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Abstract. We establish, generalizing Di Nola and Lettieri’s categorical equiva-
lence, a Morita-equivalence between the theory of lattice-ordered abelian groups
and that of perfect MV-algebras. Further, after observing that the two theories
are not bi-interpretable in the classical sense, we identify, by considering appro-
priate topos-theoretic invariants on their common classifying topos, three levels of
bi-interpretability holding for particular classes of formulas: irreducible formulas,
geometric sentences and imaginaries. Lastly, by investigating the classifying topos
of the theory of perfect MV-algebras, we obtain various results on its syntax and
semantics also in relation to the cartesian theory of the variety generated by Chang’s
MV-algebra, including a concrete representation for the finitely presentable models
of the latter theory as finite products of finitely presentable perfect MV-algebras.
Among the results established on the way, we mention a Morita-equivalence between
the theory of lattice-ordered abelian groups and that of cancellative lattice-ordered
abelian monoids with bottom element.
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§1. Introduction. This paper represents a contribution to the inves-
tigation, initiated in [14], of notable categorical equivalences arising in the
field of many-valued logics from a topos-theoretic perspective.

A sound and complete algebraic semantics for the propositional infinite-
valued logic of Lukasiewicz is provided by the class of MV-algebras, intro-
duced by Chang in 1958. Since then, many mathematicians from different
backgrounds have developed an interest in this class of algebras. Indeed,
the literature contains several applications of MV-algebras in different ar-
eas such as lattice-ordered abelian group theory and functional analysis
(cf. [21] and [24]).

In 1994, A. Di Nola and A. Lettieri established a categorical equivalence
between the category of perfect MV-algebras and that of lattice-ordered
abelian groups (cf. [24]). Perfect MV-algebras form an interesting class
of MV-algebras, which is directly related to the important problem of
incompleteness of first-order Fukasiewicz logic; indeed, the subalgebra of
the Lindenbaum algebra of first-order fukasiewicz logic generated by the
classes of formulas which are valid but not provable is a perfect MV-algebra
(cf. [1]).

In this paper we constructively generalize Di Nola-Lettieri’s equivalence
by interpreting the involved categories as categories of set-based models of
two particular theories, namely the theory P of perfect MV-algebras and
the theory L of lattice-ordered abelian groups. Furthermore, we show that
we can actually ‘lift’ this categorical equivalence between the categories
of models of these two theories from the topos of sets to an arbitrary
Grothendieck topos &, naturally in &; that is, for any geometric morphism
f+# — & changing the universe in which the models live with inverse
image functor f*: & — .%, we have a commutative diagram

T&

& L-mod(&) P-mod(&)
I I I
F L-mod(.%) prpe P-mod (%)

where 7¢ : L-mod(&) — P-mod(&) is the equivalence between the cate-
gories of models of the two theories in the topos &.

This means that the two theories have the same (up to categorical equiv-
alence) classifying topos, i.e. that they are Morita-equivalent.
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Morita-equivalences are important for our purposes because they allow
us to apply a particular topos-theoretic technique, namely the ‘bridge
technique’, introduced by the first author in [8], to transfer properties and
results between the two theories by using the common classifying topos
as a ‘bridge’, on which different kinds of topos-theoretic invariants can be
considered in relation to its different representations.

Applications of this technique in the context of our Morita-equivalence
produce a variety of insights on the theories, which would be not visible
or hardly attainable by using alternative methods. For instance, whilst
the two theories are not classically bi-interpretable, as we prove in the
paper, the Morita-equivalence between them yields three different levels
of bi-interpretability between particular classes of formulas: irreducible
formulas, geometric sentences and imaginaries. Other applications are
described in section

In the final part of the paper, we study in detail the classifying topos
of the theory of perfect MV-algebras, representing it as a subtopos of the
classifying topos for the algebraic theory axiomatizing the variety gen-
erated by Chang’s MV-algebra. This investigation sheds light on the
relationship between these two theories, notably leading to a represen-
tation theorem for finitely generated (resp. finitely presented) algebras in
Chang’s variety as finite products of finitely generated (resp. finitely pre-
sented) perfect MV-algebras. It is worth to note that this result, unlike
most of the representation theorems available in the literature, is fully
constructive. Among the other insights, we mention a characterization
of the perfect MV-algebras which correspond to finitely presented lattice-
ordered abelian groups via Di Nola-Lettieri’s equivalence as the finitely
presented objects of Chang’s variety which are perfect MV-algebras, and
the property that the theory axiomatizing Chang’s variety proves all the
cartesian sequents (in particular, all the algebraic identities) which are
valid in all perfect MV-algebras. Further applications are given in section
12

The paper is organised as follows.

In section [2| we introduce the basic topos-theoretic background relevant
for understanding the paper.

In section [3| we recall the most important notions and notations for MV-
algebras. Further, we present an axiomatization for the theory of perfect
MV-algebras and give a list of provable sequents in this theory that will be
useful in the following. An analogous treatment for lattice-ordered abelian
groups is provided in section

After reviewing Di Nola-Lettieri’s equivalence in section 5] we generalize
it to an arbitrary Grothendieck topos obtaining the main result of section
[} the theory of perfect MV-algebras and the theory of lattice-ordered
abelian groups are Morita-equivalent.
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In section [7] with the purpose of better understanding the relationship
between perfect MV-algebras and the associated lattice-ordered abelian
groups, we establish an intermediary Morita-equivalence between the the-
ory of lattice-ordered abelian groups and the theory of positive cones of
these groups (i.e., the theory M of cancellative subtractive lattice-ordered
abelian monoids with a bottom element). This analysis yields an equiva-
lence between the cartesian syntactic categories of these two theories, pro-
viding in particular an alternative description of the Grothendieck group
of a model M of M as a subset, rather than a quotient as in the classical
definition, of the product M x M.

In section [§, we show that, whilst the theories L and P are non bi-
interpretable; there is an interpretation of the theory L in the theory
P, which can be described explicitly by using the intermediary Morita-
equivalence established in section [/} Moreover, the consideration of dif-
ferent kinds of invariants on the classifying topos of the theories I and
P yields the above-mentioned three levels of bi-interpretatability between
them.

In section [ we characterize the finitely presentable perfect MV-algebras,
that is the perfect MV-algebras which correspond to finitely presented
lattice-ordered abelian groups via Di Nola-Lettieri’s equivalence, as the
finitely presentable objects of Chang’s variety which are perfect MV-
algebras.

Section [10]is devoted to the study of the classifying topos of the theory
P. We represent this topos as a subtopos of the classifying topos of the the-
ory C axiomatizing Chang’s variety, and explicitly describe the associated
Grothendieck topology. This investigation leads in particular to a rep-
resentation result generalizing the Stone representation of finite Boolean
algebra as powersets: every finitely presented (resp. finitely generated)
MV-algebra in the variety generated by Chang’s algebra is a finite prod-
uct of finitely presented (resp. finitely generated) perfect MV-algebras.
We also show that every MV-algebra in Chang’s variety is a weak subdi-
rect product of perfect MV-algebras. These results have close ties with
the existing literature on weak Boolean products of MV-algebras. Fi-
nally, we generalize to the setting of MV-algebras in Chang’s variety the
Lindenbaum-Tarski characterization of Boolean algebras which are iso-
morphic to powersets as the complete atomic Boolean algebras, obtaining
an intrinsic characterization of the MV-algebras in Chang’s variety which
are arbitrary products of perfect MV-algebras. These results show that
Chang’s variety constitutes a particularly natural MV-algebraic setting
extending the variety of Boolean algebras.

Section [11] discusses the relationship between Di Nola-Lettieri’s equiva-
lence and Mundici’s equivalence, which we extended to a topos-theoretic
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setting in [14]. Specifically, generalizing results in [2], we show that a the-
ory of pointed perfect MV-algebras is Morita-equivalent to the theory of
lattice-ordered abelian groups with a distinguished strong unit (and hence
to that of MV-algebras).

Section 12| discusses some further applications of the Morita-equivalence
established in section and of the ‘calculation’ of the classifying topos
of the theory IP carried out in section These applications, obtained by
considering appropriate invariants on the classifying topos of the theory
P, yield insights on the syntax and semantics of P also in relation to
the theory C. Finally, in section we transfer the above-mentioned
representation theorems for the MV-algebras in Chang’s variety in terms
of perfect MV-algebras into the context of lattice-ordered abelian groups
with strong unit.

§2. Topos-theoretic background. For the basic background of topos
theory needed for understanding the paper, we refer the reader to [13] or,
for a more succinct overview, to the Appendix of [14].

In this section, we limit ourselves to recalling a few central notions that
will play a crucial role in the paper.

2.1. Grothendieck topologies and sheaves. The notion of Grothen-
dieck topology on a category is a categorical generalization of the classical
concept of topology on a space. The open sets of the space are replaced
by objects of the category and the families of open subsets of a given open
set which cover it are replaced by families of arrows in the category with
common codomain satisfying appropriate conditions.

A sieve on an object ¢ of a small category € is a set S of arrows with
codomain c such that fog € S whenever f € S.

DEFINITION 2.1. A Grothendieck topology on a category % is a function
J which assigns to each object ¢ € € a collection J(c) of sieves on ¢ in
such a way

(1) the maximal sieve {f | cod(f) = c} is in J(c);

(ii) (stability axiom) if S € J(c), then h*(S) € J(d) for any morphism
h :d — ¢, where with the symbol h*(S) we mean the sieve whose
morphisms are the pullbaks along h of the morphisms in S;

(iii) (transitivity axiom) if S € J(c) and R is a sieve on ¢ such that
h*(R) € J(d) for all h: d — cin S, then R € J(c).

The sieves S € J(c) are called the J-covering sieves.
A site is a pair (¢, J) consisting of a small category ¢ and a Grothendieck
topology J on €.
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DEFINITION 2.2. (a) A presheaf on a category % is a functor P :
€°P — Setll

(b) A sheaf on (¢,J) is a presheaf P : €°P — Set on ¢ such that for
every J-covering sieve S € J(c) and every family {z; € P(dom(f)) |
f € S} such that P(g)(xf) = xfo4 for any f € S and any arrow g
in ¥ composable with f there exists a unique element x € P(c) such
that xy = P(f)(x) for all f € S.

(c) The category Sh(%, J) of sheaves on the site (¢, J) has as objects the
sheaves on (%, J) and as arrows the natural transformations between
them, regarded as functors ¢°P — Set.

(d) A Grothendieck topos is a category equivalent to a category Sh(%, J)
of sheaves on a site.

DEFINITION 2.3. [20, section C2.1] A sieve R on an object U of ¥ is
called effective-epimorphic if it forms a colimit cone under the diagram
consisting of the domains of all morphisms in R and all the morphisms
over U. A Grothendieck topology is said to be subcanonical if all its
covering sieves are effective-epimorphic.

A Grothendieck topology J on % is subcanonical if and only if every
representable functor €°P — Set is a J-sheaf.

DEFINITION 2.4. Given a site (¢, J), and a set I of objects of €. If for
any arrow f:a —bin €, b € I implies a € I, we say that [ is an ideal. If
further for any J-covering sieve S on an object ¢ of €, if dom(f) € I for
all f € S then c € I, we say that I is a J-ideal.

The J-ideals on € correspond bijectively to the subterminal objects of
the topos Sh(%¢, J).

Given a site (¢, J), a sieve S on an object ¢ of € is said to be J-closed
if for every arrow f with codomain ¢, f*(S) € J(dom(f)) implies f € S.

If the representable functor Homeg(—,¢) is a J-sheaf then the J-closed
sieves on ¢ are in natural bijection with the subobjects of Homg (—,c) in
the topos Sh(%, J).

DEFINITION 2.5. [20, Definition C2.2.18] A Grothendieck topology J
on a small category € is said to be rigid if for every object ¢ of €, the set
of arrows from J-irreducible objects of € (i.e., the objects of € on which
the only J-covering sieves are the maximal ones) generates a J-covering
sieve.

2.2. Geometric logic and classifying toposes. From the point of
view of toposes as classifying spaces for mathematical theories, the logic
underlying Grothendieck toposes is geometric logic.

IThis is the category whose objects are sets and whose morphisms are functions
between sets.
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DEFINITION 2.6. A geometric theory is a theory over a first-order sig-
nature > whose axioms can be presented in the sequent form (¢ Fz )
(intuitively meaning ‘¢ entails ¢ in the context &, i.e. for any values of
the variables in Z’), where ¢ and v are geometric formulas, that is for-
mulas with a finite number of free variables, all of which occurring in the
context &, built up from atomic formulas over ¥ by only using finitary
conjunctions, infinitary disjunctions and existential quantifications.

A geometric theory is said to be finitary algebraic if its signature does
not contain relation symbols and its axioms can be presented in the form
(T Fzt=s), where t and s are terms over its signature.

A geometric theory is said to be cartesian if its axioms can be presented
in the sequent form (¢ Fz 1), where ¢ and ¢ are T-cartesian formulas,
that is formulas with a finite number of free variables, all of which occur-
ring in the context Z, built up from atomic formulas by only using finitary
conjunctions and T-provably unique existential quantifications. Such se-
quents are called T-cartesian sequents.

A geometric theory is said to be coherent if it is finitary, that is if its
axioms can be presented in the sequent form (¢ bz 1), where ¢ and v are
coherent formulas, that is formulas with a finite number of free variables,
all of which occurring in the context &, built up from atomic formulas
by only using finitary conjunctions, finitary disjunctions and existential
quantifications.

A quotient of a geometric theory T over a signature 3 is a geometric the-
ory T’ over ¥ such that every geometric sequent over ¥ which is provable
in T is provable in T’.

One can consider models of geometric theories in arbitrary Grothendieck
toposes. Given a geometric theory T and a Grothendieck topos &, we
denote by T-mod(&’) the category of T-models in & and model homomor-
phisms between them.

DEFINITION 2.7. A Grothendieck topos & classifies a geometric theory
T if there exists a categorical equivalence between the category of models
of T in an arbitrary Grothendieck topos % and the category of geometric
morphisms from % to &, naturally in .% or, in other words, if there exists
a model U of T in &, called ‘the’ universal model of T in &, such that any
other model of T in a topos % is isomorphic to f*(U) for a unique (up to
isomorphism) geometric morphism % — &.

By a fundamental theorem of Joyal-Reyes-Makkai, every geometric the-
ory is classified by a unique (up to categorical equivalence) Grothendieck
topos. Conversely, every Grothendieck topos is the classifying topos of
some geometric theory. If two geometric theories have the same classify-
ing topos (up to equivalence), they are said to be Morita-equivalent. By



8 OLIVIA CARAMELLO AND ANNA CARLA RUSSO

the universal property of the classifying topos, two theories are Morita-
equivalent if and only if they have equivalent categories of models in every
Grothendieck topos &, naturally in &. Notice that if the functors defining
the equivalences between the categories of models of the two theories only
involve geometric constructions, i.e., constructions entirely expressible in
terms of finite limits and arbitrary colimits, then the resulting equivalence
is automatically natural.

