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ABSTRACT. We introduce a differential extension of algebraic K-theory of an algebra us-
ing Karoubi’s Chern character. In doing so, we develop a necessary theory of secondary
transgression forms as well as a differential refinement of the smooth Serre-Swan correspon-
dence. Our construction subsumes the differential K-theory of a smooth manifold when
the algebra is complex-valued smooth functions. Furthermore, our construction fits into a

noncommutative differential cohomology hexagon diagram.
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1. INTRODUCTION

Differential K-theory is a topic in mathematics that combines homotopy theoretic as-
pects of topological K-theory and differential geometric aspects of the de Rham complex
in a homotopy-theoretically consistent way. It is a natural home for studying gauge fields
and their secondary characteristic classes. Many interesting areas, such as stable homotopy
theory, the theory of characteristic classes, index theory, and superstring theory, thereby coa-
lesce in this topic. It has been actively investigated from the viewpoint of abstract framework
through the theory of oo-categories, especially via sheaves of spectra and differential cohe-
sion [5,36], as well as from the computational point of view by developing spectral sequences
[12,/13].

An interest in differential K-theory was kindled by attempts to topologically classify D-
brane charges and Ramond-Ramond fields in type II string theories |10}25,/46]. It was in
Hopkins and Singer [14] that the first construction of a differential extension of any exotic
cohomology theory was given. Following their work, several different constructions appeared,
which are index-theoretic [6], homotopy-theoretic [5], and geometric |11},18}39,43}|44]. While
each model elucidates certain aspects of differential K-theory better than the other, these
models are equivalent upon verifying uniqueness axioms [7] or by direct comparisons [32].
However, we do not yet have a codification that is algebraic.

Furthermore, there has been a need for a formulation of the Minasian—Moore formula for
D-branes in noncommutative spacetimes (see Szabo [42] and references therein). To parallel
the proposal to classify Ramond-Ramond fields in Freed [10] in the noncommutative setup,
one would need a noncommutative twisted differential K-theory. However, unlike in the case
of smooth manifolds, very little is known about noncommutative twisted K-theory other
than the noncommutative twisted Chern character introduced by Mathai and Stevenson
[23]. Noncommutative differential K-theory has not been well-explored either yet. Although
there has been a homotopy-theoretic construction of differential algebraic K-theory as a
sheaf of spectra over the site of smooth manifolds [4] whose underlying homotopy invariant
sheaf evaluated at a point is an algebraic K-theory spectrum, the context and setup only
provide a partially noncommutative differential K-theory, since one is still working with a

site of commutative spaces (manifolds).
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The purpose of this paper is to fulfill the demand for a noncommutative differential K-
theory. Namely, we construct differential extensions of K, of an algebra using universal
noncommutative differential forms a la Karoubi [15] as an analogue of the de Rham complex
of a smooth manifold. Secondly, we set up a cycle map to relate our construction to the
differential K-theory of a smooth manifold when the given algebra is the algebra of complex-
valued smooth functions on the manifoldE] Furthermore, the flat subgroup of our construction
specializes to the multiplicative K-theory or K-theory with R/Z-coefficients, which are of
interest in index theory and operator algebras [1,|3}21].

The advantage of our approach is that our construction uses explicit cycle data, in parallel
with existing geometric constructions of differential K-theory of a manifold [11}/1832,39].
We develop the theory of Karoubi-Chern—Simons forms and give a detailed account of dif-
ferential refinements of the smooth Serre-Swan correspondence. Furthermore, we establish
a natural equivalence between our noncommutative differential K-theory and the differen-
tial K-theory of smooth manifolds when the underlying algebra is complex-valued smooth
functions (Theorem . To the best of our knowledge, this paper is the first to consider
differential extensions of (co)homological invariants to the noncommutative framework.

This paper is organized as follows. Section [2| consists of background material on differential
K-theory on manifolds, connections and curvatures on a module, Karoubi’s Chern characters,
and universal noncommutative differential forms. Section [ is the technical core of this
paper wherein we develop a noncommutative counterpart of the theory of Chern—Simons
forms and obtain the primary and the secondary transgression formulas. In Section [4] we
construct a noncommutative differential K-theory and prove that the construction subsumes
the differential K-theory of a manifold when the algebra is complex-valued smooth functions.
Finally, we verify that our noncommutative differential K-group fits into the noncommutative
analogue of the differential cohomology hexagon diagram. Appendix[A] contains a differential
refinement of smooth Serre-Swan correspondence, which was crucial for constructing a cycle
map in Section (4] (cf. Lemma. Appendix B| provides a review of Grothendieck fibrations,
which is used to prove the naturality of noncommutative Chern characters.

Acknowledgements. We thank Thomas Schick, Ralf Meyer, Alex Atsushi Takeda, and

Jae Min Lee for helpful conversations as well as the Korea Institute for Advanced Study

LConnes’ Chern character Ky(A) = HPoyen(A) (as opposed to Karoubi’s Chern character) is an alternative
noncommutative counterpart of the usual Chern character K°(X) — H5E™(X; Q) when A is the algebra of
smooth or continuous functions on X [8]. This counterpart is justified by the Serre-Swan correspondence
and the Hochschild-Kostant—Rosenberg theorem, which say that both Chern characters are equivalent.
Therefore, an alternative perspective, which we do not pursue in this work, is to develop a differential

extension of K-theory with Connes’ Chern character instead.
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2. PRELIMINARIES

In this section, we collect background materials and setup notations we will be using
throughout this paper. We review differential K-theory on smooth manifolds (Section ,
Karoubi’s noncommutative Chern characters (Sections [2.212.4)), and universal noncommu-
tative differential forms (Section [2.9)).

2.1. Review of differential K-theory. In this subsection, we shall review differential K-
theory by introducing a geometric model of even differential K-theory due to Klonoff 18| as
well as Freed and Lott [11]. We will use this construction in Section [4.2] In this subsection,
X is always a compact smooth manifold. In the rest of the paper, Q3 (X) denotes the
differential graded algebra of smooth complex-valued de Rham forms on X (whether compact
or not) with differential d.

Definition 2.1. (1) A K°-generator on X is a triple (E, V,w) consisting of a smooth
vector bundle £ — X with connection V and w € QS$4(X)/Im(d), where Im(d)
denotes the image of d.

(2) Two [A(O—generators on X, (Ey, Vo,wp) and (Ey, Vq,w,) are CS-equivalent if there
is a smooth complex vector bundle G — X with connection V and a vector bundle
isomorphism ¢ : Ey & G — E; & G such that CS(Vy @ V,V; ® V) = wy — wy
mod Im(d). Here CS(V, & V,V; @& V) denotes the Chern-Simons form of any path
of connections joining Vo®V and ¢*(V1®V) (cf. Simons and Sullivan |39}, Proposition
1.1, p.583)).

(3) The direct sum (Fy, Vo, wo) @ (E1, V1,wr) is defined by (Ey @ E1, Vo ® V1,wo + wy).

It is a consequence of the secondary transgression formula of Chern forms (see Simons
and Sullivan [39, Proposition 1.1, p.583|) that the relation defined in (2) is an equivalence
relation. We will use the notation ~cg to denote the CS-equivalence relation and [-]cs to
denote an equivalence class of a K O_generator on X. The operation @ is well-defined on
the set of CS-equivalence classes. We thus get a commutative monoid (9¥(X), ®) consisting
of CS-equivalence classes [(E,V,w)]cs endowed with the operation @ on CS-equivalence

classes.

Definition 2.2 (Freed and Lott [11], Klonoff [18]). The even differential K-theory of
X, denoted by K 0(X), is the Grothendieck group of the commutative monoid (9(X), ®).
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Remark 2.3. The even differential K-group K°(X) is known to be naturally isomorphic to
other known models (see [18.32]).

2.2. Connections and curvatures on a module. In this and the following subsec-

tion, we shall review some basic material for defining noncommutative Chern characters
by Karoubi [15].

Notation 2.4. Let A be an algebra, unital but not necessarily commutative, over a field K,
and let Alg be the category of K-algebras and K-algebra homomorphisms. Unless specified
otherwise, the notation {2,(A) in this section means a differential graded algebra (henchforth
DGA) over K satisfying Qy(A) = A. Any such DGA Q.(A) satisfying this condition will
be called a DGA on top of A. Let DGA be the category of DGA’s over K and maps
of DGA’s (chain maps preserving the algebra structure). Its differential will always be
denoted by d unless specified otherwise. The abelianization of €24(A) is the chain complex
D (A)ap = (2,(A)/[Q(A), Q2 (A)],), where [Q2(A), Qe(A)],, is the K-submodule generated
by elements of the form [w;,w;] = w; - w; — (—1)9w; - w;, with w; € Q(A), w; € Q;(A),
and i + j = n. Note that Q4(A)ap is a chain complex with the differential inherited from
the differential of Q24(A) (but Q(A)ap is not necessarily a DGA). We will use the notation
Fgp(A) for the category of finitely generated projective right A-modules and A-module
maps. For any category C, we will write C**° to denote the subcategory of C consisting of the
same objects as C and morphisms in C'* are isomorphisms in C. For example, Fgp™(A) is

the category of finitely generated projective right A-modules and A-module isomorphisms.

Remark 2.5. We caution the reader that the notation Q(A) means an arbitrary DGA
whose zeroth degree is A, as in Karoubi |15, p. 9]. For example when X is a smooth
manifold and A = C*(X; C), the algebra of smooth C-valued functions on X, the de Rham
complex of exterior differential forms Q8 (X) is just one example of a DGA on top of A. See
Section for more examples. Although 2,(A) may arise as the application of a functor
Q. : Alg — DGA on an algebra A (specifically when discussing naturality of certain
constructions—cf. Definition for example), we will only use such additional structure
on occasion. Nevertheless, we will write Q4(A) even if the DGA on top of A does not arise

from some functorial construction on algebras.

Definition 2.6 (Karoubi [15]). Let A be an algebra over K and let ©4(A) be a DGA on top
of A. The noncommutative de Rham homology group of 2,(A) in degree n, denoted

by HI®(A), is the n'" homology group of the complex Q4(A),p.
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Remark 2.7. Although not explicit in the notation, the definition of HI®(A) depends on
a choice of a DGA ,(A) on top of A. If there is a possibility for confusion, the notation
HI®(Q,(A)) will be used instead.

Definition 2.8. Given M € Fgp(A) and a DGA Q,(A) on top of A, a connection D on
M (with respect to Q(A)) is a K-linear map D : M — M ®4 Q(A) satisfying the Leibniz
rule D(ma) = D(m)a+ m ® d(a) for all m € M and a € A.

A connection as defined above always exists (see |15, p.12]).

Example 2.9. If A = C*°(X) for some smooth manifold X, and if £ — X is a vector bundle,
let T'(E) denote the A-module of sections. Then a connection V : T'(E) — T'(E) ®4 Qg (X)
reproduces the usual notion of a connection on a vector bundle (cf. |28, pg 185 and pg 192]).
To set notation, if V' is a vector field, then Vy s is the covariant derivative of a section s in

the direction V' and is obtained by composing V with evaluation of forms on V.

