action

with a space-time dependent gauge coupling constant.

C

T‘2+T’2
represents a strength of the background 3-form field strength. If we focus on the solution near r = v,
then the non-commutative parameter © of the effective D5-brane action is v-dependent as © = C'/v.

81t is more appropriate to express the solution as [r,7/,0]np = , where C' is a constant which
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3.1 Expansion of the bosonic potential

Before expanding the ABJM action around our classical solution, we rewrite the bosonic
potential (2.6) for later convenience. Since we will later use the classical solution (2.16),
which is valid in the commutative limit, we expand the potential term by the number of
the commutators. As will be explained later, we will take the fluctuations such that one
commutator in the potential is O(0O).

First, we rewrite the three-bracket by using commutator and anti-commutator as
YA vP ve] = % (I YPLye +{Y Yo, YP) = {[Y" Y], Y}), (3.0)
which is shown by using the graded Jacobi identity
{A, B}, C)+{[C,A], B} — {|B,C], A} = 0. (3.2)

Because the three-bracket can be represented as (3.1), the leading terms are terms with

two commutators. By substituting (3.1) into (2.6), we find that the potential is given by

4 2 1
4 2
T (Y P2 YR - Al Yl YY)

+5|[Y 2 YaYAP + (Y2 Y)Yy
+ 3 (Y YP)YR(Ya, Y)Y + [Ya, Y)Y P [V YO YO) =2V [YO VAV AY P, YE))
+O([, 1)

2
—%Tr(3A+B+3C+2D) + o). (3.3)

where we have defined
A=—YP(IIYLYP))? + YA, Ye]P),
B=YP(YhYP?P =Y YE]]? = [V, YalP),
C=|YEYAYAP +|[YE YAV + YA YP|YE[Ya, YO Yo + [Ya, YB]YBY A Yo YE,
D

= |[YEB YAIYA)2 = |[YB, YAYA]2 = Yo YO, YAV A Y V3. (3.4)
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By using the identity
we can rewrite B defined in (3.4) as

B

12

YPY 2 YA Yl Yo = [YPY YB[Y P, Ya] + [YP[Y A, Ya][Y P, Y

12

Y2 YAYPIYa, Ya) - YAV P YRl S Ya) + VAV YAV, V)
SYAYE Y PIYa, Yal + YAV Y[V 2, Ya) - YAIY P, YallY 2, Yal
Y[, Vil YAV = [VE[YAY P, Vi), Ya] + [Y [V AV 2, Y, Vi

12

Y (—[[Ya, Yol YY) + [YAY P, Y], Ya] = [YAY]?, Y], Ya])
YAV 2 Y P [Va, Ya] + YAV 2, YB][YE, Ya] + YA Y, Ya][V3, YE]. (3.6)
Each term in the first line after the last equality is a commutator as a total and its trace

vanishes, which we write “total div.” in the following. The second line identically vanishes

due to the Jacobi identity. The remaining part is the last line and can be computed as

B

12

YAYC Yo, YP|[Ya, Y] + YAYL YO Y P|[Yy, V]

—YAYCY,, YO [Ye, Y] + YAY Y, Y] [V B, V4]

+YAY O Yo, YAl [V, YB] + YAYC[YY, YAV, Y] + total div.

= D + totaldiv., (3.7)

where in the final line we used the symmetry between A and C' indices. Thus, we find

that the potential (3.3) simplifies as

4 2
Vios = —k—ZTr(A +C + D) + total div. + O([,]*), (3.8)

which gives the potential up to two commutators.
For later convenience, we decompose the complex scalar fields Y4 into the real part

and the imaginary part as
YA =pt+igt (3.9)

9



where p, g are Hermite matrices. By substituting this decomposition into A in (3.4), we

obtain
A=2(e"?+ (@) " 07 + 20", P + 14", ¢“1?) + O([,]%), (3.10)

which is SO(8) invariant. It is also straightforward to show that C' in (3.4) is given by

hS
Q

C = —4(q"¢°) (1" p"p" p°] + [¢°, pM)ld” p°))
—4(p*p°) (%, aM)ld®, ¢°] + P", *][p", ¢°))
+8(p"¢%) ([d°, aMla”, %) + 8 ) (", p"P", ¢“]) + O, ]*), (3.11)

b

This term is not SO(8) invariant, but SU(4) x U(1) invariant. Finally, by substituting
(3.9) to D defined in (3.4), we obtain

D = =20"p" +¢"¢°) (" p"Nld" a1 + [d°, 1" 0] — [¢®, p"]", ¢“]
—[p",¢Mla", p°T + 2[¢°, p" ", ¢"])
+2(p%q° — p%q™) (2lp", pMld”, p°] - 2(4", "1 Ip", ¢
+ (%" + 109 ¢™) 7. ¢%) + O([.7F). (312

By using the identity (3.5) and the Jacobi identity, similarly to the calculation in (3.6),

this can be rewritten as

D = 4¢° ([p",p°)ld”. p°1 = p", p°1[d", p°] + 0. P"[P", ¢")])
+4p© (—[p”, A4, ¢°) + p®, ¢“)[d", ] — [d°. *)]p”, ¢7))
).