We indicate the classifying topos of a geometric theory T with the sym-
bol &T.

Classifying toposes can be built canonically by means of a syntactic
construction.

DEFINITION 2.8. Let T be a geometric theory over a signature . The
geometric syntactic category Gt of T has as objects the geometric formulas-
in-context {Z.¢} over 3 and as arrows from {Z.¢} to {.¢} the T-provable
equivalence classes [f] of geometric formulas 0(Z, ), where & and ¥ are
disjoint contexts, which are T-provably functional from {Z.¢} to {7.¢} in

the sense that the sequents

- (O Fzg (9AY))
- (ONOZ/Y) Fagz (Z=17))
- (o +z (39)0)

are provable in T.

The classifying topos &1 of a geometric theory T can always be rep-
resented as the category of sheaves Sh(%t, Jr) on the syntactic cate-
gory ér of T with respect to the canonical topology Jr on it. A sieve
S ={[0:] : {zi.:} — {Z.¢} | i € I} in €7 is Jp-covering if and only if the

sequent (¢ Fz ieI(Ela?i)Hi) is provable in T.
The classifying topos of a coherent theory T can also be represented as

the topos Sh(%7", JE°P) of sheaves on the full subcategory P of %7
on the coherent formulae with respect to the coherent topology Jﬁf’h on it
(generated by finite Jp-covering families).

The classifying topos of a cartesian theory T can be represented as the
presheaf topos [Cﬁfart()p, Set], where €™ is the full subcategory of 6t on
the T-cartesian formulas.

2.3. The internal language of a topos. Every topos can be regarded
as a generalized universe of sets, by means of its internal language. Recall
that the internal language of a topos & consists of a sort "A" for each
object A of &, a function symbol "f ' : "TA;...T A, — "B for each
arrow f: Ay X---x A, — Bin & and a relation symbol "R A;...T A,
for each subobject R — A; X --- X A, in &. There is a tautological X e-
structure Sg in &, obtained by interpreting each "A" as A, each " f " as f
and each "R as R. For any objects Aq,..., A, of & and any first-order
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formula ¢(&) over L, where & = (2", ... 2;4"), the expression {Z €

Ay x - x Ay | ¢(Z)} can be given a meaning, namely the interpretation
of the formula ¢(Z) in the X g-structure Sg.

The internal language allows to prove results concerning objects and
arrows in the topos by formally arguing in an analogous way as we do
in classical set theory. There are only two important exceptions to this
rule which it is essential to keep in mind: the logic of a topos is sound
only with respect to intuitionistic principles, so a classical proof can be
lifted to a proof valid in an arbitrary topos written in its internal language
only if it is constructive, in the sense of not involving applications of the
law of excluded middle or the axiom of choice (nor of any other non-
constructive principle). We shall exploit this fact at various points of the
paper. An example of a reformulation of basic properties of sets in the
internal language of a topos is provided by the following proposition:

PROPOSITION 2.9. [20, ¢f. Lemma D1.3.11] Let & be a topos. The
following statements hold

(i) f: A — A is the identity arrow if and only if (T b, f(x) = x) holds
in &.

(ii) f: A — C in the composite of g: A — B and h: B — C if and only
if (T ks f(z) = h(g(x))) holds in &.

(i) f: A — B is monic if and only if (f(z) = f(a') b 2 = 2') holds in
é.

(iv) f: A — B is an epimorphism if and only if (T F, (3x)(f(x) = y))
holds in & .

(v) A is a terminal object if and only if the sequents (T + (3x)T) and
(T Fga (x=21")) hold in &.

2.4. Theories of presheaf type. By definition, a theory of presheaf
type is a geometric theory whose classifying topos is (equivalent to) a topos
of presheaves.

This class contains all the finitary algebraic (and, more generally, all
the cartesian) theories as well as many other interesting, even infinitary,
theories, such as the theory of lattice-ordered abelian groups with a distin-
guished strong unit considered in [14] or the theory of algebraic extensions
of a base field considered in [12]. We shall see below that the theory P of
perfect MV-algebras is also of presheaf type, it being Morita-equivalent to
the cartesian theory LL of lattice-ordered abelian groups.

In this section we recall some fundamental results on the class of geo-
metric theories classified by a presheaf topos. For a comprehensive investi-
gation of this class of theories, containing various kinds of characterization
theorems, we refer the reader to [12].
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DEFINITION 2.10. [18] Let T be a geometric theory. A model M of T
in Set is finitely presentable if the representable functor Hom(M, —) : T-
mod(Set) — Set preserves filtered colimits.

As shown in [11], the classifying topos of a theory of presheaf type T can
be canonically represented as the functor category [f.p.T-mod(Set), Set],
where f.p.T-mod(Set) is the full subcategory of T-mod(Set) on the finitely
presentable T-models.

DEFINITION 2.11. [7] Let T be a geometric theory over a one-sorted
signature ¥ and ¢(Z) = ¢(z1,...,x,) be a geometric formula over ¥. We
say that a T-model M in Set is finitely presented by ¢(Z) (or that ¢(Z)
presents M) if there exists a string of elements (aq,...,a,) € M™, called
generators of M, such that for any T-model N in Set and any string of
elements (by,...,b,) € [[Z.¢]]n, there exists a unique arrow f: M — N
in T-mod(Set) such that f(a;) =b; fori=1,...,n.

This definition can be clearly generalized to multi-sorted theories.

The two above-mentioned notions of finitely presentability of a model
coincide for cartesian theories (cf. pp. 882-883 [20]). More generally, as
shown in [9], they coincide for all theories of presheaf type.

DEFINITION 2.12. Let T be a geometric theory over a signature ¥ and
(%) a geometric formula-in-context over ¥. Then ¢(Z) is said to be T-
irreducible if for any family {6; | ¢ € I} of T-provably functional geometric

formulas {z;,Z.0;} from {zj.¢;} to {Z.¢} such that ¢ Fz \/I(Hf;)QZ is
1€
provable in T, there exist ¢ € I and a T-provably functional geometric

formula {7, 7;.0'} from {Z.¢} to {z;.¢;} such that ¢ Fz (37;)(0' A 6;) is
provable in T.

We indicate with the symbol ‘K{TH the full subcategory of %1 on T-
irreducible formulas. Notice that a formula {Z.¢} is T-irreducible if and

only if it is Jr-irreducible as an object of the syntactic category %t of T
(in the sense of Definition [2.5)).

THEOREM 2.13. Let T be a geometric theory. Then T is of presheaf type
if and only if the syntactic topology Jr on 61 is rigid.

THEOREM 2.14. [9, Theorem 3.13] Let T be a theory of presheaf type
over a signature . Then

(i) Any finitely presentable T-model in Set is presented by a T-irreducible
geometric formula ¢(Z) over X;

(i1) Conwversely, any T-irreducible geometric formula ¢(Z) over ¥ presents
a T-model.

In particular, the category f-p.T-mod(Set) is equivalent to the full sub-
category 61" of the geometric syntactic category 6t of T on the T-irredu-
cible formulas.
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REMARK 2.15. Given a cartesian theory T, we saw above that its clas-
sifying topos can be represented as the presheaf topos [65*°P, Set]. So
T is a theory of presheaf type and the equivalence of classifying toposes
[G5artP Set] ~ [P Set] restricts, since both the categories €™ and
€5t are Cauchy-complete, to an equivalence of categories %ﬁ-” ~ G,
Indeed, for any small category €, the Cauchy-completion of € is equiv-
alent to the full subcategory of [€¢°P,Set] on its irreducible objects (cf.

[9]).
Theories of presheaf type enjoy a very strong form of definability.

THEOREM 2.16. [10, Corollary 3.2] Let T be a theory of preshef type and
suppose that we are given, for every finitely presentable Set-model M of
T, a subset Raq of M™ in such a way that every T-model homomorphism
h: M — N maps Rrq into Ry. Then there exists a geometric formula-in-

context ¢(x1,. .., xn) such that Ry = [[Z.9]|m for each finitely presentable
T-model M.

REMARK 2.17. (a) The proof of the definability theorem in [10] also
shows that, for any two geometric formulas ¢(¥) and (y) over the
signature of T, every assignment M — fas : [[Z.0]]lpm — [[§-0]]am (for
finitely presentable T-models M) which is natural in M is definable
by a T-provably functional formula 6(Z, %) from ¢(Z) to ¥ (7).

(b) If the property R of tuples & of elements of set-based T-models as in
the statement of the theorem is also preserved by filtered colimits of
T-models then we have Ry = [[Z.¢]]pm for each set-based T-model
M, that is R is definable by the formula ¢(Z).

(c) If T is coherent and the property R is not only preserved but also
reflected by arbitrary T-model homomorphisms then the formula ¢(Z)
in the statement of the theorem can be taken to be coherent and T-
Boolean (in the sense that there exists a coherent formula ¢ (Z) in the
same context such that the sequents (¢ -1 Fz L) and (T Fz ¢ V)
are provable in T). Indeed, the theorem can be applied both to the
property R and to the negation of it yielding two geometric formulas
¢(Z) and (&) such that (p - Fz L) and (T Fz ¢ V 9) are provable
in T. Hence, since every geometric formula is provably equivalent to
a disjunction of coherent formulas and T is coherent, we can suppose
¢ and 1 to be coherent without loss of generality (cf. [9]).

§3. Perfect MV-algebras. As a reference for this section use [16], if
not otherwise specified.

DEFINITION 3.1. An MV-algebra is a structure A = (A, ®, -,0), where
@ is a binary function symbol, = is a unary function symbol and 0 is a
constant (i.e. a 0-ary function symbol), satisfying the following axioms:
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MV1 Thy. 2@ (y®2)=(dy) @z
MV2 Tryo2dy=ydx

MV3 Thyaaz®d0==x

MV4 TH, =2

MVS Thy2®-0=-0

MV6 Thyy(r2dy) @y=-(-ydz) @

One can define in A the following derived operations:

-z Oy = (nx®y)

- sup(z,y) = (2 © ~y) Oy

- inf(z,y) = (2D —y) Oy

-1:=-0

We write x < y if inf(x,y) = x; this relation defines a partial order
called natural order of A. In the sequel we will use the notations inf or
A and sup or V to indicate respectively the infimum and the supremun of
two or more elements in an MV-algebra.

LEMMA 3.2. [16, Lemma 1.1.2] Let A be an MV-algebra and z,y € A.
Then the following conditions are equivalent:

(i) woy=1;

(i) z©-y=0;
(iii) there is an element z € A such that x & z = y;
(iv) z <wy.

We write nx for x @ --- @z (n times) and 2" for £ © --- © x (n times).
The least integer for which nz = 1 is called the order of x. When such an
integer exists, we denote it by ord(x) and we say that x has finite order;
otherwise we say that = has infinite order and we write ord(z) = oc.

The equations of Definition give the axioms of the geometric theory
of MV-algebras which we indicate with the symbol MV. Its signature will
be denoted by Lasy.

EXAMPLE 3.3. Let [0, 1] be the unit interval of real numbers. Consider
the operations

e r &y :=min{l,z + y}

e r:=1—=x
The structure ([0, 1],®,—,0) is an MV-algebra. We shall refer to it as
to the standard MV-algebra; in fact, this algebra generates the variety of
MV-algebras.

The congruence relations on an MV-algebra A = (A, ®,—,0) can be
identified with its ideals, i.e. the non-empty subsets I of A satisfying the
conditions

1.1 0€e;

1.2ifxel,ye Aand y <z, then y € I;
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13 ifz,yel, thenaxdyel.

The intersection of all the maximal ideals (in the sense of the inclusion
relation) of an MV-algebra A is called the radical of A and denoted by
Rad(A).

The radical of an MV-algebra can also be characterized as the set of
all the infinitesimal elements plus 0, where by infinitesimal we mean an
element z such that x # 0 and nz < —x for every integer n > 0.

REMARK 3.4. Note that every infinitesimal element x has infinite order.
Indeed, for each n € N, we have nx < —x < 1. It is easy to prove that
the converse also holds, i.e. that every non-zero element of infinite order
is an infinitesimal.

If an MV-algebra is generated by its radical, we say that it is perfect.
More specifically, we have the following definition.

DEFINITION 3.5. An MV-algebra A = (A, ®,—,0) is said to be perfect
if A is non-trivial (i.e., A # {0} or equivalently 1 # 0) and A = Rad(A)U
—Rad(A), where =Rad(A) = {x € A| -z € Rad(A)}.

The set =Rad(A) is called the coradical of A and it is also denoted by
Corad(A)

Chang’s MV-algebra is the prototype of perfect MV-algebras, in the
sense that it is a perfect MV-algebra and every perfect MV-algebra is
contained in the variety V(C), called Chang’s variety, generated by it (cf.
[4, Proposition 5(5)]). It is defined on the following infinite set of formal
symbols

C={0,¢,...,n¢,...,1—nc,...,1—¢,1}

with the following operations:

(m+n)c it  =ncand y=mc
_J1-(mn—-m)c ifx=1-nc,y=mcand0<m<n
*rOY = 1 ifr=1—-nc,y=mcand 0<n<m
1 ifr=1—nc,y=1—mc

o x:=1—x

REMARK 3.6. Chang’s algebra C is the image ¥(Z) under Di Nola-
Lettieri’s equivalence of the lattice-ordered abelian group Z (cf. section

5.

Recalling that the elements of the radical are the infinitesimals plus 0,
we have:
- Rad(C) = {nc | n € N} and m(nc) = mnc; thus, ord(nc) = oo
- =Rad(C) = {1 —nc | n € N} and (1 —ne) ® (1 —nc) = 1;
ord(l —nc) = 2.

thus,



14 OLIVIA CARAMELLO AND ANNA CARLA RUSSO

This is not a case. Indeed, in any perfect MV-algebra the radical con-
tains all the elements with infinite order while the coradical contains all
the elements with finite order (cf. [4, Proposition 5(8)]). In fact, as we
shall see below, all the elements of the coradical of an arbitrary perfect
MV-algebra have at most order 2.

By Proposition 5(6) [4], V(C) is axiomatized by the sequent & : (T
222 = (2)%). Moreover, using the axiom of choice it can be proved
that all the algebras in V(C) satisfy the sequent (T F, 2(2z)? = (2z)2),
expressing the property that every element of the form 222 is Boolean (cf.
Claim 1 in the proof of [24, Theorem 5.8]). We shall denote by C the
quotient of MV obtained by adding these two sequents. Note that the
models of C in a classical set-theoretic universe Set satisfying the axiom
of choice coincide exactly with the MV-algebras in V(C) (by Proposition

5(6)[4])-
LemMMA 3.7. The sequent
T (2"r=1F, 2z =1)

s provable in C,
In particular, every element of finite order of an MV-algebra in C-mod(Set)
has order at most 2.