Definition 2.10. Let A be a K-algebra and let 2,(A) be a DGA on top of A. The category
Fgpp(A) consists of the following data. Its objects are pairs (M, D), where M € Fgp(A)
and D is a connection on M. The hom-set Fgp(A) (Mo, Do), (M1, D1)) consists of A-linear
maps M, EN M such that the following diagram commutes:

Dy

MO M() XA Q1<A)

lf Lf@Aid
Dy

Ml Ml ®A Ql<A)

Example 2.11. Let £, = X, i € {0,1}, be two smooth vector bundles over a smooth
manifold X, let A := C*(X), let M, := I'(E;) be the modules of sections, let D, : I'(E;) —
['(E;) ®4 QL (X) be connections, and let ¢ : Ey — F; be a bundle map fixing the base,
but not necessarily a fibrewise isomorphism, such that D;(ps) = (¢ ®id)Dys (a special case
of this is a connection-preserving bundle isomorphism). Then I'(Ey) — I'(E;) sending s to

@ o s is a morphism in Fgpp(X) := Fgpp(A).

To allow for a noncommutative generalization of morphism to bundle maps that are iso-
morphic on fibres and with a varying base, we will introduce the extension of scalars for
modules (also called change of rings—see [31, Section 11.52] for example) as well as functo-

rial DGAs on top of algebras.

Definition 2.12. Let A and B be K-algebras. Let N be a B-module. Let v : B — A
be an algebra map. The extension of scalars A-module (of N along 1) is the right
A-module defined as N ®p A := N ®k A/. with the equivalence relation generated by
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nb ®k a ~ n ®x P (b)a and with the right action given by (n ®p a)a’ := n ®p (aa’). Because
of the many different tensor products used, tensor products will often have subscripts K, A,

and B to help the reader distinguish them.

Remark 2.13. Given an algebra map ¢ : B — A, the algebra A can be viewed as a (B, A)-
bimodule with the left B action given by first applying ¢) and the using the multiplication on
A, and the right A action given by the multiplication on A. In this way, N ®p A is just the
tensor product of a right B-module and a (B, A)-bimodule resulting in a right A-module.
The extension of scalars is functorial (see Remark and Appendix [B| for more details).

Definition 2.14. Let A and B be K-algebras. Let M be an A-module and N a B-module.
A cocartesian morphism from (B, N) to (A, M) is a pair (¢, ¥) consisting of an algebra
map ¢ : B — A and a linear map ¥ : N — M such that U(nb) = ¥(n)y(b) for all n € N
and b € B and such that the canonical mapf|

NopAL M
n®pa— ¥Y(n)a

is an isomorphism of A-modules.

Remark 2.15. This remark is a justification for the terminology of “cocartesian morphism”
in Definition for readers familiar with the notion of Grothendieck fibrations, which are
reviewed in Appendix [B] Using the same notation as in Definition the collection of
objects being pairs (A, M), with A a K-algebra and M a finitely generated projectivelz_;] A-
module, forms a category Fgp. A morphism in Fgp from (B, N) to (A, M) is defined to be
a pair (¢, ¥) such that W(nb) = W(n)i(b) for all inputs. This defines a Grothendieck opfi-
bration Fgp — Alg, where a cocartesian lift uses the extension of scalars. The cocartesian
morphisms in this opfibration correspond to the cocartesian morphisms as we have defined

under an appropriate fibred equivalence of opfibrations.

Definition 2.16. A DGA on top of Alg (or some subcategory) is a functor €2, : Alg —
DGA such that €y := evy o €0y = idaig, Where evg : DGA — Alg is the restriction to the

zeroth degree.

Having a DGA on top of Alg (instead of just a DGA on top of some specific algebra) is
what will allow us to discuss naturality with the differential. Namely, if ¢ : B — A is an

21t is easy to see this map is well-defined because ¥(nb)a = ¥(n)i(b)a. It is immediate that U is also

right A-module morphism.
3The finitely generated projective assumption is not needed for the comments that follow in this remark,

but it is needed for comparison to the smooth case if one wants an equivalence on certain subcategories.
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algebra map and €2, a DGA on top of Alg, then Qq(¢) : Q¢(B) — Qe(A) (often denoted
abusively by v) is, in particular, a chain map. We would not necessarily get this from simply
assigning a DGA on top of A and B if it was not done in a functorial manner. Moving on, if
one restricts to the subcategory whose objects are algebras of the form C'*°(X) for smooth
manifolds X and whose class of morphisms are pullbacks along smooth functions, then the
DGA of de Rham forms gives such a functor. Another example will be given in the context

of universal noncommutative differential forms later.

Lemma 2.17. Let ¢ : B — A be a map of algebras, let N € Fgp(B), and let 0, : Alg —
DGA be a DGA on top of Alg.

(1) Then N ®p Qx(A) := N @k Q(A)/~, where the equivalence relation is generated by
nb @k w ~ n Qg Y(b)w, is an A-module (not necessarily finitely-generated) with the
action given by (n ®p w)a := n ®@p (wa). Equivalently, N ®p Qk(A) is canonically
isomorphic to (N ®p A) ®4 Qx(A) (the tensor product of the right A-module N @5 A
with the (A, A)-bimodule € (A)).

(2) Furthermore, the map id®g1) : N®gQ(B) — N @k Q4 (A) descends to a well-defined
map id®g1 : N ®@pQ(B) — N @5 Q(A). Note that the notation is slighly abusive
and the map 1 here is technically Qk(¢)ﬁ

(3) If, in addition, D : N — N ®p Q;(B) is a connection on N, then the map

N®KA — N®B Ql(A)
n@a— ((id®py)(D(n)))a+n@ da
descends to a connection Dy : N ®p A — N ®@p Q1(A) = (N ®p A) ®4 Q1 (A).

Proof.

(1) The canonical isomorphism is a property of the tensor product.

(2) This follows from nb ®k ¥ (w) ~ n @k V(b)Y (w) = n Rk Y (bw).

(3) The fact that Dy is well-defined follows from ((id ®p ¥)(D(n)))¥(b) +n @ dip(b) =
(id @5 ¢)(D(n)b+n @ db) = (id ®p ¥)(D(nb)). O

Definition 2.18. The connection Dy : N @ A - N @5 Q1(A) = (N @5 A) ®4 Q1(A) on
N ®@p A from Lemma [2.17, given a connection D : N — N ®@p Q(B) on N, is called the

. . U . . . .
induced connection. If (B, N) LN (A, M) is a cocartesian morphism, then the composite

Dy = (M Y Nes A (Nap ). ti(A) 225 e, QM))

4This same abuse of notation occurs in differential geometry when one uses the same notation for the

pullback of differential forms as for the pullback of smooth functions.
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is also called the induced connection (the map U is defined in Definition [2.14). Further-

more, if o : M — L is an isomorphism of A-modules and V is a connection on L, the pullback
—1lji
connection ©*V on M is the composite M 5 L > L ® 2 (A) 2O Moy Q1 (A).

Remark 2.19. Equivalently, the pullback connection ¢*V can be defined as the induced
connection on M associated to a cocartesian morphism of the form (A, M) {dae), (A, L).
Indeed, for such a cocartesian morphism, ¢ : M — L is an isomorphism because ¢ equals
the composite M @4 A = M % L. This shows that the two notions of induced connection

and pullback connection agree when the algebras are fixed.

The following example illustrates that the pullback of smooth vector bundles and their
associated pullback connections are described by the extension of scalars and the induced

connection construction described in Lemma R.17l

Example 2.20. Let 7 : FF — Y be a smooth vector bundle and let ¢ : X — Y be a smooth
map of manifolds. Let p: E — X denote the pullback bundle and let ® : ' — F' denote the
associated map of total spaces. Set A := C*(X), B := C®(Y), M :=TI'(F), N :=I'(F),
and ¢ : B — A to be the pullback map associated with ¢. The map ¥ : N — M sends a

section s of F' to the section of E' by composing the appropriate morphisms in the diagram

(]

E F
» »
Pl | T(s) ﬂl | s
/ /
X Y

¢

using the fact that ¢ is a fibrewise isomorphism. Namely, W(s) is the section that, when

evaluated at © € X, is given by ®_'(s(¢(z))), where @, : E, — Fy,) is the restriction

of ® to the fibre over x. Therefore, the assignment (IJO : N®p A — M, given by (cf.
Definition s®p f— V(s)f, is well-defined (by fibrewise linearity of ®) and establishes
an isomorphism of A-modules (cf. Appendix . Thus, the extension of scalars module is an
algebraic analogue of the pullback bundle. Now, given a connection D on m, let V denote

the pullback connection on p. Then the diagram

D
N ®p A — (N @p A) @4 Qp(X)
v | = ”’lfﬁwid
M M &4 QéR(X)
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commutes. Thus, the induced connection coincides with the pullback connection (up to

the canonical isomorphism relating the extension of scalars to the module of sections of the
pullback bundle, as described in Appendix .

Definition 2.21. Let (M, D) € Fgpp(A). The connection D on M is extended to a degree
+1 K-linear map D : M ®@4 Q¢(A) — M ®4 Q2a(A) uniquely determined by D(s @ w) =
Ds-w+s®dw for all s € M and w € Q4(A). The curvature of D is the Q,(A)-linear
endomorphism Rp := D?*: M ®4 Qs(A) = M @4 Qe(A).

The following lemma describes in what sense the curvature of the induced connection

equals the pushforward of the curvature.

Lemma 2.22. Let A and B be K-algebras, let 2 be a DGA on top of Alg, let N be a
B-module with connection D : N — N ®p ;(B) whose curvature is Rp. Let ¢ : B — A
be an algebra map and let Dy, : N @5 A — N ®p ;(A) be the associated connection (from
Lemma, and Definition with curvature Rp,. Then the curvatures are related via

Rp, = €y(Rp),

where €, : Endg,(p) (N ®B Q.(B)) — Endg, (4 (N Rp Q.(A)) is the function sending an
arbitrary Q, (B)-linear endomorphism L of N®pQ4(B) to the unique 4 (A)-linear extensionf|
€y (L) of the composite N — N ®p 4(B) L N®sg Q.(B) 995% N @p Qe(A) to an Q. (A)-
linear endomorphism of N ®@p Q(A), i.e. n ® w gets sent to ((idy ®p ¢)L(n @ 1p))w.

Proof. Fix n € N. By the uniqueness of the 4(A)-linear extension property of &,(Rp)
mentioned in the statement of the lemma, it suffices to show D (n®p14) = (id®p 1)) D*(n).
Setting D(n) =: > na ®pws € N ®p Q1(B), this follows from

Di(n Xp 1A) = D¢<(id XpB @ZJ)D(n)) = Z D’/J (na ®p ¢(wa))
= Z <D¢(na Rp 1A)1/)(wa) +n, @B d1/’(wa)>
= 3" (4@ ¥) (D)) olen) + 1o @5 (dca) )

= (id®p1) (D(na)wa T e ©p dwa)

= (id®p ¥)D*(n)

5The map ¢, (L) can equivalently be obtained via the extension of scalars functor (cf. Example taking
the algebra map ¢ : Qq(B) — Q4(A) to the functor &, that sends a morphism L : N®pQe(B) = N®pQ(B)
of Q¢ (B)-modules to a morphism € (L) : NQp Qe(A) = N @50 (A) of Q2e(A)-modules. This also explains
why the notation &, is used.
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by two applications of the definition of Dy, from Definition and Lemma[2.17] The second
term in the third line follows from the comments after Definition 2.16 O

2.3. Traces of module endomorphisms. We will soon take the trace of the curvature in
order to define the Karoubi-Chern form. Therefore, we first review traces in a more general
context |15 Section 1.16].

