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1. THE ANDRE-OORT CONJECTURE

The André-Oort conjecture describes the distribution of special points on Shimura
varieties. It is the analog in a Hodge-theoretic context of the Manin-Mumford conjec-
ture (a theorem of Raynaud | ]) stating that an irreducible subvariety of a complex
Abelian variety containing a Zariski-dense set of torsion points is the translate of an
Abelian subvariety by a torsion point. This text is a survey of the André-Oort con-
jecture, its context and its proof in the case of the Shimura variety .4, moduli space
of principally polarized complex Abelian varieties of dimension g (and more generally
for mixed Shimura varieties whose pure part is of Abelian type) following a strategy
proposed by Pila and Zannier and obtained through the work of many authors.

1.1. The Hodge theoretic motivation. Let us start by explaining the algebro-
geometric problem underlying the conjecture. Let f : X — S be a smooth family of
algebraic varieties over a quasi-projective smooth base S. Can we describe the locus of
points s € S where the fiber X (and its Cartesian powers) contain more algebraic cycles
than the very general fiber (and its Cartesian powers)? We work over C and consider
the Hodge incarnation of this problem. Let V — S be an admissible variation of mixed
Z-Hodge structures on the complex quasi-projective smooth base S (cf. [ , Def.
14.49]). In particular V is a Z-local system on S such that each fiber Vg, s € S, carries
a graded-polarized mixed Hodge structure. This is an abstraction of the geometric case
corresponding to V = (RP f,Z)prim (for some p > 0) for f as above. One wants to
understand the Hodge locus HL(S, V) C S, namely the subset of points s in S for which
exceptional Hodge classes of type (0,0) do occur in some Ve ® (V(\é ,)?, where Vé, s
denotes the Q-Hodge structure dual to Vg .

The Tannakian formalism available for Hodge structures is particularly useful for
describing HL(S,V). Recall that for every s € S, the Mumford-Tate group MTy of
the Hodge structure Vg , is the Tannakian group of the subcategory < V®’ s > of the
Tannakian category of pure Hodge structures tensorially generated by Vg , and V(\é,s'
Equivalently, the group MTy is the stabiliser of the Hodge classes of type (0,0) in the
rational Hodge structures tensorially generated by Vg, and its dual. A point s € S is
said to be Hodge generic if MT; is maximal when s varies in its connected component.
If S is connected, two Hodge generic points of .S have the same Mumford-Tate group,
called the generic Mumford-Tate group MTg gen of (S,V). The Hodge locus HL(S,V)
is the subset of points of .S which are not Hodge generic.

A fundamental result of Cattani-Deligne-Kaplan [ | states that HL(S,V) is a
countable union of closed irreducible algebraic subvarieties of S, each not contained in the
union of the others. The irreducible components of the intersections of these algebraic
subvarieties are called special subvarieties of (S,V). Hodge subvarieties of dimension
zero are called special points of (S,V). We would like to understand the distribution of
special points in §.
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1.2. The André-Oort conjecture for C2. The André-Oort conjecture answers this
question when S is a Shimura variety. We start with its most explicit incarnation.

The simplest Shimura variety is the classical modular curve Y (1). As a complex
analytic space it is the quotient Y (1) := SLg(Z)\H, where H = {7 € C : Im(7) > 0} is
the Poincaré upper-half plane and the group SLo(Z) acts on H by:

wby. _ aT+Db
(Ca)r= cr+d
The space Y (1) can also be interpreted as the set of complex elliptic curves up to iso-
morphism:

SLy(Z)\H — {E/C}/ =, 1w B, :=C/(Zr+17)] .

As complex elliptic curves up to isomorphism are classified by their j-invariant, the
quotient map 7 : H — Y (1) identifies with the holomorphic j-map j : H — C given
by

T j(Ey) =q¢ '+ 744 4+ 196884g + -+, q= >,

Hence the quotient Y (1) L C is the moduli space of complex elliptic curves; it is an
algebraic variety, defined over Q (even over Z) because we have the notion of elliptic
curves over arbitrary schemes.

Ignoring the stacky issues, the universal family of elliptic curves over Y (1) ~ C defines
a Hodge locus in Y'(1), i.e. special points. For7 € H, End(E;) ={z€ C: 2-(Z7+Z) C
Zt + Z}. Hence End (E;) = Z if dimgQ(7) # 2 and End (E;) is an order in Q(7) if
dimg Q(7) = 2, in which case E; is a CM-elliptic curve. It follows easily that the
Mumford-Tate group at j(7) is GL(2,Q) in the first case, while it is Resg(r)/gGm in
the second. Hence special points (also called CM-points) in C correspond to imaginary
quadratic 7’s in H, in particular they are dense (even for the analytic topology) in C.

Let us now consider Y (1)2 ~ C? as the moduli space of pairs of elliptic curves. Once
more the Hodge locus for this family can be explicitly described:
- a point = (21, x2) € C? is special if both z; € C and 3 € C are special.
- a special curve is either a line {x; } x C with x; special, a line Cx {z5} with x9 special, or
the image T}, in C? of the modular curve Y (n) parametrizing isogenies Z/nZ «— E; —» Ej
between two elliptic curves. The curve T, is obtained from Y (n) by forgetting the isogeny
(an equivalent definition of 7;, is given below).

Each of these special curves contains a dense set of special points. Conversely André
[ | conjectured:

Conjecture 1.1. Let ¥ C C? be a set of special points, and let Z be an irreducible
component of the its Zariski-closure T2 Then Z is one of the following:
(1) a special point,
(2) {z1} x C with 1 special,
(3) C x {z2} with xo special,
(4) the image T,, (a Hecke correspondence) of
th: " —=HxH—=C? 7 (r,n7) = (§(7),5(nT))

for some n € Z>1,
(5) C? itself.



4 B. KLINGLER, E.ULLMO, A.YAFAEV

Conjecture 1.1 was proven by Edixhoven | | under the Generalized Riemann Hy-
pothesis (GRH) and by André | | unconditionally.

1.3. The Conjecture. We turn to the general case, first in an informal way. A pure
Shimura variety S (resp. a mixed Shimura variety) is a complex quasi-projective moduli
space of pure polarized (resp. mixed graded-polarized) Hodge structures with additional
data, such that the universal family above S defines an admissible variation of (mixed)
Hodge structure V over S. As explained by Deligne [ | this restricts severely the
possible types of Hodge structures we can consider. The prototype of a pure Shimura
variety is the moduli space A, of principally polarized Abelian varieties of dimension g,
the variation V over A, is the Hodge incarnation R! f.Z of the universal Abelian variety
f Ry — Ay over Ay. The prototype of a mixed Shimura variety is 2, the variation
V over 2, is the Hodge incarnation of the universal semi-Abelian variety over 21,.

As in Section 1.1 the variation V over S defines special subvarieties in S. A special
point of Ay, also called a CM-point, corresponds to an Abelian variety with Complex
Multiplication (CM). A special point on 2, is a torsion point on a CM-Abelian variety.

A crucial feature of Shimura varieties is their purely group-theoretic description: any
Shimura variety S is defined thanks to a Shimura datum (G, X ), where G is a connected
linear algebraic group over Q and X is a certain homogeneous space under a subgroup of
G(C). Special subvarieties of S also have a purely group theoretic description: they are
precisely the images of the natural morphisms between Shimura varieties. In the next
section we review this formalism for pure Shimura varieties.

Once we know that any Shimura variety S contains one special point, this group-
theoretic formalism also implies that any special subvariety of S contains a dense (even
for the Archimedian topology) set of special points. The André-Oort conjecture is the
converse statement:

Conjecture 1.2 (André-Oort). Let Z be an irreducible subvariety of a mized Shimura
variety S. If Z contains a Zariski-dense set of special points then Z is a special subvariety

of S.

1.4. History and results. Motivated by transcendence questions about periods of
Shimura varieties, André | , p-215, Problem 1] formulated Conjecture 1.2 for a curve
Z contained in a pure Shimura variety. Oort | | was interested in the study of
Jacobians with complex multiplication and proposed Conjecture 1.2 for § = A,. Hence
the name of the conjecture.

Both André and Oort were aware of the analogy with the Manin-Mumford conjecture.
This analogy has inspired all the strategies for proving Conjecture 1.2.

(a) The p-adic methods of Raynaud’s proof | ] of the Manin-Mumford conjecture
inspired works on Conjecture 1.2 when S is a pure Shimura variety and for the Zariski-
closure Z of a set of special points having good reduction properties at one fixed place

pl J, [Ya05].

(b) Edixhoven developed an approach to Conjecture 1.2, based on Galois techniques
and intersection theory, retrospectively close in spirit to Hindry’s approach to the Manin-
Mumford conjecture [ ]. This method uses in a crucial way effective Cebotarev
type results, known only under the Generalized Riemann Hypothesis (GRH). In | ]
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Edixhoven proves Conjecture 1.2 under GRH for S a product of two modular curves ;
in | | Edixhoven and Yafaev obtain the result under GRH for Z a curve in an
arbitrary pure Shimura variety S; and in [ | Edixhoven proves Conjecture 1.2 under
GRH for Z an arbitrary subvariety of a product of modular curves. This approach, allied
with ideas a la Margulis-Ratner from ergodic theory on homogeneous spaces ([ ],
[U07]), culminated in the following result [ I, [ ] (announced in 2006 and
published in 2014):

Theorem 1.3. The André-Oort Conjecture 1.2 for pure Shimura varieties is true under
the Generalized Riemann Hypothesis. It is also true unconditionally if Z is the Zariski-
closure of a set of special points contained in a Hecke orbit.

This text will say nothing about Edixhoven’s approach, for which many surveys are
available. We refer in particular to | ] and | ] and the references therein.

(c) Pila and Zannier [ | developed a method based on o-minimal geometry for
proving the Manin-Mumford conjecture. Pila adapted it to obtain an unconditional proof
of Conjecture 1.2 for S an arbitrary product C* x GE [ | (as we already mentioned,
André obtained an unconditional proof for S the product of two modular curves but his
method using Puiseux expansion did not generalize). The combination of the work of
many authors (whose contributions are detailed below) then lead to the following:

Theorem 1.4. The André-Oort Conjecture 1.2 is true for Ay and more generally for
any mized Shimura variety whose pure part is of Abelian type.

The goal of this text is to present the ideas around Conjecture 1.2 and sketch the proof
of Theorem 1.4 following the Pila-Zannier strategy. Following [U/11], Conjecture 1.2 for
a general connected mixed Shimura variety S uniformized by 7 : X+ — § := T\X*
follows from three main ingredients (two of which are known in full generality while
the third one is known only under GRH or unconditionally for mixed Shimura varieties
whose pure part is of Abelian type):

The first ingredient is the definability in the o-minimal structure Ran exp of the re-
striction of ® to a semi-algebraic fundamental set F for the action of T on XT: see

Theorem 6.2. This result is obtained by Peterzil-Starchenko | | for S = Ay, by
Klingler-Ullmo-Yafaev [ ] for an arbitrary pure Shimura variety and extended by
Gao | ] to any mixed Shimura variety.

The second ingredient is the Axz-Lindemann conjecture for Shimura varieties, see The-
orem 4.25, which says that the Zariski-closure 7(Y) of any algebraic subvariety Y of X
(in the sense of Example 4.6) should be weakly special (in the sense of Section 3.3). This
is the main geometric ingredient in the Pila-Zannier strategy for solving the Manin-
Mumford-André-Oort problem for Shimura varieties.