PROOF. By the proof of [15, Theorem 3.9], for each natural number n,
the sequent x,, : (nz? = 1 F 22 = 1) is provable in the theory MYV.

First, let us prove that the sequent (T F, 2"22 = (2"z)?) is provable
in C by induction on n. For n = 1, it is a tautology. For n > 1, we ar-
gue (informally) as follows. We have 2"z? = 2(2"~12%) = 2((2" 12)?) =
(2(2"12))? = (2"x)?%, where the second equality follows from the induc-
tion hypothesis and the third follows from sequent &.

Now, (2" = 1 k, 2x = 1) is provable in C since 2"z = 1 implies
(2"z)? = 1. But (2"z)? = 2"2%. So 2"2% = 1 whence, by sequent xan,
2z =1, as required. —

REMARK 3.8. Let A be a perfect MV-algebra. For any = € —Rad(A)
not equal to 1, the order of x is equal to 2. Indeed, as we have already
observed, every perfect MV-algebra is in the variety V(C') and the corad-
ical of a perfect MV-algebra contains only elements of finite order. Hence
our claim follows from Lemma 3.7l

LeMMA 3.9. The following sequent is provably entailed by the non-triviality
aziom (0 =1F L) in the theory C:

a:(z=—-xky1).
PROOF. Given a non-trivial C-model A, suppose that thereisan z € A

such that = —x; thus, £ @ = 1. By axiom &, we have that 22 @ 2% =
(z @ z)?; but
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(roz)?=1
This is a contradiction since A is non-trivial. =

LeMMA 3.10. The sequent o holds in every perfect MV-algebra.

PRroOOF. This result trially follows from previous lemma since every per-
fect MV-algebra is non-trivial and in C-mod(Set) (cf. [4, Proposition
5(5)]). -

The class of perfect MV-algebras is a first-order definable subclass of
the variety of MV-algebras. Indeed, [4, Proposition 6] states, assuming
classical logic, that a MV-algebra A is perfect if and only if it is non-trivial
and it satisfies the sequents:

eo:(Th a?®a2?=(z®x)?)

er:(2l=2t,z=0va=1)

Note that the non-triviality condition can be expressed by the sequent
(0 =1F 1) or, equivalently by Lemma by the sequent (z = -z b,
1).

Let us consider the following sequents:

P1Th, 22022 = (z®x)?
P2 Tk, 2(27)% = (21)?
P3axdr=axt,z=0ver=1
P4dzx=—-abk,L

THEOREM 3.11. The family of sequents { P.1, P.2, P.8} is provably equiv-
alent in the geometric theory MV to the family of sequents {P.1, 3}, where

B:(Thyax<—xV-z<x).

Proor. To prove that sequent P.2 follows from 8 and P.1 it suffices to
observe that if z < = then z? = 0, while if =2 < x then 2z = 1.

Let us now show that g and P.1 entail sequent P.3. Given x such that
@z =z (equivalently x © z = z, cf. [15, Theorem 1.16]), we know from
the sequent 8 that x < -z or =z < z. Recall that z <y iff ~x Py =1iff
x ®—y = 0. Hence, if x < =z then x ® x = 0 whence x = 0. On the other
hand, if -z < z then x & £ = 1 whence x = 1. This proves sequent P.3.

Conversely, let us show that the family of sequents {P.1, P.2, P.3} entails
(. Given z, the element 222 is Boolean by sequent P.2, while by sequent
P.1, 222 = (22)2. Sequent P.3 thus implies that either 222 = 0 or (21)% =
1. But 222 = 0 clearly implies 2> = 0, which is equivalent to 2 < -z,
while (2)2 = 1 implies 2z = 1, which is equivalent to -~z < x. -

Let us define the geometric theory P of perfect MV-algebras as the
quotient of the theory MV obtained by adding as axioms sequents P.1,
P2, P.3 and P4.

The radical of a perfect MV-algebra is definable by a first-order formula,
as shown by the following more general result.
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PROPOSITION 3.12. Let A be a MV-algebra in C-mod(&) (in particular,
a perfect MV-algebra). Then

Rad(A) ={z € A|x < —z}.

PRrROOF. We shall verify that the sequent (T +, 22 @ 2?2 = (z @ 1)?)
entails the sequents (z < -z F, nx < —z) for each n € N. This will imply
our thesis by soundness.

By the equivalence between the quotients of the theory MV and the
theory L, established in [14], it is equivalent to prove that the image of
the sequent (T F, 22 ® 22 = (z @ 2)?) under the interpretation functor
I : Gy — 61, defined in [| entails the image of each of the sequents
(x < =z b, nz < —z) in the theory L,,.

Now, the image of the sequent (T I, 22 @ 2?2 = (x ® x)?) under I is the
sequent (0 < xAz < u by sup(0, 2inf(2z, u) —u) = inf(u, 2sup(2z —wu, 0)),
while the image under I of the sequent (z < —z bk, nx < —x) is (0 <
s A <uAz<(u—=z)k,;inf(u,nzr) < (u—x)). It is readily seen that
the former sequent entails the sequent (2z < u b, 4z < u) and hence, by
induction, that of the sequent (2z < u b, 2"z < u) for each n > 1, which
in turns entails that of the latter sequent, as required. —

The following lemma gives a list of sequents that are provable in the

theory P and which therefore hold in every perfect MV-algebra by sound-
ness.

LemMA 3.13. The following sequents are provable in P:
(i) (z<-azAhy<zhgyy<-y).
(i) (mz < zk, =22 < 2%).
(iii) (z < =z by 22 < =22).
(iv) (22 < =22k, 2 < =2).
(v) (& < —w Ay <y by sup(z, y) < —sup(a,y)).
(vi) (x <~z ANy < —yhyyinf(z,y) < —inf(z,y)).
(vii) (z <z Ay <wheyz®y < ~(zSy)).
(vill) (rz <z A-y<ylgyzdy=1).
(ix) (x<azAN-y<ylyyz<y).
PROOF. In the proof of this lemma we shall make an extensive use of
the equivalent definitions of the natural order given by Lemma
(1) Given z < -z and y < x, we have that:
y<r=yoy<zoOr=yo0y=0cy<-y
(ii) If =z < z, from axiom P.1 and from identities that are provable in
the theory of MV-algebras we have that:
0=02"2)2=(—20-2)0(~2@—2) =
= (72%) 0 (=2?) =
= (2 @ 2%),
which means that =22 < 22.
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(iii) Given z < -z, we want to prove that 2z < —(2z). But this is equiv-
alent to (22)2 = 0, which follows from 22 = 0 (which is equivalent to
z < —z) since 222 = (2z)? by axiom P.1.

(iv) Given z? < =22, by axiom f3 either z < -z or =z < z. If =2 < 2, by
point (ii) =22 < 22 and hence —22 = 22, But from Lemma we
know that it is false, whence z < =z,

(v) Given x < -z and y < -y, we have already observed that 22 = 0 and
y? = 0. From this it follows that sup(z,y)® = 0 whence sup(z,y)* =
0. Indeed, by using the identity x ® sup(y, z) = sup(z @y, z ® z) (cf.
[16, Lemma 1.1.6(i)]), we obtain that

sup(l’, y)3 = Sllp(IL’, y) © sup(a:, y) © Sup(:z:, y) -
= sup(z,y) © sup(sup(z, y) © z,sup(z,y) © y) =
= sup(z,y) © sup(sup(z?, 2 © y),sup(z ® y,4?)) =
= sup(z,y) Osup(z Oy, z O y) =
= sup(z,y) © (z O y) =
=sup(z}, 7 0y) Oy =
=x0yoOy=0
If sup(x,y)* = 0, then sup(x,y)? < —=(sup(z,y)?). By point (iv) we
thus have that sup(z,y) < —sup(z,y), as required.

(vi) Given z < =z and y < -, since inf(z,y) < z,y, the thesis follows
from point (i).

(vii) Given x < =z and y < -y, we know from points (iii) and (v) that
2sup(z,y) < —(2sup(z,y)). But x @y < 2sup(z,y), whence the
thesis follows from point (i).

(viii) Given -z < x and —y < y, by point (vi) we have that

&y < (- & ) ©
(oY) < (oY)
(zoy)®(xoy) =1
But (z©y) ® (x ©®y) =1 implies x @y =1 (cf. [15, Theorem 3.8]),
as required.

(ix) Given x < —z and —y <y, by point (viii) we have that

zhy=1z <y,

as required.
_|

REMARK 3.14. It will follow from Proposition that each of the
sequents in the statement of the lemma iz already provable in the theory

C.

Let & be an arbitrary Grothendieck topos. An MV-algebra in & is a
structure A = (A4,®,—0) in & that satisfies the axioms MV.1-MV.6. If
this structure satisfies also the axioms P.1, P.2, P.3 and P.4 we call it a
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perfect MV-algebra in &. Recall that A is an object in the topos & and
the operations and the constant in A are arrows in the topos &.

e P:AXA— A

e -: A A

e0:1—- A

The arrows of MV-mod(&), as well as those of P-mod(&’), are called
MV-homomorphisms.

While arguing in the internal language of the topos, we shall adopt the
following abbreviations:

e 1:=-0
Oy :=—("z®y)
sup(z, y) = (z © ~y) Sy
inf(z,y) := —sup(-z, y)
r<y:=-xhy=1

REMARK 3.15. If & = Set, a perfect MV-algebra in & is exactly a
perfect MV-algebra in the traditional sense.

For any perfect MV-algebra A = (A,®,—,0) in &, we define by using

the internal language the subobject
RCLd(.A):{$€A“T§—|x}>—>.,47

and we call it the radical of A. Similarly, we define the subobject
Corad(A) ={xrc A| 2 <z} — A

and call it the coradical of A.

Notice that the union of the subobjects Rad(A) and Corad(.A) is pre-
cisely the interpretation in A of the formula {z.z < -z V -z < z}. In
particular, a perfect MV-algebra is generated by its radical also in an
arbitrary Grothendieck topos &.

§4. Lattice-ordered abelian groups.

DEFINITION 4.1. (cf. [5]) A lattice-orderd abelian group (¢-group, for
brevity) is a structure G = (G,+, —, <,0) such that (G,+,—,0) is an
abelian group, (G, <) is a lattice-ordered set and the following translation
iwvariance property holds:

for any z,y,z € G xz <y impliesx+ 2z <y+ z.

Any pair of elements x and y of an /-group has a supremum, which
we indicate by sup(z,y), and an infimum, indicated by inf(x,y). We also
write nx for x + --- 4+ x, n-times. For each element x of an ¢-group, one
can define the positive part T, the negative part v, and the absolute
value |z| as follows:

1. 7 = sup(0, z);

2. 7 :=sup(0, —x);
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3. |z| =2t + 2~ = sup(z, —x).
Recall that, for every 1 € G, x = 27 — 2.

ExaMpPLE 4.2. A simple example of an ¢-group is given by the group of
integers with the natural order (Z, +, <).

Given an f-group G with a distinguished element u, u is said to be a
strong unit for G if the following properties are satisfied:
o u > 0;
e for any positive element x of G there is a natural number n such that
x < nu.
We shall refer to ¢-groups with strong unit simply as to £-u groups.

ExAMPLE 4.3. The structure (R, +, —, 0, <) is clearly an ¢-group. Fur-
ther, any strictly positive element of R is a strong unit, R being archimedean.

Let £, be the first-order signature consisting of a relation symbol <,
of a constant 0, and of function symbols +, —, inf and sup formalizing
the f-group operations. We denote by L the geometric theory of ¢-groups,
whose axioms are the following sequents:

L1 Thyyo4+W+z2)=(x+y) +=2

L2 Th,z24+0==2x

L3 Thyx+(—2)=0

L4 Thyyr+y=y+z

L Thyax<z

L6 (z<y)AN(y<az)teyz=y

LT (@<yAN(y<z)lay.x<2

L8 Thkyyinf(z,y) <z Ainf(z,y) <y

L9 z2<azAhNz<ylyy.z<inf(z,y)
L10 T bkyy o <sup(z,y) Ay < sup(z,y)
L1l 2 <zAy<zhgy.sup(z,y) <z
L12x<ybgyit+ax<t+y

Extending the signature £, by adding a new constant symbol u, we
can define the theory of {-groups with strong unit L,, whose axioms are
L.1-L.12 plus

Lyl Thu>0
L2 2>0F, \/N(a: < nu)
ne

A model of L (respectively of L,,) in & is called an ¢-group in & (resp.
an (-group with strong unit) and the arrows of L-mod(&’) (resp. of L,-
mod(&)) are called ¢-homomorphisms (resp. unital /-homomorphisms).

An /-group in & is a structure G = (G, +, —, <,inf,sup, 0) in & which
satisfies the axioms L.1-1..12. Note that such a structure consists of an
object G in the topos & and arrows (resp. subobjects) in the topos inter-
preting the function (resp. the relation) symbols of the signature L,:
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+:GxG—=G
—:G—=G
<= G
inf:GxG—G
sup: G x G — G
0:1 -G

REMARK 4.4. An /{-group in & is an ¢-group in the traditional sense if
& = Set.

§5. Equivalence in Set. In this section we briefly review the well-
known equivalence between the category of perfect MV-algebras and that
of ¢-groups established by Di Nola and Lettieri in [24].

Let G be an f-group and Z X, G be the lexicographic product of the
{-group 7Z of integers with G. This is again an ¢-group, whose underlying
set is the cartesian product Z x G, whose group operations are defined
pointwise and whose order relation is given by the lexicographic order.
The element (1,0) is a strong unit of Z X, G; hence, we can consider
the MV-algebra 3(G) := I'(Z Xier G,(1,0)), where T' is the truncation
functor from the category of ¢-groups with strong unit to the category of
MV-algebras introduced by Mundici in [21]. By definition of lexicographic
order, we have that

S(G) ={(0,2) eT(ZxG) |z >0} U{(l,2) eT(Z x G) | = < 0},
where X(G) is the underlying set of 3(G). This MV-algebra is perfect;
indeed, {(0,z) € I'(Z x G) | x > 0} is the radical and {(1,2) € T'(Z x G) |
x < 0} is the coradical. If h : G — G’ is an ¢~-homomorphism, the function

h*:(m,g) € Z Xi1ex G — (M, h(g)) € Z X1 G
is a unital ~-homomorphism. We set YX(h) = h*|pzx,.,g)- It is easily seen
that X is a functor.
In the converse direction, let A be a perfect MV-algebra.

LEMMA 5.1. For every MV-algebra A, the structure
(Rad(A), ®, <, inf, sup, 0)
1s a cancellative lattice-ordered abelian monoid.