Definition 2.23. Let R be a unital (not necessarily commutative) ring and F' a finitely
generated projective right R-module. Let F* := Hompg(F, R) be the dual consisting of right
R-linear maps. [ is given the structure of a left R-module upon setting (ru)(z) := ru(z)
forallr € R, p € F*, and x € F.

Given any ring R and any two right R-modules F' and G, with F finitely generated

projective, the map
G KRR s — HOIDR(F, G)
y@p (0 yu())

determines an isomorphism of abelian groups (under addition) because the finitely generated

projective assumption on the modules is what guarantees this map is an isomorphism.

Definition 2.24. Let R be a ring and F' a finitely generated projective right R-module.
The trace map is the composite tr : Endg(F) & F Qg F* ovel R/[R, R], where eval(x ® p)

takes the equivalence class of p(z).

Note that the trace is defined to take values in R/[R, R] (as opposed to R). There would
otherwise be an ambiguity due to the identity zr ® u = z ® ru. The first suggests p(zr) =
w(z)r, while the latter suggests (ru)(z) = ru(z). Because it is valued in R/[R, R], this trace
map is guaranteed to satisfy tr(7'S) = tr(ST) for S € Homg(F,G) and T' € Homg(G, F),

where G is another finitely generated projective right R-module.

Example 2.25. Take F' = R". In this case, we can write elements of Endg(F') as n x n
matrices with coefficients in R. The standard unit vectors {e;} define the standard matrices
{Ei;}, where Ej; corresponds to e; ® e and takes the j-th entry of any element in R"
and places it in the i-th entry of a new vector whose other elements are all zero. Given
T € Endg(F), let {a;; € R} be the unique elements satisfying T'(e;) = Y"1 | e;a;;. We can
express T' in matrix form as ZZ j FEi;a;; or, using the isomorphism above, as ZZ ;€ ® e; =
Zz, jei®@agje;. Since e;f(ei) = 0;;, the trace of T"is given by the equivalence class associated to
Zi,j ei(eiay) = Z” ei(ei)ai; = Z” dijaij = >, a;. One might notice that in this case, the
expressions ), - ej(e;)a;; and Y, sa;;ej(e;) are actually equal as elements of R. However,
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if we wanted this to be a basis-independent expression, then this would require that tr
satisfies the property tr(T') = tr(UTU ') for all isomorphisms U € Endg(F). This property
is guaranteed by choosing a cyclicly invariant formula. Such a formula necessarily factors
through R/[R, R]. We will find that this cyclic property is useful for computations involving

the Karoubi—Chern forms later.

Example 2.26. Let Q4(A) be a DGA on top of A. The subset Qeyen(A) consisting of
all even degree elements in Q,(A) is a ring. By taking R := Qeen(4) = @, Q2r(A) and
F := M ®4 Qcven(A), the integral powers of the curvature map D? restrict to right R-linear
endomorphisms of F. The corresponding trace of (D?)* provides an element tr(D?) in
R/[R, R] with representatives living in Q,(A). Note that [R, R] only contains commutators
of even forms, while [24(A), 24 (A)]2x consists of forms of the form [w;, w;| with i4+j = 2k since
i and j could both be odd. Hence, there is an injection [R, R] < @,[Q2(A), Qe(A)]2k, which
induces a surjection R/[R, R| = (Qe(A)ab)even := D}, (2x(A)/[Qe(A), Qe(A)]2x). Therefore,
to obtain an element of (24(A)ab )even, We apply this canonical map R/[R, R] — (Q¢(A)ab)even-
) €

(€26 (A)ab)even-

Lemma 2.27. Let ¢y : R — S be a ring homomorphism and let F' be an R-module. Then
1 extends to a ring homomorphism ¢ : R/[R, R] — S/[S,S] and

By a slight abuse of notation, we also denote this element by tr(D%

Endg(F) R/IR, R]

.| |

is a commutative diagram of abelian groups. Here, &, is the map defined in a similar way to
Lemma[2.22) namely as the map sending L, an R-endomorphism of F', to the unique S-linear

extension’| €, (L) of the composite F LPS ForR 22 Fegs.

Proof. The fact that i extends to a ring homomorphism on abelianizations is a standard

fact. Setting

F% Faps F* 2 (Fap S)
Fs fols [ <f®8|—>@/)(p(f))s>,

one obtains iy (fr) = iy(f)Y(r) and iy, (rp) = P(r)iy,(u) for all inputs (4}, is not the usual

dual map). Furthermore, the tensor product of these two abelian group homomorphisms

5The map €, (L) can also be viewed as the extension of scalars functor &, associated to the map R NS

acting on the R-module homomorphism L to produce an S-module homomorphism (cf. Remark and

Example i .
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induces a well-defined map iy ® i, : ' @ F* — (F' ®@r S) ®s (F ®g S)* such that

~

F®p F* — Endg(F)

iy @i, l l €y

(F ®R S) ®S (F ®R S)* — Ends(F ®R S)

is a commutative diagram of abelian groups, as one can check on applying the definitions to

an element f @ u € F ®g F*. Furthermore, by definition of the evaluation map, the diagram

eval

F ®p F* R/[R, R]

’i¢®ifb j L P

(F®rS)®s (F®rS)* S/[S, S|

eval

commutes. Combining these two commutative diagrams and using the definition of the trace

proves the lemma. [l

2.4. Karoubi’s Chern character. In this subsection, we define Karoubi’s Chern character

(compare Karoubi |15, p.16]) and review some of its properties that we will use later.

Definition 2.28 (Karoubi’s Chern character). Let A be a unital algebra over a field K
containing Q and let ©4(A) be a DGA on top of A. Let (M,D) € Fgpp(A) with D a
connection on M with respect to Q4(A). The k™ Karoubi’s Chern character form of
D is (cf. Example [2.26])
1
chi®(D) = Etr(D%) € (Qap(A))2x-
The total Karoubi’s Chern character form is ch™*(D) := >°2° chi*(D).

The sum in ch™(D) is necessarily finite by the finitely generated assumption on M.
Furthermore, there is some abuse of notation since the dependence of ch}fa on the DGA

2.(A) is not made explicit.

Example 2.29. Let M € Fgp(A), let i : M — A™ be an embedding, and set M,,(A) to
be the algebra of m x m matrices with entries in A. Let p € M,,(A) satisfy p* = p and
Im(p) = Im(7) (we will often conflate p being viewed as a matrix with coefficients in A as
well as an A-endomorphism of A™). Set M := Im(p). Let D : M — M @4 Q1(A) be the
connection on M given byﬂ D(s):=p-dsandlet D: M — M ®4 Q;(A) be the connection

"Note that since ds € A™ @4 Q1(A), the p - ds here should technically be written as (p ® 14) - s when
viewed as a matrix equation or (p ®4 idg,(4))(ds) when viewed as an operator acting on ds. In either case,
p has been extended in a natural way to act on A™ ®4 Q;(A) by acting trivially on the right factor. We will

often exclude this additional identity to avoid cumbersome notation.
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on M given b D :=i|y{ o Doi. A simple calculation then shows D?(s) = p-dp-dp - s for
all s € M, exhibiting the right A-linearity of D? explicitly [15, Section 1.15 and 1.18]. In
fact, D**(0) = p - (dp)* - o for all 0 € M ®4 Qu(A) so that D?* is Q,(A)-linear. Hence,

a a [ |— > y a1 1
ch®*(D) = ch® <2|N} oDo Z) = ch™*(D) = Htr(P' (dp)™),
k=0

where we have used the cyclicity of the trace in the second identity, which is allowed since

D?* =il opodoioily opodoi=i|/_v}ol~)20i.
=p
As we will see later, for certain choices of DGA on top of A, every connection will be of
this form and the Karoubi—Chern form will be expressible in this manner. This allows us to
perform several calculations using ideas from linear algebra adapted to the setting where the
ground ring is noncommutative. In particular, if D is expressible in two ways via different
projections p or ¢ (possibly with embeddings into different freely generated modules), then
tr(p - dp**) = tr(q - dg*), which shows that the Karoubi-Chern form expressed in terms of

projectors is invariant.

Lemma 2.30. If D: M — M ®4 Q1(A) and D' : M' — M’ ®4 21(A) are two connections
(with respect to the same DGA on top of A), then the composite

M@ M DE';D’> (M XA Q1(A)) © (M/ () Q1(A)) = (M M)®40Q(A)

is a connection on M @M’ called the direct sum of the connections D and D’, and is denoted
D & D’ (which is a slight abuse of notation since the isomorphism above is included in its
definition). The latter isomorphism is the distributive natural isomorphism and is determined
on elementary tensors via (s®@w, s'®@n) — (s,0)@w+(0, ') ®n. Extending D@ D’ by Leibniz
is done via the composite (M @ M') @4 Q(4) > (M ®4 Qu(A)) & (M ®4 Qa(A)) LN
(M ©4 Quy1(A) & (M @4 Qur1(A)) = (M @& M) @4 Qer1(A). The curvature of this
connection in terms of the curvatures Rp and Rp is then given by Rp @ Rp (followed by

a similar distributive natural isomorphism).

Remark 2.31. Although forming the direct sum of connections can be easily done as above,
forming the tensor product is a subtle issue in the noncommutative setting. Indeed, if
we attempt to define a connection on M ®4 M’', we first realize that we should use A-
bimodules [9]. Secondly, even if these are bimodules, D ® id 4+ id ® D’ does not define a
connection on M ® M’ because D(m) @ m’ lives in M ®4 Q21(A) @4 M" while m @ D'(m’)

8Just as p has been extended to A™ @4 Qe(A), the inclusion ¢ has naturally been extended to a map
M ®4Qe(A) = A" @4 Qe(A). This map is also denoted by i, as opposed to the more accurate i ® idg, ().
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lives in M ®4 M’ @4 Q1(A). We cannot simply swap these factors because of the non-
commutativity. Fortunately, we will not make use of a ®-product in this work, so these

issues will not concern us.
Proposition 2.32. Karoubi’s Chern character form chj*(D) is closed in Q4(A)ap.
Proof. A proof is in |15 p.16-17]. O

Definition 2.33. Fix an algebra A. The set of isomorphism classes of finitely generated
projective A-modules together with the direct sum operation defines a commutative monoid.
Let Ko(A) denote the Grothendieck group associated to this monoid. Thus, Ky(A) has

elements that are formal differences [M| — [IV] of isomorphism classes of A-modules.

Proposition 2.34. Let A be an algebra and fix a DGA €2,(A) on top of A. The assignment
chi? : Ko(A) — HIR(Q4(A)), sending [M] to [chi?(D)], where M € Fgp(A) and D is some

connection on M, is a group homomorphism.
Proof. See |15, Theorem 1.22] for a proof. O

Lemma 2.35. The assignment from Proposition is functorial and natural in the fol-

lowing senses.

(1) Fix a DGA Q, : Alg — DGA on top of Alg (cf. Definition 2.16). If ¢ : B — A is

an algebra homomorphism, then the assignment

Ko(B) 5 Ko(A)
[N] = [N ®p A]

is a homomorphism of abelian groups, K, defines a functor from algebras to abelian

groups, and the diagram

commutes. In other words, for a fixed & € N and DGA Q,(A), the Karoubi-
Chern character defines a natural transformation chy® : K, = HYR for the functors
Ko, HI® © Alg — Ab.
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(2) Let 0 : Q4 = O, be a natural transformation of DGA’s on top of Alg (functors from
Alg to DGA). Then the diagram

HyH(Q(A))

y
%

Hy (©4(A))
commutes for all algebras A.