Theorem 4.25 is proven by Pila | ] when S is a product Y (1)" x (C*)¥, by Ullmo-
Yafaev [ | for projective Shimura varieties, by Pila-Tsimerman | | for A,
by Klingler-Ullmo-Yafaev | | for any pure Shimura variety and extended by Gao

[ ] to any mixed Shimura variety. All these proofs use o-minimal geometry as a
tool. Mok has an entirely complex-analytic approach to the Ax-Lindemann conjecture
in the pure case. We refer to | I, [ | for partial results.
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The third ingredient is a good lower bound for the size of Galois orbits of special
points of S. This ingredient is already crucial in the Edixhoven’s approach. We refer to
Section 9 for the description of the expected lower bound for an arbitrary pure Shimura
variety. These expected lower bounds are known under GRH for any pure Shimura
variety following results of Tsimerman | | and Ullmo-Yafaev [ ]. They are
known unconditionally only for mixed Shimura varieties whose pure part is of Abelian
type. For simplicity we restrict ourselves to the case S = A,. Given a point x € A  let
A, be the principally polarized Abelian variety parametrized by x and d, the absolute
value of the discriminant of the center of the ring of endomorphisms of A,. When z is
special its field of definition k(x) is a number field. One wants to show that there exist
real positive numbers o = a(g) and 8 = ((g) such that for any special point z € A4 one
has:

(1.1) [k(z): Q] > a-d? .

Tsimerman [1'si] remarkably noticed that the inequality (1.1) follows from the Masser-
Wiistholz isogeny theorem | | and an upper bound for the Faltings height hp(A,)
of the form

(1.2) Ve >0, hp(d;) <L d5 .

Colmez | | conjectured a closed formula for the Faltings height of an Abelian variety

with complex multiplication, depending only on its CM-type (F,®). Fixing F and
averaging on the 29 possible CM-type ® for E one obtains a simpler formula for the
average of the Faltings height of Abelian varieties with CM by the ring of integers O of
E. The upper-bound (1.2) follows from this Colmez conjecture on average and classical

arguments from analytic number theory (see [Tsi]).

Finally a proof of Colmez conjecture on average has been obtained independently
by Andreatta-Goren-Howard-Madapusi Pera [ | (studying CM-points on certain
orthogonal Shimura varieties) and Yuan-Zhang | | (analyzing Heegner points on
certain Shimura curves).

Daw-Orr | | show that the Pila-Zannier method gives a new proof of Con-
jecture 1.2 under GRH for an arbitrary pure Shimura variety.

Gao | | extends the Pila-Zannier method in the mixed setting, showing Conjec-

ture 1.2 under GRH for any mixed Shimura variety and Conjecture 1.2 unconditionally
for mixed Shimura varieties whose pure part is of Abelian type.

1.5. Organization of the text. This text is organized as follows.

For the reader’s convenience Section 2 gives a short introduction to the formalism of
Shimura varieties using Deligne’s language of Hodge theory. For simplicity we restrict
ourselves to the pure Shimura varieties.

Section 3 describes a general format where a reasonable Manin-Mumford-André-Oort
type problem can be formulated: the notion of a special structure on a complex algebraic
variety S, which axiomatizes the properties of the collection of special subvarieties on a
Shimura variety or an Abelian variety. We also notice that in all the cases we consider,
special structures are related to Kéhler geometry through the notion of weakly special
subvarieties: in the case of semi-abelian varieties or pure Shimura varieties, weakly
special subvarieties are exactly the totally geodesic subvarieties for the canonical Kéhler
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metric on S. The special subvarieties of S are precisely the weakly special ones (a purely
geometric notion) containing a smooth special point (an arithmetic notion).

This dichotomy between geometry and arithmetic persists in Section 4, where we
develop the idea of bi-algebraic geometry. In a few words, this is the study of the
transcendence properties of the uniformization morphism 7 : S —» S for S a connected
algebraic variety whose universal cover S can be endowed with an algebraic structure (in
the precise sense of Definition 4.1). The bi-algebraic structure is non-trivial when the
uniformization map m is non-algebraic. In this situation, bi-algebraic subvarieties of S
are defined by a functional transcendence constraint: they are the irreducible algebraic
subvarieties of S images of algebraic subvarieties of S (in the sense of Definition 4.2).
All the special structures we consider are of bi-algebraic origin (see Section 4.3), and bi-
algebraic subvarieties and weakly special subvarieties coincide. Hence special subvarieties
are exactly the bi-algebraic subvarieties containing a smooth special point. In the best
cases, the bi-algebraic structure can be enriched over Q (see Section 4.2) and the special
points are exactly the arithmetic bi-algebraic points (see Definition 4.10).

The geometry of non-trivial bi-algebraic structures is governed by a natural conjecture
in functional transcendence: given a connected algebraic variety S with a bi-algebraic
structure, the Ax-Lindemann conjecture predicts that the Zariski-closure 7(Y") of any
algebraic subvariety Y of S should be bi-algebraic. This is the main geometric ingredient
in the Pila-Zannier strategy for solving the Manin-Mumford-André-Oort problem for
special structures of bi-algebraic origin.

In Section 5 we turn to the techniques at our disposal for attacking the Ax-Lindemann
conjecture and the Manin-Mumford-André-Oort problem in general. Let S be an alge-
braic variety endowed with a bi-algebraic structure. Whether or not this bi-algebraic
structure underlies a special structure on .S seems to depend on the existence of a com-
mon geometric framework for S and S, more flexible than (semi-) algebraic geometry
as the map 7w : S —» S is far from algebraic, but topologically more constraining than
analytic geometry in order to explain the special structure. Such a common framework is
reminiscent of Grothendieck’s idea of “tame topology” | , section 5], and is described
in model theoretic language as o-minimal geometry. Section 5 presents a minimal rec-
ollection of o-minimal geometry, and state a deep diophantine criterion due to Pila and
Wilkie for detecting (positive dimensional) semi-algebraic subsets of R™ among subsets
definable in an o-minimal structure: if such a subset contains polynomially many (with
respect to the height) points of Q™ then it contains a non-trivial positive dimensional
semi-algebraic subset.

The last four sections turn to the proof of the André-Oort conjecture Theorem 1.4
for pure Shimura varieties of Abelian type. Section 6 details the first ingredient, namely
the o-minimal geometry of pure Shimura varieties which culminates in Theorem 6.2.
Section 7 describes the general structure of the proof. Section 8 sketch the proof of the
second ingredient: the hyperbolic Ax-Lindemann Theorem 4.25, known for any Shimura
variety. Section 9 considers its arithmetic part: the obtention of good lower bounds for
the size of Galois orbits of special points, known only for Shimura varieties of Abelian

type.
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This text is largely inspired by the course on the André-Oort conjecture given by E.
Ullmo at THES in Spring 2016. For other surveys on the André-Oort conjecture following
the Pila-Zannier method, we refer to | | for a more elementary introduction, to
[ ] and | | for the description of the method in the geometrically easier case of
S = C" x GE but with an expanded treatment of the o-minimal background.

2. PURE SHIMURA VARIETIES AND THEIR SPECIAL SUBVARIETIES

References for this section are | 1, 1 1, 1 ]. For mixed Shimura varieties,
see | ].

Recall that a pure Q-Hodge structure on a Q-vector space V is a linear decomposition
Ve = @n G€L VP4 such that VP4 = V2P, Equivalently it is a morphism of real algebraic
groups h: S — GL(VR), where S = Resc/rGm,c denotes the Deligne’s torus (hence
S(R) = C*). The Mumford-Tate group MT(h) we defined in Section 1.1 is equivalently
the smallest algebraic Q-subgroup H of GL(V') such that h factors through Hg. It is a
reductive group if V is assumed to be polarized.

A Shimura datum is a pair (G, X ), with G a linear connected reductive group over Q
and X a G(RR)-conjugacy class of a morphism of real algebraic groups h € Hom(S, Gr),
satisfying the “Deligne’s conditions” | , 1.1.13]:

(D1) The Hodge structure on the Lie algebra g defined by Ad o h has Hodge types

(—1,1), (0,0) and (1,—1) only.

(D2) The conjugation by h(i) defines a Cartan involution of the group of real points
G?4(R) of the adjoint group G*: the subgroup {g € G*(C), h(i)~'gh(i) = g}
of G®4(C) is compact.

(D3) for every simple factor H of G, the composition of h : S — Gg with the
projection Gg — Hp is non-trivial.

These conditions imply, in particular, that the connected components of X are Hermitian
symmetric domains. Any Hermitian symmetric domain can be obtained in this way. A
morphism of Shimura data from (G, X1) to (Geg, X3) is a Q-morphism f: G; — Go
mapping X; to Xo.

Definition 2.1. Let (G, X) be a Shimura datum and K a compact open subgroup of
G (A¢) (where Ay denotes the ring of finite adéles of Q). The Shimura variety Shi (G, X)
is the complex analytic space G(Q)\(X x G(A¢)/K), where G(Q) acts diagonally on
X x G(Ay) /K.

Proposition 2.2. Let G(R); be the stabilizer in G(R) of a connected component X+
of X and G(Q)+ = G(R)+ N G(Q). The class group C := G(Q)+\G(A¢)/K 1is finite
and one has the decomposition
(2.1) Shg(G,X) = [T\ X+ |
gecl
where T, denotes the congruence arithmetic lattice gK g~ N G(Q)+ of G(R).
Each T';,)\X™ has finite volume for the natural (up to a non-zero multiple scalar)

G(R)-invariant measure on the Hermitian symmetric space X . It follows from re-
sults of Baily and Borel [ | that each I';)\X ™ has a natural structure of complex
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quasi-projective variety, hence also Shx (G, X). Moreover the natural analytic mor-
phism Shg, (G1,X1) — Shg, (G2, X2) deduced from a morphism of Shimura data
f + (G1,X1) — (Gg,X2) mapping a compact open subgroup K; C Gi(Af) into
Ky C Ga(Ay) is naturally algebraic.

If T'y has no torsion then the algebraic variety I';\ X is smooth. Usually we work with
a stronger notion of neat compact open subgroup K C G(Ag), in which case Shx (G, X)
is smooth.

The quotient S = T'.\X™ is called the connected Shimura variety associated to the
Shimura datum (G, X) and the compact open subgroup K C G(Ag).

The projective limit Sh(G, X )¢ = limg Shi (G, X)c is a C-scheme on which G(A¢)
acts continuously by multiplication on the right. The multiplication by g € G(Af)
on Sh(G,X) induces an algebraic correspondence T, on Shg (G, X), called a Hecke
correspondence.

Let p : G — GL(V) be a rational representation of G. Choose a Z-structure Vz on
V such that p(K) C GL(V;). Every point # € X defines a polarized Z-Hodge structure

pox:S - Gp 2 GL(VR)

on Vz. These pox, x € X, aggregate to form a polarized variation of Z-Hodge structure
V, on Shg (G, X). The collection of special subvarieties on Shi (G, X)) associated with
V, is shown to be independent of the choice of the faithful representation p and has a
purely group-theoretic description: a subvariety V' C Shi (G, X)c is special if and only if
there is a Shimura datum (H, Xy), a morphism of Shimura data f : (H, Xg) — (G, X)
and an element g € G(A¢) such that V is an irreducible component of the image of the
Hecke-Shimura morphism, also called a Hecke correspondence:

Sh(H, X) % Sh(G, X) =% Sh(G, X) —» Shx(G, X) .

It can also be shown that the Shimura datum (H, X) can be chosen in such a way
that H C G is the generic Mumford-Tate group on Xg. A special point is a special
subvariety of dimension zero. One sees that a point [z, gK] € Shx (G, X) (where z € X
and g € G(Ay)) is special if and only if the group MT(z) is commutative (in which case
MT(z) is a torus).

