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Abstract
An infinite family of exactly-solvable and integrable potentials on a plane is introduced.
It is shown that all already known rational potentials with the above properties allowing
separation of variables in polar coordinates are particular cases of this family. The underlying
algebraic structure of the new potentials is revealed as well as its hidden algebra. We
conjecture that all members of the family are also superintegrable and demonstrate this for
the first few cases. A quasi-exactly-solvable and integrable generalization of the family is

found.



I. INTRODUCTION

Some quantum mechanical systems can be characterized by two differently defined global
properties. The first has been called exact solvability and it means that all energy levels
can be calculated algebraically and the corresponding wave functions can be obtained as
polynomials in the appropriate variables, multiplied by some overall gauge factor. The
other property is that of integrability, namely the existence of n integrals of motion that are
well defined quantum mechanical operators, commuting with the Hamiltonian and amongst
each other.

A more restrictive property than integrability is superintegrability: the existence of more
integrals of motion than degrees of freedom. A maximally superintegrable system has 2n — 1
integrals of motion, including the Hamiltonian. Only subsets of n of them can commute
amongst each other.

Any one-dimensional system is integrable and aslo maximally superintegrable by defini-
tion. In this article we concentrate on the two-dimensional case where the situation is quite
different. A two-dimensional system is integrable if it allows two integrals of motion and
maximally superintegrable if it allows three. Some time ago, it was conjectured that all
maximally superintegrable systems for n = 2 are exactly solvable [1]. Here we will show
that several exactly-solvable systems are in fact maximally superintegrable. Though they
seem very different, they are particular cases of a parametric family of Hamiltonians.

Let us consider the following Hamiltonian in R? written in polar coordinates
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L wand k # 0 are parameters. For k = 1 this system was introduced in

where a, 3 > — 5,

2, 3] and has been called the Smorodinsky-Winternitz system [4]. For & = 2 the Hamiltonian
(1) corresponds to the so-called rational BCy model [5, 6]. For k = 3 it describes the Wolfes
model [7] (it is the rational Gy model in the Hamiltonian reduction method nomenclature
[5, 6]); if & = 0 it reduces to the Calogero model [8]. The configuration space of (1) is given
by the sector oz > >0, r € [0, 00) which is the Weyl chamber for BC, if k = 2 and G,
if k = 3, respectively.

There is an interesting feature of the Hamiltonian (1) connecting different values of k,



namely,

H%(T,SO;W?O’ﬁ) = H[(ngp;waﬁ?ﬂ)’ (2)
T
Hyy(r, 5w, ,0) = He(T,sﬁ—@;w,a,a). (3)

The Hamiltonian (1) to our knowledge includes all published superintegrable systems in

a FEuclidian plane F5 that allow the separation of variables in polar coordinates.

II. EXACT-SOLVABILITY

It is well-known that the model (1) for £ = 1,2,3 is exactly-solvable (the energies and
eigenfunctions can be found explicitly). For a = 0 and k integer the exact solvability of
the Hamiltonian (1) was mentioned in Ref.[9]. It can be immediately checked by a direct

calculation that the ground state of (1) is given by

w7'2

Uy = r@k cos? ke sin®kp e” 2 | By = 2w[(a+b)k+ 1], (4)

where « = a(a — 1) and 8 =b(b— 1) . If we make a gauge rotation of the Hamiltonian (1),

hie = Vo' (Hy — Eo)Wo, (5)
we obtain the operator
2k b)+1 1 2k
hy = =07+ (2wr — M)&« — 02 — < (—atankp 4+ beotkp)d, ,  (6)
r r r

for which the lowest eigenfunction is a constant with zero eigenvalue.

The original eigenfunctions W(r, @) of the Hamiltonian (1) are related to those of the
transformed Hamiltonian hy as follows W(r, p) = W(r, ©)=(r, ¢). Let us solve the original
problem (1) in a traditional way by a separation of variables in h;. Thus we assume Z(r, @) =

R(r)®(yp) and write

1

hiy = h, + ﬁh‘P . (7)

The operator h,, written in the new coordinate z = sin’k¢p reads

1
h, = 4k*2z(z —1)0? + 4k*[(a+ b+ 1)z — b — 5]@ . (8)
The eigenvalue problem h,® = A, ® where A, is the separation constant has polynomial
eigenfunctions

®,(z) = PLO-V2212 (0, 1) [ A, = 4k*n(n+a+b), n=0,1,2,... (9)
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where Péail/ 2b=1/ 2)(22 — 1) is a Jacobi polynomial. Now the eigenvalue problem for the

operator
2ak + 2bk + 1 A,
h, = —0? + (2wr — L)& + =, (10)
r r
appears. Let us perform a further gauge rotation of A,,
- 2ak + 2bk + 2 1 A, —2 b)ky — 2
e = 1 = P 4 (2 — TN Ly @EORY =7 oy (1)
r r

We absorb the term 2wy in the energy and choose v = 2kn so as to remove the 1/r? term,
v+ 2(a+b)ky— A, =0.
The resulting radial operator in the ¢ = 72 variable
hy = —4t0? + 4wt — k(2n +a +b) — 1]9, (12)
has the eigenstates
Ry(t) = LEE (1) | By = 4wN | (13)

where Lg\];(%ﬂ%))(wt) is a Laguerre polynomial. Finally, the eigenstates of (1) are
Unp = r7* Ry (r?) Pl20712 (26in’ ko — 1)Uy , En, = 202N+ (2n+a+b)k+1] . (14)

All formulas remain valid for any real k # 0. In particular, both Ry(r?) and P*?(z)
remain polynomials. The eigenvalues are linear in the quantum numbers N, n. For integer
(and rational) k there is a degeneracy of states, which is determined by the number of
solutions of the equation

N + kn = integer .

Varying k we can change degeneracy leaving the spectra linear in the quantum numbers
N, n.
If £ in (1) takes integer values we have a Lie-algebraic interpretation of the problem (1).

In order to reveal it let us make the following change of variables,
t =12, u = r*sinkyp . (15)

The resulting gauge-transformed Hamiltonian (6) in these coordinates takes an algebraic

form:

hy = —4t0? — 8kud?, — 4k**'uo?
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+4[wt — (a + b)k — 1)0; + [dwku — 2k*(2b + 1)t*7 10, . (16)

It coincides with already known expressions for the Hamiltonian for £ = 1, 2, 3 in appropriate
variables (see [1, 6]). What is its underlying hidden algebra if any?

The Hamiltonian h; preserves the space of polynomials
PY = (Pul0 < (p+s9) <N), N=0,1,2,..., (17)

for s > k — 1 and any integer /. Hence, it has infinitely many finite-dimensional invariant

subspaces P/(\f). These spaces can be ordered forming an infinite flag,
P c PP c Py Py (18)
0 1 2 .. N oo

for fixed s. We call this flag P(). The space 73/(\;) is a finite-dimensional irreducible repre-
sentation space of the infinite-dimensional finitely-generated Lie algebra ¢t*) o gl(2,R)
R @ T, of monomials in (s + 6)— generating operators. These generating operators are

[10] (see also [11] and [12]),

Jl = atu
Jf\/ztat—/\—/,Jf(/: su@u—ﬂ,
3 3
Jy = 20, + stud, — Nt,
R, = t'0,, i=0,1,...,s, (19)
and

(see [6]). The generator J}, is the central generator of the gl(2, R)-algebra. The generators
(19) of the non-semi-simple Lie algebra gl(2) x R**! are vector fields on line bundles over a
s-Hirzebruch surface [12]. The meaning of the generator (20) for s > 1 is unclear.