Proof. Well-defininedness of Ky(B) LN Ky(A) follows from the fact that the extension of
scalars is a functor and sends isomorphism classes to isomorphism classes. The group ho-
momorphism condition follows from (N & N') ®p A = (N @5 A) & (N' ®p A) for any two
B-modules N and N’. The fact that the first diagram commutes follows from Lemma [2.22]
Lemma [2.27, and Proposition The last diagram commutes by the definition of the

horizontal composition of natural transformations

Q Alg
d evo Ko
— . T~ el Ka
Alg |- Dca Hchk Ab
\_/ \_/
O, HJR
and the fact that K itself does not depend on the DGA but only on the underlying algebra

(the functor evy : DGA — Alg takes the zeroth degree algebra—see Definition 2.16|). [

2.5. Review of universal noncommutative differential forms. In this subsection we
shall first review algebraic differential forms for commutative algebras and then we will review
universal noncommutative differential forms by Karoubi |15 and Connes [§]. As shown
by Karoubi, noncommutative de Rham homology is closely related to cyclic homology (see
Remark ) We shall also compare the relationship between Karoubi’s Chern character
and Connes’ Chern character. Our intent is to provide only a concise survey of what we need.
We refer the reader to Loday |20, Sections 1.3, 2.6], Karoubi [15 Sections 1.24, 2.15], and
Landi |19, Chapter 7] for self-contained accounts.

Let A be a unital commutative algebra over a field K and M an A-module, which will
occasionally be regarded as a symmetric A-bimodule. A derwation d : A — M is a K-
linear map satisfying the Leibniz rule, that is, d(ab) = d(a)b + ad(b) for any a,b € A. Let
Der(A, M) denote the (additive) abelian group of derivations from A to M. A derivation
d: A — M is universal if, for any derivation 6 : A — N, there is a unique ¢ € Homy (M, N)
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such that § = ¢ od. To see that a universal derivation exists, consider m : A ®x A — A, the
algebra multiplication of A, and let I := ker m. Then the K-linear map A — I/I?* defined by
a— (1®a—a®1) mod I?is a universal derivation. The A-module I/I? is isomorphic to the
A-module /K of Kdihler differentials (also known as algebraic differential 1-forms), which
is generated by the symbols a db for a,b € A |20, Sections 1.1.9, 1.3.8]. By the universality

of QY /x> derivations on A are classified as follows.

Proposition 2.36. The A-linear map ¢ : HomA(QL/K, M) — Der(A, M), defined by f +—

fod, where d: A — QY /K 18 the universal derivation, specifies a natural isomorphism

Hom (Y 5, —)
SymBiMod AT A-Mod
between functors SymBiMod ;, — A-Mod from the category of symmetric bimodules over A

to the category of left A-modules.
Proof. See Loday [20, Proposition 1.3.9]. O

Definition 2.37. Let A be a commutative algebra over a field K. The algebraic differ-
ential forms of degree n, denoted by Q) /K> 18 ALY /K the n'® exterior power of Q} /K
over A. The n'" de Rham homology group of A is the degree n homology group HiR(A)
of the complex (2% /K,d) with differential d : Q7 K QZJ/% sending agda; A --- A da, to
dag AN day N\ - -+ N da,.

Remark 2.38. In the case of smooth functions on manifolds, although algebraic differential
forms of smooth functions are related to exterior differential forms of a manifold, they are not
isomorphic. To see this, let X be a smooth manifold and set A := C*°(X). By universality,
there is a map ¢ : Q}MR — QL (X) defined by fdg — fdqrg, where the former d is the
Kahler differential and the latter dgr is the de Rham exterior differential. The map ¢ is
onto, because any differential 1-form can be written as a finite sum »_ f;dqrg; by a standard
argument, for example using a partition of unity. However ¢ is not one-to-one in general.
Even when X =R and A = C*°(R), we have de” # e*dz in QA/R.

Now let A be any unital algebra over a field K. If A is not commutative, the above method
of defining algebraic differential forms is no longer valid. One of reasons is that Proposition
relies on the commutativity of A. When A is noncommutative, we have the following
generalization of Proposition [20, Section 2.6.1].
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Proposition 2.39. Let M be a A-bimodule (not necessarily symmetric) and let I =
ker(A ®x A 5 A). The natural transformationﬂ ® : Homgygaer (I, —) = Der(A, —) de-
fined by ®;; : f +— f od" for each bimodule M, where d" : A — I, which is defined by
r—d'(z):=1®x—2x®1 for all z € A, is a natural isomorphism between functors from

BiMod 4 to abelian groups. Here, BiMod 4 denotes the category of A-bimodules.

Definition 2.40. Let A be a unital algebra over a field K. The totality of universal
noncommutative differential 1-forms of A is the A-bimodule Q}(A) := ker(A ®x A =
A), where the left and right actions are induced from the multiplication on A. More explicitly,
given a generator d"r = 1@z —x®1 in Q}(A), the left A-module structure on d"z is given by
y-d'xr == y®x—yxr®1, while the right A-module structure is given by d"z-y = 1®xy—r Xy,
which equals d"(zy) — x - d"y. The left and right module structures on }(A) are uniquely

determined by these special cases.

The terminology ‘universal noncommutative differential forms’ refers to the noncommuta-
tive differential forms of Loday |20, Section 2.6.1|, the universal differential algebra of forms
of Landi |19, Section 7.1] and the universal complex of Karoubi |15 Section 1.24].

Definition 2.41. Let A be a unital algebra over a field K. The totality of universal

noncommutative differential n-forms is QL (A) = QV(A) @4 -+ @4 QV(A) (n times).

An element in Q) (A) is of the form agd"a; - - - d“a,, (the symbol ® is omitted). A differential
d*: Qr(A) — Q1 (A) is defined by aopd"a - - - d"a,, — d"agd"a, - - - d"a,, and we set (2 (A) :=
A. The complex (QU(A),d",-) is a DGA. This DGA satisfies the following universal property.

Lemma 2.42. Let (I'y,0) be a DGA and let ¢ : A — I'y be a morphism of unital algebras.
Then there exists a unique extension of ¢ to a morphism ¢" : QU(A) — I'y of DGAs.

Proof. See Landi |19, Proposition 34, p.108] or Loday [20, Section 2.6.6]. O

With this, we can prove the following fact, which provides another example of a DGA on
top of Alg.

Proposition 2.43. The assignment Q" : Alg — DGA sending A to (24(A),d") defines a
DGA on top of Alg.

9The codomain of the functors Der(A, —) and Hom g aer (I, —) can be taken to be the category of abelian
groups. This is because the forgetful functor from Z(A ® A°P)-modules to abelian groups reflects isomor-
phisms (here, Z(A ® A°P) is the center of A ® A°P). This also gives a natural isomorphism of Z(A ® A°P)-

modules.
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Proof. The assignment on morphisms is canonically defined by the universal property in
Lemma [2.42 In more detail, let ¢ : A = Qfj(A) — B = Qf(B) be an algebra map.
Then Lemma guarantees a unique DGA extension ¢" : Q3(A) — QU(B). Functoriality

immediately follows from this uniqueness. 0J

Remark 2.44. In fact, Q" is an initial object in the category of DGA’s on top of Alg. In
this category, a morphism is just a natural transformation. Given another DGA €2 on top
of Alg, there is a canonical natural transformation Q" = €2 given by extending the identity
on A by Lemma to a DGA map o4 : Q"(A) — Q(A). In fact, that same lemma proves
that this assignment is actually natural because for any map of algebras ) : B — A, the
same universal property guarantees a unique extension ¢" : Q"(B) — 2(A), which means

the naturality diagram

QLI
Q(B) M qu(a)
opBp L h \wu\ l oA
N
B) —— 2(4)

automatically commutes since each composite in the diagram must equal ¢".

Definition 2.45. The universal noncommautative de Rham homology group H'®(A)
is the n'® homology group of the complex (QU(A).p, d*) (cf. Notation .

Remark 2.46. (1) Let (2(A),d,-) be an arbitrary DGA with Q3(A) = A. By
Lemma the identity map on A is uniquely extended to a DGA map & : Q¥(A) —
QW (A), apd ay - - - d"a, — apday - - da,. Hence, there is an induced homomorphism

at the level of noncommutative de Rham homology groups
o, 1 Hy ™ (A) — HR(QW(4)).

(2) When A is a commutative unital K-algebra, Remark gives a homomorphism
from the universal noncommutative de Rham homology to the de Rham homology
in Definition by choosing 2.(A4) to be €2 . Note that this map is not an
isomorphism in general, but the groups H'"®(A) and HI®(A) are closely related (cf.
Definition [2.37)). See [20, Corollary 3.4.15] for more details.

(3) When X is a smooth manifold and A = C*°(X), the map ¢ : Q}MK — Qir(X) given
by the universality of Q4 sk uniquely extends to a DGA map ¢ : Q% , — Q§r(X)
inducing a homomorphism ¢ : HI®(A) — H3$z(X). Combining with (2) above we
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have the following commutative diagram.

DHe
23R

/\

H{R(A) — B (A) —= Hip(X)

P
% x ¢

(4) As pointed out in [15] Section 1.24|, Karoubi’s Chern characters for the choice of DGA
QU(A), denoted by ch"™* and Karoubi’s Chern characters ch®® for a generic DGA
Q.(A) are related by the map ®q, considered in (I)) of this remark. By Lemma[2.35]

the following diagram commutes:

KO(A) Qq,

%

(5) Universal noncommutative de Rham homology groups are closely related to cyclic ho-

H3"(A)

Hyt (A)

mology groups by Karoubi’s theorem |15, p.31 Theorem 2.15|: For a unital algebra A
over a field K containing Q and for n > 1, H*®(A) 5 ker (H_C’n(A) =S Wnﬂ(A))
and when n = 0, H}®(A) is isomorphic to ker(HCy(A) — HH;(A)). This theorem is
the key for comparing two different Chern characters. The Connes’ Chern character
(see Loday |20, Section 8.3]) and Karoubi’s Chern character are, up to a constant,
the same in cyclic homology (compare Karoubi |15, Remark 2.20] and Rosenberg

[35, Example 6.2.9]); i.e. the following diagram commutes:

Hy"(A)
Ky (A) (—1)*(2k)!®
Chy,
HCy(A)

It is interesting to consider a noncommutative differential K-theory constructed

purely in cyclic theoretic setup, though this is not the subject of the present work.

3. KAROUBI-CHERN—SIMONS TRANSGRESSION FORMS

In [15], Karoubi provided an algebraic codification of the standard argument for the Chern—

Weil theorem. However, the algebraic analogue of Chern—Simons forms were treated only
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implicitly (compare Proposition above and |15, Remark 1.23|) because the argument
was meant to hold for any choice of DGA whose degree zero term is A. The purpose in this
section is to obtain transgression formulas for Karoubi’s Chern character forms. Throughout

this subsection, our base field K contains Q.

3.1. Polynomial paths of connections. In this subsection, we shall define and study the
properties of an algebraic analogue of a path of connections on a smooth vector bundle. In
what follows, C, ® D, denotes the graded tensor product of chain complexes Cy and D, over
the same field.