PROOF. Asanideal of A, the radical is a lattice-ordered abelian monoid.
It is also cancellative (see Lemma 3.2 [24]). =

From a cancellative lattice-ordered abelian monoid M we can canoni-
cally define an ¢-group by mimicking the construction of the group of
integers from the monoid of natural numbers. Its underlying set is the
quotient of the product M x M by the equivalence relation which iden-
tifies the pairs (z,y), (z,t) such that z +t = y + 2z, where + is the sum
operation of M. Let A(A) be the ¢-group built from Rad(A) by using
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this construction. Any MV-homomorphism f : A — A’ between perfect
MV-algebras preserves the radical, the MV-operations and the natural
order. Thus f induces by restriction a homomorphism between the asso-
ciated lattice-ordered abelian monoids, which in turn can be extended to
a homomorphism between the corresponding ¢-groups, as follows:

A(f) : [z,yl € A(A) = [f(2), f(y)] € A(A)
It is easy to prove that A is a functor.
The functors ¥ and A are categorical inverses to each other, i.e. X(A(G))
G and A(X(A)) ~ A for every (-group G and every perfect MV-algebra
A, naturally in G and A.

§6. Topos-theoretic generalization. The categorical equivalence re-
viewed in the previous section can be seen as an equivalence between the
categories P-mod(Set) and L-mod(Set). In this section we show that it
can be generalized to an equivalence between P-mod(&’) and L-mod (&),
for every Grothendieck topos &, natural in &.

In the following we shall denote models in & by calligraphic letters G, A
and by G, A their underlying objects.

6.1. From L-models to P-models. In every Grothendieck topos &
there is an object generalizing the set of integers which we call Zg. This

object is the coproduct | |1 of Z copies of the terminal object 1 of the
2€EZL
topos; we denote by {x, : 1 — | |1 | z € Z} the canonical coproduct
2€EZL
arrows. This object is precisely the image of Z under the inverse image

functor % of the unique geometric morphism 7¢ : & — Set. The {-group
structure with strong unit of Z induces an ¢-group structure with strong
unit on Zg, since 7 preserves it. In particular the total order relation
< on Z induces a total order relation on Zg which we indicate, abusing
notation, also with the symbol <. Note that Zg is a decidable object of
&, it being the image under v, of a decidable object, i.e. the equality
relation on it is complemented. This allows to define the strict order < as
the intersection of < with the complement of the equality relation.

Let G be an f-group in &. The lexicographic product Zg Xiep G of Zg
and G is an £-group whose underlying object is the product Zs x G, whose
group operations are defined componentwise and whose order relation is
defined by using the internal language as follows:

(a,x) < (byy)iff (a<b)V(a=bAx<y)
Note that the infimum and the supremum of two “elements” are given by:
(a,x) ifa<b
inf((a,x), (b,y)) = < (b,y) ifb<a
(a,inf(z,y)) ifa=0

12
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(a, ) ifa>b
sup((a,z), (b,y)) = { (b,y) ifb>a
(a,sup(z,y)) ifa=0>

The generalized element < x1,0 >: 1 = Zg Xjep G yields a strong unit

for the f-group Zg X G, which we denote, abusing notation, simply by
(1,0).

PROPOSITION 6.1. The lexicographic product Zg Xiex G is an £-group
and (1,0) is a strong unit for it.

PROOF. It is easy to see that Zg X, G satisfies the axioms L.1-L.12.
For instance, given (a,x), (b,y) € Zgs x G, we have
- (a,z) + (b,y) = (a+ b,z + y) = by definition of sum
=(a+by+z)=byL4inZg and G
= (b,y) + (a,z);
- (a,z) +(0,0) =
=(a+0,2+0) = (a,z) by L.21in Zg and G.
Thus L.2 and L.4 hold. In a similar way it can be shown that the other
axioms of IL hold. Finally, we have to prove that (1,0) is a strong unit,
i.e. that it satisfies the axioms L,.1 and L,.2. By definition of order in
Zg Xiex G, we have that (1,0) > (0,0), thus L,.1 holds. Given (a,z) >
(0,0), this means that a > 0. From axiom L,.2 applied to Zgs we know

that V a < nl. Therefore V (a,x) <n(1,0). Thus, L,.2 holds too. -
neN neN

We set 3(G) :=I'(Zg X162 G, (1,0)), where I' is the unit interval functor
from L,-mod (&) to MV-mod(&’) introduced in [14]. The structure 3(G)
is thus an MV-algebra in & whose underlying object is X(G) = {(a,z) €
Zg x G |(0,0) < (a,z) < (1,0)}.
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PROPOSITION 6.2. The MV-algebra ¥(G) in & is perfect.

PrOOF. By Theorem 3.11}] it suffices to prove that 3(G) satisfies axioms
P.1, P4 and p. Clearly, ¥(G) satisfies 5 and P.4 if and only if it is the
disjoint union of its radical and its coradical. Let us prove this by steps:

Claim 1.
Claim 2.
Claim 3.

Y(G)=A{(0,z) € Ze x G|z >0}U{(l,2) € Ze x G | x < 0};
Rad(Zeg Xiex G) = {(0,z) € Zg x G | x > 0};
Corad(Ze X6 G) ={(1,2) € Zg x G | x < 0}.

We shall argue informally in the internal language of the topos & to prove
these claims.

Claim 1.

Claim 2.

Claim 3.

Given (a,z) € X(G), we have to prove that it belongs to {(0,z) €
Ze x G |x>0}or{(l,z) € Ze x G| x < 0}. Recall that (0,0) <
(a,z) < (1,0). This implies that 0 < a < 1. In Z the following
sequent holds
0<a<lb,(a=0)V(a=1)

This is a geometric sequent; thus, it holds in Zg too. If a = 0, we have
that (0,0) < (a,z) whence 0 < z. This implies that (a,z) € {(0,2) €
Zg <G | x> 0}. If instead @ = 1 we have that (a,x) < (1,0), whence
x<0and (a,z) € {(1,z) € Zse x G | x < 0}.
Given (a,z) € X(G), if (a,z) € Rad(Zg Xiex G) then

(0,0) < (a,z) < (1,0);

(CL, x) < _'(a7x) = (1 —a —.%').
It follows that (a,x) = (0,z) with > 0. Conversely, for any x > 0,
(0,z) < —(0,2) = (1, —z); thus, (0,z) € Rad(Zg Xiex G).
The proof is analogous to that of Claim 2.

To conclude our proof, it remains to show that ¥(G) satisfies axiom

P.1.

This is straightforward, using the decomposition of the algebra as

the disjoint union of its radical and coradical, and left to the reader. -

Let h : G — G’ be an f~-homomorphism in &. We define the following
arrow in & by using the internal language:

h*:(a,z) € Ze x G — (a,h(x)) € Zg x G’

This is trivially an ¢-homomorphism which preserves the strong unit
(1,0). We set X(h) :=T'(h*) = h*|r@z,xq)-

PROPOSITION 6.3. X is a functor from L-mod(&) to P-mod(&).

PRrROOF. This easily follows from the fact that I is a functor. o
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6.2. From P-models to L-models.

LEMMA 6.4. The structure (Rad(A),® <,inf,sup,0) is a cancellative
lattice-ordered abelian monoid in &, i.e. it is a model in & of the theory
whose azioms are L.1-L.12 (except axiom L.3) plus

Cex+a=y+atzyar=1y).

PROOF. From Lemmal[3.13|i)-(ii)-(iii)-(v)-(vi)-(vii) it follows that Rad(A)
is a lattice-ordered abelian monoid. Given z,y,a € Rad(A) such that
T ®a=1y®Da, we have that

0O (r®a) =00 (y®a) < inf(—a,z) = inf(—a,y).
Lemma [3.13(ix) thus implies that = y. This completes the proof. —|

In [14] we showed how to construct an f-group from a cancellative
lattice-ordered abelian monoid in &, generalizing the classical Grothendieck
construction to a topos-theoretic setting. The resulting group is called
the Grothendieck group of the monoid (cf. also section [7| below). We also
showed how to extend a homomorphism between two such monoids to
an {-group homomorphism between the associated Grothendieck groups.
Applying this construction to the monoid Rad(A), we obtain obtain an
¢-group which we name A(A). The constant, the order relation and the
operations on A(A) are defined as follows by using the internal language
of the topos &: given [z,y], [h, k] € A(A)

o [r,yl +[h k] =[x D hyOk];

o —[z,y] =y, z];
o Inf([z,y],[h,k]) := [inf((z @ k), (y © h)),y © k];
. Supﬁ[ yl, [h, k]) := [sup((z & k), (1f ff))’y@k];

o < [h, k] iff inf([z,y], [h, k])
e [0,0] is the identity element.

Recall that two “elements” [z, y], [h, k] of this ¢-group “coincide” if and
onlyifze @ k=y®h.

Any MV-homomorphism h : A — A’ between perfect MV-algebras pre-
serves the natural order, thus h(Rad(A)) C Rad(A’). Hence the arrow
h* := h|Raq(a) : Rad(A) — Rad(A’) is a lattice-ordered monoid homo-
morphlsm We set

A(h) : (z,y) € A(A) = [n*(x), " (y)] € A(A)
PROPOSITION 6.5. A is a functor from P-mod(&) to L-mod(&).

Proor. This follows by a straightforward computation. —

6.3. Morita-equivalence. In the previous section we have defined,
for each Grothen-dieck topos &, two functors

Y : L-mod(&) — P-mod(&)

A : MV-mod(&) — L-mod(&).
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THEOREM 6.6. For every Grothendieck topos &, the categories P-mod(&)
and L-mod(&) are naturally equivalent.

PrOOF. We have to define two natural isomorphisms
p:1lp > AoX,
ﬁ lp—> Yo A,

where 11, and 1p are, respectively, the identity functors on the categories
L-mod(&) and P-mod(&).

Let G = (G,+, —, <,inf,sup,0) be an abelian ¢-group in &. Let g :
G — (Ao X)(G) be the arrow defined by using the internal language of
the topos as follows:

pg:9€G—10,g%),(0,97 —9g)] € A(X(G))

Claim 1. pg is monic. Indeed, for any elements g1,92 € G such that
SDQ(QI) = SDQ(QQ)a we have that (07 gi’_)—’_(oa 93_92) = (07 g;)+(07 gf__gl)v
whence g1 = g2. The monicity of g thus follows from Proposition [2.9{(iii).

Claim 2. g is epic. Given [(0,91), (0, g2)] € Ao X(G), the element g1 — g2
satisfies pg(g1 — g2) = [(0, (91 — 92)7), (0, (g1 — 92)" — (91 — 92))] =
[(0,91), (0,9g2)]. Proposition iv) thus implies that g is an epimor-
phisms.

Claim 3. g preserves + and —. This follows by direct computation.

Claim 4. g preserves inf and sup. Given g1, 92 € G,

¢g(sup(g1, g2)) = [(0,5up(g1,92) "), (0,5up(g1, g2)* — sup(g1, g2))];
sup(pg(g1), ©6(92)) = [(0, g +g3 ), nf((0, (9 +95 —92), (95 +97 —91)))]-

Now, the sequent

T Fgrgo sup(g1, 92) T +inf (g7 + 95 — 92), (93 + 91 — o)) =
gf + g5 +sup(g1,g2)" — sup(g1, g2)

is provable in IL, hence it holds in every L-model by soundness. This
ensures that g preserves sup. In a similar way it can be shown that ¢g
preserves inf.

By Claims 1-4 the arrow ¢g is an isomorphism in L-mod(&’). Further,
it is easy to prove that for any f-homomorphism h : G — G’ in &, the
following square commutes:
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YG

g Ao X(G)
h Ao X(h)
¢ AoN(@)

We set ¢ equal to the natural isomorphism whose components are the
wg (for every abelian ¢-group G).

In the converse direction, let A be a perfect MV-algebra in &. Recall
that A = Rad(A) U Corad(A) and that the sequent P.1 holds in A. We
define the following arrow by using the internal language

‘ (0,[x,0])  for x € Rad(A)
fazwed= {(1, [0,—z]) for x € Corad(A)

Let us prove that 84 preserves @. Given x,y € A, we can distinguish
three cases:

€ E(A(A)

Case i. z,y € Rad(A). By direct computation it follows at once that S4(z®
y) = Balz) ® Ba(y)-

Case ii. z,y € Corad(A). From Lemma [3.13|viii) we have that z ® y = 1;
thus B4(z @ y) = (1,[0,0]). On the other hand, B4(z) = (1, [0, —x])
and fa(y) = (L [0, ]), whence fa(z), a(y) € Corad(S(A(A))
and Ba(r) ® Ba(y) = (1, [0,0).

Case iii. = € Rad(A),y € “Rad(.A). In a similar way we obtain that S4(x &
y) = Balz) & Baly).

The fact that 54 preserves — and is both monic and epic is clear. We
can thus conclude that 54 is an isomorphism.

It is clear that if h : A — A’ is an MV-homomorphism then following
square comiutes:

Ba

A S(A(A)
h S(AR)
A S(AAY)

Thus, we have a natural isomorphism 8 whose components are the ar-
rows B4 (for every perfect MV-algebra A). -
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Note that all the constructions that we used to define the functors X
and A are geometric. Hence, the categorical equivalence proved in the
last theorem is natural in the topos &. This implies that the classifying
toposes ép and &1 are equivalent, i.e., that the theories P and L are
Morita-equivalent. Summarizing, we have the following

THEOREM 6.7. The functors Ag and Xg yield a Morita-equivalence be-
tween the coherent theory P of perfect MV-algebras and the cartesian theory
L of lattice-ordered abelian groups.

§7. An intermediary Morita-equivalence. In this section we shall
establish an auxiliary Morita-equivalence involving the theory LL that we
will be useful in the following section. This stems from the observation
that the (-groups arising in the context of MV-algebras as the counterparts
of MV-algebras via Mundici’s functor, as well as those which correspond
to perfect MV-algebras under Di Nola and Lettieri’s equivalence, are de-
termined by their positive cones. As we shall see in this section, one can
naturally axiomatize the monoids arising as the positive cones of such
groups in such a way as to obtain a theory Morita-equivalent to that of
{-groups.

Specifically, let L be the one-sorted first-order signature consisting of
three function symbols +, inf, sup, a constant symbol 0 and a derivable
relation symbol: z < y iff inf(z,y) = z. Over this signature we define the
theory M, whose axioms are the following sequents:

Ml They. o+ (y+2)=(@+y) +z
M2 Thy,z+0=0

M3 Threyz+y=y+a

M4 Thyz<az

M5 (z<y)A(y<z)bsyr=y

M6 (z<y)ANYy<z)bay2<2
M.7 T by, inf(z,y) <z Ainf(z,y) <y
M8 z<zANz<ylg,.z<inf(z,y)
M.9 T gy z < sup(z,y) Ay < sup(z,y)
M.10 z <z Ny <z l_ac,y,z Sup(xay> <z
MAl 2 <yl it+az<t+y

M.12 $+y:$+3|_r,y,zy:2

M.I3 TH,0< 2

Ml4d z<ybtuy B2)z+z=y

We call M the theory of cancellative subtractive lattice-ordered abelian
monoids with bottom element. This theory is cartesian; indeed, by the
cancellation property, the existential quantification of the axiom M.14 is
provably unique.
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Notice that the sequent (x + 2z < y+ 2z b5, . « < y) is provable in
M. From this it easily follows that the sequent (T t,4 . inf(a,b) + ¢ =
inf(a + ¢, b+ ¢)) is also provable in M.