For s = 1 the algebra ¢! coincides with the algebra si(3). It has the space (17) for
s = 1 as an invariant subspace and acts irreducibly there. It is important to note that the
space Pj(\?) is a finite-dimensional (reducible) representation space of the finite-dimensional

non-semisimple Lie algebra gl(2, R) x R (see [6]),
75/(\?10 = (t"u™]0 < (ng +sng) <N and 0<ny <p) (21)

For fixed s and p these spaces form the flag 75153). Each such a flag for s > k — 1 is preserved

by the Hamiltonian h;. This gives information about the structure of the eigenfunctions.
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In particular, it implies the existence of a family of eigenfunctions which depend on the
variable ¢ only.

It can be immediately checked that hy for fixed integer k preserves the flag P for
s=k—1,s=Fk, or s > k assuming the hidden algebras g*=1, ¢¥) ¢(5) respectively. It is
worth mentioning that the first case s = k — 1 supports the already known hidden algebras
of the trigonometric BCy for k = 2 and G5 for £ = 3 models, respectively, contrary to the
second or third case. However, later on we will see that the case s = k — 1 is excluded (see
Section III).

The fact that s can take any values s > k — 1 reflects a degeneracy of eigenstates of the
original problem (1). For particular cases k = 2,3 it was already mentioned in the paper
[6]. This degeneracy is removed by the algebraic form of the integrals of motion (see below).
Hence, for any integer k the algebraic Hamiltonian (16) can be rewritten in terms of the

generators (19) (without the operator .J3,) (see Theorem 4.3 from [11]):
hy = —4J2J' =83 J" — 4kRy,_,J?

+4wJ? — 4[(a + bk — 1)J" + 4w J® — 2k%(2b + 1) Ry (22)

where J' = J¢.

III. COMPLETE INTEGRABILITY.

It is obvious that
ak? N Bk?
cos?ky  sin®kyp

Xp(a,8) = —L;+ (23)

where L3 = 0, is the 2D angular momentum, is an integral of motion [2, 3]. Its existence
is directly related to the separation of variables in polar coordinates in the Schroedinger
equation for (1). Therefore the Hamiltonian (1) defines a completely-integrable system for
any real k # 0 which is also exactly-solvable.

After a gauge rotation z, = Wj'(X, — cx) W, this integral takes the algebraic form
1
xp = —4K*u(tt —u)0? — 4K*[(b + 5)t’c — (a+b+1)u]d, , (24)

where ¢, = k%(a + b)? is the lowest eigenvalue of the integral Xj. It can be easily checked

that z;, has infinitely-many finite-dimensional invariant subspaces: it preserves the flag P(*)



for any s > k. The integral x can be rewritten in the generators (19) as
1
zy = —4kJ Ry + 4J°J° — 4K (b + §)Rk + 4k(a +b)J* . (25)

The presence of the generator Ry excludes the algebra (19)-(20) for s = k — 1 as hidden
algebra (see the discussion above). It indicates that the hidden algebra of (23) is ¢(*) for
s > k. Hence, the hidden algebra of the quantum system (1) with the integral (23) is ¢g(*)

with s > k.

IV. SUPERINTEGRABILITY.

The next question is the existence of an additional integral of motion )y (presumably
of order 2k) for all integer values of k. If such an integral exists then the system (1) is
(maximally) superintegrable. For k& = 1, the Smorodinsky-Winternitz system this integral
Y, was found long ago (see [2, 3] and [1]). It turned to be a second order differential operator.
For k£ = 2 and w = 0, which is the case of the so-called singular rational BC5 model, the
integral )y was found by Olshanetsky-Perelomov in the representation theory approach [5].
This integral is a fourth order differential operator. For k = 3 and w = o« = 0 (the so-called
singular Calogero model) the corresponding integral is a third order differential operator
[5]. For o # 0 (the so-called singular Wolfes model) it was mentioned in [5] that it has to
be of the sixth order. For the general Wolfes model w # 0 (the rational Gy model in the
Hamiltonian reduction method nomenclature) C.Quesne [20] found this integral explicitly
in the Dunkl operator formalism. The integral ) is a sixth order differential operator.

If the integral )5, exists it should have the same eigenfunctions as Hy. Hence by a gauge

rotation and change of variables (15) we can obtain an operator yo

Yo = ‘Ijgl(yzk — Cop)Woltu (26)

such that yo is a differential operator of some order in ¢ and u with polynomial coefficients;
Oy is the lowest eigenvalue of the integral )s,. The described algebraic form yo, would
be a consequence of the fact that both hy (16) and ys;, should preserve the same flag of
polynomials.

For the case k = 1 the integral ), was found in [3]. In Cartesian coordinates ) is of 2nd

order and it can be written as

Vo, = 02 —wia? — 2 (27)



The algebraic form of the integral was calculated in [1]. In the coordinates (15) the

integral (27) is
Yo
4

where the constant Cy = —w(2a + 1). The integral y, (28) contains the term ud; which is

C (— WP wu—1) +at %]at, (28)

present in the algebra g("), see (20). It indicates unambiguously that for the case k = 1 the
hidden algebra should correspond to s = 1. Hence, there is no ambiguity for the k = 1 case.
The hidden algebra is fixed and it is g") = s1(3) which is generated by gl(2) x R?@T; C gl(3).
The Lie algebraic form of ys is the following

Y2

1
1 = I Wl — w4 (a4 =) (29)

2

We stress that the generator 77 (see (20)) appears explicitly in (29).
For the case k = 2 (the rational BC5 model) we find the higher integral ) explicitly,

2,2 2 9
y4:(ai—w2x2_a§+w2y2)2+{a§7 (1' Yy )5_4(1' +y )a}

222 (22— 2)?
—i—{@aﬂy _ l6aya }+{82 (@ =98 4($2+y2)a}
@ — 2 Y’ 22y (22 — ?)?
N 160> N (#? =98  8af  2(x' +y')Bw? (30)
(22 — 2)? iy 222 22y ,

where {, } denotes an anticommutator. Making the gauge rotation ;' (), — C4)¥, and the

change of variables (15), we arrive at the algebraic form of the integral

f—g = (12— w)d — 8(£2 — w)ud?d? + 16(t2 — w)u20?! — 2[wt? — (2a + 1)t — wu)0?
—4[(2b+ 1)t* — 2(a + b+ 1)u])d}0, + Su[wt® — (2a + 1)t — wu]9,0?
+ 16u[(2b + 3)t2 — 2(a + b + 2)u]9? 4 16]w?t* — 3(2a + 1wt — w?u + (2a + 1)(2a + 2b + 1)]0?
—4[(2b+ Dwt* — (2a+1)(2b + 1)t — 2(a + b + 1)wu]d,0,

+4[(20 + 1)(2b + 3)* + (2a + Dwtu — 2(2a* + 6ab + 2b* + 8a + Tb + 5)u)o?

+w(2a + 1)(wt — 2a — 20— 1)0; + 2(2a + 1)(2b + 1)(wt — 2a — 2b — 1)0,, , (31)

where Cy = 4w?[2a(a+1) —b(b—1)]. The two terms 29, and ud? in y, imply s = 2. Hence,



the hidden algebra for k = 2 is ¢. The Lie-algebraic form of v, is the following

f—é =PI = T + 27V TV PP+ AP P RyRy — AT TP PRy — 2J° P TRy
—2w AT — 2w B BT + 2(2a + 1) JETV T — 4(2b + 1) J2 TR,
+4w PRy J' — 4(2a + 1) PRy J 4+ 8(20 + 3) PRy Ry — 8(a + b+ 2)J* TRy
+(2a +1)(2a +2b+ 1)J'J' — 3w(2a + 1) J*J' + W J*J? + dw(a + b+ 1) 2T
—4w(2b 4+ 1)RyJ* + 64(2a 4 1)(2b + 1)J?Ry 4 2w(2a + 1) J*R,
—4(2a® + 6ab + 2b° + 8a + Tb + 5)J* Ry
+4(2b + 1)(2b + 3) Re Ry + 2wThJ" + 8(a + b+ 1)Ta Ry
—(2a +1)(2a +2b+ 1)J" + w?(2a + 1).J?