Definition 3.1 (Karoubi [15], Section 1.20). Let A, be the chain complex defined by A :=
K[t] (formal polynomials in the variable t), Ay := K[t|dt, An1 = 0, do(P(t)) = P'(t)dt,
and d,zo = 0. The homotopy operator r : A, — K is defined so that «(P(t)) = 0 and
k(P(t)dt) = fol P(t)dt. Let A be an algebra over K and let ©,(A) be a DGA on top of A.
The homotopy operator on A, ® Q,(A) is the (degree —1) map K : A, ® Qu(A) — Q. (A)
uniquely determined by K(w ® 0) := k(w)f. We define the evaluation at the boundary
maps v, : Ay @ Qe(A) — Qu(A) for n € {0,1} that are determined by ev,(w ® ) := w(n)f
if w € Agand 0if w € Ay, If o € A, ®Q(A), then we write p(n) := ev,(p) for brevity.
Such evalation maps ev,, are similarly defined for every n € K. Furthermore, one can define

similar such evaluation maps ev,, : Ag ®x M — M for any K-vector space M.

We will think of the complex A, as an object in the category of DGAs representing the
standard unit interval (the de Rham complex of polynomial differential forms). Note that
A ® Q. (A) together with the tensor product differential is itself a DGA on top of

A=Ay @ A.

Henceforth, we will set 2, (A) = Qu(Ag @ A) := Ae ® Qu(A). We will often switch between
the notation A and Ag®x A depending on the context (the former is often used for statements
and to condense notation, while the latter in proofs to facilate computations). We will use

the same notation d to stand for the differential on 2,(A), A,, and Q,(A) since it will always

be made clear which one is being applied based on the input. The abelianization of €24(A)
is given by Q4(Ag ®x A)ap = A ® Q4 (A)ap because A, is a commutative DGA. Furthermore,

the evaluation maps and homotopy operators descend to the abelianizations.
Lemma 3.2. [Homotopy formula] For any ¢ € A, ® Q4(A),
(Kd+ dK)e = ¢(1) — ¢(0).

The following proposition of Karoubi |15, Lemma 1.21] is readily seen by Lemma .
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Proposition 3.3. Let ¢ € Ay ® Q¢(A)ap be a cycle. Then ¢(1) — ¢(0) is a boundary.

Definition 3.4. Let M € Fgp(A) and let 2,(A) be a DGA on top of A. A polynomial
path of connections on M is a K-linear map M D Ao®@xkM® 4 Q4 (A) satisfying a modified
form of the Leibniz rule given by D(ma) =1 ® m ® da + D(m)a for all a € A and m € M.

Equivalently, D satisfies the condition that the composite D; := M 2, ARk M@40(A) —
M ®4 Q1(A) is a connection on M for every t € K.

Remark 3.5. The fact that these two properties of D are equivalent follows from the fact
that an element of Ay ®x M ®4 21(A) is determined by its evaluations (since Q C K).
Also, note that given any two connections Dy and D; on M, there exists a polynomial path
of connections D such that Dy = D, for ¢t € {0,1}. Indeed, such a polynomial path of
connections can be defined by D; := tDy + (1 — t)D; for all ¢ € K. More precisely, if we let
u denote the polynomial representing ¢ — t, then D(m) := u® Do(m) + (1 — u) ® D1(m) for

all m € M. In fact, the set of connections is an affine K-space.

Just as one can associate a bundle with connection over a space cross the interval given a
path of connections on a single bundle, one can construct a module with connection over the
module extended by polynomials on the interval given a (polynomial) path of connections on
that module. We first provide the module definition and justify it by showing it specializes
properly to the smooth setting.

Lemma 3.6. Let M be a finitely generated projective A-module and Q,(A) a DGA on top
of Aand let D: M — Ag ®x M ®4 Q1(A) be a polynomial path of connections on M. Set
M —- Ao ®K M.

(1) Then M , equipped with the right action of A := Ay ®x A uniquely determined by

(g@m)(p®a) = (¢gp) ® (Mma) VgpeANy, meEM, ac A,

is a finitely generated projective A-module.
(2) Setting Q2 (A) ;== Ay @ Q2 (A) to be the DGA on top of A, the map ]T/[/®g Q(A) >
(A @x M) @ (Ao ®x M @4 21(A)) uniquely determined by

(Ao @x M) @7 (A1 @x A) & (Ao @k Q1 (A))) = (A @k M) & (A ®x M @4 Q1(A))
(@g@m)® (n®a) + (pOw)) = @me@ma+gpemew.
is a canonical isomorphism. More generally, there is a canonical isomorphism
M @5 Q(A) = (A ©x M @D 1(A)) & (Ao @x M ®4 Q(A))

for all k£ € N.
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(3) Using the first of these isomorphisms from , the unique linear map D determined
by

—~

M2 (A @ M) @ (Mo ®x M @4 Q4(A) 5 M @52 (A)

qRm — dqg @ m+ qD(m)

defines a connection on M with respect to the DGA Q.(g) In fact, D is determined
by its action on elements of the form 1 ® m, which gets sent to D(m).

(4) The action of the curvature, Rz = D2, is determined by its action on 1 ® m € M ,
which is given by

DX(1@m) =Y dga @ma®wa+ Y D (Ma)wa+ Y o @ Mo © dwa

where

D(m) =1 Y g ® Mo D wa € Ao ®x M @4 Q1 (A)

is a tensor product expansion of D(m).

(5) The curvature Ry = D? of the connection D satisfies the relation
evt052oz’M:Dt2 Vitek,

where evy : M@g Qu(A) = M @4 Q. (A) evaluates all expressions at t € K (making
use of the isomorphism from ({2)) above) and iy : M®@4Qe(A) = Ag@xMR4Q6(A) —
M@g Q.(A) is the inclusion sending m ® w to 1 ® m ® w (again making use of the

isomorphism from above). In other words, the diagram

D;
M Q4 Q.(A) M ®gy Q.(A)
R
M@g Q.(A) M®g Q.(A)

commutes. Furthermore, ev; satisfies ev; o i)y = id and it also restricts to a well-
defined map evy : M@’A Qeven(;{) — M ®4 Qeven(A).

(6) Given any €,(A)-lincar map L from M@g Qu(A) to itself, set Ly := evy o L oy for
cach t € K. Then L; is a Q4(A)-linecar map from M ®, 4(A) to itself satisfying

evio LFoiy = LF VkeN.

In particular, ev; o R% oty = R%t forall t € K and k € N.
(7) The identity

evi(tr(RE)) = tr(Rb,), ie. evi(tr(D®)) = r(DF),
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holds for all £k € N and ¢ € K. Here, the two traces have different codomains (and

domains). The one on the left side of each equality lands in (£2¢(A)ab)even, While the
one on the right side of each equality lands in (Q2¢(A)ap)even- Consequently,

evi(ch (D)) = ch"*(D,) V€K,

Let Ag = Ay be the map that reverses the formal input variable, namely (rq)(t) :=
q(1 —t) for all ¢ € Ag = K[t]. Then r extends uniquely to a DGA map satisfyingiﬂ
r(pdq) = r(p)d(r(q)), and the composite M Dy Ao®x M ®4 Qi (A) T2 Ao @x M @4
Q1 (A) defines a path of connections D, called the reversed path of connections,
whose associated connection D : M ®z Qu(A) > M @ i Q.(A) satisfies

D,=D,, VtcK and D=(r®id)oDo (r®id),

where 7 ® id := r @k idyg 40.(4) 15 the Q4(A)-linear endomorphis of M@’A’ Q.(g)

whose action on degree (k + 1)-forms is obtained via the isomorphism
M @5 Qeyr (A) = (Ao Rk M ®4 QkH(A)) & (A1 Rk M ®4 Qk(A)>

with 7 acting on the first factor (Ag and A;) in each component of the direct sum
(in other words, r acts on the first factor of the Qq4(A)-module Ay @k M @4 Q2.(A)).

Furthermore, the Karoubi—Chern character satisfies

ch®® <71)) = (r ®id)ch™® (5) :

Proof. Most of these claims amount to unraveling the definitions.

(1)

To see that M is a finitely generated projective ﬁ—module, note that since M is a
finitely generated projective A-module, there exists an A-module ) and an n € N
such that M & ) = A™. Hence,

M@ ARk Q)= (A®x M) ® (A ®k Q) =A@k (M D Q)= A ®x A" = (Mg ®x A)",

(2)

which proves the claim.

Because

Q1 (Ao @k A) = (A ®x A) ® (Ao ®x 2(A))

10This is analogous to how the pullback of smooth functions and differential forms along a map (which in

this case is the map K > ¢ — 1 —¢) is a chain map on the de Rham complex.

HThe map r @k idyrg,0.(a) is not Q.(Z)—linear.
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(by definition) together with the properties of ® and @,

M ® Ql(g) = (Ao ®x M) ®p,04 ((A1 Rk A) (Ao XK Ql(A))>
= <(A0 Rk M) ®pppa (A1 ®k A)) & ((AO ®x M) @rpea (AO Ok Ql(A)))

(Ao @, M) ©x (M ©4.4) ) & (80 D1, A0) @5 (M @4 21(4)))
> (A ®x M) @ (Ao ®x M ®4 2 (A))

I

provides the claimed isomorphism. A completely analogous calculation proves the
result for tensoring with k-forms.

(3) Note that ¢ @ m = (1 ® m)(q ® 14). Therefore, D is determined by its values on
elements of the form 1 ® m by the Leibniz rule.

(4) By definition (cf. Definition , D is extended to M@g Q.(A) by the formula

(3.7) D(m ®n) = D(m)n +m @ dn

for all m € M and n € Qk(g) The fact that the action of D? is determined by its
action on 1®@m € M follows from Q. (A)-linearity of the curvature (cf. Definition[2.21)).
Then

D*(1®m) = D(D(m)) = Zﬁ(qa ® My @ Wa)
= Zﬁ(qa ® Mg )Wa + Z o @ My @ dws by (3.7)
=> (dqa ® Mo + an(ma))wa +) o @ ma @ duw,
= dga @Ma @ wa + > €aD(Ma)wa + Y o @ Moy @ dwa,
where the definition of D is used in the third line and the fact that m,, identifies with
Mme @ 14 under the canonical isomorphism M = M ®4 A is used in the last line (in
the first of three terms).

(5) It is sufficient to prove the equality for forms of the lowest degree. Hence, as before,
fix m € M and let D(m) =: )" o ® My @ we. Then

ev, (52 (zM(m))) = evy (D2 Z ot (Dt My )Wa + Mo & dwa>
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by item (4). On the other hand, since D, is a connection on M with respect to 2e(A),

the Leibniz rule gives

D} (m) =D, (Z Qo (t)me ® wa> = Z 4o ()Di(Ma @ wa)
= () <Dt(ma)wa + Mo ® dwa>

The identity ev, o i), = id is immediate. The fact that ev, restricts to a well-defined
map in even degrees follows from the fact that ev,(f) = 0 for all § € A;.
(6) Q(A)-linearity of L; follows from

Limew)=ev;(L1®@mew)) =evi(L(1®m®14)(1 ®@w)) = Ly(m)w

form € M and w € Q4(A). For the next claim, it suffices to prove the claim for k& = 2.
Furthermore, since L(1 @ m @ w) = L(1 ® m)(1 ® w) by right Q(Ay @k A)-linearity,

it suffices to prove (ev; o L? oipr)(m) = L?(m). Write
(3.8) L(iy(m)) = LA®@M®14) = Y o ®Ma Dwa+ Y _ 05 D15 ® &5
a 5

with ¢, € Ao, 05 € A1, ma,npg € M, and w,, s € Qe(A). Then,

(ev; 0 L? 0ipr)(m) = ev, (Z L1 ©@ma ® 14)(da ® wa) + > L1 ® 15 ® 14)(05 @ 56))
(0% B

— Z Ga() Li(ma)we = Ly (Z Go(t)my ® wa> = L?(m).