+total div. + O([,]? (3.13)

From (3.8), (3.10), (3.11), and (3.13), we have shown that the bosonic potential is
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rewritten as

Vies = Tr (6((0")* + (¢)) (0%, 07T + 20", ¢ + [¢”, ¢°T?)
—12 (") (1", p"Ip" p°] + [B,pA][quC])
—12(p"p%) (1¢°, ¢"1l¢", ¢“1 + Ip”, "1 Ip", ¢“))
+24( ch)( o A[qB p°1) +24(%¢") ([, 1", ¢)
+12¢° ([p”, p°] = % 0" p*1 + 7, 71", ¢7))
+12p¢ (—[p ,Q][q L1+ 0%, ¢Nd”, ¢ = 14, 1P, 471))
+total div. + O([,]%). (3.14)

3.2 Expansion of the ABJM action

In order to obtain an action for the M5-branes, we will consider the fluctuations around
the explicit classical solution which is obtained for © — 0 limit, where the terms with the
least numbers of the commutator should be kept. Thus, we should impose how large the
flucutuations are compared with ©.

First, we assume that the fluctuations of the scalar field is of (9(@%) and then the
commutator of them is O(0). Because the backgrounds, r and 7/, are O(1), the com-
mutators between the backgrounds are O(©). If we compactify the theory on a circle,
the Mb-brane effective action should be reduced to the D4-brane effective action. Thus,
we would like to have the Yang-Mills terms and kinetic terms for the scalars kept in the
action.” As we will see later, the assumption that the fluctuations of scalar fields are
O(O32) is consistent with this.

Next, we consider the gauge fields and the derivatives. Introducing

2=, 22

=1, (3.15)

9To have a conformal M5-brane action, we may have to take another assumption. In this paper, we
take this assumption in order to compare the result with the D4-brane action, as a step toward finding
the multiple M5-brane action.
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we have
(2%, 5] = i©e™, (3.16)

where a,b = 1,2 and €'2 = ¢;5, = 1. In the standard procedure for the construction of the
non-commutative D-brane from the matrix model [9, 11, 14, 15], the fluctuations around

the D4-brane solution in the infinitely many D2-branes are introduced as
X% = i0e™®D, = 2% — P Ay, D, =iey2'O " +iA,, (3.17)

where X is the scalar fields of D2-branes and A, is the fluctuations around the solution

X = 2% From the definition of the covariant derivative operator D,, we have

[Da, f(2)] = 0uf(2) +i[Aa, f(2)],
Do, D] = i (Fupy— €at©7), Fup = 0uly — OpAy + i[Aa, Ay). (3.18)

In our case, imitating this we take the following parametrization of the fluctuations:
70 = 3%+ fluctuation = iOe® D, + 19, D, = iep2’O7 +iA,. (3.19)

Since Z% are not Hermite, the fluctuations ®* should also be introduced. Since the
fluctuations of the scalar fields are assumed to be (’)(@%), the covariant derivative operator
D, is (’)(@‘%), which also means that both the derivative 0, and the gauge fields are
O(@’%). On the other hand, we assume that the gauge field A,, and the derivative
Oy (= 0,1,2) for the three dimensional spacetime, which are originally included in
the ABJM action (2.12), are of order O(©2).19 We will also assume that B, = O(©)
(= 0,1,2) which is consistent with the equations of motion as will be seen later. In
this approximation, all the kinetic terms of D4-brane actions are kept and the action
will be O(©). We could have regarded the scale of the the each of the fluctuations are

independent. Here, we take the simplest and consistent one.