+2w(2a + 1)(2b+ 1) Ry — 2(2a + 1)(2b + 1)(2a + 2b + 1) Ry — wT . (32)

The generator T, (see (20)) again appears explicitly in (32).

For the case k = 3 (the rational G5 model) we find the higher integral )y explicitly by a
straightforward (brute force) calculation. It is of 6th order (see App.A). Its lowest eigenvalue
is

Cs = 4w’(3a+ 3b + 1)(5a® + 36ab — 27b* + a + 45b + 4) . (33)
Making the gauge rotation W' ()s — Cs) ¥, and the change of variables (15) we arrive at the
algebraic form of the integral ys (see App.A). The two elements R3 = t30, and Ty = ud; are
present in ys and unambiguously point to s = 3. Hence, the hidden algebra of the model at
k=3is g®.

For the case k = 4 we again find the higher integral )s explicitly by a brute force
calculation as an eigth order differential operator (see App.B). Making the gauge rotation

Uy (Vs — Cg)¥y and the change of variables with
Cs = 4w*[3200a" 4 512a°(31b + 10) + 16a*(206b + 159)(2b — 3)

+16a(3100* — 1870 — 443b + 105) + 1133b* + 1506° — 176b> + 493b + 4] | (34)

we arrive at the algebraic form of the integral, ys (see App.B). The elements R, = t*0, and
Ty = ud} in yg imply s = 4. The hidden algebra of the model for k& = 4 is ¢ which contains

the generator Tj.



We were unable to prove the existence of the higher order integrals )sy for integer k with
k > 4 due to the fast growing complexity of the brute force calculations. However, we feel
justified in formulating the following conjecture.

Conjecture. An integral of motion Yo of the order 2k ezists for the Hamiltonian (1)
for all positive integer values of k. In Cartesian coordinates Yo is a differential operator
of the order 2k with rational coefficients. The gauge transformation (26) together with the
change of variables (15) transforms Yo, into the algebraic operator yay that has polynomial
coefficients. The integral yor is an element of the order 2k in the enveloping algebra of the
hidden algebra g®). In particular, ya, contains the terms 4%[(J)* — T, ](JY)* which fix k = s
in the hidden algebra (19), (20). In the limit w = o = 0, the operator Yo(0,0, 5) is reduced
to the square of an operator of order k.

Our conjecture is based on the fact that the gauge rotated Hamiltonian hy, (5) preserves
the flag of polynomials (17), as do all the elements of the underlying hidden algebra g (19),
(20). All aspects of this Conjecture have been confirmed for £ = 1,2,3 and 4 for general
w,a, ( as well as for k =1,...,6,8 for w = a = 0,8 # 0. The consideration of k& > 4 for
general w, o, (§ requires a different approach, other than the brute force one. A proof of the
conjecture could be based on a direct analysis of the commutation relations of the hidden
algebra (19)-(20).

Any operator preserving this flag must lie in the enveloping algebra of ¢(*) for given k.
The gauge rotated integrals yor must hence have an algebraic form for all k, as exemplified
by £ =1,2,3 and 4.

The form of the integrals )s; is not unique since we can modify it by adding polynomials
in the Hamiltonian (1) and integral &} (23). Our convention is to require that the highest

order terms in s should have the form
[Re(d) +10,)"]* . (35)

The lower order terms in Yy, could be further simplified by linear combinations with lower
order polynomials in (1) and (23). We also require that )}y, be a hermitian operator and this

implies that it will contain only even powers of the derivatives (07"0y, m+n = 0,2,4,...,2k).
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V. A QUASI-EXACTLY SOLVABLE EXTENSION.

Some years ago a new class of the Schroedinger equations was discovered for which a finite
number of eigenstates can be calculated by purely algebraic means. They were called quasi-
exactly-solvable [13, 14]. These problems occupy an intermediate place between exactly-
solvable problems and non-solvable ones. A large body of articles dedicated to these problems
was published during the last 20 years. The articles have ranged from various branches of
physics to pure mathematics.

Surprisingly, there exists a quasi-exactly solvable generalization of the Hamiltonian (1)
es ]. ]_
H (r,pyw,0,8) = —02 — ~0r = 505+ X% 2dwr! + [ — 202N + 2+ K(a + D))’

ak? 3k?

+ ;
r2cos?kyp  r2sinko

(36)

(cf. [13-15]), where dimP/(\I;) ~ /;L: + 1 eigenstates can be found explicitly (algebraically).
These algebraic eigenfunctions have the form of a polynomial p(¢,u) from the space 73](\];)

(17) multiplied by a factor Wi

wr?  ar?

B — O o b sind g 7
namely,
W = p(t,u) U (38)

Hence, the number of algebraic states is equal to the dimension of the space 77](\[;).

The gauge-rotated Hamiltonian (36),
WY = () Y — Eo)wi
where Ej is some parameter, in the variables (15) has the algebraic form:
Wy = 4407 + 8kud?, + 4k*t" " ud?

H4[M2 — wt + (a4 b)k + 1)0, + [4Xktu — dwku + 2K*(20 4 1)t*7 10, — 4ANt | (39)

It is easy to check that (39) preserves the space PJ(\I;) (17). Hence, it can be rewritten in
generators of the algebra (19), gl(2) x RF*! [11] and indeed we have

WD J4 = (J3 + 203) " + kJY Ry
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+(a+b)k+ 1+ NI — w(J3 + J3) — Ay + g[2N+ 3k(2b + 1) Ri_y . (40)

Evidently, the QES problem is completely-integrable: X} (see (23)) commutes with (36).
The algebraic form of A}, after a gauge rotation with (37) in variables (¢,u) remains the

same (24). The Lie-algebraic form (25) is slightly modified

1, N 2N
xy = —4kJY Ry + 4T3 Ty — 4k[k(b + 5) + g]Rk + 4[k(a +b) + 5

4N2
9 .

Jx + (41)

The question of the existence of a second integral and thus of the superintegrability of

the Hamiltonian (36) remains open.

VI. CONCLUSIONS.

We have restricted to the case of a Schroedinger equation in a two dimensional Euclidean
space Fy and to the Hamiltonians allowing separation of variables in polar coordinates. The
feature underlying the exact solvability, the complete integrability and the conjecture of
maximal superintegrability is the existence of a hidden Lie algebra of differential operators.
All elements of the hidden algebra and hence also of its enveloping algebra preserve an
infinite flag of finite dimensional subspaces of the space of wave functions.

The Hamiltonians and the integrals of motion of the entire family (1) considered in this
article are also elements of the enveloping algebra of ¢*). The family contains all currently
known superintegrable systems in FE, that are separable in polar coordinates. It would
be important to clarify whether the Hamiltonian (1) can be obtained by a Hamiltonian
reduction procedure. This is the case for k = 1,2, 3.

The first problem that remains open is to prove our conjecture, namely that the Hamil-
tonian (1) is superintegrable for all integers values of k. Another important question is that
of the classical limit of the system with Hamiltonian (1). For £ = 1,2 and 3 these systems
are all superintegrable. Chanu et al. [16] have considered the classical case for w = a =0
and k = 2n + 1 and have conjectured that it is superintegrable for all integer n. We think
that the classical limit of (1) is actually superintegrable for all values of w, a and k. We plan
to verify this conjecture directly by calculating the trajectories for the classical systems. If
the systems are (maximally) superintegrable then all bounded trajectories must be closed

and the motion must be periodic [17].
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The direct construction of the higher order integrals )y for £ > 5 seems intractable.
More promising approaches would either involve an efficient use of the hidden algebra ¢*)
or possibly the use of Dunkl operators [18] as suggested for the Calogero model in [19] and
for the Wolfes model in [20].

