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The Effective One Body description of the
Two-Body problem

Thibault Damour and Alessandro Nagar

Abstract The Effective One Body (EOB) formalism is an analytical aggarh which
aims at providing an accurate description of the motion adiéhtion of coalescing
binary black holes with arbitrary mass ratio. We review tlasib elements of this
formalism and discuss its aptitude at providing accuratgtate waveforms to be
used for gravitational wave data analysis purposes.

1 Introduction

A network of ground-based interferometric gravitationadawe (GW) detectors
(LIGO/VIRGO/GEOQ!. ) is currently taking data near its planned sensitivity [1].
Coalescing black hole binaries are among the most promiaimgy most exciting,
GW sources for these detectors. In order to successfulctl&Ws from coalesc-
ing black hole binaries, and to be able to reliably measugeptiysical parameters
of the source (masses, spins,), it is necessary to know in advance the shape of
the GW signals emitted by inspiralling and merging blackelsolndeed, the detec-
tion and subsequent data analysis of GW signals is made hy adiarge bank of
templateghat accurately represent the GW waveforms emitted by theceo

Here, we shall introduce the reader to one promising styatagard having an
accurate analytichldescription of the motion and radiation of binary black lsple
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which covers all its stages (inspiral, plunge, merger and-down): theEffective
One Bodyapproach [2, 3, 5, 4]. As early as 2000 [3] this method maderséquan-
titative and qualitative predictions concerning the dyienof the coalescence, and
the corresponding GW radiation, notably: (i) a blurred siian from inspiral to
a ‘plunge’ that is just a smooth continuation of the inspifa) a sharp transition,
around the merger of the black holes, between a continugdahgnd a ring-down
signal, and (iii) estimates of the radiated energy and ofsghia of the final black
hole. In addition, the effects of the individual spins of thlack holes were inves-
tigated within the EOB [4, 6] and were shown to lead to a lageergy release
for spins parallel to the orbital angular momentum, and tan@edsionless rotation
parameted /E? always smaller than unity at the end of the inspiral (so th&ea
black hole can form right after the inspiral phase). All tagsedictions have been
broadly confirmed by the results of the recent numerical Eitians performed by
several independentgroups [7, 8, 9, 10, 11, 12, 13, 14, 13,7148, 19, 20, 21, 22,
23, 24, 25, 26, 27, 28, 29] (for a review of numerical relaivesults see also [30]).
Note that, in spite of the high computer power used in theseilsitions, the cal-
culation of one sufficiently long waveform (correspondingpecific values of the
many continuous parameters describing the two arbitraryses the initial spin
vectors, and other initial data) takes on the order of twokse€his is a very strong
argument for developing analytical models of waveforms.

Those recent breakthroughs in numerical relativity (NR¢mothe possibility of
comparing in detail the EOB description to NR results. ThHBEANR comparison
has been initiated in several works [31, 32, 33, 34, 35, 3638739, 40, 41]. The
level of analytical/numerical agreement is unprecedentethpared to what has
been previously achieved when comparing other types of/acall waveforms to
numerical ones. In particular, Refs. [40, 41] have compéaneddifferent kind of
analytical waveforms, computed within the EOB framewodkitite most accurate
gravitational waveform currently available from the CahieCornell group, finding
that the phase and amplitude differences are of the ordeeaiumerical error.

If the reader wishes to put the EOB results in contrast witienfPost-Newtonian
or hybrid) approaches he can consalg, [27, 28, 42, 43, 44, 45, 46, 47].

Before reviewing some of the technical aspects of the EOBhatktet us indi-
cate some of the historical roots of this method. First, wie titat the EOB approach
comprises three, rather separate, ingredients:

1. adescription of the conservative (Hamiltonian) parhefdynamics of two black
holes;

2. an expression for the radiation-reaction part of the dyins;

3. adescription of the GW waveform emitted by a coalescinguyi system.

For each one of these ingredients, the essential inputatbated in EOB works
are high-order post-Newtonian (PN) expanded results wiéste been obtained by

to solve them. The important point is that, contrary to 3D euoal relativity simulations, nu-
merically solving ODE'’s is extremely fast, and can thereftre done (possibly even in real
time) for a dense sample of theoretical parameters, suchibéslolv = mymp/M,...) or spin
(&1 = S1/Gn%, 61, ¢1,...) parameters.
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many years of work, by many researchers (see references)o&lowever, one of
the key ideas in the EOB philosophy is to avoid using PN redualtheir original
“Taylor-expanded” formi(e. ¢+ V4 CoV2 + c3V2 + - - - + ¢, V"), but to use them
instead in someesummedorm (i.e. some non-polynomial function of, defined
S0 as to incorporate some of the expected non-perturbatares of the exact re-
sult). The basic ideas and techniques for resumming eacadient of the EOB are
different and have different historical roots. Concerriing first ingredienti.e. the
EOB Hamiltonian, it was inspired by an approach to electrgmegically interacting
quantum two-body systems introduced by Brézin, ltzyksuh Zinn-Justin [48].

The resummation of the second ingrediéet,the EOB radiation-reaction force
%, was originally inspired by the Padé resummation of thefflunction introduced
by Damour, lyer and Sathyaprakash [49]. Recently, a new ame sophisticated
resummation technique for the radiation reaction fo#€énas been introduced by
Damour, lyer and Nagar [50] and further employed in EOB/NRhparisons [40].
It will be discussed in detail below.

As for the third ingredient,e. the EOB description of the waveform emitted by
a coalescing black hole binary, it was mainly inspired byvloek of Davis, Ruffini
and Tiomno [51] which discovered the transition betweenpluage signal and a
ringing tail when a patrticle falls into a black hole. Addit@ motivation for the
EOB treatment of the transition from plunge to ring-down eanom work on the,
so-called, “close limit approximation” [52].

Let us finally note that the EOB approach has been recentlyawepgl [37, 50, 40]
by following a methodology consisting of studying, elemieypelement, the physics
behind each feature of the waveform, and on systematicalgparing various
EOB-based waveforms with ‘exact’ waveforms obtained by l[§Rraaches. Among
these ‘exact’ NR waveforms, it has been useful to considersthall-mass-ratio
limit 2 v = mymp/(my +mp)? < 1, in which one can use the well controllable ‘lab-
oratory’ of numerical simulations of test particles (with @lded radiation-reaction
force) moving in black hole backgrounds [35, 36].

2 Motion and radiation of binary black holes: post-Newtonian
expanded results

Before discussing the various resummation techniques inste@ EOB approach,
let us briefly recall the ‘Taylor-expanded’ results thatéheen obtained by pushing
to high accuracies the post-Newtonian (PN) methods.

Concerning the orbital dynamics of compact binaries, wall¢lcat the 2.5PN-
accuraté equations of motion have been derived in the 1980's [53, 54,585].

2 Beware that the fonts used in this chapter make the greek letindicating the symmetric mass
ratio) look very similar to the latin letter # v indicating the velocity.

3 As usual h-PN accuracy’ means that a result has been derived up torahdiing) terms which
are~ (v/c)?" ~ (GM/c?r)" fractionally smaller than the leading contribution.



4 Thibault Damour and Alessandro Nagar

Pushing the accuracy of the equations of motion to the 3PI/(c)®) level proved

to be a non-trivial task. At first, the representation of klaoles by delta-function
sources and the use of the (non diffeomorphism invariandefeard regularization
method led to ambiguities in the computation of the badledjent integrals that
enter the 3PN equations of motion [57, 58]. This problem vedgesl by using the
(diffeomorphism invariant)limensional regularizatiomethod {.e. analytic contin-
uation in the dimension of spacg which allowed one to complete the determina-
tion of the 3PN-level equations of motion [59, 60]. They halso been derived by
an Einstein-Infeld-Hoffmann-type surface-integral aygmh [61]. The 3.5PN terms
in the equations of motion are also known [62, 63, 64].

Concerning the emission of gravitational radiation, twifedentgravitational-
wave generation formalismsave been developed up to a high PN accuracy: (i)
the Blanchet-Damour-lyer formalism [65, 66, 67, 68, 69, 7Q] combines a
multipolar post-Minkowskian (MPM) expansion in the exterzone with a post-
Newtonian expansion in the near zone; while (ii) the Willsé&finan-Pati formalism
[72,73, 74, 62] uses a direct integration of the relaxedtéingquations. These for-
malisms were used to compute increasingly accurate estinwdtthe gravitational
waveforms emitted by inspiralling binaries. These estawanclude both normal,
near-zone generated post-Newtonian effects (at the 1PN 268N [75, 76, 72],
and 3PN [77, 78] levels), and more subtle, wave-zone gesebdihear and non-
linear) ‘tail effects’ [69, 79, 80, 71]. However, technigabblems arose at the 3PN
level. Similarly to what happened with the equation of motithe representation
of black holes by ‘delta-function’ sources causes the appea of dangerously
divergent integrals in the 3PN multipole moments. The us¢iafiamard (par-
tie finie) regularization did not allow one to unambiguoustmpute the needed
3PN-accurate quadrupole moment. Only the use of the (foyhdiffeomorphism-
invariantdimensional regularizatiomethod allowed one to complete the 3PN-level
gravitational-radiation formalism [82].

The works mentioned in this Section (see [83] for a detailszbant and more
references) finally lead to PN-expanded results for theanaiind radiation of bi-
nary black holes. For instance, the 3.5PN equations of matie given in the form
(@=1,2;i=1,23)

d2z . .
d_t22|a _ Alacons_|_ AI;?R’ (1)
where
A= Ag+c Ao+ c As+c A, ()

denotes the ‘conservative’ 3PN-accurate terms, while
ARR— cSA5 + ¢ A7, (3)

denotes the time-asymmetric contibutions, linked to ‘atidin reaction’.

On the other hand, if we consider for simplicity the insgirg motion of a
quasi-circular binary system, the essential quantity ideisg) the emitted gravita-
tional waveform is thephaseg of the quadrupolar gravitational wave amplitude
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h(t) ~ a(t) cog¢@(t) + &). PN theory allows one to derive several different func-
tional expressions for the gravitational wave phasas a function either of time
or of the instantaneous frequency. For instance, as a imofitime, ¢ admits the
following explicit expansion in powers & = vc3(t. —t) /5GM (wheret. denotes a
formal ‘time of coalescenceM = m; +nmp andv =m mz/MZ)

ot) = @—v %8 <1+ i(an+a;1 In 6) e”/8> : (4)

n=

with some numerical coefficients,, aj, which depend only on the dimensionless
(symmetric) mass rati® = m;mp/M?. The derivation of the 3.5PN-accurate ex-
pansion (4) uses both the 3PN-accurate conservative aatiete(2) and a 3.5PN
extension of the (fractionally) 1PN-accurate radiatioacten acceleration (3) ob-
tained by assuming a balance between the energy of the béyatgm and the
gravitational-wave energy flux at infinity (semg, [83]).