10This means that we only consider the fluatuations ®, A such that 9,®, 9, A are small compared with
d, A by O(@%), respectively.
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The approximated potential (3.14) has been obtained by expanding the potential (2.6)
up to two commutators and by substituting the decomposition (3.9). However, by assum-
ing that the fluctuation of the scalar field is (9(@%), as stated previously, we can also
regard this as the expansion in the non-commutative parameter ©. Then, we notice that
only the terms of the classical solution contribute to the factor outside of commutators
while both the classical solution and the fluctuation contribute inside the commutators
in (3.14). Although our classical solution (2.16) has trivial ambiguities, described in [20],
related to the area preserving diffeomorphism, we choose its explicit form as in (2.14)
with (2.15), where ¢* is zero for the classical solution. Then, in this approximation, the

potential reduces to

472
Voos = =535 T (6% (07, 01" + 20", ¢ + (a7, 4°T")
—12(pp%) ([¢°, ¢*)[d", ¢°] + P®, ¢*p”, ¢“)))
+total div. + O(©%?), (3.20)

where the quadratic terms of p outside the commutators, which will be approximated by
the classical value, are remained.

Next, we will consider the all of the bosonic part of the action, i.e. including the
Chern-Simons term and the kinetic terms. The covariant derivative (2.10) is rewritten in

terms of p and ¢ in (3.9) as
D,uYA = DupA - {Bm qA} +i (D,qu + {BuapA}> . (3'21)
The equations of motion for B, is obtained from (2.12) and (3.21) as
k 2k
0= 5" Fy, + 4¢* (Dup®* = {B,,q*}) — 4™ (Dug™ + {B,.p™}) + 5" BuB3.22)
Keeping the leading order terms in ©, we can solve this equations of motion as
By~ —pPD,¢" + ﬁew’ﬂF (3.23)
“ R \ P e ) |

where factor (p#)? in the denominator in (3.23) as well as that appears in the following

are always evaluated as its classical value in our approximation. The solution (3.23) is
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consistent with the assumption that B, = O(0©), which we have imposed above. Because

the Lagrangian is quadratic in B, in the approximation, we can integrate it out to obtain

2 . (pBD,qu)Q kz
(pa)? 1672(pa

Lyos ~ —Tr ((D,M)2 + (D*q") )2F2> — Vhoss  (3.24)

where we denoted F? = F,, F*". Therefore in the approximation © — 0, we have

2
2 (»"Dug”) K’ 2
(pa)? 167%(pa)?

Lipos ~ —Tr ((DMpA)2 + (D“qA)

872
k2
1672

+—5 ") (l”, ¢"lla”, ¢ + ", ¢")[p", ¢°]) + total diV~) . (3.25)

(pA)2 ([pA’pB]Q + 2[pA’ qB]Q + [qA7 qB]Q)

3.3 Action of the fluctuations around the solution
Now we evaluate the action of the fluctuations explicitly. For A = 3,4, we set
YA = pA 4 igh = 02473 4 jp2A2 (3.26)
where ®3, &4, > ®5 are Hermite operators. Here, we represent our M5-branes solution as
Y4 = Y42, (3.27)
where A = 1,2 and 2° satisfies (3.16). Then, the fluctuations around it are introduced by
YA =YA(2Y (3.28)

with Z° defined as in (3.19), where we keep the orderings of Zs and Zs. In the Poisson
bracket approximation, Y%(Z) are Hermite and

1OV 4p

AB _ [vA B _
Je*P =YY ]p = —(YA)2€ (3.29)
In the commutator, the scalar fields can be replaced by
ov4 . oy 4
A o s cb . b
Y >~ Z@azce Db—i-lazbq)
= JABDp 4 id?, (3.30)



where we introduced

B = a}/_BDb’ (p =

D PP (3.31)

oz
Note that in the approximation, Dp act as the derivative with respect to Y? in the
commutator because 8Yai,()z) ~ al;ib(z)—l—ﬂuctuations, and then [Dp, f] = aay%[f)b, fl1+

[aay%af]bb = aay%[bbaf]' Thus

pt ~ JeP Dy, ¢t ~ o (3.32)

Now we will rewrite the approximated action (3.25) with the above terms. The first line
includes the kinetic terms for p, ¢ in the direction of original three dimensional spacetime
which M2 branes extend. However, the kinetic term for the scalar field defined as

@) = —5p"d” (3.33)

(p*)?
is subtracted. The fields p* and p® should be regarded as the classical value in our
approximation. This @ is the fluctuation for the direction generated by the U(1), gauge

symmetry of the ABJM action from the classical value and more explicitly!?