The close relation between exact solvability and maximal superintegrability has also
been exemplified in n dimensions [21-23]. A very complete review of quantum completely-
integrable systems in n dimensions was recently given by Oshima [24]. For some cases these
systems are known to be exactly-solvable. It would be of great interest to investigate their

possible (maximal) superintegrability.
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APPENDIX A: k=3 CASE

The integral for k = 3 is

Vs = (0% — w?a?)? — 6(0? — w?a?)? (32 wiy?) +9(0? — w2x2)(85 — w?y?)?
_9(=3a" + 6y’ +y")B 27(1: +y?)%a } N {838 _ Nayp 2162y }

@ V2 (y? — 322)2 922(2% — 3y2)2 v

RS 0 )9 Slet A gt )

=Yy (4% — 32%y)? (23 — 311,2)?2

N {83683 2162y N T2xyo - 12:L’yw2} {84 Yo +6x2w2}
8

y2 _ 31.2)2 (33'2 _ 3y2>2

V(2 —322)2 T (22 — 342 v 92
re 18(32% + 449228 + 42y*2* — 36%2% + 278 (3z* — 6y%x? — y*)?3?
ez 2 (22 — 3y2)t 2y1(322 — y2)?
1(328 — 5222 + 18y*at + 12¢°22 + 39%)a? N 2(22% + 15922 + 18y*2? — 27y5)aw
221 (2% — 3y2)1 22(22 — 3y2)2
162(x — y)(z +y)(32° — 19y%2" — Ty'a® —yf)af  54a*(x —y)(x +y)(a® — Ty*) fw?
+ 22y2(2% — 3y2)2(322 — 12)? a Y2 (322 — y2)?

. 63/4&)4}

{(9 9 11522y (22 + 3y%)a 648x(3z* — 69222 — yh) 3% 648y(z* + 6y%2% — 3y*)a?
Yy

(@2 =392 y(y? — 32! - w(x? — 3y?)*
 648(z — y)(z + y) (=" + 10y%2* + y*)as N 108z(x — y)(z + y)(z* + y*) Bw?
xy(3x* — 10y222 + 3y*)? y(y? — 3x2)2
216zy(2* + y*)aw? 3 4
(2 — 32)2 + 122y w
o2 81(x® — 6yrat + 249522 — 3y®)a? N 144 (2" + 18y22? + 9yt 259222y> 3>
24 (22 — 3y (22 — 324 (322 — 2)4
(232° +159y%x* + 45y*a? — 27y%) aw? N 81(x® — 6yat + 56¢°2% — 3y®)a
x2(x2 — 342 ) 222 (22 — 3y2)2(322 — 12)2
27(25 — 1122t + 19y*2? — y°) Buw?

— (327 = )2 — 6%y Wt + 2u)2}

~180(432"™ 4 1914y%2" 4 5805y a® 4 972y°2° + 405y°x* — 486y'%x* + 243y

$6<x2 _ 3y2)6
12963 N 1296(2° + 21y°z* — 9y*a® + 3y%)af 7290 (2” +y*)°
(y* — 3a%y)? w2y?(e? — 3y?)?* (322 — y?)? 20(x? — 3y*)°
~324(52" + 30y%x"% + 399y"a® — 332y°2° + 291y°a* — 18y'%2” + 9y'*)a®
:EG(CL’Q _ 3y2)6
1458 3(2% + y?)8 72903? (2% + y*)8 72(2? 4+ y*) aw?

o $4y2($2 _ 3y2)4<31'2 _ y2)2 $2y4($2 _ 3y2)2(3$2 _ y2)4 (333 _ 3$y2)2
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N 243(2% + y?)* (2 — 24y%2t + 21yt2? — 2y5) 32w? N 414(2? + y?)%afw?

9$4(SL’2 _ 3y2)4 y2(3$2 _ y2)2
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ZE4($2 _ 3y2)4 y2(3$2 _ y2)2

bd(x — y)(x +y) (2 + v*)(2? — dyx +y°) (2 + dya + y*) B
T 2(322 — y2)2
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— 4yt

The algebraic form ys = ¥y' (Vs — Cs)¥y after the change of variables ¢t = r? and u =

r8sin? 3¢ is
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(
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— 4w’ t*u + 12(5a + 5b + 16)wtu — 12(13a® + (300 + 97)a + 13b* + 97b + 169)u] v’
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— [11664(2b + 3)(2b + 1)wt® — 5832(6a + 4b + 17)(2b + 3)(2b + 1)t* 4 1728(6a + 5)w’t*u
— 3888(16a” + 16(3b + 5)a + 12b* + 48b + 45)wt*u + 2592[36a” + 6(36b + 53)a
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+ 6(234b + 1242 + 1597)a + 324b° + 32400% + 9558b + 8679)u” + 1728w*u’| 9
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— 1296(36a* + 324a®b 4 450a> + 576b%a? + 1962ab + 1619a® + 324b%a + 1962ab® 4 3678ab
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(A2)

where Cj is the lowest eigenvalue of Vs (see (33)).
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APPENDIX B: k=4 CASE

The integral for k =4 is
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+{a§j,—( 32(2° +¢?)'a 2308 — Ly +y'a® —y )5}+{agay’_( 64xyp

74— 6222 + y1)? 222 (22 — y?)? 22— 12)2
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2(92% — 17y%xt + 67y 2% — 19y°)3 9,95 256xy(zt — 22%y% + 5yt)a
+ 2292 (22 — 12)? 190, — (24 — 622y + y4)?
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T %%, (24 — 6y2a2 + yh) - (22 — 12)
 8192x(—y"" — 5a?y® +-102ty" — 302%y + 232%° 4 32'°y)a® N 64xy(x? — 3y?)Buw?
(2% — 69222 + y*)° (22 — y2)?
B 128(32°% — 11y22* + yta? — %) 32 n 512x(—y" — 2%y® + bxty® + 52%y)aw?
zy(2? — g2)° (2% — 6222 + 4*)?
512(321° + 35y%a® — Tdytab + 14y52% — 9yB2? — 419 3 4
_ — 64xy°w
2y(26 — Y2zt + Tyta? — )2
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x> (z% — 69222 + yi)A
- 72(2'2 — dy?2'® — yta® — 56ySaS — yPrt — 4y0a2 + ¢12)p
2iyi(z2 — y2)
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| 120(301% — 18y%'° 4 d5y'att — 81Fa™)B 20480331010 4 264yt — 7380y ")
2695 (22 — 26 (2% — 6y222 + yh)s
204822(— 17256y '° + 26538y52® — 16392y'029 + 8628y'22" — 1560y 422 + 303y'%)a?
(x* = 6y*z? + y*)"
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(24 — 6y2a2 4+ y*)b o 26y8 (22 — 4y2)6
8(1551y8 210 — 12421028 + 1281y*22° — 354yt4a* + 18y'0x? — 3y18) 32

25y5(22 — 2)6
128(32% — 114y22"® + 453y x5 — 216052 + 7470y521? — 19604y °21%) a3
22y (22 — )M (2t — Gy2a? + yb)
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_ 128(21866y'?x® — 17856y "!a® 4+ 7551y '%x! — T14y'®a? + 33y*)af
2yt (x? — y?) (2t — By?a? 4 y*)?
- 8192(2 + ) (2" — 3yPa® + 3dy'a® — 46y + 45y°2” + ')’
(% — 6222 + y1)b
B 2($2 + y2)4(:v10 _ 7y2$8 + 18y4:1:6 _ 7Oy61:4 + 29y8x2 _ 3?/10)53
255 (22 — y2)6
512(2% + y?)* (32" — 13y%2® + 86y*a® — 162y°2* + 119y%2* — y'%)a?S
222(2% — y2)2(zt — Gy2a? + yh)e
32(2? + y?)* (3210 — 179?28 + T0y*2® — 186ySx* + 103822 — 5y'%)as?
2yt (2% — )zt — 6y2x2 Tyt
N 256(23z 4 606y2z'? — 167y*2' 4 512y%2% — 775825 + 1030y %2* — 922y!2 — 4y'*)aw?