Given a special subvariety S of Shi (G, X), the set of special points of Shx (G, X)(C)
contained in S is dense in V for the strong (and in particular for the Zariski) topology.
Indeed, one shows that S contains a special point, say s. Let H be a reductive group
defining S and let H(R)™ denote the connected component of the identity in the real
Lie group H(R). The fact that H(Q) N H(R)" is dense in H(R)" implies that the
“H(Q)NH(R)T-orbit” of s, which is contained in S, is dense in S. This “orbit” (sometimes
referred to as the Hecke orbit of s) consists of special points.

For the precise definition of a Shimura datum (resp. a Shimura variety) of Abelian
type we refer to [ , section 8]. We only recall that if (G, X 1) is a connected Shimura
datum with G simple then:

- if G* is of type A, B or C then (G, XT) is of Abelian type.

- if G* is of type Fg or E7 then (G, X ™) is not of Abelian type.

- if G* is of type D then (G, X ) may or may not be of Abelian type.
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3. SPECIAL STRUCTURES ON ALGEBRAIC VARIETIES

3.1. Pre-special structure. In this section we introduce a general format in which
a Manin-Mumford-André-Oort type problem can be formulated: the notion of a special
structure on an algebraic variety. We refer to [U16] for more details and | | for a
study of special subvarieties from the point of view of model theory.

Definition 3.1. (pre-special structure) Let S be a complex quasi-projective variety. A
pre-special structure on S is the datum of a countable set X(S) of irreducible algebraic
subvarieties of S, called special subvarieties of S, satisfying the following properties:
(i) S € X(9), i.e. S is special.
(ii) an irreducible component of an intersection of special subvarieties of S is a special
subvariety of S.
(iii) Let X;(S) C X(S) be the set of special subvarieties of S of dimension i. For any
W e ¥(S), special points of S (i.e. elements of ¥£o(S)) are dense in W.

It follows from property (ii) that for any irreducible algebraic subvariety Z of S, there
exists a unique smallest special subvariety of S containing Z. One says that Z is Hodge
generic if it not contained in any strict special subvariety of S.

The following are natural examples of complex algebraic varieties endowed with a
pre-special structure:

(1) a complex semi-Abelian variety W extension of an Abelian variety A by a torus
T ~ G}, with special subvarieties the translate by a torsion point of an algebraic
subgroup. Special points are torsion points.

(2) a Shimura variety S with its special subvarieties.

3.2. Special structure. Notice that many other examples of pre-special structures
are obtained as follows. Suppose S is a quasi-projective variety over Q and define an
irreducible subvariety of Sc to be special if it is defined over Q. Such a pre-special
structure is called trivial as there seems to be nothing interesting to say in general about
the distribution of special points. We exclude such trivial examples by strengthening the
definition of a pre-special structure as follows:

Definition 3.2. (special structure) Let S be a complez quasi-projective variety. A special
structure on S is the datum of a pre-special structure on each S”, r € Z>1, such that for
any W € X(S) then W" belongs to X(S™) and satisfies:

(a) So(WT) = Xo(W)".

(b) for any r-tuple (a1,--- ,a,) then

T
[0 (W) € Za07)
i=1
where a =Y ;_, a;.

(c) The set Sg,, (W?) contains a countable infinite set of bi-étale algebraic corre-
spondences of W, where dy denotes the dimension of W. Here an algebraic
correspondence of W is understood to be an algebraic subvariety V. of W? whose
projections on both factors are finite and surjective; it is said to be bi-étale if
moreover these projections are étale.
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As any finite product of semi-Abelian varieties is a semi-Abelian variety and a finite
product of Shimura varieties is a Shimura variety, one easily checks that the pre-special
structure on a semi-Abelian variety or a Shimura variety is special. The only non-trivial
condition is (c): the existence of infinitely many bi-étale algebraic correspondences is
provided by endomorphisms of a semi-abelian variety, and Hecke correspondences of a
Shimura variety.

An abstract Manin-Mumford-André-Oort type conjecture in the format defined above
is one of the following equivalent statements (1) or (2) below (the equivalence follows
from the properties (ii) and (iii) of pre-special varieties):

Conjecture 3.3. (Abstract Manin-Mumford-André-Oort) Let S be a complex quasi-
projective variety endowed with a special structure.

(1) Let Z be an irreducible algebraic subvariety of S containing a Zariski-dense set of
special points. Then Z is a special subvariety of S.

(2) Let Z be an algebraic subvariety of S. The set of special subvarieties of S contained
i Z and mazximal for these properties is finite.

Conjecture 3.3 in the case of semi-abelian varieties is the classical Manin-Mumford
conjecture, while we recover the André-Oort Conjecture 1.2 in the case of Shimura
varieties.

Remark 3.4. Notice that any semi-Abelian variety can be realized as a subvariety of
a mixed Shimura variety. However only the ones whose Abelian part is CM can be
realized a special subvarieties of a mixed Shimura variety. Hence the André-Oort Con-
jecture 1.2 implies the Manin-Mumford conjecture only for such semi-Abelian varieties.
In | | and | |, Zilber and Pink propose a general conjecture (now called the
Zilber-Pink conjecture) about atypical intersections in mixed Shimura varieties, which
implies both the Manin-Mumford and the André-Oort conjecture. We refer the reader
to the volume [ | for an exposition of the Zilber-Pink conjecture.

3.3. Weakly special subvarieties. This section relates special structures and Kéahler
geometry.

Notice first that any semi-Abelian variety A is endowed with an essentially canonical
Kahler metric coming from the flat Euclidean metric on its uniformization C". Define
a weakly special subvariety of A as an irreducible algebraic subvariety whose smooth
locus is totally geodesic in A. Thus special subvarieties are weakly special, and a weakly
special subvariety is special if and only if it contains a special point.

Similarly, a connected pure Shimura variety S (assumed to be smooth) inherits an
essentially canonical Kihler metric from its universal cover X*: any locally symmetric
Kihler metric on the Hermitian symmetric space X T is invariant under I" hence descends
to S = I'\X ™. Notice that the locally symmetric Kihler metric on X is unique (up
to a scalar) if X is irreducible as a symmetric space: it coincides with the Bergman
metric of the bounded Harish-Chandra realization of X .

Define once more a weakly special subvariety of S as an irreducible algebraic subvariety
whose smooth locus is totally geodesic in S. Every special subvariety of S is easily seen
to be weekly special. Similarly to the case of semi-Abelian varieties, Moonen | ]
proved:
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Theorem 3.5. Let S be a pure connected Shimura variety. A weakly special subvariety
of S s special if and only if it contains a special point.

More precisely: let (H, Xu) be a sub-Shimura datum of the Shimura datum (G, X)
defining S. Assume that the adjoint Shimura datum (H*d, Xggaa) splits as a product:

(H, Xpgaa) = (Hp, X1) x (Hp, X5) .

Let xo be a point of Xo and Z the image of Xfr X xo in S. Then Z is weakly special,
and Z is special if and only if 2 is a special point of Xo. Conversely any weakly special
subvariety of S is obtained in this way.

When S is a general mixed Shimura variety, Pink | , def.4.1] defines the weakly
special subvarieties of .S in terms of mixed Shimura data. Once more the special subva-
rieties are exactly the weakly special ones containing one special point.

4. BI-ALGEBRAIC GEOMETRY AND THE AX-LINDEMANN PROPERTY.

4.1. Complex bi-algebraic geometry. Let X and S be (connected) complex al-
gebraic varieties and suppose 7 : X®' — S®" is a complex analytic, non-algebraic,
morphism between the associated complex analytic spaces. In this situation the image
m(Y') of a generic algebraic subvariety Y C X is usually highly transcendental and the
pairs (Y C X,V C S) of irreducible algebraic subvarieties such that 7(Y) = V are rare
and of particular geometric significance. We are especially interested in the case where X
is the universal cover S of S. In this case however, the requirement that S is a complex
algebraic variety is too restrictive for practical purposes. We relax it as follows:

Definition 4.1. A bi-algebraic structure on a connected complex algebraic variety S is
a pair

(D:S— X, h:m(S) — Aut(X))
where S denotes the universal cover of S, X isa complex algebraic variety, Aut(f() its
group of algebraic automorphisms, h : w1 (S) — Aut(X) is a group morphism (called the
holonomy representation) and D is a local biholomorphism (called the developing map).

Definition 4.2. Let S be a connected complex algebraic variety S endowed with a bi-
algebraic structure (D, h).

(i) An irreducible analytic subvariety Y C S is said to be an irreducible algebraic
subvariety of S if D(Y) is open (for the analytic topology) in its Zariski-closure
D(Y)% c X.

(ii) An idrreducible algebraic subvariety Y C S, resp. W C S, is said to be bi-
algebraic if m(Y') is an algebraic subvariety of S, resp. any (equivalently one)
analytic irreducible component of 7=1(W) is an irreducible algebraic subvariety

of S.
Ezample 4.3. (Tori)
The paradigm of a bi-algebraic structure is provided by the multi-exponential
7 = (exp(2mi-),...,exp(2mi-)) : C" — (C*)" .
In this case S = X = C™ and D is the identity morphism. One easily shows that an
irreducible algebraic subvariety Y C C" (resp. W C (C*)")) is bi-algebraic if and only
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if Y is a translate of a rational linear subspace of C" = Q" ®q C (resp. W is a translate
of a subtorus of (C*)").
For the choice of the factor 27i in the exponential, see Section 4.2.

Ezample 4.4. (Abelian varieties)

Let 7 : LieA ~ C" — A be the uniformizing map of a complex Abelian variety A of
dimension n. Once more S = X = C" and D is the identity morphism. One checks
that an irreducible algebraic subvariety W C A is bi-algebraic if and only if W is the
translate of an Abelian subvariety of A (cf. [ , prop. 5.1] for example).

Ezample 4.5. (Semi-abelian varieties)
Any semi-abelian variety admits a canonical semi-algebraic structure generalizing Ex-
ample 4.3 and Example 4.4 (we leave the details to the reader).

Ezample 4.6. (Shimura varieties)
Let S = I'\X* be a connected pure Shimura variety associated to a Shimura datum
(G, X) (with the notations of Section 2). For simplicity we assume that I' is torsion-free,
equivalently that S is smooth (the meticulous reader will easily extend Definition 4.1 and
Definition 4.2 to the orbifold case). Hence m: X+ — S is the universal cover of S. Fix
a faithful algebraic representation p : G — GL(V). As X is a G(R)-conjugacy class of
morphisms from S to Gg, any point x € X defines a morphism poz : S — GL(V),
i.e. a Hodge structure V, on V. Let F3 be the corresponding Hodge filtration on V.
The Borel embedding D : XT — X associates to a point x € X the filtration F} in
the complex algebraic flag variety X parametrizing filtrations of V¢ of a given type. This
is an open holomorphic embedding of X in its dual compact space of X*. The flag
variety X is homogeneous under the algebraic action of G24(C) and the open embedding
D is equivariant under the natural inclusion h : T' < G24(R)* < G4(C), hence (D, h)
defines a bi-algebraic structure on S.

The identification of the bi-algebraic varieties for this bi-algebraic structure is due to
Ullmo and Yafaev [ |:

Theorem 4.7. Let S be a pure connected Shimura variety endowed with its canonical
bi-algebraic structure. The bi-algebraic subvarieties of S are the weakly special ones.

Let us indicate the proof of Theorem 4.7, which illustrates typical reduction steps and
monodromy arguments.

Let (G, X) be the Shimura datum defining S (hence S is a connected component of
the Shimura variety Shx (G, X), for some compact open subgroup K C G(Ay)).

Any weakly special subvariety W of S is an algebraic subvariety of S image under
m:XT — §=T\X" of a totally geodesic Hermitian subdomain Xj; C X . As X} is
the intersection of the algebraic subvariety Xy C X with X T, the weakly special W is
bi-algebraic.

Conversely we want to show that any bi-algebraic subvariety of S is weakly special.
Let W C S be an algebraic subvariety.