The models of M are particular lattice-ordered abelian monoids. We
shall prove that M is the theory of positive cones of ¢-groups.

REMARK 7.1. Let A be an arbitrary MV-algebra and M 4 the can-
cellative lattice-ordered abelian monoid of good sequences introduced by
Mundici in |21]. This is a model of M in Set. Indeed, the axioms M.1-
M.13 are trivially satisfied, while axiom M.14 holds by [16, Proposition
2.3.2].

Let M = (M, +, <,inf, sup, 0) be a model of M in an arbitrary Grothen-
dieck topos &. We showed in [14] how to construct the lattice-ordered
Grothendieck group G(M) associated to M. Specifically, the underlying
object of G(M) is the quotient of M x M under the following equivalent
relation: (x,y) ~ (h,k) if and only if z + k = y + h. This equivalence
relation, as well as the operations and the order relation below, is defined
by using the internal language of the topos. The operations are defined
as follows:

o [z,y] + [h, k] := [z + h,y + k]
J —[x yl = [y, 1]
° Inf(

Yl [h, K]) = [inf((z + k‘) (y+h),y+k;
z,yl, [h, k]) := [sup((z + k), (y + b)),y + k;
o [z,y] < [h, k] iff Inf([z, y], [h, k]) = [2,y];
° [0, is the identity element.
Notice that, for every perfect MV-algebra A, A(Rad(A)) is the lattice-
ordered Grothendieck group G(Rad(A)) associated to Rad(A), where the
latter is regarded as a model of M.

[z
* Sup(]
Y]
0]

THEOREM 7.2. The theories Ml and L. are Morita-equivalent.

PrROOF. We need to prove that the categories of models of the two

theories in any Grothendieck topos & are equivalent, naturally in &.

Let & be a Grothendieck topos. We can define two functors:

o Ty : M-mod(&) — L-mod(&). For any monoid M in M-mod(&)
we set Tig(M) to be the Grothendieck group G(M). For a M-model
homomorphism f : M — N, we set Te(f) equal to the function
f*: GIM) — G(N) defined by using the internal language of the
topos & as f*([z,9)) = [£(z), F()]

e Ry :L-mod(&) — M-mod(&). For every ¢-group G in L-mod(&), its
positive cone is trivially a model of M. We set Rg(G) = (G, +, <
,inf, sup,0), where +, <,inf,sup are the restrictions to the positive
cone of G of the operations and of the order of G. Since every {-
homomorphism preserves the order, we can set Rg(g) = g|g+-
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These two functors are categorical inverses to each other. Indeed, we
can define two natural isomorphisms Ty o Rg(G) ~ G and Rg o Tg(M) ~
M (for every ¢-group G and for every model M of M in an arbitrary
Grothendieck topos &).

Let M be a model of M in &. The arrow ¢ : M — G(M)T with
dm(x) := [z, 0] is an isomorphism.

- ¢nm Is injective: given z,y € M, [x,0] = [y,0] iff z = y.

- ¢ is surjective: given [x,y] € G(M)T, this means that

[0,0] < [z,y] < Inf([0,0], [z,y]) = [0,0] « [inf(z,y),y] = [0,0] <
inf(z,y) =y y<z
By axiom M.14, there exists z € M such that x = z + y. Thus,
[l‘,y] = [270] = ¢M(Z)

- ¢ preserves +: given z,y € M, dp() + dm(y) = [2,0] + [y,0] =

In a similar way we can prove that ¢, preserves the other ¢-group
operations whence the order relation.

Let G be a model of L in &. The arrow xg : G — G(Rg(G)) with
xg(9) :=[g97,¢7] is an isomorphism.

- Xg is injective: given g, h € G such that [g*,¢g~| = [T, h™], we have

gt +h =g +htiffgt —g-=hT—h"iffg=h

- Xg is surjective: given [z,y] € G(Rg(G)), there exists g = x — y in
G.

g g7 =lzyliff g  +ty=g +aiff g —g =a—y
Thus, xg(9) = [z,

- Xg preserves +: given g,h € G, we have that xg(g +
n)*. (g + )] and xg(g) + xa(h) = [g* + I, g~ +h7].
elements are equal iff

(g+h) " +g +h =(g+h)" +g" +hTiff
(g+h)T —(g+h) =g " —g +hT—h ifg+h=g+h

- Xg preserves —: given g € G. We have that xg(—g) = [(—g9)", (—g) 7]
and —xg(g9) = [¢7, g7]. These two elements are equal iff
() 49" =(-9) " +g i (—9)" —(—g)" =g —g"iff ~g=—yg

It is easy to check that xg is a homomorphism.

Finally, the categorical equivalence just established is natural in &; in-
deed, all the constructions that we have used are geometric. o

h) = [(g +
These two

Recall that the ‘bridge technique’ introduced in [8] can be applied to
any pair of Morita-equivalent theories. This method allows to transfer
properties and constructions from one theory to the other by using the
common classifying topos as a ‘bridge’ on which various kinds of topos-
theoretic invariants can be considered.
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Since the theories Ml and L are cartesian, they are both of presheaf type.
In this case, an interesting invariant to consider is the notion of irreducible
object of the classifying topos.

REMARK 7.3. For any two Morita-equivalent theories of presheaf type T
and T’, the equivalence of classifying toposes [, Set] ~ [€1"", Set]
restricts to the full subcategories €17 and €37 of irreducible objects (cf.
Remark , yielding an equivalence

cg’]%rr ~ Cg'llfl;r
Applying this to our theories, we obtain a categorical equivalence
Gy =61

which we can explicitly describe as follows. Since both the theories M
and L are cartesian, we have natural equivalences %ﬁr ~ G and %ﬁ” ~
¢, In fact, the T-irreducible formulas for a cartesian theory T are pre-
cisely the T-cartesian ones (up to isomorphism in the syntactic category).

Recall that for any cartesian theory T and cartesian category €, we
have a categorical equivalence

Cart (%5, €) ~ T-mod(%),

where Cart(%¢, ) is the category of cartesian functors between cartesian
categories ¢ and 2. In the category 4" there is a canonical model of L
given by the structure G, = ({z. T}, +, —, <, inf, sup, 0). It is immediate
to see that we can restrict the operations +, inf and sup on Gp, to the
subobject {x.x > 0} of {z.T}. The resulting structure ({z.z > 0}, +, <
,inf, sup, 0) is a model U of M in %41..

In the converse direction, consider the syntactic category € of M
and the canonical model My = ({y. T}, +, <,inf, sup,0) of M in it. The
{-group associated to a model of M in an arbitrary Grothendieck topos
& via the Morita-equivalence described above is the Grothendieck group
of M, whose elements, we recall, are equivalence classes [z, y] of pairs of
elements of M. Given a pair of elements (x,y) of M, consider inf(z,y);
since inf(z,y) < x and inf(z,y) < y, by axiom M.14 there exist exactly
two elements u, v such that = inf(z,y) + v and y = inf(x, y) + v. These
elements clearly satisfy [z, y] = [u, v]; moreover, inf(u,v) = 0. Indeed,

inf(u,v) + inf(x, y) = inf(u + inf(z,y), v + inf(z,y)) = inf(z,y),

whence inf(u,v) = 0 by axiom M.12.

Note that the pair (u,v) does not depend on the equivalence class of
(x,y). Indeed, if [z,y] = [v/,7'] and inf(u/,v") = 0 then x + 0" = y + o’
and the following identities hold:
inf(z,y)+u = inf(x+u/,y+u) = inf(x+u/, 2 +0") = x +inf (v, V') = z,
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which implies that © = «/. In an analogous way we can prove that v = v’.
This allows us to choose the pair (u,v) defined above as a canonical
representative for the equivalence class [z,y] in G(M).
We are thus led to consider the following structure in €@
e underlying object: {(u,v).inf(u,v) = 0}.
esum: [z4+v+b=1t+u+aAinf(z,t) = 0] : {(u,v).inf(u,v) =
0} x {(a,b).a Nb=0} = {(z,t).2 ANt = 0}.
e opposite: [a =vAb=u]: {(u,v).inf(u,v) =0} — {(a,b).inf(a,b) =
0}
o zero: [u=0,v=0]:{[]].T} = {(u,v).inf(u,v) = 0}
o Inf: [z+u+b=t+inf(u+b,v+a)Ainf(z,t) = 0] : {(u,v). inf(u,v) =
0} x {(a,b).inf(a,b) = 0} — {(z,1).inf(z,t) = 0}
e Sup : [z+u+b = t+sup(u+b, v+a)Ainf(z,t) = 0] : {(u,v). inf(u,v) =
0} x {(a,b).inf(a,b) = 0} — {(z,1).inf(z,t) = 0}
It can be easily seen that this structure is a model V of L inside €.
Let Fyy : 65 — 6 and Fy : 6™ — 652 be the cartesian functors
respectively induced by the models U and V. For every object {Z.¢} of
v, Fu({Z.0}) .= {Z.¢ A& > 0}. The functor Fyy admits the following
inductive definition:
o Fy({7.T}) = {(@ 7). inf(7,7) = 0}
o Fv(({g,2).4 + @}) = {(4,V,d,b).(4,0) + (a,b) A inf(d@,7) = 0 A
inf(a b) = 0}
Fy({y. — 4}) = {(0, u). inf
o Fy({(#, %) Inf(y, 2)}) := {(d, ¥, d,b).(inf(d @), inf (¥, b)) A inf(d, 7) =
0 A inf(@,b) = 0}
o Fv({(#.%).Sup(y,4)}) := {(,v,d,b).(sup(d, d@), sup(¥, b)) Ainf (&, 7) =
0 Ainf(d,b) = 0}
Let us now proceed to show that the functors Fyy and Fy are categorical
inverses to each other.
Claim 1 The formulas {z.T} and {(u,v).inf(u,v) = 0} are isomorphic in %"
To see this, consider the following arrow in %y:
[u=2z,v=0]:{z.T} = {(u,v).inf(u,v) = 0 A (u,v) > (0,0)}.
All the “elements” of the object {(u,v).inf(u,v) = 0A (u,v) > (0,0)}
are of the form (u,0); indeed, (u,v) > (0,0) iff inf((0,0), (u,v)) =
(0,0), and this means that v = inf(u,v) = 0. It follows that the
arrow just defined is an isomorphism.
Claim 2 The formulas {z.T} and {(u,v).(u Av =0)Au > 0Av > 0} are
isomorphic in %ﬁ”.
To see this, consider the following arrow in %1,

u=zT,v=o"]:{x.T} = {(u,v).(uAhv=0)Au>0Av >0}



32 OLIVIA CARAMELLO AND ANNA CARLA RUSSO

It is well-defined because inf(z*,z7) = 0. In addition, taken u,v
such that inf(u,v) = 0, we can consider x = u — v. We have that:

u=(u—v)t and v = (u—wv)" iff
v+u=v+(u—v)tandv+u=u+ (u—wv)" iff

v+u=v+ (sup((u —v),0)) and v+ u = u + (sup((v — u),0)) iff
[5, Proposition 1.2.2]

v+u=sup((v+u—wv),(v+0)) and
v+ u=sup((u+v—u),(u+0)) iff

v+ u = sup(u,v) and v + u = sup(v, u).
But the sequent T -, , @ +y = sup(zx,y) + inf(x, y) is provable in L
(cf. |5, Proposition 1.2.6]). Hence, the arrow [u = zt,v = 27| is an
isomorphism, as required.
From Claims 1 and 2 it follows at once that the functors Fyy and Fy are
categorical inverses to each other.
Summarizing, we have the following result.

PROPOSITION 7.4. The functors Fy : 6" — € and Fy : 6" —
€5 defined above form a categorical equivalence.

REMARK 7.5. The equivalence of Proposition induces, in light of
[9, Theorem 4.3], an equivalence of categories f.p.M-mod(Set) ~ f.p.L-
mod(Set), which is precisely the restriction of the Morita-equivalence of
Theorem [7.2]

LEMMA 7.6. The £-Grothendieck group G(M) associated to a model of
M of M in Set satisfies the following universal property:

(*) there exists an L-monoid homomorphism i : M — G(M) of models
such that for every £-monoid homomorphism f : M — H, where
H is an £-group, there exists a unique £-group homomorphism g :

G(M) — H such that f = g oi.

PROOF. Set i : M — G(M) equal to the function i(x) = [z,0]. This
is a f-monoid homomorphism since it is the composite of the ¢-monoid
isomorphism ¢ : M — G(M)™ considered in the proof of Theorem
with the inclusion G(M)" < G(M), which is an f-monoid homomor-
phism since the ¢-monoid structure on G(M)™ is induced by restriction
of that on G(M).

Given an /-monoid homomorphism f : M — H, where H is an {-group,
in order to have goi = f, we are forced to define g as g : [z,y] € G(M) —
f(z) — f(y) € H. This is clearly a well-defined group homomorphism. Tt
remains to show that it also preserves the lattice structure.
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o g preserves Inf: g(Inf([z,y], [k, k])) = g([inf(z + k,y + h),y + k]) =
inf(f(z+k), f(y+h) = f(y+k) =inf(f(e+k) = fly+k), fly+h) -
fly + k) = nf(f(z) = f(y), f(h) = f(k)) = Inf(g([z,y]), g([h, k]))

e g preserves Sup: the proof is analogous to that for Inf.
_|

PROPOSITION 7.7. The functors Fy and Fy correspond to the functors
Tset and Rget under the canonical equivalences 6" ~ f.p.M-mod(Set)?
and 6" ~ f.p.L-mod(Set)% :

€T~ f.pL-mod(Set)’ G~ fplL-mod(Set)”
Fy TSet Fy Rget
Girm ~  f.p.M-mod(Set)°? Gy =~ f.p.M-mod(Set)?

PROOF. Since Tget, Rset and Fy, Fy are respectively categorical in-
verses to each other, it is sufficient to prove that the diagram on the
left-hand side commutes (up to natural isomorphism).

From Lemma it follows that if A/ is a model of M presented by a
formula {Z.¢} in M, then the model Tget(N) of L is presented by the
formula {Z.¢ A Z > 0}, that is by the image of the object {Z.¢} under the
functor Fyy. This immediately implies our thesis. o

REMARK 7.8. From Proposition [7.7] it follows in particular that N x
N, as a model of M, is presented by the formula {(u,v).inf(u,v) = 0}.
Indeed, ZxZ is presented as an L-model by the formula {z.T}, it being the
free f-group on one generator (namely, (1, —1)), whence NxN = Rget(Z %
Z) is presented by the formula Fy ({z.T}) = {(u,v). inf(u,v) = 0}; a pair
of generators is given by ((1,0), (0,1)).