(2% — 6y22? + y*)*
N 8(9x1% — 322210 + 91y*2® + 112y525 + 3672t + 16022 + 13y'?) Buw?
22yt (22 — y2)

512(22 + y*)? (9210 — 215y22® + 354y*2® + 506y°z* — 3159522 + 13y'%)a?w?
o (24 — 6222 4 y*)*
2(2? + y*)2(92'° — 51y2a® + 142y 25 — 26y52* 4 25822 — 3y'9) 3%w?

aiyi(a2 — y2)

128(2% + 3?)2(412® — 53y22® — 133y*a* — 85y°2? — 49®)aBw?
+ (47 — Ta2yP + Tahy® — aby)?

32(2421° + 5y2a® + 76y 2% + 630y5x? — 156y%22 + 13y'%)aw?

(% — 6y222 + y1)2
2(192"° +10y%2® 4 212y*2° — 171y%* + 99y%a* — 9y Buw? 06020 & 390420
2z —y)?y*(z +y)? Ry }
. 10080(s2* — 8y%0® 1 28y"a® — 56y°0"® + 108y"0"® + 832y + 2206y'202)5
woy® (a2 — y?)°
. 10080(832¢" 4 103y"%* — 56y™a° + 282" — 8y + )0
ooy (22 — y?)°
n 768 (5232 — 165y22%° + 24901228 — 16359y°22¢ + 74944y 2%* — 219501y'°2%?) o3
6(x — )0y (z + ) (2% — 2yz — y?)" (2% + 2yz — 12)"

256 (22 4 42)* (216 — 31322 + 190y 22 — 865y5210 + 1666y528 — 865y 025+ ) a3
’ w5y (2 — )P (G + )]

256(190y 224 — 31yMa? + y)af2 6144 (22 + y2)° (472 + 4184322™) aw?

w5 (22 — y?)" (2t — 6y?a? + y*)’ (a2 = 2yz — y?)° (22 + 2yz — ?)°

~ 6144(17892y"x"* — 37016y 4 41818y°x® — 37016y" 2" 4 17892y"*z*) aw?
6

+

(2 — 2yz — y2)° (22 + 2yz — 32)
6144(4184y"a® + 47y'%) aw? 48 (2% + y2)* (15216 — 121920 + 458y*21?) fuw?
(22 — 2ya — y?)° (22 + 2yx — 2)° 26(z — y)5yS(x + y)©
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768(584486y12020 — 1582599y 14218 + 2641078y 6216 — 1582599y 8214) a3

28(x — y)SyS(z + ) (22 — 2yx — y2)* (22 + 2yz — y2)*
| 768 (24902y — 1635925426 + 7494428y — 219501210922 4 5844862'2y2) a3

28(x — y)byS(x + y) (a2 — 2yx — y2)* (22 + 2yx — y2)"*
768(5y%2 — 16522y*")a

26(z — y)0yS(x + y)b (22 — 2yz — y2)* (a2 + 2yz — y2)*

65536 (2% + )" (2® — T6y%® + 166y'a* — T6y°2> + ¢*) o

(4 — 6222 + y*)°

| 24576 (6120 + 1608y z'* + 11372y 22 — 27400y°2'0 + 44334y52® — 27400y 2°%) o®

(4 — 6y2a2 + y*)°
24576(11372y 22 + 1608y'422 + 61y'6)a? 12 (87224 — 676y2222 + 2246y 22") 32

(v* — 6y222 + y4)° a8y (22 — y2)°

L 12(= 6932y5218 + 2428115216 + 37304y 10214 + 243732y12212 + 37304y 4210) 3

w8y (a2 —12)°

N 12(4-24281y'%2® — 69321828 + 2246y>°z* — 67692222 + 87y**) 52

xsys (xz _ y2)8

N 16 ($2+y2)4 (l‘ 11y2 14+70y4 12 245y6 10+626y8 245y10x6+70y12 4) BB

2B

w8yS (22 — y?)*
16(—11y"Ma2 + y16) 83 12288 (22 + y2)* (728 — 52228 + 202y — 52522 + 7y®) a
By (2 —y2)® w2y? (22 — y?)* (2! — 6y2a2 + y)’*
65536 (22 + y2)° a? 16384 (22 4 2)° 033

(et = 6y%? + )" a?y? (a2 — y?)” (2t - Gya® + yt)”

48(—999y5x10 + 5134y82% — 999y1926 + 458y'2xt — 121922 + 15¢'6) fw?

+

20z —y)%yS(z + y)°
1536 (22 + ¢2)° a2 3? 14745622 (z — y)2y*(x + y)?aw!

whyt (a2 — y?)" (1t = 6222 + Y (2% — 2y — y?)” (22 + 2yx — y?)°
64 (22 + 2% B 512(2% + y?)? (392° 4 92¢228 + 362y z* + 92522 + 39y®) afuw?

16y (x2 _ y2>6 22?2 (;1:6 — Tyt 4 Tyta? — y6)2
(x2 + y2)8 (1.4 _ 6y2x2 + y4)2 ﬁ4 B 16 (:c2 + y2)2 (3x16 23y2 14 54y4 12) ﬂQwQ
w8y8 (a2 — y2)° 28(z — y)%yS(x + y)°

16(—41y5210 + 782y°%2® — 41y'92° + 54y"22t — 23y 2% + 3y'6) Fw?
2(z — y)°y°(x +y)°

4096 (22 + 42)* (216 4 568y22™ + 1241422 + 3592y5210 — 83144828 aw?

(22 — 2yr — y2)° (22 + 2yz — y )6

~4096(2® + y*)*(3592y" 028 + 124y"%2* + 568y"a” + ') w?

(22 — 2yz — y2)° (22 + 2yz — y2)°

432 (28 — 2y%25 + 18y*at — 29522 + ®) Buw? 2304 (22 + 12)° 0 F2w?

23z — y)*y? (v + y)? x2y? (28 — Ty?at + Tyta? — y6)?
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| 3072 (22 + y2)° (32 — 58y2a8 + 158y a* — 58Sz + 3y®) a2 fuw?
22y? (a2 — y?)* (2t — 6y2a? + y)"
| 32768 (2% + y2)° (32% — 52y2a® + 146y — 52522 + 3y®) aPw?
(¢t — 6y2a? + y*)°
4 (2% + y2)6 (328 — 349?25 + 110y 2t — 34y°2? + 39®) B3w?
20y8 (22 — y2)6
N 81922292 (22 — y?)” (452% — 2841226 4 1198y z* — 2844522 4 45y8) a’w*
(4 — 6y2a2 + y*)*
. 38 (xw + 2y2x14 — 18y4x12 +198y5210 — 11082 + 198y1925 — 18y12x4 + 2y14a:2 + ym) BFPuw?
ahyt (22 — y2)4
4 (22 + y?)° (32® — 34y22° + 110y*2* — 344522 + 3y8) S’
z2y? (22 — y2)2
N 512 (3216 — 429221 + 6869122 — 27020210 4 4878y8x® — 2702y 026 + 686y 22?) afw?
x2y? (26 — Ty2at + Tyla? — y6)2
512(—42yMz? + 3y'%)afw?
x2y? (26 — Ty2at + Tyta? — y6)2
N 128 (22 + y?)” (32 — 5222 + 146y*z* — 52y522 + 3y®) aw"
(¢t — 6y2a? + y*)?