- Replacing if necessary S by its smallest special subvariety containing W, we can
assume without loss of generality that W is Hodge generic in S.

- The morphism ¢ : G — G24 from G to its adjoint group extends to a morphism
of Shimura data 1 : (G, X) — (G*, X2), Let K*! ¢ G*(A¢) be a compact open
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subgroup containing the image of K. We thus have a morphism of Shimura varieties
Y : Shg(G,X) — Shpaa(G* K2d). In this situation one immediately checks that
W is weakly special if and only if (W) is weakly special. Moreover as the connected
components of X and X4 coincide, W is bi-algebraic if and only if 1)(1) is bi-algebraic.
Hence we can assume that G is adjoint.

- Changing the level if necessary we can also assume without loss of generality that
K is sufficiently small so that .S is smooth.

Fix a faithful rational representation p : G — GL(V) and an integral structure
Vz C V such that I' € GL(V7z). This defines a polarized Z-variation of Hodge structures
Von S. Let p: m (W) — I' € GL(Vz) be the monodromy representation of the
induced variation on the smooth locus W™ of W and I'yy := p(71(W3™)). Let Wcxt
be an analytic irreducible component of 7=1(W). Hence the group I'yy is exactly the
stabilizer of W in T .

Suppose from now on that W is bi-algebraic. Hence W C X is algebraic of the form
Wnx T, where W C X is the Zariski-closure of W in X. In particular W is stabilized
by the algebraic monodromy G, connected component of the Zariski-closure of I'yy in
G. Recall the following result of Deligne (generalized by André | ] in the mixed
case):

Theorem 4.8. Let V be an admissible variation of mized Hodge structures on a smooth
quasi-projective variety S with generic Mumford-Tate group .

(i) The algebraic monodromy group Gi1 C G is a normal subgroup of the derived
group Gder,
(ii) If moreover S contains a CM-point then G = GIe.

Applying (i) and as G is adjoint, we obtain a decomposition of Shimura data
(G,X) = (Gl,Xl) X (GQ,XQ)

and one checks that W is the 7- image of X" x x5 for a Hodge generic point x5 € X, .
If follows from Moonen’s Theorem 3.5 that W is weakly special.
O
The construction of a natural bi-algebraic structure on a pure Shimura variety extends
to mixed Shimura varieties, as well as the identification of bi-algebraic subvarieties with
weakly special ones (see [ 1.

4.2. Q-bi-algebraic geometry. Let S be a complex algebraic variety with a bi-
algebraic structure as in Section 4.1. While positive dimensional bi-algebraic subvarieties
are usually rare and of geometric significance, any point of S is bi-algebraic in the sense
of Definition 4.2. To obtain a more meaningful definition of bi-algebraic points we refine
Definition 4.1 as follows:

Definition 4.9. A @-bz’-algfbmic structure on a compleag algebraic variety S is a complex
bi-algebraic structure (D : S — X, h: m1(S) — Aut(X)) such that:

(1) S is defined over Q.

(2) X = Xg®gC is defined over Q and the homomorphism h takes value in Aut@X@.
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Definition 4.10. Let (D, h) be a Q-bi-algebraic structure on S. A point s € S(C) is said

to be an arithmetic bi-algebraic point if s € S(Q) and any (equivalently one) w-pre-image
5 € S satisfies D(3) € X@(@).

Let us emphasize that the choice of the Q-structure on X and the normalization of
the developing map D crucially determines the existence of a large supply of arithmetic
bi-algebraic points.

Ezample 4.11. (Tori)
If we endow C™ and (C*)™ with their standard rational structure Q" and (Q*)", the
arithmetic bi-algebraic points of (C*)" for the Q-bi-algebraic structure defined in Exam-
ple 4.3 are exactly the torsion points. Indeed, without loss of generality we can assume
n = 1. The Gelfond-Schneider theorem | | states that if @ and 8 are complex num-
bers such that o # 0 and e®, § and e®” are all in Q then 8 € Q. Applying to o = 273,
we see that § € C* is bi-algebraic if and only if it is of the form exp(27if) with 5 € Q,
i.e. « is a torsion point.

Notice that if we had chosen for the uniformization map the usual exponential exp :
C — C* rather than exp(27i-) : C — C* (keeping the same rational structures Q C C
and Q* C C¥), or if we had kept the same uniformization map but chosen the rational
structure Q(1) of C, the only arithmetic bi-algebraic point for C* would have been 1 by
the Hermite-Lindemann theorem | ].

Ezample 4.12. (Abelian varieties with CM)

In the setting of Example 4.4, suppose from now on that A is an Abelian variety over Q.

If we define a Q-bi-algebraic structure on Ac by choosing the standard Q-model Lie(A@)

of Lie(Ac), the unique bi-algebraic point of Ac is the identity (see | , thm.3 p.28]).
When A is a complex Abelian variety of dimension g with CM (hence A is in particular

defined over Q) one can consider a better Q-structure on Lie(Ac): in this case the lattice

of periods T' := Ker m C Lie(A) generates a Q-vector space Vg C Lie(A) of dimension g,

hence defines a Q-structure on Lie(A). In [ | Masser proved:

Theorem 4.13. (MasserLLet A be a complex Abelian variety of dimension g with CM.
Let Vg C Lie(A) be the Q-vector space generated by the lattice of periods I'. Arithmetic

bi-algebraic points for this Q-bi-algebraic structure on A are exactly the torsion points of

A.

Ezample 4.14. (Semi-abelian varieties whose Abelian part has CM) Example 4.11 and
Example 4.12 can be combined to define a Q-bi-algebraic structure on any semi-abelian
variety whose Abelian part has CM. Once more the arithmetic bi-algebraic points are
the torsion points. We leave the details to the reader.

Ezample 4.15. (Shimura varieties)

Let (G, X) be a pure Shimura datum and K C G(A¢) a compact open subgroup. A fun-
damental result of the theory of Shimura varieties is that the complex quasi-projective
variety Shx (G, X) is defined over a number field F(G, X) (called the reflex field) de-
pending only on the Shimura datum (G, X). It follows that any pure connected Shimura
variety S = I'\ X, connected component of Shx (G, X), is defined over an Abelian ex-
tension of E(G, X).
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With the notations of Section 2, the flag variety X is naturally defined over Q as V
is. This defines a Q-bi-algebraic structure on S. The arithmetic bi-algebraic points of
S for this Q-bi-algebraic structure on S are the points of S(Q) whose pre-images lie in
XtnXx (Q). An easy argument given in [ , section 3.4] shows that special points
are always arithmetic bi-algebraic points.

What about the converse? When (G, X) = (GLg, H¥) and S is the modular curve
Y (1) ~ C, Schneider’s theorem | ] states that if 7 € HNQ and x = j(7) € Q then
T is imaginary quadratic i.e. x is a CM-point. Hence the bi-algebraic points are exactly
the special points.

Cohen | ] and Shiga-Wolfart | | generalize this result to A;. A formal
argument generalize their result to Shimura varieties of Abelian type:

Theorem 4.16. (Cohen, Shiga, Wolfart) A point v € Ag(Q) is an arithmetic bi-algebraic
point if and only if it is special.

More generally let (G, X) be a Shimura datum of Abelian type, K C G(Af) a com-
pact open subgroup and S a connected component of Shi (G, X) endowed with the Q-bi-
algebraic structure defined above. A point of S is bi-algebraic if and only if it is special.

Using Example 4.14, both the definition of a natural Q-bi-algebraic structure and
Theorem 4.16 extend to mixed Shimura varieties whose pure part is of Abelian type.

Remark 4.17. Tt is worth underlining that all numerical transcendence results used to
define interesting (Q-bi-algebraic structures are subsumed in the fundamental analytic
subgroup theorem of Wiistholz | ]:

Theorem 4.18. Let G be a commutative algebraic group over Q with Lie algebra g and
exp : gc — G(C) its complex exponential map. Let b C g be a Q-vector subspace of
positive dimension and B := exp(b ®g C).

Then BN G(Q) # 0 if and only if there exists a positive dimensional Q-algebraic
subgroup H C G such that H(C) C B.

4.3. Special structures and bi-algebraic structures.

Definition 4.19. A special structure on a complex algebraic variety S is of bi-algebraic
origin if S admits a bi-algebraic structure such that the special subvarieties of S are its
bi-algebraic subvarieties containing a special point. Such a bi-algebraic structure is said
to underly the special structure.

A special structure on a complex algebraic variety S is said to be of Q-bi-algebraic
origin if it admits an underlying Q-bi-algebraic structure whose arithmetic bi-algebraic
points are the special points.

Thus the special structures we defined on semi-abelian varieties and mixed Shimura
varieties are of bi-algebraic origin. If moreover the Abelian part of the semi-Abelian
variety has CM or the pure part of the mixed Shimura variety is of Abelian type, it follows
from Example 4.14 and Example 4.15 that the special structure is of Q-bi-algebraic
origin.

4.4. The Ax-Lindemann conjecture. In the abstract context of bi-algebraic geom-
etry, the Ax-Lindemann conjecture is the following functional transcendence statement:
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Conjecture 4.20. (abstract Az-Lindemann): Let S be an irreducible algebraic variety
endowed with a bi-algebraic structure. For any irreducible algebraic subvariety Y C S,

——Z
the Zariski-closure w(Y') Yisa bi-algebraic subvariety of S.
Equivalently: for any algebraic subvariety V- C S, any irreducible algebraic subvariety
Y of X contained in 7=1(V) and mazimal for this property is bi-algebraic.

Ezample 4.21. (semi-Abelian varieties) Ax | | showed that the abstract Ax-Lindemann
conjecture is true for any semi-Abelian variety endowed with the bi-algebraic structure
of Example 4.5:

Theorem 4.22. (Ax) Let A be a semi-Abelian variety and w : C™ — A its uniformization.

For any irreducible algebraic subvariety Y C C", the Zariski-closure 7r(Y)ZaLr of m(Y) 1is
the translate of an algebraic subgroup of A.

Remark 4.23. Notice that Ax’s theorem for 7 := (exp(2mi-),...,exp(2mi-)) : C* —
(C*)™ is the functional analog of the classical Lindemann transcendence theorem stating
that if aq,...,«a, are Q-linearly independent algebraic numbers then e, ... e*" are
algebraically independent over Q. This explain our terminology.

Ezample 4.24. (Shimura variety)

Theorem 4.25. (Hyperbolic Az-Lindemann) Let w: X — S be the uniformization map
of a connected mized Shimura variety. We endow S with the bi-algebraic structure of
Ezample 4.6.

———Zar

(i) For any irreducible algebraic subvariety Y C X, the Zariski-closure w(Y) — of
(YY) is weakly special.

(ii) Equivalently, let W be an algebraic subvariety of S. Irreducible algebraic subva-
rieties of X contained in 7~ W and mazimal for this property are precisely the
wrreducible components of the pre-images of mazximal weakly special subvarieties
of S contained in W.

5. O-MINIMAL GEOMETRY AND THE PILA-WILKIE’S THEOREM

5.1. O-minimal structures. For a more detailed treatment of o-minimality we refer

to | I 1 J, [P11] and [Scalf].

Definition 5.1. A structure S is a collection S = (Sp)nen, where Sy, is a set of subsets
of R", called the definable sets of the structure, such that for every n € N:

(1) all algebraic subsets of R™ are in Sy,.

(2) Sy is a boolean subalgebra of the power set of R™.

(3) If A€ S, and B € S, then A x B € Sp1m.

(4) Let p: R" ™ — R™ be a linear projection. If A € S,11 the p(A) € S,,.

A function f: R"™ — R"™ is said to be definable if its graph is.