Among the many other possible ways [84] of using PN-expamédgudlts to pre-
dict the GW phas@(t), let us mention the semi-analytic T4 approximant [42, 32].
The GW phase defined by the T4 approximant happens to agréeluvelg the
inspiral with the NR phase in the equal mass case [27]. Homyévis agreement
seems to be coincidental because the T4 phase exhibitdicigmidisagreement
with NR results for other mass ratios [39] (as well as for spig black-holes [47]).

3 Conservative dynamics of binary black holes: the Effective
One Body approach

The PN-expanded results briefly reviewed in the previousi®@eare expected to
yield accurate descriptions of the motion and radiationin&ty black holes only
during theirearly inspiralling stage,i.e. as long as the PN expansion parameter
e = GM/c?R (whereR is the distance between the two black holes) stays signifi-
cantly smaller than the value % where the orbital motion is expected to become
dynamically unstable (‘last stable circular orbit’ and legng of a ‘plunge’ leading

to the merger of the two black holes). One needs a betterigéeorof the motion
and radiation to describe thate inspiral (say ye = %2), as well as the subsequent
plungeandmerger One possible strategy for having a complete descriptichef
motion and radiation of binary black holes, covering all skeges (inspiral, plunge,
merger, ring-down), would then be to try to ‘stitch togethit-expanded analytical
results describing the early inspiral phase with 3D nunaériesults describing the
end of the inspiral, the plunge, the merger and the ring-dofihe final black hole,
seee.g, Refs. [86, 32].

However, we wish to argue that the EOB approach makes a hsitenf all the
analytical information contained in the PN-expanded ttegdl)-(3). The basic claim
(first made in [2, 3]) is that the use of suitalstEsummation methodshould allow
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one to describe, by analytical toolssafficiently accuratapproximation of then-
tire waveform from inspiral to ring-down, including the non-perturbvatiplunge
and merger phases. To reach such a goal, one needs to maKkesegeral tools: (i)
resummation methods, (ii) exploitation of the flexibility analytical approaches,
(i) extraction of the non-perturbative information camed in various numerical
simulations, (iv) qualitative understanding of the badiggical features which de-
termine the waveform.

Let us start by discussing the first tool used in the EOB amtrahe systematic
use of resummation methods. Essentially two resummatidghads have been em-
ployed (and combined) and some evidence has been givem#yado significantly
improve the convergence properties of PN expansions. T$tenfiethod is the sys-
tematic use oPadé approximantslt has been shown in Ref. [49] that near-diagonal
Padé approximants of the radiation reaction féréé seemed to provide a good
representation of# down to the last stable orbit (which is expected to occur when
R~ 6GM/c?, i.e.whenys ~ %). In addition, a new route to the resummation%®f
has been proposed very recently in Ref. [50]. This appraheilt will be discussed
in detail below, is based on a new multiplicative decompasiof the metric mul-
tipolar waveform (which is originally given as a standard &#ies). In this case,
Padé approximants prove to be useful to further improvetmeergence properties
of one particular factor of this multiplicative decompasit.

The second resummation method is a novel approach to thenigmaf compact
binaries, which constitutes the core of the Effective OndyB@&OB) method.

For simplicity of exposition, let us first explain the EOB rhed at the 2PN
level. The starting point of the method is the 2PN-accuramhtonian describing
(in Arnowitt-Deser-Misner-type coordinates) the consgie, or time symmetric,
part of the equations of motion (1) €. the truncatiomrA"S= Ag + ¢ %A, + ¢ A,
of Eq. (2)) sayH2pn(d; — Oy, P1, P2). By going to the center of mass of the sys-
tem(p; + p, = 0), one obtains a PN-expanded Hamiltonian describingelative

motion q=0; — Gz, P= Py = — Py
: 1 1
HEER"(a. p) = Ho(a. P) + 5 H2(a. B) + 5 Ha(a. ). (5)

whereHo(q, p) = ﬁ p?+ % (with M = my +mp andu = my mp/M) corresponds
to the Newtonian approximation to the relative motion, whil, describes 1PN
corrections anti; 2PN ones. Itis well known that, at the Newtonian approxiorati
Ho(q, p) can be thought of as describing a ‘test particle’ of masgbiting around

an ‘external massGM. The EOB approach is general relativistic generalization
of this fact. It consists in looking for an ‘external spanmigeometrygf}ﬁ(x)‘ ;GM)

such that the geodesic dynamics of a ‘test particle’ of mpasgthin g?‘(}(x" ,GM) is

4 We henceforth denote by the Hamiltonianversion of the radiation reaction tetA¥R Eq. (3),

in the (PN-expanded) equations of motion. It can be heaalyi computed up to (absolute) 5.5PN
[77, 81, 82] and even 6PN [85] order by assuming that the gmadjated in gravitational waves
at infinity is balanced by a loss of the dynamical energy ofdimary system.



The Effective One Body description of the Two-Body problem 7

equivalen{when expanded in powers of &) to the original, relative PN-expanded
dynamics (5).

Let us explain the idea, proposed in [2], for establishingiationary’ between
the real relative-motion dynamics, (5), and the dynamieokffective’ particle of
massp moving in gfﬁ(x",GM). The idea consists in ‘thinking quantum mechan-
ically’®. Instead of thinking in terms of a classical Hamiltoni&t(q, p) (such as
Hiekive Eq. (5)), and of its classical bound orbits, we can thinkemts of the
quantized energy level&(n,¢) of the quantum bound states of the Hamiltonian
operatorH (q, p). These energy levels will depend on two (integer valuednqua
tum numbers and/. Here (for a spherically symmetric interaction, as appedpr
to H™®1ae) s parametrizes the total orbital angular momentiwh+ ¢(¢ + 1) h?),
while n represents the ‘principal quantum numbet: £+ n; + 1, wheren, (the ‘ra-
dial quantum number’) denotes the number of nodes in thalradive function. The
third ‘magnetic quantum numbem (with —¢ < m < ¢) does not enter the energy
levels because of the spherical symmetry of the two-bodyraction (in the center
of of mass frame). For instance, a non-relativistic CoulgartNewton!) interaction

1 GMu
Ho= — p*+ —— 6
2" " o ©
gives rise to the well-known result
Eo(n, ) = — = ( SMH i @)
o\l - 2“ nh )

which depends only on (this is the famous Coulomb degeneracy). When consider-
ing the PN corrections tblp, as in Eq. (5), one gets a more complicated expression
of the form

a2

u_

; 1
L, () = S

2 4
o C C: o C C: C: C.
. 1+_(£+ﬂ)+_(£+ﬁ+ﬁ+ﬂ)}

c2\nl  n? A \nB n2 n¥d nt
(8)

where we have set = GMu/h= G my/h, and where we consider, for simplic-

ity, the (quasi-classical) limit whene and/ are large numbers. The 2PN-accurate

result (8) had been derived by Damour and Schéfer [87] dg aarl988. The di-

mensionless coefficients,q are functions of the symmetric mass ratic= u/M,

for instancecso = %(145— 15v +v?). In classical mechanicg€. for largen and?),

it is called the ‘Delaunay Hamiltoniani,e. the Hamiltonian expressed in terms of

theaction variable§ J = (h= 2 § ps dg, andN = nh=I; + J, with I, = 5 § p,dr.
The energy levels (8) encode, in a gauge-invariant way, Bi-accurate relative

dynamics of a ‘real’ binary. Let us now consider an auxiliprpblem: the ‘effec-

tive’ dynamics of one body, of mags, following a geodesic in some ‘external’

5 This is related to an idea emphasized many times by John BatthiVheeler: quantum mechan-
ics can often help us in going to the essence of classical améch

6 We consider, for simplicity, ‘equatorial’ motions with= ¢, i.e,, classically,8 = 7.
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(spherically symmetric) metric
gigdxt dx’ = —A(R)c?dT? + B(R) dRe + RE(d6? + sirf 6 d¢?) . (9)

Here, thea priori unknownmetric functionsA(R) andB(R) will be constructed in
the form of expansions iGM/c’R:

GM GM)\? GM\ 3
A(R)Zl-i-alﬁ-f—az( ) +33< ) +

2R 2R
GM GM\?
B(R)—l-i—blﬁ-f—bz(ﬁ) +---, (10)

where the dimensionless coefficieatsb, depend orv. From the Newtonian limit,
it is clear that we should set; = —2. By solving (by separation of variables) the
‘effective’ Hamilton-Jacobi equation

uv aseff aseff
eff gxt gxv

Sett = — ettt + Jeit  + Sert(R), (11)

one can straightforwardly compute (in the quasi-classlaaje quantum numbers
limit) the Delaunay Hamiltoniades (Net, Jeft ), With Nett = Nest N, Jest = Lot h (Where
Neft = Jert + 1§, with 18T = 2L § p&f dR PE" = 9S.(R)/dR). This yields a result of
the form

1 a? a2 ceff ceff
éaeﬁ(neﬁ,ﬁeﬁ):ucz—zu {1+ < 11 +ﬂ)

+u%? =0,

4 eff eff eff eff

a [ Ci3 C22 C1 |, G0
ta Nefl> Tz +n3£ T )|

effCeff eff“eff eff teff eff

(12)

where the dimensionless coefficien% are now functions of the unknown coeffi-
cientsap, by entering the looked for ‘external’ metric coefficients (10)

At this stage, one needs (as in the famous AdS/CFT corregpaejlito define a
‘dictionary’ between the real (relative) two-body dynasjisummarized in Eq. (8),
and the effective one-body one, summarized in Eq. (12). A®ath sides, quantum
mechanics tells us that the action variables are quantizéatégers Keq = nh,
Nest = Nefth, etc.) it is most natural to identifyi = ner and? = lefr. One then still
needs arule for relating the two different enerﬁ@?‘“’e anddéesr. Ref. [2] proposed
to look for a general map between the real energy levels amckffiective ones
(which, as seen when comparing (8) and (12), cannot be biidentified because

7 It is convenient to write the ‘external metric’ in Schwarkzid-like coordinates. Note that the
external radial coordinat® differs from the two-body ADM-coordinate relative distaR*PM =
|g|. The transformation between the two coordinate systembéwms determined in Refs. [2, 5].
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&€= [f(E)

Ereal geff

— 14

—n+1,0+1 n+1,¢ —n+1/4+1

n,{ n, ¢

Fig. 1 Sketch of the correspondence between the quantized erexgg bf the real and effective
conservative dynamics.denotes the ‘principal quantum number=t n; + ¢+ 1, withn, =0,1,...
denoting the number of nodes in the radial function), whitlenotes the (relative) orbital angular
momentum(L? = £(¢ + 1)R2). Though the EOB method is purely classical, it is conceptual
useful to think in terms of the underlying (Bohr-Sommerjeddantization conditions of the action
variableslg andJ to motivate the identification betweerand/ in the two dynamics.

they do not include the same rest-mass contrib8jioramely

Jati lati lati lativey, 2
Gt _ ¢ (Eea ) _Eea (4 L Ereal o, Erea - L)
pc? pc? pc? pc?
(13)

The ‘correspondence’ between the real and effective erlexgys is illustrated in
Fig. 1

Finally, identifying&e(n, ) /uc? to f(EERMVe/ ic?) yields six equations, relat-
ing the six coefficients%fé(azag;bl,bz) to the sixcpg(v) and to the two energy
coefficientsa; anda,. It is natural to seb; = +2 (so that the linearized effective
metric coincides with the linearized Schwarzschild metith massM = my + ny).
One then finds that there existaiaiquesolution for the remaining five unknown
coefficientsay, as, b, a1 anda,. This solution is very simple:

a2:0, a3:2v, b2=4—6\/7 a; = az =0. (14)

%
E 9
8 IndeedEQ? = Mc? + E'®lative— Mc2 4 Newtonian termsg- 1PN/c? + - - -, while &ufrective= HC? +

real real

N-+1PN/G?+---.