+ 1282%y%wW’ .
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The algebraic form ys = W;'(Vs — Cs)¥y after the change of variables t = 7% and u =

r®sin? 4¢p is

ys = 256(t* — u)0P — 49152(t* — u)t*u 0°0? — 262144(t* — u)tu® 070

+131072(19¢% — 23t*u + 4u®)u?0 0} + 25165824 (" — u)t*u® 9700

— 4194304 (3% — 31t*u 4 28u?)t*u® 920° — 67108864(t° — 5t*u + 4u?)tu* 0,07
+16777216(t* — 4u)*(t* — w)u' 0°

—1024[wt* — 2(2a + 1)t* — wu] 8] — 24576 [(2b + 1)t* — 2(a + b+ 1)u]t*5;9,

+ 49152 [3wt® — 4(3a + 2b+ 6)t* — 3wtu + 2(4a + 4b + 11)u]tud; o>

+ 131072[19(2b + 3)t® + 5wt’u — (58a + 46b + 111)t*u — Swtu® + (8a + 8b + 29)u|ud,'d;
— 262144 [19wt® — 2(38a + 120b + 357)t" — 23wt*u + 4(64a + 60b + 201)t*u + dwu’ | w0} 0,
— 6291456 [3(2b + 5)t° + 6wt’u — 2(15a + 31b + 122)t*u — 6wtu® + 2(28a + 28b + 121)u*|t*u*d; 0
— 4194304[ — 3wt® + 4(3a + 14b + 55)t° + 31wt u — 2(84a + 140b + 681)t*u

— 28witu® + 56(4a + 4b + 21)u?|tu’9,0,)

+ 33554432 [(2b + 7)t"* + wt’u — 3(2a + 6b + 29)t°u — Swt’u® + (32a + 48b + 273)t*u?

+ dwtu® — 4(8a + 8b + 49)u’| 9]

+512[3w’t" — 14(2a + 1)wt® + 6(2a + 1)(4a + 4b + 3)t* — 3w u] O}

+8192[9(2b + 1)wt® — 4(2b + 1)(9a + 2b + 12)t* — 18(a + b + 1)wtu + 4(8a* + (12b + 19)a
+ 4b% + 23b + 15)u]td; 0, + 8192[76(2b + 1)(2b + 3)t° — 18w*t%u + 60(3a + 2b + 6)wt’u

— (448a” + 4(348b + 635)a + 3(128b* + 576b + 631))t*u + 18w t*u® — 30(4a + 4b + 11)wtu?
+ (112a® + 8(24b + 61)a + 806> + 520b + 723)u*| ;0.

— 131072(38(2b + 3)wt® — 4(2b + 3)(38a + 48b + 177)t" + 3w’t>u — 2(58a + 46b + 111)wt'u
+ 8(52a” + 2(64b + 163)a + 48b* 4 294b + 387)t°u — 3w’tu® + 2(8a + 8b + 29)wu’|ud; I

— 131072[72(4b* + 16b + 15)t° — 27w*t%u + 6(38a + 120b + 357)wt’u — 4(124a”

+ 25(36b + 101)a + 8006% + 5590b + 9156 )t u + 27w t*u? — 12(64a + 60b + 201)wtu?

+ 2(1456a” + 32(105b + 358)a + 14566% + 11384b + 20673)u’ | t*ud; 0,

+2097152[9(2b + 5)wt”? — 36(2b + 5)(a + 2b + 9)t° + 9w’t®u — 6(15a + 31b + 122)wt’u +2
— 2(304a* + 8(84b + 361)a + 304b> + 2888b + 6609)u’] tu*d,0;,
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+2097152[12(2b + 7)(2b + 5)t" + 4(3a + 14b + 55)wt’u — (32a® + 4(84b + 313)a + 448D

4 39206 + 8313w)ut® + 12w*t%u? — 2(84a + 140b + 681)wt’u? + (496a? + 8(224b + 1051)a

+ 12320 + 12712b + 32223)ut* — 12w t%u® + 56(4a + 4b + 21)wtu?

— 4(208a* + 8(56b + 289)a + 208b> + 2312b + 6321)u’|u’0;

+1024[ — ' 4+ 9(2a + D)w?t® — 9(2a + 1)(4a + 4b + 3)wt® + 4(2a + 1)(8a® + 2(8b + 5)a

+ 80 + 10b + 3)t + w’u]d;

+ 4096 — 18(2b + 1)w?t® 4 20(2b + 1)(9a + 2(b + 6))wt® — (2b + 1)(448a> + 4(116b + 287)a

+ 160 + 3200 + 609)t* + 36(a + b+ 1)w’t?u — 20(8a® + (12b + 19)a + 4b* + 23b 4 15)wtu

+ 2(48a® + 16(7b + 11)a® + (80b° + 312b + 247)a + 16b° + 136b> + 319b + 159)u|5; 0,

— 16384[76(2b + 1)(2b + 3)wt® — 8(38a + 24b + 117)(2b + 1)(2b + 3)t" — 3w’t’u

+ 18(4a + 2b 4 T)w*tu — (448a® + 4(348b + 635)a + 3(128b* + 576b + 631))wt u

+ 2(416a” + 16(156b + 251)a® + 2(1232b* + 5056b + 4813)a + 384b* + 3568b* + 7856 + 5037)t*u
+ 3w’t?u? — 36(a + b + 3)w’tu® + (112a* 4 8(24b + 61)a + 80b* + 520b + 723)wu?]|5; 0

— 65536 [24(2b + 5)(2b 4 3)(2b + 1)t'° — 54(2b + 3)w’t%u + 12(2b + 3)(38a + 48b + 177wt u

— 8(2b + 3)(124a® + 5(72b + 235)a + 4(45b6% + 346b + 629))t%u + w’t°u?

+ 9(16a + 120 + 27)w*tu? — 24(52a® + 2(64b + 163)a + 48b* 4 294b + 387)wtu?

+ 4(672a° + 8(364b + 901)a® + 4(728b% + 41600 + 5701)a + 6726 + T136b% + 22378b + 21351)t*u?
— wtu® — 9w*u?®] 070

4 262144[36(2b + 5) (20 + 3)wt'® — 16(9a + 10b + 53)(2b + 5)(2b + 3)t° — 4w’t*u

+ 9(6a + 20b + 59)w?t u — 2(124a* + 25(36b + 101)a + 8006 + 55900 + 9156 )wt’u

+ 4(96a® + 4(280b + 757)a® + (21761 + 14524b + 22919)a + 960b° + 111520 + 41048b + 47997)t°u
+ 2wt u? — 18(10a + 10b + 33)w?tu® + (1456a* + 32(105b + 358)a + 1456b° + 11384b + 20673)wt*u?
— 2[1600a® + 16(380b 4 1271)a* + (60800 + 44960b + 81732)a

+ 16006 + 20336b* + 81684b + 104727]tu* + 2w’u®| ud,0,

+ 1048576 [8(2b + 3)(2b + 5)(2b + 7)t"* + 36(2b + 5)(a + 2b + 9)uwt® — 3(2b + 5)

(32a” + 4(36b + 145)a + 1126 + 1040b + 2349)t*u — 3wt u? + 9(4a + 8b + 33)wt%u?

— 2(112a” + 2(252b + 961)a + 376b* + 3290b 4 6939)wtou? + 2[208a* + 496(3b + 11)a?