A dual point of view starts from the functions, namely considers sets definable in a
first-order structure

<]R7 +, %, <, (fl)z€I>
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where I is a set and the f; : R™ — R, ¢ € I, are functions. A subset Z C R" is
definable if it can be defined by a formula

Z:={(x1, - ,xn) €R" [ ¢(21, - ,xp) is true} ,

where ¢ is a first-order formula that can be written using only the quantifiers V and 3
applied to real variables, logical connectors, algebraic expressions written with the f;’s,
< and fixed parameters \; € R. When the set I is empty the definable subsets are the
semi-algebraic sets. Semi-algebraic subsets are thus always definable.

The o-minimal axiom for a structure S guarantees the possibility of doing geometry
using definable sets as basic blocks. In particular it excludes Cantor sets from S:

Definition 5.2. A structure S is said to be o-minimal if the definable subsets of R are
precisely the finite unions of points and intervals (i.e. the semi-algebraic subsets of R).

Ezxample 5.3. The structure R, := (R, +, X, <, sin) is not o-minimal. Indeed the infinite
union of points 7Z = {x € R, sinxz = 0} is a definable subset of R in this structure.

A deep theorem of Wilkie | | states:
Theorem 5.4. The structure Rexp, := (R, +, X, <, exp) is o-minimal.

Definition 5.5. A function f : R™ — R is a restricted analytic function if it is zero
outside [0, 1]" and if there exists a real analytic function g on a neighbourhood of [0, 1]"
such that f and g are equal on [0,1]™.

One defines Ray := (R, +, X, <,{f} for frestricted analytic function).

A theorem of Van den Dries based on Gabrielov’s results | | shows:
Theorem 5.6. The structure Ry, is o-minimal.

In diophantine geometry we will use the structure
Ranexp := (R, +, X, <, exp, { f} for f restricted analytic function)
generated by Ry, and Reyp. The structure generated by two o-minimal structures is not
o-minimal in general, but Van den Dries and Miller [ | prove in this case:

Theorem 5.7. The structure Rap exp 5 0-minimal.

5.2. Pila-Wilkie’s counting theorem. Let H denote the standard multiplicative
height function on Q. Thus if L is a number field, My, its set of places, and x € L then

H(z):= [] max(L|xl) .
vEMT,
We also denote by H its extension to Q" defined by H(x1,--- ,x,) := max; H(x;). Given

a subset Z C R™, a positive integer d and a real number T we define
(5.1) 04(Z,T) :={(z1, -+ ,2n) € Z | max [Q(x;) : Q] < dand H(z1, - ,z,) < T},

and
(5.2) Ny(Z,T) :=104(2,7)| .

Definition 5.8. Let Z C R™. We denote by Z& the union of all positive dimensional
semi-algebraic subsets of R™ contained in Z.
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Theorem 5.9. (Pila- Wilkie | |) Let Z C R™ be a subset definable in an o-minimal
expansion of R (typically: Ranexp). Let d be a positive integer and € a positive real
number. There exists a constant ¢ = ¢(Z,d, ) such that

(5.3) VI >0, NyZ—24T)<c-T° .
In particular if there exists a > 0 and ¢ = d(d, Z) > 0 such that for any T sufficiently
large we have Ng(Z,T) > ¢ - T® then Z¥8 is non-empty.

Example 5.10. Let Z C I? be the intersection of a real analytic curve C' defined in a
neighborhood of I? with I? (where I = [0,1]). Hence Z definable in R,,. Suppose that
there exist a positive integer d, and real numbers a > 0 and ¢ = ¢/(d, Z) > 0 such that
for any T sufficiently large we have Ng(Z,T) > ¢/ - T®. Then the real analytic curve C
is real algebraic.

Theorem 5.9 can be refined in two directions, which are used in the Pila-Zannier
strategy. The first refinement uses the notion of semi-algebraic bloc.

Definition 5.11. A semi-algebraic bloc W in R™ for an o-minimal expansion of R is a
connected definable subset of R™, regular at every point, such that there exists a connected
positive dimensional semi-algebraic set B C R™ containing W and which coincide with W
in the neighbourhood of every point of W. In particular a semi-algebraic bloc is covered
by open semi-algebraic sets.

Ezample 5.12. Let W := {(z,y) € R?,y < exp(z)}. This is a semi-algebraic bloc of Ry,
with B = R2.

Theorem 5.13. Let Z C R™ be a subset definable in an o-minimal expansion of R. Let
d be a positive integer and £ a positive real number. There exists a constant ¢ = ¢(Z,d, )
such that ©4(Z,T) is contained in at most ¢ - T semi-algebraic blocs contained in Z.

The second refinement deals with families.

Definition 5.14. A definable family Z := {Zy}pep of subsets of R,, is a definable subset
of R™ x R™ whose projection on the second factor is B C R™.

In this case every fiber Z, C R™ for b € B is definable.

Theorem 5.15. Let Z := {Zy}pep be a definable family of subsets of R™ in an o-minimal
expansion of R. Let € be a positive real number. There exists a constant ¢ := c(e, Z) and
a definable family Y := {Yy}rep of subsets of R™ such that, for every b € B, one has the

inclusion Y}, C Zglg and
(5.4) Ni(Zp =Yy, T) < c-T° .
Remarks 5.16. (a) The crux of this refinement is the uniformity (the constant ¢ does
not depend of b € B).
(b) The use of the definable family {Y}}yep is needed as the set Z?!8 associated to a

definable set Z is usually not definable. Consider for example [ , Rem. 4.5]
the Rexp-definable subset of R3 defined as

Z = {(z,y,2) € R} ; z =¥}
whose algebraic part Z# is the union of triples (x,%, z) € Z such that y € Q.
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The proof of Theorem 5.9 and its refinements relies on a reparametrization theorem
generalizing a result of Gromov and Yomdin for semi-algebraic sets:

Theorem 5.17. Let r be an integer. Let Z C (0,1)" be a definable set in an o-minimal
expansion of R, of dimension m. There exists a finite set I := I(Z,r), uniformly bounded
when Z varies in o definable family, such that

Z=("¢i((0,1)™)
el
where ¢; = (0,1)™ — (0,1)" is of class C" and |0api| < 1 for any multi-index o of length
laf <.

6. O-MINIMALITY AND SHIMURA VARIETIES

We will not pursue here how to use o-minimality in the general context of special
structures of bi-algebraic origin. From now on we restrict ourselves to the context of
(mixed) Shimura varieties.

6.1. Definability of 7 restricted to a fundamental set. Let 7 : Xt — S =
'\ X" be the uniformization of a connected mixed Shimura variety S. The realization
Xt C X defines X* as a real semi-algebraic subset of X. Of course the map 7 cannot
be definable in any o-minimal structure as it is periodic under the infinite group I'. We
remove this difficulty by restricting 7 to a fundamental set of X+ for the action of I':

Definition 6.1. A fundamental set for the action of I' on X is a connected open subset
F of Xt such that TF = X+ and such that the set {y € T |[yFNF # 0} is finite.

An essential step for using o-minimal geometry in the context of Shimura varieties is
the following result:

Theorem 6.2. There exists a semi-algebraic fundamental set F for the action of T’
on Xt such that the restriction mF: F — S is definable in the o-minimal structure

Ran,exp .

The special case of Theorem 6.2 when S is pure and compact is easy, see | ,
Prop.4.2]. In this case, the map mF is even definable in R,,. Theorem 6.2 in the
case where X = H, is the Siegel upper half plane of genus g was proven by Peterzil and
Starchenko (see | | and | ]): in this case they use an explicit description
for m in terms of #-functions and delicate computations with these. Notice moreover
that this particular case implies Theorem 6.2 for any special subvariety S of A, (see
Proposition 2.5 of [U14]). On the other hand Peterzil and Starchenko’s method does
not generalize to general arithmetic varieties, where an explicit description of 7 is not
available. The paper | | provides a completely geometric proof of Theorem 6.2
for any pure Shimura variety using the general theory of toroidal compactifications of
arithmetic varieties (cf. [ ). Gao generalizes this result to mixed Shimura
varieties in | ]

Let us give the proof of Theorem 6.2 in the baby-case of S = Y (1) and 7 = j :
H — Y(1) =SL(2,Z)\H ~ C. In this case we consider for F the usual semi-algebraic
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fundamental set:

1 1 3
(6.1) F={z=x+iy e H, —2<x<2andy>\2f}.

Let us consider the diagram of holomorphic maps:
2miz
FCH" XS AL 5=C,

where A* := {z € C*, |z| < exp(—7v/3)}. We claim that this composite is definable in
Ran exp- It follows from the following observations:

- exp(2miz) = exp(—2nlm(z)) - exp(2miRe(z)). The first factor is definable in Reyp.
On the other hand Re(z) is bounded on F, hence the second factor restricted to F is
definable in R,,,.

- The function g : A* — C extends to A — P'C hence is definable in Ryy,.

For a general pure connected Shimura variety S associated with a Shimura datum
(G, X), the fundamental set F is a semi-algebraic Siegel set, whose construction we recall
now (see [ | for a general reference). Without loss of generality we can assume that
G is semi-simple of adjoint type. Let P be a minimal Q-parabolic subgroup of G and
Ko C G(R) a maximal compact subgroup such that K., NP(R) is a maximal compact
subgroup of P(R). Let U be the unipotent radical of P and let A be a maximal split
torus of P. We denote by S a maximal split torus of GL(V') containing p(A), by M the
maximal anisotropic subgroup of the connected centralizer Z(A)? of A in P and by A
the set of positive simple roots of G with respect to A and P. We denote by A C S(R)
the real torus A(R). For any real number ¢ > 0 we let

Ap:={a€ Ala”>tfor any o € A} .
A Siegel set for G(R) for the data (K, P, A) is a product:
o= Q- Ay - Koo C G(R)

where ) is a compact neighborhood of e in M°(R) - U(R).
The image
2157(2 ZZS)'J4,5'.$()C)(+
of ¥} o in X+ (where g is the point of X = G(R)/K fixed under K) is called a
Siegel set in X .

Theorem 6.3. There exist a semi-algebraic 2, a real number t and a finite subset J of
G(Q) such that F := J - %4, o is a fundamental set for the action of T' on X satisfying
Theorem 6.2.

6.2. Heights of special points. In Example 4.15 we define an Q-bi-algebraic struc-
ture on any Shimura variety S whose pure part is of Abelian type: special points are
exactly the arithmetic bi-algebraic points. A crucial ingredient for applying the Pila-
Wilkie’s Theorem 5.9 in this context consists in showing that for any special point x € .5,
the fiber 771(x) consists of algebraic points of X+ defined over extensions of uniformly
bounded degree over Q; moreover one controls the height of points of 7=!(z) N F. For
simplicity let us state the result for S = A, (the first part is classical, the second is due
to Pila and Tsimerman):
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Theorem 6.4. (1) The uniformization m : Hy — Ay = Sp(2g,Z)\H, can be nor-
malized in such a way that the coordinates of the inverse images by m of CM-
points of Ay lie in algebraic extensions of uniformly bounded degree.

(2) One can choose the fundamental set F in Theorem 6.2 for the action of Sp(2g,Z)
on Hy, and positive real numbers oo = a(g) and ¢ = c(g) such that if x € Ay is
a CM-point parametrizing the Abelian variety A, and if & € F N7 (z) then

H(#) <c-d}

— —n2
where H denotes the canonical height on My(Q)NH, C Q" and d, is the absolute
value of the discriminant of the center of the ring of endomorphisms of A,.

Let us write explicitly the case of Y(1). Let 7 € F where F denotes the fundamental
set defined in Equation (6.1). If the elliptic curve E; = C/(Z @& Z7) has complex
multiplication then 7 satisfies a reduced equation aX? + bX + ¢ = 0 for integers a,
b and ¢ such that |b] < a < ¢. In particular the coordinates of

b Vdac—b?