10 Thibault Damour and Alessandro Nagar
Note, in particular, that the map between the two energisisriply

relative relative 4 4
et _ Ereal ( v Ereal ) _ S_m%C —I’T‘%C

(15)

Ze 1 1+ =
uc? * uc? +2 pc? 2my mp c?

wheres = (£1%)2 = (Mc? + E/€ltVe)2 js Mandelstam’s invariant —(py + p2)?.
Note also that, at 2PN accuracy, the crucgl® metric coefficientA(R) (which
fully encodes the energetics of circular orbits) is giventlby remarkably simple
PN expansion

Aopn(R) = 1—2u+2vid, (16)

whereu = GM/(c?R) andv = p/M = mymp/(my +mp)2.

The dimensionless parameter= /M varies between 0 (in the test mass
limit my < myp) andz—l1 (in the equal-mass casa; = myp). Whenv — 0, Eq. (16)
yields back, as expected, the well-known Schwarzschile-ime metric coeffi-
cient—gos™ = 1—2u= 1— 2GM/c?R. One therefore sees in Eq. (16) the rdlevof
as adeformation parametaronnecting a well-known test-mass result to a non trivial
and new 2PN result. It is also to be noted that the 1PN EOBtrAspl(R) = 1—2u
happens to be-independent, and therefore identicaltf™ = 1 — 2u. This is re-
markable in view of the many non-trivial-dependent terms in the 1PN relative
dynamics. The physically real 1Pidependence happens to be fully encoded in
the functionf (E) mapping the two energy spectra given in Eq. (15) above.

Let us emphasize the remarkable simplicity of the 2PN rgddl}. The 2PN
Hamiltonian (5) contains eleven rather complicatedependent terms. After trans-
formation to the EOB format, the dynamical information ained in these eleven
coefficients getsondensedhto the very simple additional contribution2v ud in
A(R), together with an equally simple contribution in the radradtric coefficient:
(A(R)B(R))2pn = 1 — 6vu?. This condensation process is even more drastic when
one goes to the next (conservative) post-Newtonian ortler3PN level, i.e. ad-
ditional terms of order’(1/c®) in the Hamiltonian (5). As mentioned above, the
complete obtention of the 3PN dynamics has represented gutieoretical chal-
lenge and the final, resulting Hamiltonian is quite comgédaEven after going to
the center of mass frame, the 3PN additional contribugé}ﬁe(q, p) to Eq. (5) in-
troduces eleven new complicateedependent coefficients. After transformation to
the EOB format [5], these eleven new coefficients get “cosddhinto onlythree
additional terms: (i) an additional contribution A¢R), (ii) an additional contribu-
tion to B(R), and (iii) a¢(p*) modification of the ‘external’ geodesic Hamiltonian.
For instance, the crucial 3P9§5 metric coefficient becomes

Asen(R) = 1—2u+2vud +agvu?, (17)
whereu = GM/(¢?R),

94 41
=33 % ~ 18.6879027, (18)
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| 1 [—1N !
i L1 |===2PN ! J
L [N R R 3PN !
. R 3 [Asen] J
N . P{[Aspx(as = 0)] ;
o8- \ L Pl[Aspx (a5 =0, a6 =0)] ; i
} NC :
[
I I
-
0.6
<
0.4
0.21
o-
s
0 0.1

Fig. 2 Various approximations and Padé resummation of the EOIrpdtentialA(u), whereu =
GM/(c?R), for the equal-mass case= 1/4. The vertical dashed lines indicate the corresponding
(adiabatic) LSO location [2] defined by the conditidhsS,/dR = d&% /dR= 0, where&Y; is the
effective energy along the sequence of circular orliés, (NhenP,Sff =0).

while the additional contribution tB(R) gives
D3pn(R) = (A(R)B(R))zpn= 1 — 6vU? 4 2(3v — 26)vu® . (19)

Remarkably, it is found that the very simple 2PN energy magEs) does not need
to be modified at the 3PN level.

The fact that the 3PN coefficiert; in the crucial ‘effective radial potential’
Aspn(R), Eq. (17), is rather large and positive indicates thatukdependent non-
linear gravitational effects lead, for comparable magses %), to a last stable (cir-
cular) orbit (LSO) which has a higher frequency and a largedibg energy than
what a naive scaling from the test-particle lirfit — 0) would suggest. Actually,
the PN-expanded form (17) ékpn(R) does not seem to be a good representation
of the (unknown) exact functioAsog(R) when the (Schwarzschild-like) relative
coordinateR becomes smaller than abou®Bl/c? (which is the radius of the LSO
in the test-mass limit). In fact, by continuity with the tesass case, one a priori
expects thafzpn(R) always exhibits a simple zero defining an EOB “effective hori
zon” that is smoothly connected to the Schwarzschild everizbn atR = 2GM/ ¢?
whenv — 0. However, the large value of tha coefficient does actually prevent
Agpn to have this property whewnis too large, and in particular when=1/4, as it
is visually explained in Fig. 2. The black curves in the figtepresent thé func-
tion at 1PN (solid line), 2PN (dashed line) and 3PN (dashlide} approximation:
while the 2PN curve still has a simple zero, the 3PN does ne&ttd the large value
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of ay. It was therefore suggested [5] to further reSukgpn(R) by replacing it by a
suitable PadéP) approximant. For instance, the replacemengin(R) by

- 1+nmu
~ 1+diu+ dou? 4+ daud

A3(R) = P3[Agpn(R)] (20)

ensures that the = 711 case is smoothly connected with the= 0 limit, as Fig. 2
clearly shows’.

The use of Eqg. (20) was suggested before one had any (réliedrieperturbative
information on the binding of close black hole binaries.drab comparison with
some “waveless” numerical simulations of circular blackehbinaries [89] has
given some evidence that Eq. (20) is physically adequatefs. [4, 89] it was also
emphasized that, in principle, the comparison between noaielata and EOB-
based predictions should allow one to determine the effiettteounknown higher
PN contributions to Eq. (17). For instance, one can add a WNerm +asvu®
or a 5PN-like term+-agvu® in Eq. (17), and then Padé the resulting radial function.
The newresummed Avotential will exhibit an explicit dependence ag (at 4PN)
or (as,86) (at 5PN), that is

AL(R as,v) = P} [AgpN(R) + va5u5] , (1)

or
AL(R;as,a6,v) = P2 [AgpN(R) +vaslP® + vaeue} . (22)

Comparing the predictions &f;(R; as, v) or AL(R; as, as, v) to numerical data might
then determine what is the physically preferred “effectixadue of the unknown co-
efficientas (if working at 4PN effective accuracy) or of the doubles, as) (when
including also 5PN corrections). For illustrative purpgseig. 2 shows the effect
of the Padé resummation witl; = as = 0 andv = 1/4. Note that the Padé re-
summation procedure is injecting some “information” beydmat contained in the
numerical values of the PN expansion coefficiemfs of A(R). As a consequence,
the operation of Padéing and of restrictiagandag to the (3PN-compatible) val-
uesas = 0 = ag do not commuteAL(R;0,1/4) # AL(R;0,0,1/4) # AY(R,1/4).
In this respect, let us also mention that the 4&N\dependent Padé approximant
Al(Ras,v) exactly reduces to the 3PN Padé approxim&iR; v) whenas is re-
placed by the following function of

 v(3392— 1237)2
2 v) = 18433v_4) (23)

9 The PN-expanded EOB building blockgR), B(R),... already represent msummatiorof the
PN dynamics in the sense that they have “condensed” the reamg Df the original PN-expanded
Hamiltonian within a very concise format. But one should reftain to further resum the EOB
building blocks themselves, if this is physically motivéte

10 We recall that the coefficienty and (dy,d,ds) of the Padé approximant are determined by
the condition that the first four terms of the Taylor expansdeA% in powers ofu = GM/(c?R)
coincide withAgpy.
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Note that the value of thal-reproducing effective 4PN coefficiea™™(v) in the

equal mass case &' (1/4) ~ —17.158031. This is numerically compatible with

the valueas = —17.16 quoted in Ref. [28] (but note that the corréétreproducing

4PN coefficient depends on the symmetric mass raficSimilarly, when work-

ing at the 5PN IevelAé(R; as,ap, V) exactly reduces to the 4PN Padé approximant

A}l(R; as, V) whenag is replaced by the following function of bothandas:

ag (v.a5) =

v (230482 + 96(3392— 12377%) a5 + (3776— 1231%) (32(3v + 94) — 1237%) )
24((3776—123m2) v — 153§

(24)

The use of numerical relativity data to constrain the vabfale higher PN param-
eters(as,ap) is an example of the useftiexibility [88] of analytical approaches:
the fact that one can tap numerically-based, non-pertivebatformation to im-
prove the EOB approach. The flexibility of the EOB approadatesl to the use of
the as-dependent radial potentiA&(R; as, V) has been exploited in several recent
works [33, 37, 38, 39, 28, 41] focusing on the comparison oBHfased wave-
forms with waveforms computed via numerical relativity siations. Collectively,
all these studies have shown that it is possible to constea(together with other
flexibility parameters related to the resummation of radiateaction, see below)
so as to yield an excellent agreement (at the level of theghdd numerical errors)
between EOB and numerical relativity waveforms. The resdtvever, cannot be
summarized by stating thag is constrained to be in the vicinity of a special nu-
merical value. Rather, one finds a strong correlation betageand other parame-
ters, notably the radiation reaction paramejgf introduced below. More recently,
Ref. [40] could get rid of the flexibility parameters (suchwgsie) related to the
resummation of radiation reaction, and has shown that onegea an excellent
agreement with numerical relativity data by usigy the flexibility in the doublet
(as,as) (the other parameters being essentially fixed internaltthéoformalism).
We shall discuss this result further in Sec. 5 below.