+ (2416b% 4 201206 + 40965)a + 3(336b° + 4648b> + 209396 + 30720)]t*u? + 3w t*u?
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— 9(8a + 8b + 35)w?t*u® + 2(304a” + 8(84b + 361)a + 304b* + 2888b + 6609)wtu’

— 2[704a® + 16(156b + 655)a* + 12(208b* + 1880b + 4241)a

+ 704b° + 1048006% + 50892b + 80847]u’|I)

+ [256w*t* — 256wtu — 5120(2a + 1)w’t® + 128(664a” + 64a(9b + 11) — b* + 289b + 227)w*t”
—10240(2a 4 1)(8a” 4 2a(8b + 5) + 8b* + 10b + 3)wt + 1024(2a + 1)(32a® + 48a2(2b + 1)

+ 2a(48b* + 48b + 11) + 32b” + 486> + 22b + 3)] 9}

— 2048[ — 12(2b 4+ 1)w™t® + 24(2b + 1)(12a + 2b + 15)wt” — 4(2b + 1)(448a* + 4a(116b + 287)
+ 16b + 3200 + 609)wt® + 8(2a + 1)(2b 4 1)(208a? + 16a(26b + 41) + 208b* + 656b + 501)t°
+24(a + b+ 1)w*t?u — (280a* + 8(36b + 55)a + 950 + 625b + 407)w?tu

+ 8(48a” + 16a*(7b + 11) + a(80b* 4 312b + 247) + 16b° + 136b* + 319b + 159)wu]d;'d,

+ 4096[216(2b + 1)(2b + 3)wt® — 48(38a + 24b + 117)(2b + 1)(2b + 3)wt” + 32(2b + 1)(2b + 3)
(124a* + 5a(36b + 145) + 566 + 478b + 1026)t° + 12(6a — 2b + 3)wt°u — (1064a* + 8a(432b + 785)
+ 8650 + 3671b 4 3931)w?t*u 4 12(416a® + 16a*(156b + 251) + 2a(1232b* + 5056b + 4813)

+ 384b% + 3568b + 78560 + 5037wt u — 4(1792a* + 32a*(504b + 761) + 16a*(1792b* + 6836b + 6163)
+ 2a(8064b° + 54544b% + 113888b + 75225) + 1792b" + 24064b° + 95776b* + 142320b

+ 70173)t%u 4 12(2a + 2b + 1)w’tu® + 2(88a* + 20a — b* + 109b + 254)w*u”] 970,

— 32768 — 48(2b + 5)(2b + 3)(2b + 1)wt' 4 64(3a + 2b 4 13)(2b + 5)(2b + 3)(2b + 1)¢°
+32(2b + 3)wt*u — 72(20 + 3)(6a + 8b + 29)w?t u + 16(2b + 3)[124a® + 5(72b + 235)a

+ 4(45b% + 346b + 629)|wt®u — 2(4608b" + 61568b" + 288064b* + 557184b + w'u

+ 1536a°(2b + 3) + 64a*(224b* + 10106 + 1011) + 16a(992b> + 8480b% + 22186 + 17547)

+ 372096)t°u — 2(28a + 16b + 21)w’t*u® + [1064a* + 8(360b + 911)a + 1153b* + 6911b

+ 8953]w?t3u? — 8(672a® 4 8(364b + 901)a® + 4(728b* + 4160b + 5701)a + 672b° + 7136b*

+ 22378b + 21351)wt*u® + 2[4096a* + 256a*(100b + 239) + 256a>(168b* + 913b + 1227)

+ 32a(8006% + 7304b% + 21682b + 20973) + 4096b* + uw? + 61184b> + 313728b* + 669264b

+ 506232]tu” — 2(16a + 16b + 49)w’u?] 0,0;

+ 32768[32(16b" + 1280° + 344b* + 352b + 105)t'* + 64(9a + 10b + 53)(4b* + 16b + 15)wt’u

+ 8w'tBu? — 8(960b* + 13440b° 4 65784b% + 131136b + 192a(4b* + 16b + 15) + 24a(30b°

+ 6760 + 1724b + 1335) + 89190)t%u — 8(8a + 30b + 87)wt u? + [472a* + 80(36b + 103)a
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+ 24950 + 18385b + 31043)w?*t%u® — 16[96a” + 4a*(280b + 757) + a(2176b6% + 14524b + 22919)
+ 9600 + 11152b% + 41048b + 47997]wt’u? — 10w*t*u® 4 2(1024a* + 1284 (1300 + 339)

+ 16a?(3216b* + 20344b + 30887) + 8a(6240b° + 67568b* + 236602b + 266769) + 14080b*

+ 2272000 + 13329286 + 3363192b + 3077145)t u® + 16(13a + 15b + 48)w’t*u?

— 48(52a* + (1200 + 413)a + 52b* + 413b + 756)w?t*u® + 8a*(1600a” + 16(380b + 1271)

+ a(6080b% + 44960b + 81732) + 1600b° + 20336b> + 81684b + 104727 )wtu® + 2w'u*

— 2(10496a* + 256a*(220b + 713) + 32a2(2864b* + 20216b + 35941) + 16a[35200° + 404325
+ 154588b + 196185] + 10496b* + 182528b" + 11501126 + 3138864b + 3138489)u?] 0

+ [1024(2a + 1)w*t® — 256(184a” + 8a(12b + 13) — b* + 49b + 47)w’t* 4 512(368a*

4 56a(10b + 7) + 2a(95b% + 201b + 99) — 2% + 97b* + 143b 4 47)w?t — 2048(2a + 1)

(32a® + 48a°(2b + 1) + a(96b* + 96b + 22) + 32b° + 48b° + 22b + 3)w| I}

— 1024 — 8(18a — 2b + 15)(2b + 1)w®t® + 2(2b + 1)[1064a” + 8a(144b + 353) + b° + 647b

+ 1339)w?t* — 24(2a 4 1)(2b + 1)(208a® + 16a(26b + 41) + 208b* + 656b + 501 )wt”

+ 8(2a + 1)(2b + 1)[896a® + 16a*(168b + 229) + 16a(168b* + 458b + 291) + 896b° + 3664bH>

+ 46560 + 1809]t* + (200a® — 8a(12b + 25) — 7(5b* — 5b — 3))w’tu — (704a” + 8a*(88b + 105)
— 8a(b® — 21b — 7) — 8b” + 285b + 1323b + 661)w’u]9; 0,

+ 4096 — 64(2b + 1)(2b + 3)w’t® + 144(6a + 4b + 19)(2b + 1)(2b + 3)w’t" — 32(4b* + 8b + 3)
(124a* + 5a(36b + 145) + 56b% 4+ 478b 4 1026)wt® + 4(2b 4 3)[1024b* + 12544 + 52096b*

+ 81504b + 3wu + 1536a°(20 + 1) + 64a?(112b% + 450b + 197) + 16a(3206% + 2488b*

+ 5402b + 2119) + 29232]t> + (168a* + 48a(14b + 25) + 97b* + 215b + 145)wt*u

— 4(488a® + 8a*(399b 4 640) + a(3457b* 4 14087b + 13335) + 5796° + 5186b + 11158b
+6992)w?t?u + 4(1792a* + 32a*(504b + 761) + 16a*(1792b* + 6836b + 6163) + 2a (80645

+ 54544b* + 113888b + 75225) + 1792b" + 24064b° + 95776b* + 142320b + 70173 )uwt?