2a 2a
lie in extensions of degree at most 2 of Q. Moreover End (E;) = Z[r]| and the absolute
value d, of the discriminant of End (E;) is 4ac—b?. With our conventions on the height:

H(r) = maX(H(%), 1&1(”46‘20@”2

T =

))-

On the one hand H() = max(|b|,2a|) = 2|a|] < d-. On the other hand 7““%3_1’2 is a

root of the integral polynomial 4a®>X? — d, hence:

Vdac — b?
2a

where the last inequality follows by noticing that

H( ) < max(4a®,d;) < —d, ,

ol i

3a° < 4ac —b? = d-

in view of the inequalities satisfied by (a, b, ¢).
Finally we obtain H(7) < %dT.

7. STRATEGY OF THE PROOF OF THE ANDRE-OORT CONJECTURE FOR A,

For z € A, we denote by A, the principally polarized Abelian variety parametrized by
z and d, the absolute value of the discriminant of the center of the ring of endomorphisms
of A,. We denote by 7 : H, — Sp(2¢,Z)\Hy = A, the uniformization map.

There are two main steps in the proof of Theorem 1.4:

Theorem 7.1. Let W C A, be an algebraic subvariety. There exists a constant C' =
C(g, W) with the following property. Let x be a special point of A, contained in W. If
d, > C then there exists a positive dimensional special subvariety Z, of A, contained in
W and containing x.
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As there exist only finitely many special points x with d, smaller than a given con-
stant, Theorem 7.1 implies that there are only finitely many special subvarieties of A,
contained in W and maximal for these properties which are points. Notice that this
proves Theorem 1.4 if W is a curve.

The second step is proven in [[14]:

Theorem 7.2. Let W be a Hodge generic subvariety of a pure connected Shimura*

variety S. We assume that if S = S1 X Sy is a product of connected Shimura varieties
then W is not of the form W = Sy x Wy for a special subvariety W' of Ss.

Then the set of weakly special positive dimensional subvarieties contained in W is not
Zariski-dense in W. In particular the set of positive dimensional special subvarieties
contained in W is not Zariski dense in W.

7.1. Proof of Theorem 7.1. The main ingredient in the proof of Theorem 7.1 is the
following result, due to Tsimerman [I'si] and based on the results of Andreatta-Goren-
Howard-Madapusi Pera [ | and Yuan-Zhang [ ] on the Colmez conjecture:

Theorem 7.3. There exist positive constants ¢c1 = c¢1(g) and (B such that for any special
point x of Ag one has:

(7.1) Gal(Q/Q) - z| = [Q(z) : Q] > c1d.

We will detail Theorem 7.3 in Section 9.4. For now let us show how Theorem 7.3 and
o-minimal technics imply Theorem 7.1.

Let W C A, be an algebraic subvariety defined over Q. Replacing W by the union
of its conjugate under Gal(Q)/Q) we can assume without loss of generality that W is
defined over Q.

Let 7 C Hy be a semi-algebraic fundamental set for the action of Sp(2g,Z) on Hy,

such that mz : F — Ag is definable in Rapnexp (see Theorem 6.2). Hence the set
WA/]/: =7 L(W) N F is definable in Ruy exp-
Let € V be a special point. Notice that for any o € Gal(Q/Q), dy., = d,. It follows

from Theorem 6.4 that any point y in 7~(Gal(Q/Q) - x) "Wz is defined in an extension
of Q of uniformly bounded degree and satisfies

(7.2) H(y) <c-dy .
It follows from Pila-Wilkie Theorem 5.9 and the inequalities (7.1) and (7.2) that if d,

is sufficiently large, there exists a semi-algebraic subset Y C Wr of positive dimension,
containing one point y in 7~ (Gal(Q/Q) ). Let Z be an irreducible algebraic subvariety
of H, contained in 7= (W), containing y, and maximal for these properties. Hence Z
is positive dimensional. Moreover it follows from the Ax-Lindemann Theorem 4.25 that
m(Z) is a special subvariety of A, contained in V" and containing a Galois conjugate o - x
of x. As V is defined over Q the positive dimensional special subvariety o~1(7(Z)) of
Ay is contained in V' and contains .

O

7.2. Proof of Theorem 7.2. We follow [U16]. Let £(W) be the set of weakly special
subvarieties contained in W. For a positive integer r we denote by &.(W) the subset
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of E(W) consisting of weakly special subvarieties of real dimension r. Let d be the
maximum r such that &.(W) is non-empty.

It follows from the description of weakly special subvarieties that there exists a semi-
simple group H of Gg and zp € F such that 7(H(R)) - zp is a weakly special subvariety
of W of dimension d. Without loss of generality we can assume that H has no compact
simple real factor.

Let us define

Bu = {(t,2) € G(R) x F, w(tHR)™t ™ 2)cV}.
It follows from analytic continuation that By can also be described as:
Bu :={(t,2) € GR) x F, mz(tHR)*t""-2)cV}.

As mz is definable in Rap exp (see Theorem 6.2) it follows that By is a definable subset
of G(R) x F.

Lemma 7.4. Let (t,z) € Bg. Then n(tH(R)*t~! . 2) is a weakly special subvariety of
Ww.

Proof. Let (t,z) € Bm. It follows from the definition of By that tH(R)™¢t™! . 2 is a
semi-algebraic subset of X+ whose projection 7(tH(R)*¢~! . 2) is contained in W. On
the other hand the real dimension of tH(R)T¢~!. 2 is at least the dimension of H(R)™ - 2,
with equality if and only if Stabggr) N tH(R)T¢t~! is a maximal compact subgroup of
tH(R) Tt 1.

Let Y be an irreducible algebraic subvariety of X T, containing tH(R)*¢~! - 2, such
that 7(Y') C W, and maximal for these properties. By the Ax-Lindemann Theorem 4.25,
m(Y') is weakly special. It follows from the definition of d that:

dim(7(Y)) < d = dim(H(R)" - z9) < dim(tH(R)"t 7! - 2) < dim(7(Y)) .
Hence 7(Y) = 7(tH(R)"¢t~! - 2), hence 7(tH(R)"t~1 - 2) is weakly special. O

Lemma 7.5. The set C(H,W) of conjugacy classes tH(R)Tt~!, t € G(R), for which
there exists z € F satisfying m(TH(R)*t~1 . 2) ¢ W, is finite.

Proof. Consider the map ¢ : By — G(R)/Ng®)(H(R)*") deduced from the projection
on the first factor. Hence C(H, W) is in bijection with ¢)(Bx). As By is definable and
is algebraic, the image v(By) is definable. Moreover if (t, z) € By then 7(tH(R)"¢t71.2)
is weakly special by Lemma 7.4. From the description of weakly special subvarieties
there exists a Q-algebraic subgroup H; g C G such that tHpt™! = Hi:. As the set
of Q-algebraic subgroup of G is countable, it follows that C'(H, B) is countable. Any
countable set definable in some o-minimal structure is finite hence C'(H, W) is finite. O

Lemma 7.6. Under the hypotheses of Theorem 7.2 the union UVesd(W) V' of the weakly
special subvarieties contained in W of mazximal dimension d is not Zariski-dense in W.

Proof. As Gy has only finitely many conjugacy classes of semi-simple subgroups, there
exists only finitely many (up to G(R)-conjugacy) subgroups Hr of Ggr for which there
exists zg € F with 7(H(R)™" - z9) € £4(W) and such that Hg = HJC.

For such an Hp, there exists a semi-simple subgroup Hg C G satisfying (Hg)g® = Hg
and the number of such Hg is finite by Lemma 7.5.
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Let Hg be such a subgroup.

If Hg is a factor of G then S decomposes as S1 x S2. Any weakly special subvarieties
of the form 7(Hg)" - 2z) with 2 € F is of the form S; x {z2} for some 29 € Sy. The
Zariski-closure of the union of weakly special subvarieties V of the form 7(Hg)" - 2) is
S1 x W', where W’ denotes the Zariski-closure of the set of 25 for which Sy x {2} C W.
As W is not of the form S7 x W', this union is not Zariski-dense in W.

If Hg is not normal in G, one shows the following:

Proposition 7.7. Suppose Hg is not normal in G. Then the union of weakly special
subvarieties of the form w(Hg)" - 2) is contained in a finite union \J,<,.,. Vi of strict
special subvarieties V; of S.

As W is Hodge generic, the intersection W N J; -, Vi is not Zariski-dense in W.
This finishes the proof of Lemma 7.6. - ([

One concludes the proof of Theorem 7.2 by induction on the dimension of the weakly
special subvarieties of S contained in W. Let us indicate the argument.

Let di < d be the maximal dimension of a weakly special subvariety of W not con-
tained in £4(WW). There exist a semi-simple subgroup H; = H}¢ of Gg and 23 € F
such that 7(H;(R)" - 21) € W is of dimension d; and is not in E(W). Up to G(R)-
conjugacy there are only finitely any possibilities fo Hy;. The proof of Lemma 7.4
shows that if (z,t) € By, and if 7(tH;(R)T¢t~! - 2) is not contained in &;(W) then
7(tHy(R)*t~ 1. 2) is weakly special contained in W. The proof of Lemma 7.5 shows that
the set C(Hy, W, E4(W)) of conjugacy classes tHy(R)*t~1, ¢t € G(R), such that there
exists z € F with 7(tHy(R)"¢71 . 2) € W and 7(tHy(R)"¢t~! - 2) does not belong to
Ei(W), is finite. As in the proof of Lemma 7.6 one concludes that the set of weakly
special subvarieties of W of dimension at leat dy is not Zariski-dense in W.

By decreasing induction on r one concludes |, Uye g, (wy V' is not Zariski-dense in
w.

]

8. THE HYPERBOLIC AX-LINDEMANN CONJECTURE

In this section we give indications on the proof of the hyperbolic Ax-Lindemann The-
orem 4.25.

8.1. Equivalence of (i) and (ii). Let us first show that the two statements (i) and
(7i) of Theorem 4.25 are indeed equivalent.

We first assume (i7). Let Y be an irreducible algebraic subvariety of X*. Let W
be the Zariski-closure of 7(Y). Let Z be an irreducible algebraic subvariety of 7=(W)
containing Y, and maximal for these properties. By hypothesis, 7(Z) is weakly special,
in particular 7(Z) is irreducible algebraic. As 7(Y) C w(Z) C W, it follows that
m(Z) =W, hence W is weakly special.

Conversely let us assume (7). Let W be an algebraic subvariety of S and Y an
irreducible algebraic subvariety of 7~!(W), maximal for these properties. By hypothesis
the Zariski-closure W' of m(Y") is weakly special. As W’ C W, there exists an analytic
irreducible component Y’ of 7=!(W’) containing Y. As W’ is weakly special, Y’ is
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irreducible algebraic. By maximality of Y, one obtains ¥ = Y’ and #n(Y) = W’ is
weakly special.

8.2. Stabilizers of maximal algebraic subvarieties of 7—}(W). We work with
(ii). Let W C S be an irreducible algebraic subvariety and Y C 7~ 'W an irreducible
algebraic subvariety of X, maximal for these properties. We want to show that 7(Y")
is weakly special. The main intermediate step is the following;:

Proposition 8.1. There exists a connected Q-algebraic subgroup Hy of G, of positive
dimension, such that Hy (R)* C Stabgg)+(Y).

Let us show how to deduce Theorem 4.25 from Proposition 8.1. The arguments are
close to the ones used in the proof of Theorem 4.7.

Let Hy be the largest connected Q-algebraic subgroup of G such that Hy (R)T C
Stab(;(R)+(Y). By Proposition 8.1 the group Hy is positive dimensional.