The claim ev; o R’% ol = R’{)t follows from setting L; := Rp, and L := R5.

(7) The identity itself comes from commutativity of the diagram

tr ~

EndQeven(Z) (M ®Z QQVGH(A)) (QQ(A)ab)even

l/ ev¢o - ofps evy

Endﬂeven(A) <M Xa Qeven(A)> (QO(A)ab)even

which follows from a similar calculation to the one in the proof of (6) by using the
canonical isomorphism F' ®p F* = Endg(F') (cf. Definition and afterwards). In

more detail, setting R := Qeven(A), F:= M @4 R, R:= Qeven(A), and F = M@g E,
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the claim follows from commutativity of

Fop R/[R, R
lEVt lth s
FopF* —2% . R/[R,R]

where the left Ev, is defined by sending f ® 3 to evt(f) ® (evy o @ o ipr). The
commutativity of this last diagram can be proved by choosing an element f of the
form similar to the right-hand-side of and explicitly computing the image along
the two directions.

(8) A short calculation shows D is a path of connections. With the associated connection

on M , a direct calculation gives

2:)(q ®m) = dq ® m + ¢D(m) by item (3) of this lemma for D
=dg ®@m+ q((r ®id)D(m)) by definition of D
= (r ®1id) (d(r(q)) ®m + r(q)D(m)) since r is a DGA map with r* = id

= ((r®@id)o Do (r® id)) (g @ m) by item (3) of this lemma for D,

proving the main relationship at the lowest degree (since ¢ ® m € M). This then
extends to higher degree forms, namely M® i Q.(g), using the isomorphism stated
in the claim. Since r? = id, the curvature satisfies R% =(r®id)o R% o (r®id) for
all k € N[ Since

R%()\@m@w) = (R%(l@m@ 14)) (A @ w)

forall A € A,,m € M, and w € Q4(A), the trace only depends on how R’% acts on the
M factor. But by the relation we just obtained, R%(l ®@m® 1) = (reid)RE(1e
m ® 14). Hence, tr(R’%) =(r® id)tr(R%), which gives the claim. O

Example 3.9. Let K be R or C. The construction of D in Lemma is an analogue of the
following construction from connections on vector bundles (cf. [28, pg 197]). Let E = X
be a K-vector bundle over a smooth compact manifold X, and let T'(F) be the associated
C>(X)-module of sections. Let E LN [0, 1] x X be the vector bundle obtained as the pullback

12A¢ this point, one cannot naively invoke the cyclicity of trace and conclude that the Karoubi—Chern
form of D is the same as that of D because r @ id is not (g)—linear (indeed, it modifies the A, component

in a nontrivial fashion).
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of E via the projection [0,1] x X — X.

| j[

0,1] x X ——

The fiber E(t,x) over (t,z) € [0,1] x X can be taken to be E,, and I'(E) is a C>([0, 1] x X)-
module. Note that C*([0,1] x X) is a Fréchet space [45, Section 44 Corollary 1 pg 447|,
which is isomorphic to C*°([0,1]) ®. C®(X) [45, Theorem 44.1 pg 449]. Here, € denotes the
e-topology 45, Definition 43.1 pg 434] and C*°([0,1]) ®. C*°(X) denotes the completion of
C*([0,1]) ®g C*(X) with respect to the e-topology [45, Definition 43.5 pg 439]. A similar
isomorphism holds for the modules of sections, namely T'(E) = C>([0,1]) & I'(E). This
comes from equipping the space of smooth sections of any bundle with a natural family of
seminorms that turns it into a Fréchet space (see Section 2.1 in [2]).

In the smooth setting, C*°([0, 1]) replaces Ay from our algebraic setup. By Wierstrauss’
approximation theorem, the space Ay of polynomials over [0,1] is dense in C([0,1]) with
respect to the uniform topology, and therefore A is also dense in C'*°([0, 1]) with respect to
the Fréchet topology. From this, it follows that Ag ®x I'(E) is dense in C*([0, 1]) @k ['(E).
Since the latter is dense in C*(]0,1]) ®. T'(E) (by definition), Ay ®x I'(E) is dense in
C>([0,1]) . I'(E). Therefore, there is no loss of generality by specifying a path of con-
nections using Ao instead of C*°([0, 1]).

Now, associated to a (polynomial) path of connections V : I'(E) — C*([0,1]) ®k
['(E) ®coo(x) Q4r(X) is a family of connections obtained via evaluation at ¢ € [0,1] C R giv-
ing V' : T(E) — I'(E) ®ceo(x) Qg (X). There is an associated connection V on E uniquely
determined by

Vas=0 and 6‘/3:([0,1]xXB(t,x)»—)VZ{/itﬁ)sEE;v)

5
for sections s € T'(E) that do not depend on t € [0,1] (this means s is the pullback of a
section of E along the projection) and for vector fields V' such that Vi ) € T(v0)({t} x X) C
Tit.2)([0,1] x X) (there is some abuse of notation in the right-most term, where s in Vﬁ/(m)s
should be interpreted as the pullback of s along the inclusion ¢, : X = {t} x X C [0,1] x X).

This is the analogue of specifying D on elements of the form 1 ® m from Lemma

3.2. Karoubi—Chern—Simons forms.
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Definition 3.10. The k" Karoubi—Chern—Simons form of a polynomial path of con-
nections D is KCSi(D) = K ch}fa(ﬁ), where K is the homotopy operator defined in Def-
inition and D is the connection on M induced by D as in Lemma . The total
Karoubi—Chern—Simons form of D is KCS(D) := Kch**(D) = > reo Kchk*(D).

Remark 3.11. Karoubi—-Chern—Simons forms generalize the standard Chern—Simons forms
in the following sense. Let X be a smooth manifold, £ a complex vector bundle over X, K :=
C, and A := C*(X;C). Let V be a polynomial path of connections on I'( E') with associated
connection V on Ay ®¢ ['(E), similar to Example . The Karoubi-Chern form is related to
the standard Chern form via Wch}fa(ﬁ) = chy,(V). Therefore, the Karoubi-Chern—Simons
form is related to the standard Chern—Simons form CS(V) via (%;i)kKCSk(V) = CSk(V).
Since Ay is dense inside C*°([0, 1]; C), there is no loss of generality in using polynomial paths

of connections instead of smooth paths of connections (cf. Example [3.9).

Lemma 3.12. Let D be a polynomial path of connections on M going from Dy to D;. Then
the following facts hold.
(1) dKCS(D) = ch®*(Dy) — ch®*(Dy).
(2) If D is the reversed path of connections (cf. Lemma, then KCS(D) = —KCS(D).
(3) KCS(C) = 0 for a constant polynomial path of connections C, i.e. one for which
Cy = Cp for all t € K.
(4) If € is another polynomial of connections satisfying Dy = Ey and D; = Ej, then
KCS(D) — KCS(€) € Im(d).
(5) KCS(D) € Im(d) if Dy = Ds.

Proof. The exterior derivative of the Karoubi—Chern—Simons form is given by
dKCS(D) = dKch™*(D) by Definition [3.10
=ev; (ChKa(ﬁ)) —evy (chKa(ﬁ)) — Kdch¥*(D) by Lemma 3.7
=evy (chKa(ﬁ)) —evp (chKa(ﬁ)) by Proposition [2.32
= ch®*(D;) — ch®*(Dy) by Lemma [3.6|
This proves claim (1). Claim (2) follows from item of Lemma since r(dt) = —dt

(using the notation introduced in that lemma). The proofs of the other claims will be given
after Construction [3.171 d

Lemma 3.13. Let M and M’ be two A-modules. Given two polynomial paths of connections
D on M and D’ on M’ (with respect to the same DGA €2,(A) on top of A),

KCS(D @ D') = KCS(D) + KCS(D'),
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where D @ D’ is the polynomial path of connections on M @ M’ obtained by the composite
Ma M 222 (A 0x M @42 (A) & (M @x M @4 Q(A)) = Ao @k (M & M) @4 D (A).

Since the last isomorphism is canonical, it will often be dropped from the notation.

Proof. This follows from Lemma [2.30 and the fact that D/M)’(l ®@m)=D(m)dD'(m') =
D(1@m)®D(leom) :5@5(1®(m@m’)) for all m € M and m' € M'. O

Recall Definition where we introduced the complex A, of (formal) polynomials and
their differentials in a single variable, which can be thought of as representing the DGA of
polynomial differential forms on the unit interval. Also recall that the homotopy operator
%+ As — K induces a homotopy operator K : Q4(A) — Q,(A). Similarly to this setup,
Ae ® A, is (isomorphic to) the DGA of (formal) polynomials in two (commuting) variables,
which can be thought of as representing the DGA of polynomial differential forms over the
unit square. Note that when viewed as polynomials in two variables s and ¢, the relation

ds A dt = —dt N\ ds = holds by the definition of the graded tensor product. Set
A= Ao ®x Ao ®x A.

The DGA Q,(A) := Ay @ Ay ® Qu(A) is equipped with the differential determined on homo-

geneous elements by
dn@w®)=di@wel+ (-1)")edove o+ (-1 @ w e d,

where ||, |w| are the degrees of 7, w, respectively. There are two homotopy operators

K1, Ky : Q4(A) — Q4(A) uniquely determined by the formulas
Kn®w®l)=rknwod and K(n@w®b):=krwnxdo.
Notice that K K1 = K K,. With this, we get the following homotopy formula.
Lemma 3.14. For any homogeneous n @ w ® 6 € Ay @ Ay & Q. (A),

(AK K, — KKy d)(n @ w @ 0) = (k) (w(1) = w(0) = (1(1) = n(0))(w) )
0 ifn®w€A0®KAo
—((1) = n(O)R()o  ifn@w e Ao @
) @(1) —w(0)8 i n@we A @xAg
0 ifneweA @ Ay

A similar result holds upon abelianization.



NONCOMMUTATIVE DIFFERENTIAL K-THEORY 31
Proof. This follows from
KKid(n®w®6) = K((n(l) —n(0))w® 9) ~ KdEK\(® w @ 6)
= (n(1) = n(0))s(w)f + dK K1(n @ w ® ) — k(n) (w(1) — w(0))0
by applying Lemma twice. 0
It is useful to point out that the homotopy formula in Lemma can be expressed as
dKK; — KKid = evogKy + evi K —evi Ky — evgK],

which provides a geometric picture in terms of integration and evaluation

*)t

on the sides of a square. Namely, evqKs integrates along the positive | evo K>
@
t direction at s = 0, evy K integrates along the s direction at t = 1, ‘ g ;
. . . . . = s

—evy Ky integrates along the —t direction (hence, the negative sign) at S

s = 1, and —evoK; integrates along the —s direction at ¢ = 0, thus

giving a loop around the square.