— 8u(1024a® + 768(16b + 23)a”* + 128(248b + 886b + 765)a’ + 128(248b> + 1496b* + 2945b

+ 1891)a” + (12288b* + 113408b> + 376768b* + 532416b + 3w'u + 271632)a + 1024b° + 176645
+ 3bwu + 6w + 97728b% + 24056007 + 268272b 4 109332)t + 2(24a? + 12(16b + 39)a + 815>
+ 411b + 469)w’u?] 9,07
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— 16384 — 64(3a + 2b + 13)(8b” 4 36b> + 46b + 15)wt” 4+ 16(2b + 3)(64b* + 896b° + 4196b°

+ 6892b — whu + 32a*(4b? + 120 + 5) + 4a(48b% 4 388b% 4 792b + 305) + 2505)¢

+32(2b + 3)(4a + 6b + 21wt u — 2(2b + 3)(472a* + 16a(72b + 245) + 5750 + 4705b

+ 8843)w?t%u + 32(2b + 3)[96a® + 4a*(112b + 337) + a(496b* + 3496b + 5849) + 4(36b°

+ 4270 + 1610b + 1938)]wt’u — 2u[6144b° + 1049606* + 6869125% 4 2143328b* — 4(5w'u

— 793449)b — 39w u + 2048a*(2b + 3) + 1024a®(266* + 111b + 108) + 32a*(1472b° 4 11648b?

+ 28814b + 21981) + 4a(7680b* + 92544 + 401504b* + 733984b — 3whu + 471048) + 1771830]¢t*
— (232a* + 8(104b + 259)a + 385b% + 2207b + 2761)w*t*u? + 3(768a” + 8a*(416b + 1029)

+ 32a(104b% 4 602 + 831) + 768b> 4 8321b% + 263350 + 25213)wt*u® — 16(512a*

4 32a*(100b 4 239) + 32a*(168b* + 913b + 1227) + 4a(800b® + 7304b% 4 216820 4 20973)

+ 512b* 4 7648b + 39216b + 83658b + 63279)wtu® + 2[5120a° + 1024a* (41b + 94)

+ 128a°(784b* + 4040b + 5255) + 64a”(1568b% + 13152b% + 372020 + 35213) + 4a(10496b*

4 1292806% + 59523207 + 12092320 — wu 4 911949) + 51206° + 96256b* — 11w u + 6726400°

+ 22534406° — 4b(w'u — 911745) + 2284416]u*| 9

+ [128(88a* — 16a — b* + b+ 11)w*t* — 256a*(464a” + 8(50b + 7) — 2a(35b6% + 117b + 23)

— 6b° — 2907 + 29b + 21)tw® + 256(704a* + 16a>(88b + 25) + 8a*(87b* + 35b + 10)

— 2a(8b” 4 59b* — 43b — 25) — 8b* + 2b° + 93b° + 67 + 11)w?] 5}

—1024] — 8(2b + 1)(2b + 3)w™t® — 2(2b + 1)(168a” + 16(14b + 33)a — 316° + 7b + 121 )w’t*

+ 8(2b + 1)(488a” + 8(133b + 241)a” + (577b% + 2391b + 2271)a + b* + 2896 + 887b + 653)w’t?
— 8(2a + 1)(2b + 1)(896a* + 16a*(168b + 229) + 16a(168b> + 458b + 291) + 896b° + 36645

4 4656b + 1809)wt? + [16384a°(2b + 1) + 40964 (320 + 58b + 21) + 2048a>(96b° 4 308b + 292b
+ 81) + 8a*(16384b* + 78848b° + 1280006% + 82944b — 3uw* + 18304) + 8a(4096b° 4 29696b*

+ 747520 + 82944b* + 4(3whu + 10304)b + 21wy + 7488) + 16384b° + 86016b* + 73w u

+ 165888 + 116%(3wu + 13312) + 3b(37wu + 19968) + 9216]t + [320a® — 8a*(24b + T1)

— 24a(27b% + 97b + 80) — 136b° — 803> — 12296 — 611]w’u] 9,0,

+ 256 [256(2b + 1)(2b + 3)w't® — 256(8a + 6b + 27)(2b + 1)(2b + 3)w’t" + 32(2b + 1)(2b + 3)
(472a* 4 16(36b + 155)a + 1916 + 1681b + 3683)w?t5 — 512(2b 4 1)(2b + 3)(96a> + 4a*(56b + 197)
+ (160b% 4 1164b + 2119) + 320 + 3766 + 1440b + 1827)wt” + [65536b° + 1081344b° + 6905856
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+ 21886976 + (35698944 — 1443w*u)b* + (27362304 — 4125w u)b — 3184wy

4 655360 (20 + 1)(2b 4 81924 (104b® 4 524b* + 710b + 237) + 16a?(61440b* + 505856b°

+ 1417984b + 1499136b — 19w u + 454464) + 16a(28672b° 4 337920b" + 1498368b°

4 3033728b* — 48(3wu — 55636)b — 197wu + 743904) 4 7093440]t* + 32(72a® + 24(29b + 46)a*
+ (993b + 3975b + 3709)a + 195b° + 1618b* + 3302b + 1955)wt3u — 24(1024a + 96(96b

+ 143)a® + 8(2048b* + 7804b + 7051)a* + 4(2304b* + 15873b* + 33471b + 22213)a + 1024b*

+ 140920 + 56707b* + 84429b + 41523)wt?u + 256(256a° + 192(16b + 23)a’ + 32(248b°

+ 886b + 765)a’ + 32(248b + 1496b* + 2945b + 1891)a” + 4(768b" + T088b* + 23548D

+ 33276b + 16977)a + 256b° + 4416b* + 24432b° 4 601400 + 67068b + 27333)wtu

+ (—65536a° — 32768(30b + 41)a” — 24576(136b% 4 452b + 373)a* — 2048(2368b° + 129925

4 24036b + 14839)a® — 16(208896b* + 1662976b> + 50073600 + 6692864b — 47w u

+ 3328016)a* — 16(614405° + 694272b" + 3076608b° + 6692480b% + (7104112 — 48w u)b

— 6lwhu + 2932896)a — 655360° — 1343488b° — 9166848b* + 4110%w*u + 1317bwu + 1544wy
— 30384128b” — 532083200% — 46851456b — 16147584)u] 97

+ [256(112a” + 8(6b — 7)a* — 2(33b* + 87b + 29)a — 2b* — 316° — 17b — 1)w™t

— 256(4a + 4b + 1)(112a® 4 8(6b — T)a® — 2(33b” + 87b + 29)a — 2b° — 316> — 17b — 1)w?] O,

+ [ — 128(2b 4 1)(304a” + 16(48b + 53)a + 163b> + 413 + 496 )w™t*

+ 256(496a° + 16a*(47b + 27) + a(4116* + 181b — 56) + 1556° + 318b* + 399b + 246)w™u

+ 4096(2b + 1)(72a® + 8a*(29b + 51) + a(161b% 4 663b + 613) + b*> + 816 + 231b + 152)w3t?
—3072(2b + 1)(1024a" + 96a°(32b + 47) + 8a(384b* + 1236b + 943) + 4a(2566° + 1473b>

+ 2495b + 1237) + 516b° + 21756% 4+ 2737b 4 1047)w?t? 4 262144(2a + 1)(2b + 1)[16a*

+ 4a*(16b + 19) + 4a(24b% + 57b + 31) + a(64b* + 228b* + 248b + 81) + (4b + 3)(2b + 3)(2b + 1)
(b+ 2)Jwt — 256[32768a°(2b + 1) + 16384a°(10b + 11)(2b + 1) + 4096a* (1606” + 440b°

+ 366b + 93) + 1024a*(64b* + 2560b° 4 35120 + 1954b + 379) + 128a?(2b + 1)(1280b* + 64006
+ 10848b + 7232b + 1577) + 128a(2b + 1)(256b6° + 19206 + 4896b° + 5368b* + 25096 + 399)
+32(2b + 1)*(4b + 1)(4b + 3)(16b> + 56b + 51)]] 0, ,

where Cy is the lowest eigenvalue of Vs (see (34)).
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