Let W' C S be the Zariski-closure of 7(Y"). Replacing W by W’ we can assume that
m(Y') is Zariski-dense in W. One also can assume that W is Hodge generic, replacing S
by the smallest special subvariety of S containing W. In this situation it follows that
m(Y') is also Hodge-generic in the sense that 7(Y) is not contained in any strict special
subvariety S” of S. Otherwise 7(Y) C S’NW C W contradicting the Zariski-density of
m(Y) in W.

Lemma 8.2. Let W be an irreducible component of m= (W) containing Y. Then Hy (Q)
stabilizes W.

Proof. Let h € Hy(Q). As Y C W N AW is irreducible algebraic there exists an ir-
reducible component Z of W N hW containing Y. Notice that m(Z) is an irreducible
component of W N1y, (W) containing 7(Y'). As 7(Y') is Zariski-dense in W it follows
that 7(Z) = W. Hence W = hIV. O

Without loss of generality we can assume that G is semi-simple of adjoint type. Indeed
consider the morphism of Shimura data v : (G, X) — (G2, X2d), Let K*! ¢ G3(Ay)
be a compact open subgroup containing the image of K. We thus have a morphism of
Shimura varieties ¢ : Shy (G, X) — Shyaa(G?, K1) and the conjectures for W and
(W) are equivalent.

For simplicity let us first assume that G is Q-simple.

We choose a Hodge-generic point z € W™ and a point 2 € W above z. Let p :
m (W 2) — T' € GL(V7z) be the associated monodromy representation with image
Dy = p(m (W™, 2)) € T. By Galois theory I'yy is the subgroup of I stabilizing W. In
particular the group 'y contains

Hy(Z) == Hy (Q) NT' = Hy (Q) N G(Z).

Deligne’s Theorem 4.8 then states that the Zariski-closure Ty of 'y is normal in G.
As we assumed that G is simple, it follows that I'yy = G.

Lemma 8.3. The group I'yy normalizes Hy .
Proof. Let v € T'yy. Thus vHy~y - W = W. Hence
Y :i=vHy~y ' Y CW .
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But Y’ is semi-algebraic and contains Y. In this situation Y is contained in an irreducible
algebraic subvariety of Xt contained in W and maximal for these properties. By our
maximality assumption on Y it follows that Y = Y’. Hence vyHy~y ! fixes Y and it
follows that yHy~y~! = Hy. ([

We finish the proof of Theorem 4.25 in this case by noticing that the normaliser of
Hy is algebraic and contains I'yy-. Hence it contains 'y = G. As we supposed that G
is simple if follows that G = Hy. Hence G stabilizes W and Y. Finally Y = W = X
and 7(Y) =W = 6.

In general the adjoint group G is a product of simple factors. One obtains a decom-
position (G, X) = (G1, X1) X (Ge, X2) with G the Zariski-closure of the monodromy
I'yy. The same kind of arguments as in the simple case then show that

T(Y) =W =n(X{ x {x2})

for some point x5 € X5.
Oa

8.3. O-minimal arguments and hyperbolic geometry. To prove Proposition 8.1
we introduce the set

O(Y) := {g € GR) : dim(gY N7 'V N F) =dim(Y)} ,

where F is a fundamental set for the action of I' on Xt as in Theorem 6.2.
Theorem 6.2 implies that ©(Y") is definable in Ray exp. This relies on the fact that the
dimension function is a well-defined definable function in any o-minimal theory | ].
The inclusion g-Y C 7~ }(W) holds for any g € ©(Y). This follows from the inclusion
g-Y NFCn (W) and analytic continuation.

Lemma 8.4.

OY)NT={yel, A 'FNY £0} .
Moreover for any v € ©(Y) NT the translate v - Y is irreducible algebraic in 7= (W),
mazimal for these properties.

Proof. The T'-invariance of 7~1(V') implies:
OY)NT ={yel, dim(Y Nz 'VNF)=dim(Y)}
{yerl, dim(Y Ny 'F)=dim(Y)} .

As F is open in X the conditions dim(Y Ny~1F) = dim(Y) and v 2 FNY # 0 are the
same. The first part of the lemma follows. The second part follows from the inclusion
v-Y C 7 1(V) obtained by analytic continuation as above and the maximality of Y’
among the irreducible algebraic subvarieties of X+ contained in 7= (W). (]

The heart of the proof of Proposition 8.1 is the following statement. Let H be the

height function H on G(Q) deduced from the canonical height function on End (Vo) =

7n2
Q" and the embedding G(Q) C GL(Vg) C End (V). For every positive real number
T we define

Ny(T)i= {y €T, YNy 'F £0, Hiy)<T} .
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Theorem 8.5. There exists a positive real number a such that for T large enough
Ny (T)>T" .

Indications on the proof of Theorem 8.5 will be given in the next section. For now let
us show how it implies Proposition 8.1.

First notice that if B is a semi-algebraic bloc of ©(Y) containing an element v €
O(Y)NT then

B C v-Stabg(Y) .

Indeed if U, is an open semi-algebraic subset of B containing v then U, - Y is semi-
algebraic contained in 7~ (W) and contains the maximal algebraic Y of 771(Y). Hence
U, Y =Y. For b € B one can construct a connected semi-algebraic set U(v,b) of B
containing v and b. The same argument shows that

v Y=b-Y=B-Y .

Applying the bloc version Theorem 5.13 of Pila-Wilkie’s counting theorem, we obtain
positive real numbers by and by such that for 7" sufficiently large, there exists a bloc B
in ©(Y) such that

{ye BNT,H(y) <T™} >T" .

If we fix 79 € BN the previous discussion shows that the subset v, *-(BNT) C Stabg(Y)
contains at least 7% elements. It follows that Stabg(Y) N T is infinite. Hence the
algebraic subgroup of G generated by Stabg (Y )NT is positive dimensional. This finishes
the proof that Theorem 8.5 implies Proposition 8.1.

O

8.4. An algebraic curve of X meets many fundamental domains. Theo-
rem 8.5, which is the technical heart of the proof of Theorem 4.25, is a statement in
hyperbolic geometry. We have to show that an irreducible algebraic subvariety Y of X T
cuts “many” I'-translates of F. Hence we can assume that Y is the intersection C of an
irreducible algebraic curve C' of X with X .

The following comparison between the norm and the distance on X on the one hand,
the norm and the height on the other hand is a nice exercice on locally symmetric spaces:

Lemma 8.6. (i) For any g € G(R) the following inequality holds:
(8.1) log [|gllec < d(g - 0, 20) -

(ii) There exists a positive number B and a positive integer N such that:
(82) VyeG(Z), YuerF,  H@)<B-|uli, .

We also have at our disposal a lower bound for the volume of complex-analytic sub-
variety of X due to Hwang and To | |. Let us denote by Vole the area on C
for the restriction of the metric gx to C. For a positive real number R we denote by
B(zg, R) the geodesic ball of X of center zy and radius R.

Theorem 8.7. Let C be a complex analytic curve in X+. For any point xo € C there
exist positive constants a,b such that for any positive real number R one has :

(8.3) Vol (C N B(zp, R)) > aexp(b- R) .
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The key lemma for the proof of Theorem 8.5 is then the following upper-bound for the
volume of an algebraic curve (the proof uses the geometry of toroidal compactifications):

Lemma 8.8. There ewists a constant A > 0 such that for any algebraic curve C C X
of degree d we have the bound

(8.4) Volo(CNF)<A-d .

With all these ingredients we show Theorem 8.5 as follows. Let T' be a positive real
number. Let us define

C(T) :={u e Cand ||Jul|oc <T}

(8.5) = |J {uerFnCand|uw < T}
~yel'
Y FNCH#D
It follows from the (8.2) that
(8.6) cryc |y A{uerFnoy.
~el, v FNC#D
H(y)<B-TY

Taking volumes:

(8.7) Volo(C(T) < Y Volg(Fny'o)
~el, yFNC#D
H(y)<BTN

hence

(8.8) Vole(C(T) < Y Volg(Fny'C) .
~el, yFNC#D
H(y)<B-TN

Notice that all the curves v~ 1C, v € G(Z), have the same degree as algebraic curves.
Hence it follows from (8.4) that

(8.9) Vola(C(T)) < (A-d) - No(B-TV) .
Observe that Part (i) of Lemma 8.6 implies that C' N B(xo,logT) C C(T'). Thus:

(8.10) Volc(C N B(zg,logT)) C VolcC(T) .
Using inequality (8.9) and Theorem 8.7 it follows that
aT® < A-d-No(B-TV) .
This finishes the proof of Theorem 8.5.

9. LOWER BOUNDS FOR GALOIS ORBITS OF CM-POINTS

9.1. Class groups for tori and reciprocity morphisms.
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9.1.1. Class groups for tori. Let M be an algebraic torus over Q. We denote by K7y}
the unique maximal compact subgroup of M (Ay¢).

Definition 9.1. The absolute class group of M 1is the finite group
ha := M(Q)\M(A¢)/Kpg -

If Kpp € M(A¢) is an arbitrary compact open subgroup we define the associated
relative class group as the finite group

ha, k= M(Q)\M(Af)/ KM

so that hy = hM’Kl\W/i'
Notice that if F' is a number field and Ry := Res F/@Gm, r then hg, is equal to the
classical class group hr of the ring of integers Of of F.

9.1.2. Reciprocity morphisms. The notations are those of Section 2. Let z = [z,1]
be a CM-point of S. The Mumford-Tate group MT, is a Q-torus T and (T, {z}) is a
Shimura sub-datum of (G, X). Let Kt := K NT(A¢). Then

Shyer (T, {z}) = T(Q\ ({z} x T(As)/Kr) C Shg(G, X)

is a zero-dimensional subvariety, of cardinality hr k.., defined over the reflex field E :=
E(T,{z}) of (T, {x}).
The theory of Complex Multiplication gives a surjective morphism, called the reci-
procity morphism
r:=r(T,{z}):Rg — T .

9.2. Faltings height. Let K be a number field and Ax an Abelian variety over K of
dimension g. Let p : A — Spec(Ok) be its Néron model and € : Spec(Og) — A its
unit section. We denote by wa , := e*Q‘Z/SpeCOK.
Every field embedding ¢ : K — C defines a Hermitian metric on

WAk, = H(A:(C), Q% )

given on any section a € H%(A4,(C), Q% ) by

A5 (C)
1
l|o|lo == (27T)ga/\a .
We denote wa . the element (wa ., || |ls) € ].SI\C(OK)

The Faltings height of A is defined as
hp(A) := dega, (Way) -

If A has semi-stable reduction over K the Faltings height hr(A) does not change under
base change to a finite extension of K. If A has good reduction over K there exists a
finite extension L of K such that wa, ~ Or. Choosing a Neron differential w € wa,,

one then obtains
1
hp(A) = — log ||lwl|s -
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9.3. Lower bounds for Galois orbits. In 2001, motivated by applications to the
André-Oort conjecture, Edixhoven formulated a conjecture that Galois orbits of CM
abelian varieties of fixed dimension should grow as a uniform power of the discriminant
of the center of the Endomorphism ring of the abelian varieties in question. He stated
his conjecture precisely as Problem 14 in | ]. In private communications with the
third author in 2000, Edixhoven expressed the view that his conjecture should follow
easily from the Colmez conjecture on Faltings height of CM abelian varieties. Reference
to Colmez’ paper appears explicitly in the statement of his Problem 14 of | l. It
appears that before Tsimerman’s announcement, the required inequality relating Faltings
height to the discriminant of the centre of the Endomorphism algebra has been known
to experts on transcendence theory and diophantine approximation. In his 2005 thesis
Eric Villani (see [V]) explicitly works out the required inequality for abelian varieties
corresponding to special points of Hilbert modular varieties as a subproduct of his main
result - see ‘Remarque’ on page 18 of [V]. In | |, the authors develop all the necessary
tools for the deduction and in [R], Proposition 2.10, Gaél Rémond explicitly states the
deduction of the required inequality from the results of | ]. Until the announcements
of proofs of the Colmez conjecture on average in 2014 (see | | and | 1), there
was very little progress on Colmez conjecture. Upon the announcement, Tsimerman
immediately presented an argument for the deduction of lower bounds of Galois orbits
from it, which, as explained above, has been essentially well-known to the experts. In
this section we give the argument as presented by Tsimerman.