Definition 3.15. A polynomial square of connections on the A-module M with respect
to the DGA Qq(A) isamap A : M — Ay @k Ao @x M @4 Q3 (A) satisfying a modified form
of the Leibniz rule given by A(ma) =1® 1 ® m ® da + A(m)a for all a € A and m € M.
Equivalently, A satisfies the condition that the composite A4 := M 2, Ao ®x Ag @ M ® 4
Q(A) T M@y Q,(A) is a connection on M for every s,t € K. Here, there are two
evaluation maps, which will be written aﬁ evy and ev, satisfying ev,oev; = ev;oevy so that
this last map is written as ev(,y. Let D, & : M — Ao ®x M ®4 £4(A) be two polynomial
paths of connections such that Dy = & and D; = &;. A polynomial bigon of connections
from D to £ is a polynomial square of connections A : M — Ay @k Ay ®x M ®4 Q21(A)
such that ev,_o(A) = D and evs_1(A) = &, where the evaluation maps are for the left Ag

factor and where the diagrams

M M
Eo=Do &1=D
/ lew_o(A) and evi=1(A) l \
M ©4 Q(A) —— Ay @ M 04 Qu(4) Ao ®x M @4 Qu(A) <—— M @4 Qu(4)

both commute.
Lemma 3.16. Let D, & be two polynomial paths of connections such that Dy = & and
D; = &;. Then there exists a polynomial bigon of connections from D to £.

13The s variable will always be used for the left Ay factor, while ¢ will be used for the right one, so a more

precise way of writing these would be as ev, ® id and id ® evy, though we avoid this cluttered notation.
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Proof. This lemma follows from the following basic fact about polynomials. Let p and ¢ be
two polynomials on the unit interval satisfying p(0) = ¢(0) =: @ and p(1) = ¢(1) =: b. Then

there exists a polynomial r on the unit square such that
r(0,t) =p(t), r(1,t)=q(t), r(s,0)=a, r(s,1)=b Vs, tel01].
Indeed, the polynomial
[0,1] x [0,1] 3 (s,t) — (1 — s)p(t) + sq(t)

satisfies this property. Let u be the element of Ay representing the identity polynomial,
namely u(s) = s for all s € [0, 1]. Then

M 55 A @x Ay @k M @4 24 (A)

m— (1 —u)@D(m) +u®E(m)

defines such a polynomial bigon of connections. O

Construction 3.17. Using the notation of Definition [3.15| by a construction analogous to

the one in Lemma [3.6] a polynomial square of connections A defines a connection
A M — Moz (A)
on the A-module M := Ay ®x Ag ®x M. This connection is defined by
M3p@qame—dp@q@m+pRdg@m+ (p® q)A(m)
and makes use of the canonical isomorphism

M @1 Q4 (ZZ) = <A1 ®rx M Qx M ®4 Qk—Q(A)> @ <A1 ®r Mo ®x M ®4 Qk—l(A)>
D (Mo @ 1 @x M @4 Y 1(4)) © (Ao @ Ao @ M @4 u(A))
which is valid for all £ € N (negative degree spaces are set to be zero). Using the two
evaluations, one can define the connections A} := ev; o Aoi mand A, :=evgo0 Ao ju on
]T/[/, where iy 0 Ag @ M — ﬁande Ao @k M — M are given by iy (g@m) :=qR1®@m
and jy(p ® m) := 1 ® p ® m. One should interpret A}, as the connection for a fixed ¢
but varying in the down (s) direction. Similarly, A, is the connection at a fixed s and
varying in the right (¢) direction. The following picture may help visualize all these different

connections
- t

AO*}

Aio z Ail

AR
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The curvature of A satisfies

evtOZZOiM:Ait, evso&QOjM:Ai_” eV(s,t)OKQOijMZA%&t) Vs, tek,

where 4y : M @4 Q(A) — M @1 Q. (ﬁ) is the inclusion sending Mm@ w to 1 ® 1 @ m @ w.

As a corollary of the first two of these equations,

evy (chKa(z)) =ch®™(A;;) and ev, (chKa(z)) = ch**(A,) Vs, teK

as elements of Qq(A)ap.

Proof of the rest of Lemma|[3.12,
(3) Let C be a constant polynomial path of connections. Then ch®*(C) € Qu(A)ap =
Ao @ Qo(A)ap factors through Q,(A),,. In more detail, C constant means that C is
equal to the composite M S M®4 Q1 (A) 25 Ag@x M @4 Q1 (A), where C = ev,(C)

for any ¢ € K (since they are all equal). Hence, the curvature of C is obtained

from C2(1 ® m) = C(C(m)) = C(1 ® C(m)) = C(C(m)) = 1 ® C2(m). Hence,
KCS(C) = Kch®*(C) = 0. One can also prove this more simply using item of
Lemma [3.12] and the fact that the reverse of a constant path is itself.

(4) Consider a polynomial bigon of connections A : M — Ay Qg Ag @x M ®4 Q1 (A) from
D to &, with Dy = & and Dy = & (one exists by Lemma . The fact that A is a
bigon from D to £ means that ev,_gA = D and evs_1 A = €. By Lemma [3.6] D and
& define connections D, € : M — M ® i Ql(g), and by Construction , A defines
a connection A : M — M @7 0, (A). We also note that

(3.18) ev;o Ky = K oev, and evs o Ky = K o evy Vs, teK.
For the moment, set © := chKa(z). The exterior derivative of K K0 is given by
dK K10 = evgK30 + evi K10 — evi K90 —evo K10 + KK1d® by Lemma
= Kev,_¢O + Kevy—10 — Kev,_10 — Kev,—¢© by Proposition and
= Kch™(Ag.,) + Kch™*(Ay)) — Kch™(A,,) — Kch®*(Ay) by Construction [3.1
= Kch®*(Ay.,) — Kch®*(A,,) by Lemma part (3)).
Hence,

dK K1ch®*(A) = Kch¥*(Ap,) — Kch®*(A,,) = KCS(D) — KCS(€),

which not only proves the claim but provides an explicit differential form realizing

exactness of the right-hand-side.
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(5) The case where D satisfies Dy = D; can be obtained from the previous case by
taking £ := C to be a constant polynomial path of connections and applying part

of this lemma. O

Remark 3.19. A common argument in the smooth setting is to prove item (|4f) of Lemmam
using the other items, including . This is because for smooth paths, one can take two
paths with the same source and target and turn them into a loop (with some appropriate
restrictions to be discussed momentarily). However, polynomial paths of connections do
not compose in this sense. This is because the concatenation of two polynomials is not a
polynomial in general. A similar situation happens for smooth paths actually. However,
there are at least two succesful methods for dealing with the smooth case. One is to use
smooth paths with sitting instants. Another is to use piecewise smooth paths. Neither of
these approaches seem to be available for polynomial paths. The first case is not an option
because polynomials are analytic and so a polynomial with sitting instants is necessarily a
constant. The second case is not a simple option in the algebraic setting either because it
would be awkward to replace Ag to include piecewise polynomials. In the smooth setting, one
typically uses a larger class of paths (such as continuous paths) and then places restrictions
on those paths to define piecewise smooth paths as an appropriate subset. We do not have

an obvious candidate that replaces continuous paths.

Notation 3.20. Let M € Fgp(A) and let Dy, D; be connections on M with respect to
some DGA on top of A. By Remark [3.5 there exists a polynomial path of connections D
interpolating from Dy to D;. Let KCS(Dy, D7) denote the equivalence class of the KCS-form
of the path of connections D up to Im(d). This does not depend on D by Lemma, @.
By KCSk(Dy, D1) we mean the (2k — 1)* degree term in KCS(Dy, Dy).

Lemma 3.21. Let Dy, Dy, D3 be three connections on an A-module M with respect to some
DGA on top of A. Then

KCS(Dl, Dg) = KCS(Dl, DQ) —|— KCS(DQ, Dg)

Proof. First recall that given any distinct k& points ¢,...,t € Q, there exist polynomials
P1s---, e € Ao such that p;(t;) = 0;; for all 4,5 € {1,...,k}. In this case, & = 3 and
tl = 07t2 = %Jt?) =1
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p1(t) =1 — 3t + 2t2 pa(t) = 4t — 4t? p3(t) = —t + 2t2
1 1 1
0 t 0 t 0 t
1 1 1
7 1 : 1 : 1

Let D be the path of connections determined by
D(m) := p; ® Di(m) + ps @ Da(m) + p3 @ D3(m).

Then by construction, ev,D = Dy, for all n € {O 1}. In particular D is a polynomial

y 5
path of connections interpolating from D; to D3 passing through D,. Second, we generalize
the homotopy operator x : Ay, — K to a family [, : A¢ — K depending on a,b € Q with
a < b, by setting K, 5(p) := 0 for all p € Ay and kg (w) := fabw for all w € A;. The usual &
is obtained with ¢ = 0 and b = 1. Some immediate properties of this family are the familiar
properties of the integral from calculus such as Ky = Kjap + Kp,g With a < b < c. Another

property is affine covariance (a special case of reparametrization covariance), which says

(3.22) Kl (P(t)dt) = BEg-1(a—a),s-1(—a) (P(a + Bt)dt)

for all o, 3 € Q with 3 > 0. Similarly, just as & extends to K on A, ® Q,(A)-valued
forms, K[, extends to K, and obeys similar properties. Hence (all equalities take place
in Q,(A)/Im(d)),

KCS(Dy, D3) = KCS(D) = Kch¥(D) = Ky 1) ch®*(D) + K[%,l]chKa(ﬁ)
(3.23) _
— Kch®*(Dy,) + Kch™(Dy3) = KCS(Dy, Do) + KCS(Dy, D),

where D15 and Ds3 are the paths of connections defined by reparametrizing D with double

speed, with the latter shifted to begin at 0, namely

D12 ij (024 D and D23 Zp/, & D

1 1 1
P;(t) := p; <§t> and  pj(t) :=p; (§t + 5) .

The second last equality in (3.23)) still requires further justification, and it suffices to consider
one of the two terms, such as K, %]chKa(ﬁ) = KchKa(lfD\l/g), the latter of which equals

where

K [071]chKa(51/2) by definition. The only terms contributing to the integration from K are

those that involve derivatives of the p’. Since these produce an additional factor of 3 = %
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as an overall coefficient, this factor automatically produces the one from (3.22)), exhibiting
this equality. ]

Definition 3.24. Let B % A be an algebra map, let N be a B-module, let 2 be a DGA on
top of Alg, and let D : N — Ay ®x N ®p Q21 (B) be a polynomial path of connections. Then
the induced (polynomial) path of connections Dy : N ®p A — Ay ®x N ®@p Q;(A) =
Ay ®x (N ®@p A) @4 Q1(A) is given by the assignment

N®pA>3n®ar ((id®3¢)(D(n))>a+1®n®da.

In the special case of a cocartesian morphism of the form (A, M) a2, (A, L), the map

¢ : M — L is an isomorphism (cf. Definition 2.18)). In this case, if D is a polynomial path
of connections on L, the pullback (polynomial) path (of connections) ¢*D on M is the
path obtained via the composite M % L 2, ARk L®4 021 (A) M) ARk M @40, (A).