(I)H ~ (7“@1 + 7”/@2). (334)

1
\ /,,n2 + 2
Denoting the orthogonal part of the scalar fields as,

, 1
Pl = ——e (7P — rd?), D3, P <I>5,q>6}, 3.35
L1 {‘/T2+T‘/2( ) ( )

we find that the first line in (3.25) includes kinetic terms for ®% as well as those for p#
(A =1,2). The kinetic terms for p* (A = 1,2) can be rewritten as Je*?[D,,, Dp]. Thus,

first line in (3.20) is given as

A k? v
~ (D,®")* - 2J*D,, Dg] + 167T2—(pA)2Fu F.. (3.36)

1We use the representation with the star-product.
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The second line in (3.25) is straightforwardly shown to give Yang-Mill like terms
~ 6(r* +1"%)([®, ®’)* — 2J%[Dp, ®'|* + J*[Dp, Dc]?), (3.37)

where 4,5 = 1...6. The third line can be also rewritten in terms of ®| by rewriting

paga ~ (r2+1r?)®| as
~ 12(7“2 + 7”/2)([(I)i, (I)||]2 — QJQ[DB, (I)||]2). (338)

Again, this term subtract the contribution of @ from (3.37) and remaining terms are
those for ®' . Thus, the scalar field ® completely disappears. This is a consequence of
the Higgs mechanism described in [21].

Adding all the contributions above, we obtain

4m i j i
Low ~ ~Tt (@Ww’?) (90, ®)2 — 272D, @ 2 + J*[Ds, Do)
/{32

D,® ) —2J*D, Ds?P + ——M
+( m J_) [ o A] +167T2<T2+7“/2)

Fu,,F’“‘”) + total div., (3.39)

where
©2%y?
2
The trace can also be replaced by
/73 1 72
Tr — /drdr’;—gr. (3.41)
OV

To rewrite this simpler, we further introduce the analogue of the open string metric

[22] as

k‘2

_ _ o 2772
9rr = 0 = Jopagag — om (342)
where H is the constant flux on the M5-branes
H=1iFyo = —k 3.43
- 8v/2m200’ (343)
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and the index M = {u, A} which runs the directions of longitudinal to the D4-branes.

Then up to the total divergence, we have

[=8te (MY Fagw) — 2t0(Dyr DY) — tr ([0, #11%)]
(3.44)

1
Sbos =~ const.+ /d%drdr'—
’ 2(gvym)?

where
: r2 4 2
L= —_— 3.45
0L =gy o — 2, (3.45)
and the (non-constant) 5-dimensional gauge coupling as
1 k? B kH
B 16m00VIZ+12 22 4%

The constant term was already computed in [20] and gives the correct tension of the M5-

(3.46)

branes. This action is considered as the the action of D4-branes with non-constant dilaton
background. Indeed, the r and " dependence of the gauge coupling is correct one. For
an Mb5-brane, the action is consistent with the known one if we take into account the fact
that we keep only the zero-mode of the #-direction and the action can be dimensionally
reduced to 5-dimension. For the multiple M5-branes, if we drop the non-zero modes, we
expect the action will be the action of the D4-branes with the gauge coupling (3.46),
(bosonic part of) which is the action (3.44).

As discussed in section 1, the action with the non-constant gauge coupling is not
obtained from the D2-brane action and our result here is non-trivial. Of course, the really
interesting problem is to include the non-zero modes of the #-direction by considering the

monopole operators. We hope our result will be an useful for investigating it.

4 Discussion

In this paper, we have calculated the fluctuation from the classical M5-brane solution
of ABJM model and obtained the action for D4-branes with non-constant dilaton back-
ground. In order to understand the low energy dynamics of multiple M5-brane dynamics

more in detail, we mension several points which we should improve in our analysis.
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First, in this paper, we have ignored the the total divergence term, which include the
terms vanish by taking the trace naively. However, such terms should be important and
correspond to topological terms. Indeed, in the construction of the usual D3-branes [23]
from the orbifolded ABJM action [24]-[27], such term gives the correct f-term on the
D3-branes.

Second, we should include the contribution from the monopole operators, which we
have already discussed above for supplementing the KK modes of the gaugeed U(1) di-
rection. This proplem will be related to the very recent argument that the KK modes
will be present in 5D super Yang-Mills theory [28, 29]. The singularity of C*/Z; might
be important and should be carefully considered.

Finally, it is interesting to extend our analysis to the case of Mb-branes with finite
magnetic flux. In our analysis, the commutative limit is considered, which corresponds
to the limit that the magnetic flux is infinitely strong. Since the classical solution for
the finite non-commutative parameter is known only approximately [20], we also need to
develop this point.

We hope to do more careful analysis in order to understand these points in near future.
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