The Faltings height can be interpreted as a height on the set A, (Q) of algebraic points
of A,. If z € A,(Q) parameterizes the Abelian variety A, one define hp(z) = hp(Asz).
This function satisfies the Northcott property: given d and T positive real integers the
set

Nar(Ag) = {z € A4(Q),[Q(z) : Q] < dand hp(z) < T}

is finite. If the Falting’s height hr were uniformly bounded on CM-point of A, we
would directly obtain that the fields of definition of these points have a degree tending
to infinity. This type of argument is used in the proof of the Manin-Mumford conjecture
to obtain a lower bound or Galois-orbits of torsion points of an Abelian variety, as these
are the points of canonical height zero. For A, it is not true that the Faltings height
is uniformly bounded but a direct consequence of the Colmez conjecture on average,
(which we describe in the next section) is the following:

Theorem 9.2. Let g be a positive integer and € a positive real number. There exists a
positive real number ¢; = c1(g,€) with the following property. Let E be a CM-field of
degree 2g with discriminant dg. Let A be a g-dimensional Abelian variety with complex
multiplication by the ring of integers O of E. Then

hF(A) S Cl‘dEF .

The main result of Tsimerman in [1'si] is the following corollary for the size of Galois
orbits of CM-points in A,:

Theorem 9.3. (Tsimerman) Let g be a positive integer. There exist positive real num-
bers a = a(g) and co = ca(g) with the following property. Let E be a CM-field of degree
2g with discriminant dp. Let x € Ay(Q) be a CM-point parameterizing an Abelian
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variety with complex multiplication by Op. Then
[Q(z) : Q] > ¢ - |dp|* .

The proof of Theorem 9.3 relies on a deep theorem of Masser and Wiistholz | ]
(which is also the crux of an alternative proof of Mordell’s conjecture):

Theorem 9.4. (Masser-Wiistholz) Let g be a positive integer. There exist positive real
numbers B = ((g) and c3 = c3(g) with the following property. Let A and B be two Abelian
varieties defined over a number field k. We suppose that A and B are Q-isogenous. Then
there exists a Q-isogeny from A to B of degree N with

N < comax(hp(A),[k: Q)" .

Tsimerman’s argument is the following. Let 3 be the locus in .4, of Abelian varieties
with complex multiplication by Og and fixed CM-type ®. For all z,y € ¥ the Abelian
varieties A, and A, are Q-isogenous. On the other hand the cardinal of ¥ is the cardinal
of the class group of Op. As E is CM the class formula gives || > d}, for an absolute
constant v > 0 for dg sufficiently large.

Let us fix xg € 3. Let N be a positive integer. There exists § > 0 such that the
number of Q-isogenies with source A, of degree at most N is bounded above by N? for
N sufficiently large. Let n be a positive real number such that n < %. Taking N = d,
and dg large enough it follows that there exists z € ¥ such that the minimal degree
dmin(Azy, Az) of a Q-isogeny from A, to A, satisfies

uin (A, Az) > d

By the Masser-Wiistholz Theorem 9.4 and the upper-bound on the Faltings height given
by Theorem 9.2 it follows that:

d}, < csmax(hp(Ag,), [k : Q]’B) < cgmax(c1dy, k : Q]ﬁ) .

If we choose € < n and dg sufficiently large one obtains

[kr:@]zdé
O

9.4. Colmez conjecture. The reference for this section is [ ]. Let A be a simple
Abelian variety over C, with complex multiplication and of dimension g. The field
E := End(A) ® Q is CM with [E : Q] = 2¢9. We suppose moreover that End A = Op.
Let ® C Hom(E, C) be the CM type of A. Hence

Lie(A) = @D Lie(A), ,
oed
where Lie(A), is the subspace of Lie(A) on which E acts through o.

Let K be a number field on which A is defined and has good reduction. Colmez
shows that the height hp(A) depends on (E,®) only and conjectures a closed formula
for hp(A). We will write hp(A) = hp(®P) in the sequel.

Let F be a field extension of Q. We denote by Gr the Galois group Gal(Q/F) and
by ¢ € Gg the complex conjugation. Let C(Gg,C) be the complex vector space of
locally constant complex functions on Gg and C’O(QQ,(C) its subspace of central ones.
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Let QM ¢ Q be the extension of Q generated by CM-fields. This is a Galois extension
of Q. We denote by CM°(Gg, C) C C%(Gg, C) the subspace of functions f such that f(o)
depends only on the Ggem-conjugacy class of o and such that f(o)+ f(co) is independent
of 0.

We define a Hermitian scalar product <,> on C(Gg, C) by:

1 -
V01,0, € C(Gg,C), <©01,0 >= ———— > ©1(g)O2(g) ,
Go/GF|
9€Gq/GF

where F' is any finite extension of QQ such that ©; and ©3 depend only on conjugacy
classes modulo Gp.

The set Art of Artin characters (i.e. characters of continuous finite dimensional com-
plex representations of Gg) is an orthonormal basis of C°(Gg, C). Given any Artin char-
acter y, we denote by L(x, s) its L-function. One also checks that the set of Artin char-
acters whose L-function does not vanish at 0 form an orthonormal basis of CM?(Gg, C).

For © € C(Gg, C) we denote by 0 its orthonormal projection

e’ = Z <O,x>x
XEATt
on C%(Gg, C).

We also denote by Z(x,s) the logarithmic derivative L'(x,s)/L(x,s) and by part(x)
the logarithm log f, of the Artin conductor f, of x. These functions admit local decom-
positions

pAR = > PArplogp

p premier }

VRe(s) >1, Z(x,s)=— Z Zy(x,s)logp .
p premier
For any prime p, the local factor Z,(x,s) lies in Q(p~*). The function Z(x,s) admits
an holomorphic extension to C and a functional equation.
Given a CM-type (E, ®) we define the function Ay € C(Gg,C) by

_ [2Ng?|
As(g) = TE-qQ

and denote by A} its projection on C%(Gg,C). One checks that A3 € CM%(Gg, C).
Colmez conjecture is the following:

Conjecture 9.5. Let A be a complex Abelian variety of CM-type (E,®). Then:

o) = 2043) — Jan(A3) = = 3 < Anx> (o 4 Juanl0)
XEATt ’

Let F' be the totally real subfield of F, g its discriminant and dg,r := Ng,pdg the
relative discriminant of E over F. Let xg/p be the associated quadratic character of
F. As noticed by Colmez, Conjecture 9.5 simplifies if we average on the 29 possible
CM-types of E. It is this result which is proved by completely different method by
Andreatta-Goren-Howard-Madapusi Pera [ ] and Yuan-Zhang | | and which
implies Theorem 9.2:
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Theorem 9.6. (Colmez conjecture on average)

1 1L (xg/r,0
o hip(®) = M

1
—— — —logl|dg/rdr| .
= 2 L(xg/r,0) 4 4z pdr]

10. FURTHER DEVELOPMENTS: THE ANDRE-PINK CONJECTURE.

In this section we briefly present a conjecture which is a special case of the Zilber-
Pink conjecture and which is in some sense a more natural analog of the Manin-Mumord
conjecture in the context of (mixed) Shimura varieties. This conjecture is now usually
referred to as the André-Pink conjecture and was stated explicitly by Pink in [ ].
Pink also obtained a result on this conjecture under certain quite strong assumptions. We
will not touch upon Pink’s work in this paper and refer to Pink’s (excellent) exposition
in | ]. The general statement of the André-Pink conjecture is as follows (] ],
Problem 3 and | ], Conjecture 1.6):

Conjecture 10.1 (André-Pink). Let S be a mized Shimura variety over C and A C S
be the generalised Hecke orbit of a point s of S. Let Z be a subvariety of S such that
Z NN is Zariski dense in Z. Then Z is a weakly special subvariety.

The André-Pink conjecture is still open in general. However Martin Orr (see | )]
has obtained a fairly general result, using the techniques explained in this text. The
primary aim of this section is to explain Orr’s result and give an idea of its proof.

Instead of looking at the Zariski closure of a set of special points, one looks at the
Zariski closure of a subset of a (generalised) Hecke orbit in a (mixed) Shimura variety.
The expectation is that components of this Zariski closure are weakly special. In the
case of Ay the conjecture becomes the following.

Conjecture 10.2. Let A be the isogeny class of a point s € Ay(C). Let Z be an
irreducible closed subvariety of Ag such that Z N A is Zariski dense in Z. Then Z is a
weakly special subvariety of Aq.

In the case where s is Galois-generic, Pink in | |, proves that Conjecture 10.2
follows from results of Clozel, Oh and Ullmo (][ ]) on equidistribution of Hecke
orbits. However, it would be a relatively rare occurence that s is Hodge generic. In
the case where s is a special point, Conjecture 10.2 is a special case of the André-Oort
conjecture, known for Ag. In | ], M. Orr proves the following.

Theorem 10.3 (Orr). Let s and A and Z be as in 10. Then:

(1) There exists a special subvariety S C Ag, isomorphic to a product Si x Sa of
Shimura varieties, such that dim(S1) > 0 and

Z:Sle’CS

where Z' is a closed subvariety of So.
(2) If Z is a curve, then Z is weakly special.

It is of course obvious that (2) follows from (1).
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The strategy of Orr’s proof is again a combination of lower bounds for Galois orbits
with Pila-Wilkie theorem (the blocks version - Theorem 5.13), Ax-Lindemann (Theo-
rem 4.25) and Ullmo’s Theorem 7.2. Note that elaboration of suitable lower bounds for
the Galois orbits makes essential use of the Masser-Wiistholz theorem (Theorem 9.4).

Let s be a point of Ay(C), A its isogeny class and Z an irreducible subvariety of A,
such that Z N A is Zariski dense.

We call Hy the Siegel upper half space and 7: H; — A, the uniformization map.
We also call F, the classical Siegel fundamental domain. Let

Z=F,Nn'Zand A = F,nn A

Given a point s of A4(C), we let Ag be the abelian variety associated to s. We define
the complexity of ¢ in A as the minimum degree of isogeny between As and A;.
Similarly, we define the complexity of a point ¢ in A.
The height of a matrix in M, (Q) is defined as the maximum of heights of its entries.
Orr proves the following:

Proposition 10.4 (] |, Proposition 3.2). Let Z be a subvariety of Ay and's a point
in Fy. Let € > 0. There exists an C = ¢(Z,s,€) such that for every n > 1, there is a

collection of at most cn® semi-algebraic blocks W; C W such that all points of ZNA of
complexity < n are contained in |J; W;.

The idea of the proof is to construct a certain definable subset ¥ of GLgy4(R), show
that it contains ‘a lot’ of points of GL24(Q) up to height n and then apply Pila-Wilkie
theorem (block version) to it.

The crucial lemma is the following which is of independent interest.

Lemma 10.5 (| ] Lemma 3.3). There exist constant ¢, k depending only on g and

s such that: for any teZnA of complemzty n, there is a rational matrix v € Y such
that 43 =t and the height of v is at most cn®.

On the other hand, Masser-Wustholz theorem gives a polynomial (in the complexity)
lower bound on the size of the Galois orbits of the points of A.

This implies, via Pila-Wilkie theorem and Ax-Lindemann, that positive dimensional
weakly special subvarieties are dense in Z. Ullmo’s Theorem 7.2 then implies the con-
clusion of Theorem 10.3.
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