§8. Interpretability. In section [6| we proved that the theories P and
LL are Morita-equivalent by establishing a categorical equivalence between
the categories of models of these two theories in any Grothendieck topos
&, naturally in &. This result would be trivial if the theories were bi-
interpretable. In this section we show that this is not the case, i.e., the
theories P and LL are not bi-intepretable in a global sense. Nevertheless, if
we congider particular categories of formulas we have three different forms
of bi-interpretability.

DEFINITION 8.1. A geometric theory T is interpretable in a geometric
theory S if there is a geometric functor I : 41 — %s between the respective
syntactic categories. If I is also a categorical equivalence we say that T
and S are bi-interpretable.
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REMARK 8.2. Two bi-interpretable geometric theories are trivially Mor-
ita-equivalent. Indeed, this immediately follows from the the standard
representation of the classifying topos of a geometric theory T as the
category of sheaves on its syntactic site (é7, Jr).

Recall that for any geometric category € there is a categorical equiva-
lence

Geom(%T,%) ~ T-mod(%),
where Geom(%T, %) is the category of geometric functors from %7 to €,

which sends any T-model M in % to the geometric functor Fy : 61 — €
defined by setting

Fp({Z.0}) = [[7.9]] m-

THEOREM 8.3. The theory L is interpretable in the theory P but not
bi-interpretable.

ProOOF. By Lemma[3.13] the object {z.z < =z} of €p has the structure
of a cancellative lattice-ordered abelian monoid with bottom element, and
therefore defines a model M of the theory M inside the category ép. This
induces a geometric functor Rad : €y — %p, that is an interpretation of
the theory M in the theory P. Composing this functor with the functor
Fy : €™ — €3 of Proposition we obtain a cartesian functor
Cr, — %p, which corresponds to a model of L in 4 whose underlying
object is the formula-in-context {(u,v).inf(u,v) =0Au < —uAv < —w},
and hence to an interpretation functor 41, — %p.

Suppose now that P and L were bi-interpretable. Then there would be
in particular an interpretation functor

J: CK]}D — ch’
inducing a functor
sy : L-mod(Set) — P-mod(Set).

Notice that if M is a L-model in Set and N' = s;(M), we would have
that FN:FMOJ.

Now, let M be the trivial model of L in Set, that is the model whose
underlying set is {0}, N' = s;(M) and J{Z.T}) = {Z.¢}. We would
have

Fx({Z.T}) = Fm{Z.¢}
[Z. Tl = [[7-9]]m

N~ [[Fllp € M= M

Hence the domain of N would be contained in {0}. But we know from
[24, Proposition 5(1)] that the only finite perfect MV-algebra is the one
whose underlying set is {0, 1}. This is a contradiction. o
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Even though, as we have just seen, the theories of perfect MV-algebras
and of /-groups are not bi-interpretable in the classical sense, the Morita-
equivalence between them, combined with the fact that both theories are
of presheaf type, guarantees that there is a bi-interpretation between them
holding at the level of irreducible formulas (cf. Remark [7.3]). More specif-
ically, the following result holds.

THEOREM 8.4. The categories of irreducible formulas of the theories P
of perfect MV-algebras and L of £-groups are equivalent.

In particular, the functor €' = €9 — 6p given by the composite of
the functor Fy : 6" — 65" of Proposition with the restriction to
‘Kl\fﬁart of the functor Rad : 6y — 6p yields a categorical equivalence

wrro__ cart ~, cpirr
G = LTt ~ G
-

REMARK 8.5. It follows from the theorem that the P-irreducible formu-
las are precisely, up to isomorphism in the syntactic category, the ones
that come from the M-cartesian formulas via the functor Rad : 1 — %p.

Changing the invariant property to consider on the classifying topos
of the theories P and L, we uncover another level of bi-interpretability.
Specifically, the invariant notion of subterminal object of the classifying
topos yields a categorical equivalence between the full subcategories of ép
and 61, on the geometric sentences. Recall that a geometric sentence is a
geometric formula without any free variables. For any geometric theory T,
the subterminal objects of its classifying topos Sh(%t, Jr) can be exactly
identified with the geometric sentences over the signature of T, considered
up to the following equivalence relation: ¢ ~r 1 if and only if (¢ Fy ¥)
and (1 | ¢) are provable in T.

Since the theories P and L are Morita-equivalent, we thus obtain the
following

THEOREM 8.6. There is a bijective correspondence between the classes
of geometric sentences of P and of L.

We can explicitly describe this correspondence by using the bi-interpreta-
tion between irreducible formulas provided by Theorem [8.4 and the con-
cept of ideal on a category.

LeMMA 8.7. Let T be a theory of presheaf type and
A = {T-classes of geometric sentences},
B = {ideals of €}'"}.
There is a canonical bijection between A and B.

PROOF. For any object {Z.¢)} € %" there is a unique arrow l, :
{ZA} — {[].T} in %71, where {[].T} is the terminal object of ér. Given
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{ll.0} € A, we set I := {{Z.4} € i | 1, factors through {[J.¢} —
{[l.T}}. This is an ideal of €3". Indeed, if {Z.¢} € Iy and f: {y.x} —
{#.a)} is an arrow in €T, the commutativity of the following diagram
guarantees that the arrow !, factors through {[].¢}, i.e. that {g.x} € Iy:

!

{7.x}
!
{Z4} {[-0}

The assignment ¢ — I defines a map f: A — B.

In the converse direction, suppose that I € B. For any {Z.¢} € I, the
arrow !y, factors through the subobject {[].32y (&)} — {[].T}. We can
consider the union {[].¢r} — {[]. T} of these subobjects for all the objects
in 7. In other words, we set ¢; equal to the (T-class of) the formula

The assignment I — ¢ defines a map g : B — A.
Claim 1. go f = ida. Given {[.¢} € A, we need to prove that ¢ ~r ¢r,.
Recall that, since T is a theory of presheaf type, there exists a Jp-
covering {{Z;.¢;} | j € J} of {[].¢]} by T-irreducible formulas, i.e.

(o F jgjafjwj(fj)) is provable in T. Thus, for each j € J, the arrow
ly, factors through {[].¢} — {[]. T} whence {Z;.¢;} € I. Therefore
(g\e(lafjwj(fj) b ¢1,) is provable in T whence (¢ - ¢y,) is provable

in T. On the other hand, it is clear that (¢y, I ¢) is provable in T.
Therefore ¢ ~1 ¢y,

Claim 2. fog = idg. Given I € B, we have to prove that I = I;,. The
elements of I, are the T-irreducible formulas {Z.¢)} such that the
arrow !y, factors through {[].¢r} — {[]. T}. By definition of ¢y, this
property is satisfied by the elements of I whence I C I;,. The
converse inclusion can be proved as follows. Given {Z.¢} € I,,, the
unique arrow !y, factors through {[].¢;}. Since {[].¢r} is Jr-covered by
T-irreducible formulae in I, it follows that {Z.1} is also Jp-covered by
T-irreducible formulae in I. Since the formula {Z.7)} is T-irreducible,
this covering is trivial whence {Z.¢} € I.

_|

REMARK 8.8. Applying Lemma to the theory P of perfect MV-
algebras and to the theory IL of ¢-groups we obtain two bijections:

1 {P-classes of sentences} ~ {ideals of €™}

2 {L-classes of sentences} ~ {ideals of 4™}
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From these bijections and Theorem 8.4 we obtain a bijection between the
P-classes of geometric sentences and the L-classes of geometric sentences.

Since the theories P of perfect MV-algebras and I of ¢-groups are both
coherent, we have a third level of bi-interpretability between them.

Let T be a coherent theory; starting from its coherent syntactic category
‘fq‘f‘)h, we can construct the category ‘Kfq of imaginaries of T (also called
the effective positivization of CK{-Oh) by adding formal finite coproducts
and coequalizers of equivalence relations in %TCOh.

THEOREM 8.9. [20, Theorem D3.3.7] Let T be a coherent theory. Then
the category %{q 1s equivalent to the full subcategory of its classifying topos
of the coherent objects.

From Theorem it follows that, if two coherent theories are Morita-
equivalent, then the respective categories of imaginaries are equivalent.
Notice that the topos-theoretic invariant used in this application of the
‘bridge’ technique is the notion of coherent object. Specializing this to
our Morita-equivalence between P and L yields the following result.

THEOREM 8.10. The effective positivizations of the syntactic categories
of the theories P and IL are equivalent:

eq . cpeq
G~ G

REMARK 8.11. It is natural to wonder whether we can give an explicit
description of this equivalence. Consider the functor F' : 61, — %p given
by the composite of the functor Rad : ¥y — %p with the functor H : 61 —
% corresponding to the model V of L in 6}y introduced in section [7] The
formal extension F¢9 : %fq — %”I;q of F is part of a categorical equivalence
whose other half is the functor €3 — 4" induced by the model Z of
P in 67" defined as follows. Recall that, for any ¢-group G in Set, the
corresponding perfect MV-algebra is given by I'(Z X, G). Now, this set is
isomorphic to the coproduct GTLUG™, where G and G~ are respectively
the positive and the negative cone of the f-group G. The model Z has as
underlying object in €7 the coproduct {z.x < 0} U {z.z > 0}, whereas
the operations and the order relation are defined as follows:

e &: ({rx<0}u{ar’2a’>0}) x {yy<0}u{y.y >0}) =
{z,yx <0Ay <0} U{u,v.u <0Av>0}U{w,pw>0Ap <0}
{¢,7.¢ > 0AT >0} - {a.a <0}U{5.8>0}
is given by [z,y.a = 0] U [u,v.a = inf(u + v, 0)]U
[w,p.ac = inf(w + p,0)] U [g,7.8 = q +7];
e :{zax<0}u{r'a' >0} = {yy<0}u{y.y >0}
is given by [y = —2/|U [y = —z;
¢ 0:{[]. T} = {a.a<0}U{B.8 >0} is given by [8 = 0].
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§9. Finitely presented perfect MV-algebras. We have proved that
the categories of irreducible formulas of the theory of perfect MV-algebras
and of the theory of ¢-groups are equivalent (cf. Theorem [8.4]). By The-
orem [2.14] the semantical counterpart of this equivalence is the categori-
cal equivalence between the categories of finitely presented models of the
two theories in Set. In symbols f.p.P-mod(Set) ~ f.p.L-mod(Set). The
finitely presentable perfect MV-algebras are thus the images of the finitely
presented f-groups under Di Nola-Lettieri’s equivalence.

Since the class of finitely presentable perfect MV-algebras is a subclass
of the variety of MV-algebras, it is natural to wonder whether it is also
contained in the class of finitely presented MV-algebras. The answer is
negative since Chang’s algebra is finitely presented as a model of P by the
formula {z.x < =z} but it is not finitely presented as an MV-algebra. In-
deed, every finitely presented MV-algebra is semisimple (cf. [16, Theorem
3.6.9]), i.e., its radical is {0}, hence the only finitely presented MV-algebra
that is also perfect is {0, 1}.

It is easy to see that, in general, for any MV-algebra A, the MV-algebra
homomorphisms C' — A are in natural bijection with the set Inf(A) of
infinitesimal elements of A plus the zero. Thus, whilst the property of
an element of an MV-algebra to be an infinitesimal or 0 is preserved by
filtered colimits of arbitrary algebras in C-mod(Set) (since it is defined by
the geometric formula {z.x < -z} for algebras in C-mod(Set), as stated
by Proposition , this is no longer true for arbitrary MV-algebras,
by the definability theorem for theories of presheaf type (Theorem
applied to the theory MV. Indeed, this property is clearly preserved under
arbitrary homomorphisms of MV-algebras and, if it were also preserved by
filtered colimits, it would be definable by a geometric formula (cf. Remark
2.17[(b)) and hence C would be finitely presented as an MV-algebra, which
we have seen it is not true.

However, as we shall prove below, every finitely presentable perfect MV-
algebra is finitely presentable as an algebra in Chang’s variety, that is, as
a model of C; conversely, every finitely presentable model of C which is
perfect is finitely presentable as a model of PP.

THEOREM 9.1. FEvery finitely presentable perfect MV-algebra is finitely
presented as an algebra in C-mod(Set).

PrOOF. Let A be a finitely presentable perfect MV-algebra, presented
by a P-irreducible geometric formula {Z.¢}, with & = (x1,...,2,). This
MV-algebra is finitely presented as an MV-algebra in C-mod(Set) by the
formula {Z.¢0 Axy < —x3 A+ Az < 22} Indeed, for any MV-algebra
B in C-mod(Set) and any tuple ¥ € [[F.o Ax1 < ~x1 A+ Az, < 22|,
Y1y - »Yn € Rad(B). Now, the MV-subalgebra of B generated by Rad(B)
is perfect, whence there exists a unique MV-algebra homomorphism f :
A — (Rad(B)) — B such that f(Z) =g. o
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§10. The classifying topos for perfect MV-algebras. Recall that
the theory P of perfect MV-algebras is a quotient of the theory C of MV-
algebras in Chang’s variety. From the Duality Theorem of [8] we know
that the classifying topos of P can be represented as a subtopos Sh(f.p.C-
mod(Set)?, Jp) of the classifying topos [f.p.C-mod(Set), Set] of C, where
Jp is the Grothendieck topology associated to the quotient P.

THEOREM 10.1. (/12, Theorem 6.26]) Let T’ be a quotient of a theory of
presheaf type T corresponding to a Grothendieck topology J on the category
f-p.T-mod(Set)°? under the duality theorem of [8]. Suppose that T is
itself of presheaf type. Then every finitely presentable T’ -model is finitely
presentable also as a T-model if and only if the topology J is rigid.

From the theorem it follows that the topology Jp is rigid, since we proved
in the last section that f.p.P-mod(Set) C f.p.C-mod(Set). Moreover, from
the remark following Theorem 6.26 [12] we know that the Jp-irreducible
objects are precisely the objects of the category f.p.P-mod(Set).

We can describe the Grothendieck topology Jp explicitly as follows (cf.
[12] for the general method for calculating the Grothendieck topology
associated to a quotient of a theory of presheaf type). The theory P of
perfect MV-algebras is obtained from C by adding the axioms

P3zdzr=axtk,z2=0ve=1

P4 x=-axbk,L

or equivalently,

P.3" inf(z,—z) =0k, z =0V =1

P4 z=—-abk,L

where d is defined as follows: for any z,y € A, d(z,y) = (z6y) ® (yS ).