The same kind of-continuity argument discussed so far for thiinction needs
to be applied also to thB(R)3pn function defined in Eq. (19). A straightforward
way to ensure that the function stays positive whelR decreases (since it =1
whenv — 0) is to replaceDzpn(R) by DY(R) = P?[D3pn(R)], whereP? indicates
the (0,3) Padé approximant and explicitly reads

1

DY(R) = :
s® 1+ 6vu?—2(3v—26)vud

(25)

The resummation oA (via Padé approximants) is necessary for ensuring the exis
tence and/-continuity of alast stable orbit(see vertical lines in Fig. 2), as well as
the existence and-continuity of alast unstable orbiti.e. of av-deformed analog

of the light ringR = 3GM/c? whenv — 0. We recall that, whew = 0, the light
ring corresponds to the circular orbit of a massless partml of an extremely rel-
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ativistic massive particle, and is technically defined bgking for the maximum
of A(R)/R?, i.e. by solving(d/dR)(A(R)/R?) = 0. Whenv # 0 and when consid-
ering the quasi-circular plunge following the crossing lné fast stable orbit, the
“effective” meaning of the ¢-deformed light ring” (technically defined by solving
(d/dR)(A(R: v)/R?) = 0) is to entail, in its vicinity, the existence of a maximum
of the orbital frequency2 = d¢ /dt (the resummation dD(R) plays a useful role
in ensuring they-continuity of this plunge behavior).

4 Description of radiation-reaction effectsin the Effective One
Body approach

In the previous Section we have described how the EOB methoodes the con-
servative part of the relative orbital dynamics into the ayics of an ’effective’
particle. Let us now briefly discuss how to complete the EOBadlyics by defining
someresummedaxpressions describing radiation reaction effects. Onmaésested
in circularized binaries, which have lost their initial eotricity under the influence
of radiation reaction. For such systems, it is enough (awsho [3]) to include a
radiation reaction force in thpy equation of motion only. More precisely, we are
using phase space variablep;, ¢, py associated to polar coordinates (in the equa-
torial planef = 7). Actually it is convenient to replace the radial momentoniy
the momentum conjugate to the ‘tortoise’ radial coordiraite- [dR(B/A)Y/?, i.e.
Pr. = (A/B)Y2Px. The real EOB Hamiltonian is obtained by first solving Eq.)(15
to getE!% = \/sin terms of &, and then by solving the effective Hamiltonian-
Jacobi equatiott to geté&yy in terms of the effective phase space coordingigs
andpg. The result is given by two nested square roots (we hentedett = 1):

R Hreal 1 =
Heos(r, pr,, ¢) = % =,V 14+2v(Her — 1), (26)

where

4 p P
Heofr — J p2 +A(r) <1+r—§+23 F:;) : (27)

with zz =2v (4—3v). Here, we are using suitably rescaled dimensionless (&afégc
variablesr = R/GM, pr, = P, /1, Py = Py/1 GM, as well as a rescaled tinte=
T/GM. This leads to equations of motién ¢, pr, , py) of the form

11 Completed by the(p*) terms that must be introduced at 3PN.
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d¢ o HEOB
dr_ (A\Y* 9o 29)
dt B opr, ’
dpy _
=i =% (30)
dp, (A 12 5HEOB
dt <§) ’ 1)
which explicitly read
do Apy
dt VrzHHeff ’ ( )
dr /A\Y? 1 2A ,
a (E) VAer (pr*‘i‘zer—z pr*) ) (33)
dpsy
ot =%, (34)

dpr. _ A2 1 p¢ , 2A A 2AN 4
o (AY L L B (- 2) (B2 )

whereA’ = dA/dr. As explained above the EOB metric functiéir) is defined
by Padé resumming the Taylor-expanded result (10) olddireen the matching
between the real and effective energy levels (as we wereiomémg, one uses a
similar Padé resumming fd(r) = A(r) B(r)). One similarly needs to resut#y,
i.e., theg¢ component of the radiation reaction which has been intredwn the
r.h.s. of Eq. (30). During the quasi-circular inspit#l, is known (from the PN
work mentioned in Section 2 above) in the form of a Taylor exgan of the form

A 32 -
y;'aylor _ _g v QSFi, FTaonr(V¢) ’ (36)

wherevy = Qr,, andr,, = r[y(r, py)]/2 is a modified EOB radius, witky being
defined as

—1
L/J(I’ptp)—%(%) [1+2v< ()<1+P¢> 1)} (37)

which generalizes the 2PN-accurate Eq. (22) of Ref. [90Edn (36) we have de-
fined

FTory) = 14 Ap(V) V2 4 Ag(V) V2 + Ay (V) V* + As (V) V°
+Ao(V,10gV) V¥ + A7(v)V + Ag(v =0,log)\*,  (38)
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Fig. 3 The extreme-mass-ratio limiv(= 0): the Newton-normalized energy flux emitted by a
particle on circular orbits. The figure illustrates the se@g of the standard Taylor expansion
of the flux around the “exact” numerical result (computed @p £ 6) obtained via perturbation
theory.

where we have added to the known 3.5PN-accurate comparadss-result the
small-mass-ratio 4PN contribution [91]. We recall that sheall-mass contribution
to the Newton-normalized flux is actually known up to 5.5PNeor i.e. tov!! in-
cluded. The standard Taylor expansion of the flux, (38), &tger poor convergence
properties when considered up to the LSO. This is illustratd=ig. 3 in the small-
mass limitv = 0. The convergence of the PN-expanded flux can be studiedaii de
in thev = 0 limit, because in this case one can compute an “exact’trasuaheri-
cally (using black hole perturbation theory [92, 93]). Tlesdct” energy flux shown
in Fig. 3 is obtained as a sum over multipoles

a4

Fimex= 2,2 Fim (39)
=2m=1

whereFm = Fyr already denotes the sum of two equal contributions corretipg
to +mand—m (m= 0 ask,g vanishes for circular orbits). To be precise, the “exact
result exhibited in Fig. 3 is given by the rather accurateagimationF () obtained
by choosingmax= 6; i.e., by truncating the sum ovéin Eq. (39) beyond = 6. In
addition, one normalizes the result onto the “Newtoniar@.(iquadrupolar) result
FN =32/5(u/M)?0. In other words, the solid line in Fig. 3 represents the gant
F=FO/F).

For clarity, we selected only three Taylor approximantsN3®), 3.5PN(v’)
and 5.5PN 1. These three values suffice to illustrate the rather langeter
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among Taylor approximants, and the fact that, near the LB®cbnvergence to-
wards the exact value (solid line) is rather slow, and nonatamic. [See also Fig. 1
in Ref. [94] and Fig. 3 of Ref. [49] for fuller illustrationsf the scattered and non
monotonic way in which successive Taylor expansions amprtfze numerical re-

sult.] The results shown in Fig. 3 elucidate that the Tayéstes (38) is inadequate
to give a reliable representation of the energy loss dutiegptunge. That is the rea-
son why the EOB formalism advocates the use of a “resummediareof.7y, i.e.

a nonpolynomial function replacing Eq. (38) at the r.h.¢hefHamilton’s equation

(and coinciding with it in in thev/c < 1 limit).

Two methods have been proposed to perform such a resummatienfirst
method, that strongly relies on the use of Padé approxsnamis introduced
by Damour, lyer and Sathyaprakash [49] and, with differeegrdes of sophis-
tication, has been widely used in the literature dealinchwite EOB formal-
ism [3, 6, 31, 35, 32, 33, 34, 36, 37, 38, 39, 28, 41]. The seadesdmmation
method has been recently introduced by Damour, lyer andiNa@pand exploited
to provide a self-consistent expression of the radiati@aectien force in Ref. [40].
This latter resummation procedure is based on (i) a new pligkitive decomposi-
tion of the gravitational metric waveform which yields @ (iesummation of each
multipolar contribution to the energy flux. The use of Paggraximants is a useful
tool (but not the only one) that proves helpful to further noye the convergence
properties of each multipolar contribution to the flux. Tleldwing two Sections
are devoted to highlighting the main features of the two és$h For pedagogi-
cal reasons the calculation is first done in the small-masi (v — 0) and then
generalized to the comparable mass case.

4.1 Resummation of "7 ysing a one-parameter family of Pa
approximants: tuningvpole

Following [49], one resum& ™°" by using the following Padé resummation ap-
proach. First, one chooses a certain numigg which is intended to represent the
value of the orbital velocity, at which the exact angular momentum flux would
become infinite if one were to formally analytically contim% alongunstable
circular orbits below the Last Stable Orbit (LSO): then eivyole, ONe defines the
resummed (vy) as

-1
Ifresummetevdb) _ (1_ Vo ) pfll {(1_ V_¢) lf‘Taylor(V¢;v = 0)] , (40)
Vpole Vpole

whereP; denotes 44,4) Padé approximant.

If one first follows the reasoning line of [49], and fixes thedtion of the pole in
the resummed flux at the standard Schwarzschild wﬂ:@)) =1//3, one gets the
result in Fig. 4. By comparison to Fig. 3, one can appreclaestgnificantly better
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Fig. 4 The extreme-mass-ratio limiv(= 0). Padé resummation of the Taylor expandend energy
flux of Fig. 3 as proposed in Ref. [49] withoe = 1/+/3. The sequence of Padé approximants is
less scattered than the corresponding Taylor ones and ¢toee exact result.

(and monotonic) way in which successRace approximantapproach (i, norm

on the full interval 0< x < x_ sp) the numerical result. Ref. [49] also showed that the
observationally relevant overlaps (of both the “faithess” and the “effectualness”
types) between analytical and numerical adiabatic sigmate systematically better
for Padé approximants than for Taylor ones. Note that thigé is slightly different
from the corresponding results in pafie) of Fig. 3 in [49] (in particular, the present
result exhibits a better “convergence” of tié curve). This difference is due to the
new treatment of the logarithmic termislogx. Instead of factoring them out in
front as proposed in [49], we consider them here (followidd]] as being part of
the “Taylor coefficients™fn(logx) when Padéing the flux function.

A remarkable improvement in thé4) closeness betwedtadé-resummed) gng
FExacty) can be obtained, as suggested by Damour and Nagar [37Mfotiddeas
originally introduced in Ref. [97]), by suitably flexing thelue ofvpge. As pro-
posed in Ref. [37]ypole iS tuned until the difference between the resummed and the
exact flux at the LSO is zero (or at least smaller than*).0The resulting closeness
between the exact and tuned-resummed fluxes is illustratédyi 5. It is so good
(compared to the previous figures, where the differences wlearly visible) that
we need to complement the figure with Table 1. This table coegia a quantitative
way the result of the “untuned” Padé resummatiggé = 1/+/3) of Ref. [49] to the
result of the Vpo-tuned” Padé resummation described here. Defining thetitmc
AF (V; Vpole) = FREsUMmegy: v 016) — FEXaCty) measuring the difference between a
resummed and the exact energy flux, Table 1 lists both thesafAF atv= v so
and itsL, norm on the interval & v < v 5o for both the untuned and tuned cases.
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Fig. 5 The extreme mass ratio limiv(= 0). Same of Fig. 4 butexingthe value of the parameter
Vpole SO to improve the agreement with the exact result.

Table 1 Errors in the flux of the two (untuned or tuned) Padé resurmmatrocedures. From
left to right, the columns report: the PN-order; the diffeze between the resummed and the exact
flux, AF = FResummed_ FExact gt the LSO, and the., norm of AF, ||AF||. (computed over the
interval 0< v < Vi s0), for Vpole = 1/ V/3; theflexedvalue 0fVpole Used hereAF at the LSO and
the corresponding., norm (over the same interval) for the flexed value/gfe.

PN-orderAF % ||aF|[YY3 voge AR ||AF|%o
3W) 0048 0048 (334 706<105 0.00426

35(’) -0.051 0.051 (425550x10°5 0.00429
55011 -0.022 0.022 (5416 252x 10°5 0.000854

Note, in particular, how thepge-flexing approach permits to reduce the norm
over this interval by more than an order of magnitude wittpees to the untuned
case. Note that the closeness between the tuned flux andatieoee is remarkably
good (43 x 10~3) already at the 3PN level.

It has recently been shown in several works [37, 38, 39, 441 ttmeflexibility
in the choice ofvyge could be advantageously used to get a close agreement with
NR data (at the level of the numerical error). We will not coembhere any further
on thisparameter-dependergsummation procedure of the energy flux and address
the reader to the aforementioned references for furthaildet
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4.2 Parameter-free resummation of waveform and energy flux

In this section we shall introduce the reader to the new resation technique for
the multipolar waveform (and thus for the energy flux) intiodd in Ref. [36, 37]
and perfected in [50]. The aim is to summarize here the maaddiiscussed in [50]
as well as to collect most of the relevant equations that segulifor implementa-
tion in the EOB dynamics. To be precise, the new results dssaiin Ref. [50] are
twofold: on the one hand, that work generalized¢hem = 2 resummed waveform
of [36, 37] to higher multipoles by using the most accurateently known PN-
expanded results [99, 100, 101] as well as the higher PN terdmsh are known
in the test-mass limit [95, 96]; on the other hand, it introeld anew resumma-
tion procedurewhich consists in considering a new theoretical quantipated as
pem(X), which enters thé/, m) waveform (together with other building blocks, see
below) only through it¢-th power:hy, O (pgm(x))f. Here, and belows denotes the
invariant PN-ordering parametet= (GMQ /c3)%/2,

The main novelty introduced by Ref. [50] is to write tilem) multipolar wave-
form emitted by a circular nonspinning compact binary asptoeluctof several
factors, namely

GMv —e-m/(TT & i
o = o NimCere (VX /26 (2 @) §0Tne oy, (41)
Heree denotes the parity df+m (e = (/4 m)), i.e.€ = O for “even-parity” (mass-

generated) multipoleg (- m even), anc = 1 for “odd-parity” (current-generated)

ones (+ modd);ngfg andcy. ¢(v) are numerical coeﬁicienti? is ap-normalized
effective source (whose definition comes from the EOB foisng); T/, is a re-
summed version [36, 37] of an infinite number of “leading Iotdpens” entering the

tail effectq69, 103];d;m is a supplementary phase (which corrects the phase effects
not included in thecomplextail factor T;), and, finally, (pgm)f denotes the-th
power of the quantity,, which is the new building block introduced in [50]. Note
that in previous papers [36, 37] the quanﬁmm)f was denoted a§, and we will
mainly use this notation below. Before introducing explicthe various elements
entering the waveform (41) it is convenient to decompogeas
(N.€)(€)

hém = hfm ‘m>? (42)

¢ is the Newtonian contribution arfni‘fg = éé‘;f)Tgmei‘sfm fim represents a

(¢)

‘m’

Wherehyr\r';
resummed version of all the PN corrections. The PN corrgcft-intorﬁ

as all its building blocks, has the structlln@gm =1+ 0(x).
Entering now in the discussion of the explicit form of thereénts entering
Eq. (41), we have that the-independent numerical coefficients are given by

as well



The Effective One Body description of the Two-Body problem 12

0 8m (L+1)(0+ 2)

Mim =M o\ -1 “3)
W o 16m (204 1)(+2)(P—nP)
Nim = = (im)’ (20+ 1)!!\/ (2-1)(e+ 1)Ll -1)° )

while the v-dependent coefficients_ (v) (such that|c,, (v =0)| = 1), can be
expressed in terms of (as in Ref. [99, 101]), although they are more conveniently
written in terms of the two mass rati®s = m; /M andX; = mp/M in the form

Crye(V) = X§+5*1_|_ (—)”‘EXlHE’l

_ X2€+871_|_ (_)mforEfl. (45)

In the second form of the equation we have used the fact that,=amn(¢+ m),
(¢ + €) = ri(m).

Let us turn now to discussing the structure ofﬁé‘? andT,ny, factors. To this aim,
following Ref. [50], we recall that the along the sequenc&@B circular orbits,
which are determined by the conditidn{ A(u)[1+ j3u?]} = 0, the effective EOB
Hamiltonian (per uniit mass) reads

Hef = % =1/A(U)(1+ jgu?) (circular orbits) (46)

where the squared angular momentum is given by

/
i2(u) = —% (circular orbits) (47)
with the prime denotingl/du. Inserting thisu-parametric representation gf

in Eq. (46) defines thei-parametric representation of the effective Hamiltonian
Heﬁ(u). In the even-parity case (corresponding to mass momeinsg the lead-
ing order source of gravitational radiation is given by thergy density, Ref. [50]
defined the even-parity “source factor” as

§9(x) =HFer(x)  £+m even (48)

wherex = (GMQ/c3)?/3. In the odd-parity case, they explored two, equally mo-
tivated, possibilities. The first one consists simply i §ictoring Het(X); i.e., in
definingéé%f’”) = I:|eff(x) also when? +mis odd. The second one consists in fac-
toring the angular momentun¥ . Indeed, the angular momentum densigyxj oK
enters as a factor in the (odd-parity) current moments, gnaccurs (in the smalix
limit) as a factor in the source of the Regge-Wheeler-Zexdt-parity multipoles.
This leads us to define as second possibility

éé%f’J) =jx)=x"2j(x)  £+m odd (49)
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where | denotes what can be called the “Newton-normalized” angutamentum,
namely the ratioj(x) = j(x)/jn(X) with jn(X) = 1/y/X. In Ref. [50] the relative
merits of the two possible choices were discussed. Althahghanalysis in the
adiabaticv = 0 limit showed that they are equivalent from the practicahpof
view (because they both yield waveforms that are very closkd exact numerical
result) we prefer to consider only tllefactorization in the following, that we will
treat as our standard choice.

The second building block in our factorized decomposit®ithie “tail factor”
Tim (introduced in Refs. [36, 37]). As mentioned aboVg, is a resummed version
of an infinite number of “leading logarithms” entering tharsfer function between
the near-zone multipolar wave and the far-zone one, duait@ffectslinked to
its propagation in a Schwarzschild background of mdgsy = H,’Eeg"B. Its explicit
expression reads

I (£+1-2ik) o7k e2iklog(2kro)

TZm = W ) (50)

whererg = 2GM andk = GHE2mQ andk = mQ. Note thatk differs fromk by a
rescaling involving theeal (rather than theffectivg¢ EOB Hamiltonian, computed
at this stage along the sequence of circular orbits.

The tail factorT,, is a complex number which already takes into account some
of the dephasing of the partial waves as they propagate onrt fine near zone to
infinity. However, as the tail factor only takes into accothre leading logarithms,
one needs to correct it by a complementary dephasing &4m, linked to sublead-
ing logarithms and other effects. This subleading phasection can be computed
as being the phas®, of the complex ratio between the PN-expanﬁgﬁ and the
above defined source and tail factors. In the comparable-czase ¢ # 0), the 3PN
d,2 phase correction to the leading quadrupolar wave was @ligicomputed in
Ref. [37] (see also Ref. [36] for the= 0 limit). Full results for the subleading par-
tial waves to the highest possible PN-accuracy by startimg the currently known
3PN-accurate-dependent waveform [101] have been obtained in [50].

The last factor in the multiplicative decomposition of theltipolar waveform
can be computed as being the modufys of the complex ratio between the PN-
expandedﬁ% and the above defined source and tail factors. In the comiearass
case ¢ # 0), the f,» modulus correction to the leading quadrupolar wave was com-
puted in Ref. [37] (see also Ref. [36] for thre= 0 limit). For the subleading partial
waves, Ref. [50] explicitly computed the othég,’'s to the highest possible PN-
accuracy by starting from the currently known 3PN-accutattependent wave-
form [101]. In addition, as originally proposed in Ref. [37 reach greater accu-
racy thef,m(x;v)'s extracted from the 3PN-accurate# O results are completed
by adding higher order contributions coming from the= 0 results [95, 96]. In
the particularfy, case discussed in [37], this amounted to adding 4PN and 5PN
v = 0 terms. This “hybridization” procedure was then systeoadiyy pursued for
all the other multipoles, using the 5.5PN accurate calmnaif the multipolar de-
composition of the gravitational wave energy flux of Ref&,[96]. Note that such
hybridization procedure igotequivalent to the straightforward hybrid sum ansatz,
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Rym = Rknown(yy - RI9"eTy — 0) (wherehyy = hym/v) that one may have thought
to implement.

In the even-parity case, the determination of the moddilgds unique. In the
odd-parity case, it depends on the choice of the source whghxplained above,
can be connected either to the effective energy or to thelangwmentum. We will
consider both cases and distinguish them by adding eitedatielH or _# to the
correspondind,m. Note, in passing, that, since in both cases the factorifedtizve
source termHiesr Or _#) is a real quantity, the phaség,'s are the same.

The above explained procedure defines the¢s as Taylor-expanded PN series
of the type

fim(X; V) = 14 C™(V)X+ cim (V)@ + cim (v log(x) )xC + .. (51)

Note that one of the virtues of our factorization is to havessated the half-integer
powers ofx appearing in the usual PN—expansiodﬁﬁz from the integer powers,
the tail factor, together with the complementary phaseofag®m, having absorbed
all the half-integer powers. In Ref. [39] all tHgy,’s (both for theH and_# choices)
have been computed up to the highest availabldépendent or not) PN accuracy.
In the formulas for thef,’'s given below we “hybridize” them by adding to the
known v-dependent coefficienté‘m(v) in Eq. (51) thev = 0 value of the higher
order coefficientsc,'gfm(v = 0). The 1PN-accuraté,’s for £+ meven and and also
for £+ modd can be written down for all. The complete result for thg,,’'s that
are known with an accuracy higher than 1PN are listed in AgpeB of Ref. [39].