The axioms P.3’ and P.4 generate two cosieves Sp3 and Spy in f.p.C-
mod(Set), and consequently two sieves in f.p.C-mod(Set)°?. The topol-
ogy Jp on f.p.C-mod(Set)°? is generated by these sieves. Specifically,

e the cosieve Spg is generated by the canonical projections

p1 : Freey/(inf(z, —x)) — Free,/(x),
p2 : Free,/(inf(x, ~z)) — Free,/(—x)

e the cosieve Spy is the empty one on the trivial algebra in Chang’s

variety.

The cotopology induced by Jp on the category f.p.C-mod(Set) is thus
generated by the empty cosieve on the trivial algebra and the finite ‘mul-
ticompositions’ of the pushouts of the generating arrows of the cosieve
Spg along arbitrary homomorphisms in f.p.C-mod(Set). We can de-
scribe these pushouts explicitly. Let f : Free,/(inf(xz,—-x)) — A be an
MV-homomorphism in f.p.C-mod(Set); then the pushouts of the gener-
ating arrows of Spg along f are: f; : A — A/(a) and fo2 : A — A/(—a),
where a = f([z]) € A satisfies inf(a, —a) = 0.
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We shall say that an MV-algebra A is a weak subdirect product of a fam-
ily {A; | i € I} of MV-algebras if the arrows A — A; are jointly injective
(equivalently, jointly monic).

Note that every weak subdirect product of finitely presented perfect
MV-algebras is in C-mod(Set). Indeed, perfect MV-algebras are in C-
mod(Set) and the identities that define this variety are preserved by weak
subdirect products. It is natural to wonder if the converse is true, that
is if every algebra in C-mod(Set) is a weak subdirect product of finitely
presented perfect MV-algebras. We shall prove in the following that the
answer is affirmative.

THEOREM 10.2. Ewery finitely presented non-trivial MV-algebra in C-
mod(Set) is a direct product of a finite family of finitely presented perfect
MV-algebras. In fact, the topology Jp is subcanonical.

Proor. Let A € C-mod(Set) be a finitely presented non-trivial MV-
algebra. This algebra satisfies the axiom P.4 (cf. [Lemma [3.9]); thus,
the only non-trivial Jp-coverings of A are those which contain a cosieve
generated by finite multicompositions of the pushouts of p; and p2, that
is

A/(a1)/(a3]) -+ =—

A/ (=ai)/([a3))- -

. Afad)/ (L[] D) (= Az

Af(=ab)/ (a3 =
AJ(ad)/ oL ] D (= Ase)

Now, the pushout-pullback lemma (Lemma 7.1 [17]) asserts that for any
MV-algebra A and any elements z,y € A, the following pullback diagram
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is also a pushout:

A/(inf(z, y)) A/ (y)

| |

A/ () A/ (sup(z, y)).

Note that if inf(x,y) = 0 then sup(z,y) = x @ y; in particular, for any
Boolean element = of A, A is the product of A/(z) and A/(—x). The
same reasoning can be repeated for every pair of arrows in the diagram.
It follows that the MV-algebra A is the direct product of the A;.

Since Jp is rigid and the Jp-irreducible objects are the finitely presented
perfect MV-algebras, there is a Jp-covering of A such that all the A; are
finitely presented perfect MV-algebras.

Finally, we observe that for any Boolean element z of an MV-algebra
A, there is a unique arrow A/(z) — A/(—x) over A if and only if x = 0,
whence the sieve generated by the family {A — A/(z), A — A/(—x)} is
effective epimorphic in f.p.C-mod(Set)°P if and only if {A — A/(z), A —
A/(—z)} is a product diagram in f.p.C-mod(Set).

This proves our statement. —

We can give a more explicit description of a family of finitely presented
perfect MV-algebras { Ay, ..., A} such that the family of arrows {4 —
A; | i €{1,...m}} asin the proof of Theorem generates a Jp-covering

sieve.

LEMMA 10.3. Let A be an MV-algebra in C-mod(Set) generated by el-
ements {x1,...,2,}. Then the boolean skeletorf] B(A) of A is finitely
generated by the family {(221)?, ..., (2z,)?}.

PROOF. By axiom P.2 for every x € A, (27)? € B(A) and from Theorem
5.12 [24] we know that an MV-algebra A is in C-mod(Set) if and only if
A/Rad(A) ~ B(A), where the isomorphism is given by the following map:

f:xeA— (22)2 € B(A)
If A is an MV-algebra in C-mod(Set) generated by {xi,...,z,} then
the quotient A/Rad(.A) is generated by {[z1],...,[zs]}; hence, B(A) is
generated by the family {(2z1)2, ..., (2z,)%}. o

Recall that if an MV-algebra A is finitely presented then it is finitely
generated. Let A =< z1,...,2, > be an MV-algebra as in Theorem [10.2]
From Lemma it follows that a family of finitely presented perfect
MV-algebras that Jp-covers A is given by {Ai,..., Asn} (in the notation
of Theorem , where aj = (2z;)? for all j = 1,...,2°71. Indeed,

2Recall that the Boolean skeleton of an MV-algebra is the subalgebra B(A) = {z €
A |z @ x =z} of Boolean elements of A, cf. p. 25 [21].
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the iterated quotients of the previous diagram actually remove every non-
trivial boolean element, thus every Ay is perfect. In fact, this argument
shows more generally that every finitely generated algebra in C-mod(Set)
can be represented as a direct product of finitely generated perfect MV-
algebras.

This result can be alternatively deduced from existing theorems on weak
Boolean products of MV-algebras as follows. First, we need a lemma,
clarifying the relationship between finite direct products and weak Boolean
products of MV-algebras. Recall from [16] that a weak Boolean product
of a family {A, | x € X} of MV-algebras is a subdirect product A of the
given family, in such a way that X can be endowed with a Boolean (i.e.
Stone) topology satisfying the following conditions (where 7, : A — A,
are the canonical projections):

(i) for all f,g € A, the set {x € X | m(f) = mz(g)} is open in X;

(ii) for every clopen set Z of X and any f,g € A, there exists a unique

element h € A such that 7, (h) = 7,(f) for all x € Z and 7, (h) =
mz(g) forall z € X \ Z.

LEMMA 10.4. Let A be a weak Boolean product of a finite family { A, |
x € X} of MV-algebras. Then the topology of X is discrete and A is a
finite direct product of the A,.

ProOOF. It is clear that the only Boolean topology on finite set is the
discrete one. To prove that A is a finite direct product of the A, via the
weak Boolean product projections m,, it suffices to verify that for every
family {z, € Az} of elements of the A, there exists an element h € A
such that 7, (h) = 2, for all z € X. Since A is a subdirect product of the
A, the functions 7, are all surjective. By choosing, for each z € X, an
element a, € A such that m,(a,;) = 2z, and repeatedly applying condition
(ii) to such elements (taking Z to be the singletons {z} for x € X), we
obtain the existence of an element h € A such that 7,(h) = my(a;) = 2
for each z € X, as required. =

Now, by [22, Lemma 9.4], every algebra A in V(C) is quasi-perfect,
that is, by [23, Theorem 5.9], it is a weak Boolean product of perfect MV-
algebras. By [16, Theorem 6.5.2], the indexing set of this Boolean product
identifies with the set of ultrafilters of the Boolean algebra B(A). But by
Lemma the set of ultrafilters of B(.A) is finite, and can be identified
with the set of atoms of B(A), since B(.A) is finitely generated and hence
finite. By Lemma[I0.4] we can then conclude that the given weak Boolean
product is in fact a finite direct product.

THEOREM 10.5. Every MV-algebra in C-mod(Set) is a weak subdirect
product of (finitely presentable) perfect MV-algebras.

PROOF. Since every MV-algebra in C-mod(Set) is a filtered colimit
of finitely presented MV-algebras in C-mod(Set), it suffices to prove the
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statement for the finitely presentable MV-algebras in C-mod(Set); indeed,
an MV-algebra is a weak subdirect product of finitely presentable perfect
MV-algebras if and only if the arrows from it to such algebras are jointly
monic. But this follows from Theorem [10.2] =

REMARK 10.6. Theorem represents a constructive version of [22,
Lemma 9.6], which asserts that every MV-algebra in Chang’s variety V (C)
is quasi-perfect, i.e. a weak Boolean product of perfect MV-algebras.

It is natural to wonder if one can intrinsically characterize the class
of MV-algebras in C-mod(Set) which are direct products of perfect MV-
algebras. We already know from the discussion above that all the finitely
generated MV-algebras in C-mod(Set) belong to this class.

The following lemma, which generalizes its finitary version given by
Lemmas 6.4.4 and 6.4.5 in [16] as well as the version for complete MV-
algebras given by Lemma 6.6.6 in [16], will be useful in this respect. Rele-
vant references on the relationship between direct product decompositions
of MV-algebras and Boolean elements are [19], [25] and sections 6.4-5-6 of
[16].

LEMMA 10.7. Let A be an MV-algebra. Then the following two condi-
tions are equivalent:

(i) A is a direct product of MV-algebras A; (fori € I);
(i) There exists a family {a; | i € I} of Boolean pairwise disjoint ele-
ments of A such that every family of elements of the form {z; < a; |

i € I} has a supremum Y m A and every element a of A can be
expressed (uniquely) in this form.
ProoOF. Let A be an MV-algebra that is direct product of a family
{A; | i € I} of MV-algebras. The elements a; of the MV-algebra [].A4;
which are 0 everywhere except at the place ¢ where it is equal to Zlgare

Boolean and satisfy the following properties: they are pairwise disjoint
(i.e,, a; A a; = 0 whenever i # '), 1 = iy every family of elements
1€
of the form {z; < a; | i € I} has a supremum \/[zZ in [[A; and every
e icl
element a of [].A; can be expressed uniquely in this form.
el

Conversely, suppose that {a; € A | i € I} is a set of Boolean pairwise

disjoint elements of an MV-algebra A such that every family of elements

of the form {z; < a; | i € I} has a supremum ‘\/sz in A and every element
j€

a of A can be expressed uniquely in this form. Then A is isomorphic to

the product of the MV-algebras (a;] considered in [16] (cf. Corollary 1.5.6)

via the canonical homomorphism A — [](a;] (equivalently, by Proposi-
el

tion 6.4.3 [16], to the product of the quotient algebras A/(—a;) via the
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canonical projections). Indeed, the canonical homomorphism A — [](a;],
iel
which sends any element b of A to the string (b A a;) admits as inverse the
map sending a tuple (z;) in [](a;] to the supremum % This can be
iel 1€
proved as follows. The composite of the former homomorphism with the
latter is clearly the identity, so it remains to prove the converse. Given an

element b € A, we have to prove that b = \/I(b Aa;). Set b = \/I(b A a;).
(S 1€
Clearly, b’ < b. Now, by our hypothesis, we can decompose b in the form

b= Ici where ¢; < a; for each 7. Now, ¢; < b, whence ¢; < a; Ab and
1€

b= \/Ic < \/I(b Aa;) =b. So b=V, as required. 4
€ 1€

REMARK 10.8. The algebras A; as in the first condition are given by the

quotients A/(—a;], while the elements a; of the product [][.A; satisfying
i€l

the second conditions are the tuples which are zero everywhere except at

the place i where they are equal to 1.

In order to achieve an intrinsic characterization of the MV-algebras A
which are products of perfect MV-algebras, it remains to characterize the
elements a; such that A/(—a;) is a perfect MV-algebra. Since A is in
C-mod(Set), this amounts to requiring that a; is Boolean and for every
element x such that z A -z < —a; (equivalently, z A —=x A a; = 0), either
x < —a; (equivalently, x A a; = 0) or nx < —a; (equivalently, a; < z) but
not both. We shall call such elements the perfect elements of the algebra
A.

Summarizing, we have the following result.

THEOREM 10.9. For a MV-algebra A, the following conditions are equiv-
alent:

(i) A is isomorphic to a direct product of perfect MV-algebras;
(i1) A belongs to C-mod(Set) and there exists a family of Boolean pair-
wise disjoint perfect elements of A such that every family of elements

of the form {z; < a; | i € I} has a supremum i in A and every
j€
element a of A can be expressed (uniquely) in this form.

REMARK 10.10. By Theorem [I0.5] every finitely generated MV-algebra
A in C-mod(Set) satisfies these conditions. In fact, for every finite set
{z1,... ,x,} of generators of A, a family of elements satistying the hy-
potheses of Lemma is given by the family of finite meets of the form
u1 A+ - - Aup where for each 4, u; is either equal to (2ac,-)2 or its complement
_'(2-%'2')2-
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The class of MV-algebras in C-mod(Set) naturally generalizes that of
Boolean algebras (recall that every Boolean algebra is an MV-algebra, ac-
tually lying in C-mod(Set)), with perfect algebras representing the coun-
terpart of the algebra {0,1} and powerset algebras, that is products of
the algebra {0, 1}, corresponding to products of perfect MV-algebras. The
class of Boolean algebras isomorphic to powersets can be intrinsically char-
acterized, thanks to Lindenbaum-Tarski’s theorem, as that of complete
atomic Boolean algebras. Theorem represents a natural generaliza-
tion in this setting of the Stone representation of a Boolean algebra as a
field of sets, while Theorem represents the analogue of Lindenbaum-
Tarski’s theorem. Note that, as every Boolean algebra with n generators
is a product of 2" copies of the algebra {0, 1}, so every finitely presented
algebra in C-mod(Set) with n generators is a product of 2" finitely pre-
sented perfect MV-algebras (cf. Theorem[10.2]above). These relationships
are summarized in the table below.

Classical context

MYV-algebraic generalization

Boolean algebra

MV-algebra in C-mod(Set)

{0,1}

Perfect MV-algebra

Powerset = product of {0,1}

Product of perfect MV-algebras

Finite Boolean algebra

Finitely presentable MV-algebra
in C-mod(Set)

Complete atomic Boolean algebra

MV-algebra in C-mod(Set) satis-
fying the hypotheses of Theorem

%9

Representation theorem for finite
Boolean algebras

Theorem [10.2]

Stone representation for Boolean
algebras

Theorem

Lindenbaum-Tarski’s theorem

Theorem W

§11. A related Morita-equivalence. Finally, we discuss the rela-
tionship between the category of perfect MV-algebras and that of lattice-
ordered abelian groups with strong unit. Generalizing the work [2| of
Belluce and Di Nola concerning locally archimedean MV-algebras and
archimedean f-u groups, we establish a Morita-equivalence between a cat-
egory of pointed perfect MV-algebras and the category of /-u groups. This
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will allow us to reinterpret in the context of ¢-groups the representation
results for the MV-algebras in Chang’s variety obtained in the last section.

We call a perfect MV-algebra pointed if its radical is generated by a
single element. This class of algebras can be axiomatized. Let us extend
the signature Lyry by adding a new constant symbol a. We call P* the
theory over this signature whose axioms are those of P plus:

P*1 Tha<—a

P¥2 2 < -z, Va<na
neN

We shall prove that the theory P* is Morita-equivalent to the theory
L,. Indeed we can “restrict” the functors A and ¥ respectively to the
categories P*-mod(&’) and L,-mod(&’), for every Grothendieck topos &,
and show that they are still categorical inverses to each other.