Here, for illustrative purposes, we quote only the lowigiE"and ffrﬂ“ uptol=3
included.
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(56)

For convenience and readability, we have introduced tHeviiolg “eulerlog” func-

tions eulerlog,(x) eulerlog,(X) = y& +log2+ - Iogx+|ogm whereye = 0.57721 ..

is Euler’s constant.

The decomposition of the total PN-correction fadff,;ﬁ into several factors is
in itself a resummation procedure which has already impfdke convergence of
the PN series one has to deal with: indeed, one can see thabdifcients en-
tering increasing powers of in the f;'s tend to be systematically smaller than

the coefficients appearing in the usual PN expansidﬁﬁﬁ:}f The reason for this is
essentially twofold: (i) the factorization G¥,, has absorbed powers ofrt which
contributed to make large coefficientsﬁﬁz, and (ii) the factorization of eithéfes

or | has (in thev = 0 case) removed the presence of an inverse square-root sin-
gularity located ak = 1/3 which caused the coefficient g in any PN-expanded
quantity to grow as Basn — . To prevent some potential misunderstandings,
let us emphasize that we are talking here about a singulamityring the analytic
continuation (to larger values o of a mathematical functioh(x) defined (for
small values o) by considering the formal adiabatic circular limit. Theiqtas
that, in thev — 0 limit, the radius of convergence and therefore the growith w

of the PN coefficients ofi(x) (Taylor-expanded at = 0), are linked to the singu-
larity of the analytically continueti(x) which is nearest ta = 0 in the complex
x-plane. In thev — 0 case, the nearest singularity in the comptgdane comes
from the source factofle(x) or j(x) in the waveform and is located at the light-
ring x_.r(v = 0) = 1/3. In thev # 0 case, the EOB formalism transforms the latter
(inverse square-root) singularity in a more complicatdatdtiching”) singularity
wheredHesr/dx anddj/dx have inverse square-root singularities located at what
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is called [3, 31, 33, 38, 37] the (EffectiVg)‘EOB-light-ring”, i.e., the (adiabatic)
maximum ofQ, x&fiayv) = (MQ%@Q")Z/S >1/3.

Despite this improvement, the resulting “convergence” led usual Taylor-
expanded;n(x)'s quoted above does not seem to be good enough, especiafly ne
or below the LSO, in view of the high-accuracy needed to defragitational wave
templates. For this reason, Refs. [36, 37] proposed todurtsum thef,,(x) func-
tion via a Padé (3,2) approximaﬁf;{ f22(x;v)}, so as to improve its behavior in the
strong-field-fast-motion regime. Such a resummation gavexaellent agreement
with numerically computed waveforms, near the end of thpimsand during the
beginning of the plunge, for different mass ratios [36, 38, As we were mention-
ing above, a new route for resummiffig,, was explored in Ref. [50]. It is based on
replacingfym by its /-th root, say

Pim(X; V) = [fam(x v)]Y". (57)

The basic motivation for replacinfgn, by p/m is the following: the leading “Newtonian-

level” contribution to the waveformé‘fg contains a factow'r{ V¢ Wherernam is
the harmonic radial coordinate used in the MPM formalism & . When com-
puting the PN expansion of this factor one has to insert theeRdansion of the
(dimensionless) harmonic radial coordingtgm, rarm= x*l(ljL C1X+ ﬁ(xz)), as
a function of the gauge-independent frequency parametdre PN re-expansion of
[Fharm(X)]¢ then generates terms of the type (1+ fcix+ ....). This is one (though
not the only one) of the origins of 1PN correction$ig, and f,,, whose coefficients
grow linearly with/. The study of [50] has pointed out that thelsgrowing terms
are problematic for the accuracy of the PN-expansions. €placement of, by
Pem is a cure for this problem. More explicitly, the the investign of 1PN correc-
tions to GW amplitudes [66, 68, 99] has shown that, in the gty case (but see
also Appendix A of Ref. [50] for the odd-parity case),

cim(v) = ¢ (1_ K) +} 3ci2(v)  bi(v) cpa(v)  nP(L+9)

3 2 2 ¢(v) c(v) c(v) 206+ 1)(2[4-3)’
(58)
wherec,(v) is defined in Eq. (45) and
bp(v) = Xg+ (—)'X{. (59)

Focusing on thev = 0 case for simplicitly (since the dependence ocE{‘m(v) is
quite mild [50]), the above result shows that the PN expansfd , starts as

9, 0) = 1— i <1_}+ m((+9)

¢ 2T 2t 3)) +006). (60)

12 Beware that this “Effective EOB-light-ring” occurs for arcillar-orbit radius slightly larger
than the purely dynamical (circular) EOB-light-ring (whétlert and _# would formally become
infinite).
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Fig. 6 Performance of the new resummation procedure describedfir{30]. The total GW flux
F (up to £max = 6) computed from inserting in Eq. (62) the factorized wawefq41) with the
Taylor-expandegyy's (with either 3PN or 5PN accuracy fany) is compared with the “exact”
numerical data.

The crucial thing to note in this result is that @&gets large (keeping in mind that
|m| < ¢), the coefficient ok will be negative and will approximately range between
—5¢/4 and—¢. This means that wheh> 6 the 1PN correction irf,,, would by
itself makef,m(x) vanish before theW= 0) LSOx_ so = 1/6. For example, for the
¢=m=6 mode, one hagfN(x;0) = 1— 6x(1+11/42) ~ 1 — 6x(1+ 0.26) which
means a correction equal t6100% atx = 1/7.57 and larger thar-100% at the
LSO, namelyfifN(1/6;0) ~ 1— 1.26 = —0.26. This value is totally incompatible
with the “exact” valuef$32°(x so) = 0.66314511 computed from numerical data in
Ref. [50].

Finally, one uses the newly resummed multipolar wavefordiy (o define a
resummation of theadiation reaction force%; is defined as

Ty = —%F(E"W), (61)

where the (instantaneous, circular) GW fla¥m is defined as
lmax £ lmax

2 : 2
Flma) — 5 IRym|? = —— (MQ)?|Rhym2. (62)
167G &, &, s 2, 2,

As an example of the performance of the new resummation guveéased on the
decomposition ohy,, given by Eq. (41), let us focus, as before, on the computation
of the GW energy flux emitted by a test particle on circulaitsron Schwarzschild
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spacetime. Figure 6 illustrates the remarkable improveinéhe closeness between
F New-resummedanq FExact The reader should compare this result with the previous
Fig. 3 (the straightforward Taylor approximants to the flukig. 4 (the Padé re-
summation withvyele = 1/\/§) and Fig. 5 (the/pge-tuned Padé resummation). To
be fully precise, Fig. 6 plots two examples of fluxes obtaifredth our newpy-
representation for the individual multipolar waveforimg,. These two examples
differ in the choice of approximants for thle= m = 2 partial wave. One example
uses forp,, its 3PN Taylor expansionlz[p»z], while the other one uses its 5PN
Taylor expansion]s[pyo]. All the other partial waves are given by their maximum
known Taylor expansioii. Note that the fact that we use here for g’s some
straightforward Taylor expansions does not mean that s procedure is not a
resummation technique. Indeed, the defining resummataioifes of our procedure
have four sources: (i) the factorization of the PN correwito the waveforms into

four different blocks, namel)%éif), Tim, €%m andpf . in Eq. (41); (ii) the fact the

éé‘;f) is by itself a resummed source whose PN expansion would icoaainfinite
number of terms; (iii) the fact that the tail factor is a cldferm expression (see
Eq. (50) above) whose PN expansion also contains an infioiteber of terms and
(iv) the fact that we have replaced the Taylor expansiofyQ= pfm by that of its
£-th root, namelyo/m,.

In conclusion, Egs. (41) and (62) introduce a new recipe sumethe ¢-
dependent) GW energy flux that is alternative to tg,tuned) one given by
Eqg. (40). The two main advantages of the new resummatior{ipiegives a better
representation of the exact result in the- O limit (compare Fig. 6 to Fig. 5), and
(ii) itis parameter-freethe only flexibility that one has in the definition of the wave
form and flux is the choice of the analytical representaticime functionf,,, like,
for instance P3 { f22}, (Ts [022])%, (Ts[p22])?, etc., (although Ref. [50] has pointed
out the good consistency among all these choices). Notewtienv £ 0, the GW
energy flux will depend on the choice of resummation of thealgubtential A(R)
through the Hamiltonian (for the even-parity modes) or thgudar momentum (for
the odd-parity modes). At the practical level, this mearad the EOB model, im-
plemented with the new resummation procedure of the enargydind waveform)
described so far, will essentially only depend on the ddutflparametergas, ag),
that can in principle be constrained by comparison with (e&i®) numerical rela-
tivity results. Contrary to the previowgge-resummation of the radiation reaction,
this route to resummation is free of radiation-reactionifidity parameters. We
will consider it as our “standard” route to the resummatibthe energy flux in the
following Sections discussing in details the propertieshef EOB dynamics and
waveforms.

13 We recall that Ref. [50] has also shown that the agreemenivep even more when the Taylor
expansion of the functiopy; is further suitably Padé resummed.
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5 Effective One Body dynamics and wavefor ms

In this section we marry together all the EOB building blodkescribed in the pre-
vious Sections and discuss the characteristic of the dyesaniithe two black holes
as provided by the EOB approach. In the following three sciiizes we discuss
in some detail: (i) the set up of initial data for the EOB dynesrwith negligible
eccentricity (Sec. 5.1); (ii) the structure of the full Effye One Body waveform,
covering inspiral, plunge, merger and ringdown, with thieaduction of suitable
Next-to-Quasi-Circular (NQC) effective corrections to(@nd thus to the energy
flux) (Sec. 5.2); (iii) the explicit structure of the EOB dynis, discussing the so-
lution of the dynamical equations.

5.1 Post-post-circular initial data

In this section we discuss in detail the so-calpedt-post-circuladynamical initial
data (positions and momenta) as introduced in Sec. 11l B 8. [Bhis kind of (im-
proved) construction is needed to have initial data witHigéaje eccentricity. Since
the construction of the initial data is analytical, inclngithe correction is useful to
start the system relatively close and to avoid evolving t@dBEquation of motion
for along time in order to make the system circularize itself

To explain the improved construction of initial data let ngréduce a formal
book-keeping parameter(to be set to 1 at the end) in front of the radiation reaction
F¢ in the EOB equations of motion. One can then show that thei-girasilar
inspiralling solution of the EOB equations of motion fortyedatisfies

Py = jo(r) +&2j2(r) + O(eh), (63)
pr, = em(r) + €3mp(r) + O(e°). (64)

Here, jo(r) is the usuatircular approximation to the inspiralling angular momen-
tum as explicitly given by Eq. (47) above. The orddfpost-circular”) termr (r) is
obtained by: (i) inserting the circular approximatiopn= jo(r) on the left-hand side
(I.h.s) of Eq. (10) of [34], (ii) using the chain rutgjp(r)/dt = (d jo(r)/dr)(dr/dt),
(iii) replacingdr/dt by the right-hand side (r.h.s) of Eq. (9) of [34] and (iv) Soly
for pr, at the first order ire. This leads to an explicit result of the form (using the
notation defined in Ref. [34])

em(r) = [Vﬁﬁeﬁ (;) v (%) 152‘4 , (65)
0

where the subscript O indicates that the r.h.s. is evaluatele leading circular
approximatione — 0. The post-circular EOB approximatidrjo, 76) was intro-
duced in Ref. [3] and then used in most of the subsequent EQ@rpd6, 31,
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32, 33, 34, 35]. Thepost-post-circularapproximation (ordee?), introduced in
Ref. [37] and then used systematically in Ref. [38, 39, 40hsists of: (i) for-
mally solving Eq. (35) with respect to the expli(p'ﬁ appearing on the r.h.s., (ii)
replacingpy, by its post-circular approximation, Eq. (65), (iii) usintgetchain rule
drm(r)/dt = (drm(r)/dr)(dr/dt), and (iv) replacingir/dt in terms ofrg (to lead-
ing order) by using Eq. (33). The result yields an explicipesssion of the type
p% ~ j2(r)[1+ €%ky(r)] of which one finally takes the square root. In principle, this
procedure can be iterated to get initial data at any order s it will be shown
below, the post-post-circular initial datdo\/1+ €2ky, 75) are sufficient to lead to
negligible eccentricity when starting the integrationtef EOB equations of motion
at radius = R/(GM) = 15.

5.2 Effective One Body waveforms

At this stage we have essentially discussed all the elentieatare needed to com-
pute the EOB dynamics obtained by solving the EOB equationaifon, Egs. (32)-
(35). The dynamics of the system yields a traject@yy), p(t)) = (¢ (t),r(t), py (t), pr. (1))
in phase space. The (multipolar) metric waveform duringitispiral and plunge
phase, up to the EOB “merger timgy (that is defined as the maximum of the orbital
frequencyQ,) is a function of this trajectory, i.é>"""%= h'SPU"%(q(t) p(t)).
Focusing only on the dominafit=m= 2 Waveform the waveform that describes
the full process of the binary black hole coalescence (nepiral, plunge, merger
and ringdown) can be split in two parts:

¢ Theinsplunge waveformh™sPUn9§t) computed along the EOB dynamics up to
merger, which includes (i) the resummation of the “tail’ner described above
and (ii) some effective parametrization of Next-to-Qu@sicular effects. The
¢ = m= 2 metric waveform explicitly reads

RC | B vy fNQCy 22 (TT
<GM> RISPIUNGGH) — vl co(v)xhaa(v; X) FNQCY2 Z(E,QD) ,  (66)

where the argumentis taken to be (following [90]x = v% = (reoQ)? (where
ro was introduced in Eq. (36) above). The resummed versioffi,pfenter-

ing in ﬁzg( X) used here is given by the followinBade-resummedunction

51 = P3[£,2Y%(x; v)]. In the waveformhy, above we have introduced (follow-

ing [40]) a new ingredient, a “Next-to-Quasi-Circular” (NI correction factor

of the formt4 ,
NQ . Pr,
f (al,az) 1+a;—— (rQ)

+ap——s (67)

1
rQ2’

14 Note that one could also similarly improve the subleadirghbi-multipolar-order contributions
to.Zy. In addition, other (similar) expressions of the NQC fastoan be found in the literature [38,
39, 41].
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wherea; anday are free parameters that have to be fixed. A crucial faceteof th
new EOB formalism presented here consists in trying to beedigtive as pos-
sible by reducing to an absolute minimum the number of “fléxytparameters”
entering our theoretical framework. One can achieve thistay “analytically”
determining the two parameteasg, a, entering (via the NQC factor Eq. (67)) the
(asymptotic) quadrupolar EOB Wavefoi%irEgB (whereR= R/M) by imposing:
(a) that the modulutRIED8| reaches, at the EOB-determined “merger tirgg”
alocal maximumand (b) that the value of this maximum EOB modulus is equal
to a certain (dimensionless) functionwf¢ (v). In Ref. [40] we calibrateg (v)
(independently of the EOB formalism) by extracting from thest current Nu-
merical Relativity simulations the maximum value of the mhg of the Numer-
ical Relativity quadrupolametricwaveform|IQHZ\‘§|. Using the data reported in
[29] and [39], and considering the “Zerilli-normalized'yasptotic metric wave-
form Y, = Rhpy/+/24, we foundg (v) ~ 0.3215/(1— 0.131(1 —4v)). Our re-
quirements (a) and (b) impose, for any giv&fu) potential,two constraintson
thetwo parameters aa,. We can solve these two constraints (by an iteration
procedure) and thereby uniquely determine the valuem @, corresponding
to any givenA(u) potential. In particular, in the case considered here where
A(u) = A(u;as,as, V) this uniquely determinea;,a, in function of as,as and
v. Note that this is done while also consistently using thegfioved” version of
hz, given by Eq. (66) to compute the radiation reaction forceBda(62).

e a simplified representation of the transition between pduagd ring-down
by smoothlymatching(following Refs. [36]), on a(2p + 1)-toothed “comb”
(tm—pPd,...,tm— O,tm,tm+ 9J,...,tm+ pd) centered around a matching tirpg
the inspiral-plus-plunge waveform to a ring-down wavefomade of the super-
position of severaP quasi-normal-mode complex frequencies,

<%) ™) = 3 Cyie N, (68)

with o = an +iw\, and where the labé\ refers to indiceg/,¢',m,n), with
(¢,m) = (2,2) being the Schwarzschild-background multipolarity of tbesid-
ered (metric) waveforni,,, with n = 0,1,2... being the ‘overtone number
of the considered Kerr-background Quasi-Normal-Mode, &ritie degree of
its associated spheroidal harmonfs,(ao, 8). As discussed in [3] and [36],
and already mentioned above, the physics of the transigwwden plunge and
ring-down (which was first understood in the classic work ai/3, Ruffini and
Tiomno [51]) suggests to choose as matching ttgen the comparable-mass
case, the EOB time when the EOB orbital frequefiXy) reaches itsnaximum
value.

Finally, one defines a complete, quasi-analytical EOB wawef(covering the
full process from inspiral to ring-down) as:

15 Refs. [36, 38] us@ = 2, i.e. a 5-teethed comb, and, correspondingly, 5 positive-frequéerr
Quasi-Normal Modes.
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h5LB(t) = 6/(tm—t) HISPIN9%t) 4+ Bt — tn) NODITO () | (69)

where6(t) denotes Heaviside’s step function. The final result is a Veawe that
only depends on thisvo parametersas, ag) which parametrize some flexibility on
the Padé resummation of the basic radial poteAtia), connected to the yet uncal-
culated (4PN, 5PN and) higher PN contributions.

5.3 Effective One Body dynamics

We conclude this section by discussing the features of fiiedyEOB dynamics ob-
tained by solving the EOB equation of motion Egs. (32)-(3Bhwost-post-circular
initial data. The resummation of the radiation reactiorcéouses the multiplicative
decomposition ohyy, given by Eq. (41) with NQC correction to the=m =2
multipole given by Eq. (67). We fix the free parameters to thealet to beas = 0

as = —20 (see below why) whiley anday are obtained consistently according to
the iteration procedure discussed above. The systemisdtiro = 15 andgo =

The post-post-circular initial data give) = 4.31509298 angh?. = —O0. 00109847
The result of the outcome of the integration of the EOB e@uadif motion is dis-
played in Fig. 7 together with the trajectory (top-left pha@d the orbital frequency
(bottom-right panel). On this plot we remark two things sEithe fact that the or-
bital frequency has a maximum at tirge= 3522 that identifies, in EOB, the merger
(and matching) time. Second, the fact tpattends to a finite value after the merger
(contrary topy, that would diverge), yielding a more controllable numaticeat-
ment of the late part of the EOB dynamics.

6 Effective One Body and Numerical Relativity waveforms

So far we have seen that (at least) two different EOB modédlglyfpamics and
waveforms) are available. They differ, essentially, inilas the resummation of the
GW energy flux yielding the radiation reaction force is pemied. The first EOB
model, that we will refer to as the “old” one, basically useBalé-resummation
of the energy flux with an external parameigsgie that must be fixed in some way.
The second EOB model, that we will refer to as the “improvedé ouses a more
sophisticated resummation procedure of the energy fluxtipolg by multipole,
in such a way that the final result depends explicitly only loem $ame parameters
(as,as) that are used to parametrize higher PN contribution to thsewative part
of the dynamics.

In the last three years, the power of the “old” EOB model hanbexploited in
various comparisons with numerical relativity data, aignét constraining in some
way the space of the EOB flexibility parameters (notably @spnted byas and
Vpole) by looking at regions in the parameter space where the agnegbetween the
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Fig. 7 EOB dynamics foras = 0 andag = —20. Clockwise from the top left panel,the panels
report: the trajectory, the radial separatid), the radial momentunp,, (conjugate tor..), the
orbital frequencyQ(t), the angular momentumy (t) and the orbital phasg(t).

numerical and analytical waveforms is at the level of nugs®rror. For example,
after a preliminary comparison done in Ref. [31], Buonannale[33] compared
restricted EOB waveform&® to NR waveforms computed by the NASA-Goddard
group, showing that it is possible to tune the valueagfso as to have a good
agreement between the two set of data. In particularaor 60 andvpole given
according to the (nowadays outdated) suggestion of Ref, [#Ghe equal-mass
case ¢ = 1/4), they found that the dephasing between (restricted) EQBNR
waveforms (covering late inspiral, merger and ring-dowaysd within +0.030

16 The terminology “restricted” refers to a waveform which sisaly the leadindNewtonianap-
proximation,h%‘”, to the waveform
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GW cycles over 14 GW cycles. In the case of a mass ratio 4v: & 0.16), the
dephasing stayed withitt0.035 GW cycles over 9 GW cycles.

Later, theresummedactorized EOB waveform of Eq. (66) above within the “old”
EOB model has been compared to several set of equal-massiaqdal-mass NR
waveforms: (i) in the comparison with the very accurate iredling simulation of
the Caltech-Cornell group [27] the dephasing stayed smidén+0.001 GW cy-
cles over 30 GW cycles (and the amplitudes agreed attti&=3 level) [37]; (ii)
in the comparison [38] with a late-inspiral-merger-ringatoNR waveform com-
puted by the Albert Einstein Institute group, the dephastayed smaller than
+0.005 GW cycles over 12 GW cycles; (iii) in the (joint) compamng39] between
EOB and very accurate equal-mass inspiralling simulatiothe Caltech-Cornell
group [27] and late-inspiral-merger-ringdown waveform o1, 2:1 and 4:1 mass
ratio data computed by the Jena group it was possible to hm&OB flexibility
parameters (notablsts andvyole) SO that the dephasing stayed at the level of the
numerical error. The same “old” model, with resummed fdzeat waveform, and
the parameter-dependent (usingie) resummation of radiation reaction force, was
recently extended by adding 6 more flexibility parameterthéoones already intr-
duced in Refs. [37, 39], and was “calibrated” on the highuaacy Caltech-Cornell
equal-mass data [41]. This calibration showed that only)afiity parametersds,
Vpole and three parameters related to non-quasi-circular diorecto the waveform
amplitude) actually suffice to make the “old” EOB and NR wawef agree, both
in amplitude and phase, at the level of the numerical ertos (hulti-flexed EOB
model brings in an improvement with respect to the one of R&fg, 39] espe-
cially for what concerns the agreement between the wavedonpiitude around the
merger).