Let A = (A,a) be a model of P* in &. This structure, without the
constant a, is a perfect MV-algebra in &. We can thus consider A(.A) and
we know that it is a model of L in &

PROPOSITION 11.1. The structure (A(A),[a,0]) is a model of L, in &.

ProOOF. We already know that A(A) is an f-group in &, so it remains
to prove that [a, 0] is a strong unit for it.
- [a,0] > [0, 0] < inf([a, 0],[0,0]) = [0,0] < [inf(a 0,04 0),05 0] =
[0,0] < [0,0] = [0,0]. Thus, Ly,.1 holds.
- given [z,y] € A(A) such that [z,y] > [0,0], we have that x,y €

Rad(A), ie. x < -z and y < —y. By axiom P*.2 we have \/Nl‘ <na
ne

and \/Ny < ma. Further, by definition of the order relation in A(A)
ne
[z,y] 2 [0,0] ® x>y
Thus \/y <z < na and \% [z,y] < nla,0]. Therefore L,.2 holds.
neN neN

_|
Let A = (A,a) and A = (A',d') be two models of P* in & and
h: A— A an arrow in P*-mod(&), i.e., an MV-homomorphism such
that h(a) = a’. We can consider A(h). This is an f~-homomorphism sat-
isfying A(h)([a,0]) = [h(a),0] = [a’,0]. So A(h) defines an L,-model
homomorphism (A(A), [a,0]) = (A(A’), [@/,0]). Thus A is a functor from
P*-mod(&) to L,-mod(&).
In the converse direction, let G = (G, u) be a model of L, in & We
know that 3(G) is a model of P in &.

PROPOSITION 11.2. The structure (X(G), (0,u)) is a model of P* in E.

PrRooOF. It remains to show that this structure satisfies P*.1 and P*.2.
- =(0,u) = (1,u) > (0,u). Thus, P*.1 holds.
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- let (¢, z) be an element of ¥(G) such that (¢,x) < —(c,z). By The-
orem [6.2] (¢,z) = (0,y) with y > 0. Thus, by axiom L,.2, we have

y < nu. Hence, V (0,y) <n(0,u) and P*.2 holds.
neN neN

_|

It is easily seen that ¥ is a functor from L,-mod(&) to P*-mod(&),

i.e., that 3(h) is an MV-homomorphism which preserves the generating
element of the radical for every ¢-unital homomorphism h.

THEOREM 11.3. The categories P*-mod(&) and L,,-mod(&) are equiva-
lent, naturally in &. Hence the theories P* and L, are Morita-equivalent.

PROOF. This immediately follows from Theorem noticing that the
isomorphisms 84 : A - X o0 A(A) and g : G — A o ¥(G) defined in the
proof of Theorem satisfy:

Bala) = (0, [a,0));

REMARK 11.4. From the main result of [14] we obtain that the theory
P* is Morita-equivalent to the theory MV.

REMARK 11.5. In [3], the authors characterized the class of ¢-groups
with strong unit that corresponds to that of perfect MV-algebras via
the I' functor of Mundici’s equivalence. These groups are called an-
tiarchimedean. Specifically, let Ant be the quotient of the theory L, of
l-groups with strong unit obtained by adding the following axioms:

(0 <z Az <ubt,sup(0,2inf(2z,u) —u) = inf(u, 2 sup(2x — u,0))
O0<zAz<uAinfx,u)=xzb,x=0Vz=u)

By the results of [14], the quotient Ant is Morita-equivalent to the theory
P; hence, the theory Ant is Morita-equivalent to the theory of lattice-
ordered abelian groups L, by Theorem It follows that an /-u group is
antiarchimedean if and only if it is isomorphic to a ¢-u group of the form
Z Xier G, for an f-group G.

§12. Some applications. In this section we describe some applica-
tions, obtained by applying the technique ‘toposes as bridges’ of [8], of
the main results of the paper.

Recall from [12] that, given a geometric theory T over a signature X,
its cartestanization is the sub-theory of T consisting of all the T-cartesian
sequents which are provable in T.

PROPOSITION 12.1. The theory C aziomatizing Chang’s variety V (C)
coincides with the cartesianization of the theory P of perfect MV-algebras.
That is, for any C-cartesian sequent o = (¢ Fz V), o is provable in C
(equivalently, valid in all algebras in V(C)) if and only if it is provable in
P (that is, valid in all perfect MV-algebras).
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Moreover, for any C-cartesian formulae ¢(Z) and ¥ (y) and a geometric
formula 0(Z,7), 0 is P-provably functional from ¢(Z) to 1 (y) if and only
if it is C-provably functional from ¢(Z) to ¥(Y).

PrOOF. The theory C is algebraic, hence it is of presheaf type. By
[20, Corollary D3.1.2], the universal model Ug of C in its classifying topos
[f.p.C-mod(Set), Set| is given by Homyp, cmod(set)(F, —), where F' is the
free C-algebra on one generator. Since Jp is subcanonical, the model
Uc is also a universal model of P in the topos Sh(f.p.C-mod(Set)°?, Jp)
(cf. [10, Lemma 2.1]). Now, given a geometric theory T, a geometric
sequent over its signature is provable in T if and only if it is satisfied in its
universal model Ut (cf. [20, Theorem D1.4.6]). From this the first part of
the proposition follows at once.

The second part follows from the fact that the canonical functor r :
C&™ ~ f.p.C-mod(Set)°? — Sh(f.p.C-mod(Set)°P, Jp) is full and faith-
ful since the topology Jp is subcanonical. Recalling from [10, Theorem
2.2] that, given a universal model U of a geometric theory T in its clas-
sifying topos &, for any geometric formulas {Z.¢} and {g.1)} over the
signature of T, the arrows [[Z.¢]]y — [[¥.¢]]u in & correspond exactly to
the T-provably functional formulae from {Z.¢} to {#.¢}, the thesis follows
immediately. o

Another application concerns definability and functional completeness.

PROPOSITION 12.2. The following definability properties of the theory
P in relation to the theory C hold:

(i) Every property P of tuples T of elements of perfect MV-algebras
which s preserved by arbitrary MV-algebra homomorphisms and by
filtered colimits of perfect MV-algebras is definable by a geometric
formula ¢(Z) over the signature of P. For any two geometric formu-
lae ¢(Z) and Y(Y) over the signature of P, every assignment M —
far (2.0 — [[T-0]|ar (for finitely presented perfect MV-algebras
M) which is natural in M is definable by a P-provably functional
formula 0(Z,y) from ¢(Z) to P(y).

(1) The properties P of tuples T of elements of perfect MV-algebras which
are preserved by arbitrary MV-algebra homomorphisms and by fil-
tered colimits of perfect MV-algebras are in natural bijection with the
properties Q of tuples & of elements of algebras in C-mod(Set) which
are preserved by filtered colimits of algebras in C-mod(Set) and such
that for any finitely presented algebra A in C-mod(Set) and any
Boolean element a of A, the canonical projections A — A/(a) and
A — A/(—a) jointly reflect Q.

PrOOF. The first part of the theorem follows from Theorem in
light of the fact that P is of presheaf type.
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The second part follows from the fact that the properties P of tuples ¥ =
(z1,...,2,) of elements of perfect MV-algebras which are preserved by
arbitrary MV-algebra homomorphisms and by filtered colimits of perfect
MV-algebras correspond precisely to the subobjects of U x --- x U in the
classifying topos of P, where U is a universal model of P inside it. But,
as we have observed above in the proof of Proposition [I2.1] the universal
model Uc = Homyp comod(Set) (F, —) (where F is the free C-algebra on
one generator), of C in its classifying topos is also a universal model of P
in its classifying topos Sh(f.p.C-mod(Set)°?, Jp). Now, the subobjects of
Ux---xU in Sh(f.p.C-mod(Set)°P, Jp) are precisely the Jp-closed sieves
on Fx---x Finf.p.C-mod(Set)°P (cf. section2.1)). From this our thesis
follows at once. =

The following proposition provides an explicit reformulation of the sub-
canonicity property of the Grothendieck topology Jp.

PROPOSITION 12.3. Let M be o finitely presented algebra in Chang’s
variety
C-mod(Set) and ¢(Z) a C-cartesian formula. For any family of tuples
a; € [[Z.¢9]|m, indexed by the MV-homomorphisms f; : M — M; from
M to finitely presented perfect MV-algebras M; such that for any MV-
homomorphism g : M; — M; such that go f; = f;, g(ai) = aj, there exists
a unique tuple @ € [[Z.¢]]am such that fi(@) = aj for all i.

M; !/ M;

fi 1i
M

Proor. This immediately follows from the subcanonicity of the topol-
ogy Jp (cf. Theorem|10.2)) in view of the equivalence €& ~ f.p.C-mod(Set)°P.
_|

The following proposition provides a characterization of the P-equivalence
classes of geometric sentences in terms of the theory C.

PROPOSITION 12.4. The P-equivalence classes of geometric sentences
are in natural bijection, besides with the ideals on f.p.P-mod(Set)°? (cf.
Lemmal[8.7), with the Jp-ideals on f.p.C-mod(Set)F, that is with the sets
S of finitely presented algebras in C-mod(Set) such that for any homo-
morphism f : A — B in f.p.C-mod(Set), A € S implies B € S and for
any A € C-mod(Set) and any Boolean element a of A, A/(a) € S and
A/(—a) € S imply A€ S.
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PRrROOF. The thesis follows immediately from the fact that the subtermi-
nal objects of the topos Sh(f.p.C-mod(Set)°P, Jp) can be naturally iden-
tified with the Jp-ideals on the category f.p.C-mod(Set)°? (cf. section

24). .

Finally, we consider from the perspective of the two different represen-
tations Sh(%ép, Jp) and [f.p.P-mod(Set), Set| of the classifying topos of P
the invariant property of satisfying De Morgan’s law.

[f.p.P-mod(Set), Set] ~ Sh(%p, Jp)

- - -
— ~
— ~
— -
— g

f.p.P-mod(Set)

For any small category €, the topos [¢, Set] satisfies De Morgan’s law if
and only if the category € satisfies the amalgamation property (AP), that
is the property that every pair of arrows in € with common domain can
be completed to a commutative square (cf. Example D4.6.3 [20]). On the
other hand, for every coherent theory T over a signature X, the classifying
topos Sh(%r, Jr) of T satisfies De Morgan’s law if and only if for every
geometric formula ¢(Z) over 3 there exists a T-Boolean coherent formula
X(Z) in the same context such that for every geometric formula () over
Y, (¢ k4 x) is provable in T if and only if (¢ A ¢ bz L) is provable in T
(cf. 16]).

From the fact that the category of finitely presented f-groups satisfies
the amalgamation property (since the theory L is cartesian), it follows
that the category f.p.P-mod(Set) satisfies AP as well and hence that P
satisfies the above-mentioned syntactic property. Summarizing, we have
the following

PROPOSITION 12.5. For every geometric formula ¢(Z) over the signa-
ture Lyry there exists a P-Boolean coherent formula x(Z) in the same
context such that for every geometric formula (Z) over ¥, (¢ by x) is
provable in P (equivalently, valid in all perfect MV-algebras) if and only
if (WA ¢ Fgz L) is provable in P (equivalently, valid in all perfect MV-
algebras).

REMARK 12.6. Recall from section that, for a coherent theory of
presheaf type T, the T-Boolean coherent formulas are precisely the for-
mulas defining the properties of tuples of elements T-models which are
preserved by filtered colimits of models and both preserved and reflected
by arbitrary homomorphisms of models. We can thus identify the P-
Boolean coherent formulas with the properties of tuples of elements of

~

(¢p, Jp)
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perfect MV-algebras which are preserved under filtered colimits of per-
fect MV-algebras and which are both preserved and reflected by arbitrary
homomorphisms of perfect MV-algebras.

12.1. Transferring results for /-groups with strong unit. In this
section we transfer some of the representation results that we obtained for
MV-algebras in Chang’s variety to f-u groups.

PRrOPOSITION 12.7. Under Mundici’s equivalence
MV-mod(Set) ~ LL,,-mod(Set)

(i) the injective homomorphisms of MV-algebras correspond precisely to
the injective homomorphisms of £-u groups;

(1) the finitely generated MV-algebras correspond precisely to the finitely
generated {-u groups.

PRrOOF. (i) Clearly, the homomorphisms of MV-algebras which corre-
spond under Mundici’s equivalence to injective homomorphisms of /-u
groups are injective. The converse implication can be proved as follows.
Given a homomorphism f : G — G’ of f-u groups, f is injective if and
only if for every x € G, f(z) = 0 implies x = 0. Now, for any x € G, there
exists n such that z < nu. Using Riesz’s interpolation property, there is
0 < z < w such that nz = 2. Now, f(z) = f(nz) = nf(z) = 0, whence
f(2) = 0 since {-groups are torsion-free. So, from the fact that f|g ) is
injective, it follows that z = 0 and hence that x = 0, as required.

(i) It is clear that the MV-algebra corresponding to a finitely gener-
ated f-u groups is finitely generated. Conversely, since by point (i) of the
proposition the category of MV-algebra and injective homomorphisms be-
tween them and the category of ¢-u groups and injective homomorphisms
between them are equivalent and every finitely generated MV-algebra is a
finitely presentable object of the former category, every f-u group which
corresponds to a finitely generated MV-algebra under Mundici’s equiva-
lence is finitely presentable as an object of the category of £-u groups and
injective homomorphisms between them. Now, since every {-u group G
is the filtered union of its finitely generated ¢-u subgroups, if G is finitely
presentable as an object of the category of £-u groups and injective homo-
morphisms between them then G is finitely generated. This implies our
thesis. o

We are now in the position to transfer the representation results for
the MV-algebras in Chang’s variety that we obtained in section [I0] to the
context of f-u groups.

First, we need to describe the quotient A of L, corresponding to the
quotient C of MV axiomatizing Chang’s variety V(C): this is clearly
obtained from L, by adding the following sequents:

(0 <z Az <ubysup(0,2inf(2z,u) — u) = inf(u, 2sup(2z — v, 0))
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((0 <z Az <wulyinf(u,2sup(0, 2inf (22, u) — u)) =
sup(0, 2inf(2z,u) — u))

In view of Proposition we immediately obtain the following result,
representing the translation of Theorems and

THEOREM 12.8. FEwery {-u group which is a model of A is a weak sub-
direct product of antiarchimedean £-u groups.

Every finitely generated (resp. finitely presentable) ¢-u group which is
a model of A is a finite direct product of antiarchimedean (resp. an-
tiarchimedean finitely presentable) (-u groups.

One could also, by using the same method as that leading to the proof
of Theorem [10.9] intrinsically characterize the ¢-u groups which are direct
products of antiarchimedean ¢-u groups.
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