Recently, Ref. [40] has introduced and fully exploited thegbilities of the “im-
proved” EOB formalism described above, taking advantagéiofthe multiplica-
tive decomposition of the (resummed) multipolar wavefouacated in Eq. (41)
above, (ii) the effect of the NQC corrections to the wavefdand energy flux)
given by Eq. (66), and, most importantly, (iii) the paramdtee resummation of
radiation reaction%y. In Ref. [40] the (as,as)-dependent predictions made by
the “improved” formalism were compared to the high-accyraaveform from
an equal-mass BBHv(= 1/4) computed by the Caltech-Cornell group [29], (and
now made available on the web). It was found that there isangtdegeneracy
betweenas andag in the sense that there is an excellent EOB-NR agreement for
an extended region in th@s, as)-plane. More precisely, the phase difference be-
tween the EOB (metric) waveform and the Caltech-Cornel| oossidered between
GW frequenciedMwy = 0.047 andMwr = 0.31 (i.e., the last 16 GW cycles before
merger), stays smaller than 0.02 radians within a long aimdtinana-like region
in the (as,ag)-plane. This “good region” approximately extends betwémnpoints
(as,a6) = (0,—20) and (as,a5) = (—36,+520). As an example (which actually
lies on the boundary of the “good region”), we have followd@][in considering
here the specific valuess = 0,as = —20 (to which correspond, whem = 1/4,

a; = —0.036347a, = 1.2468). We henceforth usd as time unit.
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| Numerical Relativity (Caltech-Cornell
——EOB (a5 = 0; ag=-20)

R[Was] /v
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Fig. 8 Thisfigure illustrates the comparison between the “impdd\&OB waveform (quadrupolar
(¢ =m=2) metric waveform (66) with parameter-free radiation tesrc(61) and withes = 0,a5 =
—20) with the most accurate numerical relativity waveformu@-mass case) nowadays available.
The phase difference between the twd g < +0.01 radians during the entire inspiral and plunge.
Ref. [40] has shown that this agreement is at the level of timerical error.

This result relies on the proper comparison between NR ané fi@e series,
which is a delicate subject. In fact, to compare the NR and pO&se time-series
@R (tnr) and 5B (teos) one needs to shift, by additive constants, both one of the
time variables, and one of the phases. In other words, wetoatstermine anda
such that the “shifted” EOB quantities

ttop=teop+ 1, @5°%=¢EB+a (70)

“best fit” the NR ones. One convenient way to do so is first tm&pl’ the EOB/NR
phase difference at two different instants (correspontbngvo different frequen-
cies). More precisely, one can choose two NR titj¥st)R, which determine two
corresponding GW frequenci€swy, = )R (tNR), wp, = wR (1Y), and then find
the time shiftr (i, wy) such that the shifted EOB phase difference, betwegand
o, AGFO(T) = GEO(EOP) — GROY(LEDS) = gEPR(EO% + 1) — FOP(IED1-7)
is equal to the corresponding (unshifted) NR phase diffeedpN? = @R (thR) —
@R (tNR). This yields one equation for one unknovm,(@nd (uniquely) determines
a valuet(wi, wp) of 7. [Note that thew, — w; = wm limit of this procedure yields
the one-frequency matching procedure used in [27].] Aftaiifg so determined,
one can uniquely define a corresponding best-fit phaseashiff, w,) by requiring
that, say@508(tE08) = gEPP(E0%) + a = hR(ILR).

17 Alternatively, one can start by giving oneself, w, and determine the NR instartf¥?, thR at
which they are reached.
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Fig. 9 Close up around merger of the waveforms of Fig. 8. Note thellx@ agreement between
bothmodulus and phasing also during the ringdown phase.

Having so related the EOB time and phase variables to the NR ae can
straigthforwardly compare all the EOB time series to thel dbrrespondants. In
particular, we can compute the (shifted) EOB-NR phaserdiffee

A2 gEPBNR tyg) = g5O8(1'EOP) — @B (V). (71)

Figure 8 comparé$ (the real part of) our analyticahetric quadrupolar waveform
WECB/v to the corresponding (Caltech-Cornell) Mietricwaveform®NR /v. This
NR metric waveform has been obtained by a double time-iategr (following the
procedure of Ref. [39]) from the original, publicly availabcurvaturewaveform
Lpfz. Such a curvature waveform has been extrapolatgt in resolution and in
extraction radius. The agreement between the analytiedigtion and the NR result
is striking, even around the merger. See Fig. 9 which clopesnthe merger. The
vertical line indicates the location of the EOB-merger tjiine., the location of the
maximum of the orbital frequency.

The phasing agreement between the waveforms is excellenttiog full time
span of the simulation (which covers 32 cycles of inspiral about 6 cycles of
ringdown), while the modulus agreement is excellent ovelftiti span, apart from
two cycles after merger where one can notice a differenceeldcecisely, the phase

18 The two frequencies used for this comparison, by means dhwefrequency pinching tech-
nique” mentioned above, aMw; = 0.047 andVl,, = 0.31.
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Fig. 10 Comparison between Numerical Relativity and EOB metricefasm for the 2:1 mass
ratio.

difference Agp = gESB. — ghR ., remains remarkably smat(4-0.02 radians) dur-
ing the entire inspiral and plunge)f = 0.31 being quite near the merger). By com-
parison, the root-sum of the various numerical errors orpttese (numerical trun-
cation, outer boundary, extrapolation to infinity) is ab0uit23 radians during the
inspiral [29]. At the merger, and during the ringdowkgp takes somewhat larger
values (- +0.1 radians), but it oscillates around zero, so that, on aegriagtays
very well in phase with the NR waveform (as is clear on Fig.B3).comparison,
we note that [29] mentions that the phase error linked to xtrapolation to infinity
doubles during ringdown. We then note that the total “twgrsa” NR error level
estimated in [29] rises t0.05 radians during ringdown, which is comparable to the
EOB-NR phase disagreement. In addition, Ref. [40] comptretimproved” EOB
waveform to accurate numerical relativity data (obtaingthe Jena group [39]) on
the coalescence afnequal mass-ratilack-hole binaries. Fig. 10 shows the re-
sult of the EOB/NR waveform comparison for a 2:1 mass ratioresponding to

v =2/9. Whenas = 0, as = —20 one findsay = —0.017017 andh, = 1.1906.
Again, the agreement is excellent, and within the numedoalr bars.

Finally, Ref. [40] explored another aspect of the physicalrginess of the EOB
analytical formalism: theriple comparison between (i) the NR GW energy flux at
infinity (which was computed in [28]); (ii) the correspondianalytically predicted
GW energy flux at infinity (computed by summitig,y,|? overs,m); and (iii) (mi-
nus) themechanicalenergy loss of the system, as predicted by the general EOB
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Fig. 11 The triple comparison between Numerical Relativity and E®® energy fluxes and the
EOB mechanical energy loss.

formalism, i.e. the “work” done by the radiation reactiBRechanica™= Q.Zy. This
comparison is shown in Fig. 11, which should be compared go %of [28]. We
kept here the same vertical scale as [28] which compared Eh#uX to older ver-
sions of (resummed and non-resummed) analytical fluxes eeded such &10%
vertical scale to accomodate all the models they consid¢fé@ horizontal axis
is the frequencyw of the differentiated metric waveforim,.] By contrast, we see
again the striking closeness (at the x 102 level) between the EOB and NR GW
fluxes. As both fluxes include higher multipoles than (B€2) one, this closeness
is a further test of the agreement between the improved E@Bdiism and NR re-
sults. [We think that the- 2o difference between the (coinciding) analytical curves
and the NR one on the left of the Figure is due to uncertaimiése flux computa-
tion of [28], possibly related to the method used there ofgotimgh.] Note that the
rather close agreement between the analytical energy fldxtrenmechanical en-
ergy loss during late inspiral is not required by physicséaese of the well-known
“Schott term” [104]), but is rather an indication that, can be well approximated
by —imQhym,
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7 Conclusions

We have reviewed the basic elements of the Effective One Ba®B) formalism.
This formalism is still under development. The various gxgsversions of the EOB
formalism have all shown their capability to reproduce wthumerical errors the
currently most accurate numerical relativity simulatiofigoalescing binary black
holes. These versions differ in the number of free thecakbfiarameters. Recently
a new “improved” version of the formalism has been definecttvicbntains essen-
tially only two free theoretical parameters.

Among the successes of the EOB formalism let us mention:

1. An analytical understanding of the non-adiabatic latpiral dynamics and of
its “blurred” transition to a quasi-circular plunge;

2. The surprising possibility to analytically describe therger of two black holes
by a seemingly coarse approximation consisting of matchicgntinued inspiral
to a ringdown signal;

3. The capability, after using suitable resummation meshad reproduce with
exquisite accurachoth the phase and the amplitude of the gravitational wave
signal emitted during the entire coalescence process, éanyg-inspiral, to late-
inspiral, plunge, merger and ringdown;

4. The gravitational wave energy flux predicted by the EOBw@lism agrees,
within numerical errors, with the most accurate numerieddtivity energy flux;

5. The ability to correctly estimate (within a 2% error) thedli spin and mass of
nonspinning coalescing black hole binaries [this issuenttadeen discussed in
this review, but see Ref. [34]].

We anticipate that the EOB formalism will also be able to evan accurate
description of more complicated systems than the nonspinBBH discussed in
this review. On the one hand, we think that the recently impdoEOB frame-
work can be extended to the description of (nearly circméat) spinning black
hole systems by suitably incorporating both the PN-expdra®wledge of spin
effects [105, 106, 108] and their possible EOB resummatoi(7]. On the other
hand, the EOB formalism can also be extended to the deguripfibinary neutron
stars or mixed binary systems made of a black hole and a mestao [109, 110].
An important input for this extension is the use of the relatic tidal properties of
neutron stars [111, 112, 113]

Finally, we think that the EOB formalism has opened the stialpossibility of
constructing (with minimal computational resources) a/\grcurate, large bank of
gravitational wave templates, thereby helping in both cétg and analyzing the
signals emitted by inspiralling and coalescing binary klagles. Though we have
had in mind in this review essentially ground-based dets¢ctoe think that the
EOB method can also be applied to space-based ones,i.podsilfly eccentric)
large mass ratio systems.
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