It is a simple exercise (compare Lemma [2.17)) to verify that Dy, in Definition indeed
defines a polynomial path of connections on the extension of scalars N ®p A with respect
to the DGA Q4(A). The following lemma describes some naturality properties of the above

constructions.

Lemma 3.25. Let M and L be A-modules and let ¢ : M — L be an A-module isomorphism
(equivalently a cocartesian morphism of the form (idy4, ¢) : (A, M) — (A, L)). Also, let B
be an algebra, N a B-module, B Y A an algebra map, and 2 a DGA on top of Alg.

(1) If D is a connection on L, then ch®*(¢*D) = ch**(D) (cf. Definition .

(2) If D is a polynomial path of connections on L, then KCS(¢*D) = KCS(D).

(3) If D is a connection on N, then ch®*(Dy) = ¥(ch®*(D)) (cf. Lemma and Defi-
nition .

(4) If D is a polynomial path of connections on N, then KCS(D,) = ¢(KCS(D)) (ct.
Definition [3.24)).

Proof. We first prove the first pair of claims. Since p*D = (¢! ®id) o D o (p ® id),
squaring gives (¢! ® id) o D? o (p ® id). Since the trace is cyclic (cf. Example [2.25)),
ch®*(¢*D) = ch®*(D), which proves (1). Set Ay ®x M 71499 Ay @ L. Then a simple

calculation shows that g;’:Z/) = gb*ls (using the notation of Lemma . Thus, follows
from .
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We now prove the second pair of claims. For item ,

ch¥*(D,, )— tr(R% ) 2222 Z—tr ¢,(R%))

kv

Len22] Z U (r(RE)) = (" (D).

In this calculation, Lemma [2.27] applies due to Example [2.26] In more detail, in terms of
the notation of Lemma , set R = Qeyen(B) and S := Qeven(A4), set ¥ : R — S5 to be
the map 1 : B — A extended to forms (which can be done since €2 is a DGA on top of
Alg), and set F' := N ®p Qeven(B), noting that F @r S = N ®@p Qeyen(A). Claim follows
from the identity (ids, ® ¢)ch™® (15) = ch®® (7/37&), whose proof we omit since it is similar to

calculations that have already been done. 0J

4. NONCOMMUTATIVE DIFFERENTIAL K-THEORY

In this section, we construct a noncommutative differential K-group and verify that our
construction recovers the differential K-theory of a smooth manifold when the algebra is
complex-valued smooth functions. Furthermore, we shall see that our K-group fits into a

noncommutative analogue of the differential cohomology hexagon diagram.

4.1. Noncommutative differential K-theory with Karoubi’s Chern character. Let
A be a unital K-algebra and let (M, D) be an A-module with connection D with respect
to a DGA Q4(A) on top of A. Set (Qe(A)ab)odd = Breo Q2+1(A)/[Qe(A), Qa(A)]2x+1. Let
w € (Qe(A)ap)odaa/Im(d). Then the triple (M, D, w) will be called a Ky-generator of Q,(A).

Definition 4.1. Two I?o—generators of Q¢(A), (Mo, Dy, wy) and (M, Dy, w;), are KCS-
equivalent, denoted by ~kcg, if there is an A-module N with connection D and an A-

module isomorphism My @ N % M; @ N such that KCS(Dy @ D, ¢*(Dy @ D)) = (wo — w1)
mod Im(d) (cf. Lemma Notation and Lemma [3.25)).

Lemma 4.2. The relation ~gcg is an equivalence relation. The direct sum is well-defined on
KCS-equivalence classes, where the direct sum is defined on representatives as (M, D,w) @

(M',D'\w'):=MeM,DedD w+u).

Proof. Reflexivity (Mo, Dy, wp) ~kcs (Mo, Do, wp) holds since one can take N := 0, D :=
0, and ¢ := id. Indeed, by Lemma B, 0 = KCS(Dy @® 0,Dy @ 0) = (wy — wo)
mod Im(d). Symmetry holds by taking the inverse module isomorphism. In more detail,

suppose (Mg, Do, wo) ~kcs (Mi, D1, w;). Then there exist an A-module N with connection
D and an A-module isomorphism My@® N % M, ® N such that KCS(Doy@® D, p*(D, ® D)) =
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(wop — wp) mod Im(d). As a result,
KCS(D; @ D, (¢ ")*(Dy @ D)) = KCS(¢*(Dy @ D), Dy @ D) by Lemma
= —KCS(Dy® D, ¢*(D1 @ D)) by Lemma [3.12) item [2]
= (w1 —wp) mod Im(d).

As for tramsitivity, suppose (My, Do,wy) ~kcs (M, Di,wi) and (My, Di,wy) ~kcs

(Ms, D, ws). By assumption, there exist A-modules with connections (N1, Do1), (N12, Di2)

and module isomorphisms My @ Ny, N M, @ No1, My & Nis 2 My @ Nyo such that

KCS (DO D D()l, (,081<D1 D D()l)) = (wo - wl) mod Im(d) and

KCS (Dl D Dlg, (,DT2<D2 D Dlg)) = (w1 - WQ) mod Im(d)
Set N02 = N01 (&) ng, D02 = D01 D D12, and let Yo2 MO D N02 ﬁ2—> MQ D N02 be the

composite

My @ Nor @ Nio My ® Ny @ Nio

po1®idi2 o®idi2
b
o®idi2 ido1Bp12

My, ® No1 @ Nig —— N1 @ My © Nig — No1 © My ® Nyo

where o is the swap isomorphism. Then
Lem 327

KCS(Dy & Dya, pi5(D2 & Dyy)) KCS(Do ® Do, (¢o1 @ id12)*(Dy & Do1 @ Diy))
+ KCS((QO(H S5, idlz)*<D1 © D01 ©® D12), QOSQ<D2 S DOQ))

Lem [3.25]

KCS(Do © Dog, g1 (D1 @ Do1) @ Dio)

+ KCS (D01 ® D1 © Dy, (ido1 @ ¢12)" (D1 © D2 @ Dlz))
Lemm

KCS (Do ® Do, 1 (D1 @ Do1)) + KCS(D12, Dy»)
+ KCS(Do1, Do1) + KCS(Dy @ Dy, ¢15(D2 @& D12))
= (wo—wp) mod Im(d) +0+0+ (w; —ws) mod Im(d)
= (wo —w2) mod Im(d),
which completes the proof of transitivity.
The final claim of this lemma is that the monoid structure on Kjy-generators descends to

KCS equivalence classes. We omit the proof because it follows a similar (in fact simpler)

argument to the proof of transitivity. 0

Notation 4.3. The KCS equivalence class of (M, D,w), a Ko-generator of Q. (A), will be
denoted by [(M, D,w)]. We will denote by M(£2.(A)) the commutative monoid of KCS-

equivalence classes of l/(\'o—generators of Q4(A) with the monoid operation given by the direct
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sum. Note that the identity element of this monoid is the equivalence class of the trivial

A-module 0 with 0 connection and the 0 odd form.

Definition 4.4. Let A be a unital algebra over K, with K a field containing Q, and let ©,(A)
be a DGA on top of A. The noncommutative differential K, group of A, denoted by
IA(O(A), is defined by the Grothendieck group of the commutative monoid M (€2,(A)).

Lemma 4.5. Let €2, be a DGA on top of Alg. Given an algebra homomorphism ¢) : B — A,
the assignment

M(Qu(B)) = M(Q(4))

(N, D,w)] = [(N @5 A, Dy, p(w))]

is well-defined and uniquely determines an abelian group homomorphism [A(O(B) 2N }A(O(A)
(Dy is the induced connection from Lemma and Definition [2.18)).

Proof. Suppose that (N, D,w) ~kcs (N', D’,'), i.e. there exists a B-module N” with con-
nection D” and an isomorphism N @& N” % N’ @ N” such that KCS(D @ D", o*(D' @ D")) =
(w —w') mod Im(d). Let D be a polynomial path of connections connecting D & D" to
©*(D' @ D"). The extension of scalars functor (cf. Remark ¢, : Fgp(B) — Fgp(4)
associated to v takes the isomorphism ¢ to the isomorphism ® given by the composite

(N@sA)® (N @5 A) = (No N 05 A 2 (Na N o A= (N 05 A) @ (N @5 A),

where we have included canonical isomorphisms due to the distributive law of extension of
scalars over direct sums. The functor €, also takes the path of connections D to D, (cf.
Deﬁnition, which is a path of connections from (D®D"),, = Dy® Dy to (p*(D'®D"))y,
the latter of which is natural isomorphic to ®*(D;, @ Dy}). Hence

KCS(Dy & DY}, ®* (D), & D!})) = KCS(Dy) mod Tm(d)
LemB23 ), (KCS(P)) mod Im(d)
— () — ¥(&)) mod Im(d),

which proves well-definedness of .. The fact that 1, is a monoid homomorphism follows

from the fact that &, preserves the direct sum (up to canonical isomorphism). Finally,
the fact that 1, induces a unique group homomorphism IA(O(B) LN IA(O(A) follows from the
universal property of the Grothendieck group. 0

The noncommutative differential Ky-group I?O(A) has the forgetful map I and the charac-
teristic form map R that fit into a square diagram as known as the differential cohomology

square diagram.
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Proposition 4.6. Let 2, be a DGA on top of Alg. The assignments

I: Ko(A) = Ko(A) R : Ko(A) = (Q(A)an) e
(M, D,w)] — [M] (M, D,w)] — ch®*(D) + dw

uniquely define group homomorphisms, where (€q(A).1,)., is the subgroup of (Q24(A)ab)even

(cf. Example [2.26)) consisting of d-closed elements. Furthermore, the homomorphisms above

are natural in A in the following sense. Given an algebra homomorphism v : B — A, the

diagrams
~ I ~ R
KO(B) - KO(B) KO(B) - (QO<B)ab>gLen
~ I ~ R
Ko(A) — Ko(A) Ko(A) — (Qe(A)ab)ven
commute.

Proof. The group homomorphism property of I and R are determined by the preservation of
the monoidal structure (by the universal property of the Grothendieck group construction).
Hence, it suffices to show I and R are homomorphisms on the underlying monoids. To see
that R is well-defined, suppose that (Mg, Do, wo) ~kcs (Mi, Di,w;). Then there exist an
A-module N with connection D and an A-module isomorphism My & N % M; @ N such
that KCS(Dg @ D, ¢*(D1 ® D)) = (wo — wq) mod Im(d). Then, by applying d to this last
equation, one obtains
dwy — dwy = dKCS(Do @ D, " (D1 & D))

Lem [3.12]

ch™*(p*(Dy ® D)) — ch** (D, @ D)

ch*(Dy & D) — ch™*(Dy @ D)

Lem 2330

ch®*(Dy) + ch®*(D) — ch®*(Dy) — ch®*(D) = ch™*(D;) — ch™*(Dy),
which proves R is well-defined. The fact that R is a group homomorphism follows from
Lemma [2.301

Finally, naturality of I is immediate, while naturality of R follows from Lemma [3.25] and
the fact that €2, is a DGA on top of Alg. 0

Proposition 4.7. Let Q,(A) be a DGA on top of some algebra A. The following diagram

commutes:
-~ I

Ko(A)

I o

(Qa(A)ap)ehen —— HIE (A)

even even
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where Pr is the map taking de Rham homology class.
Proof. This follows immediately from the definitions. O

Remark 4.8. Historically, the archetype of noncommutative differential K-theory has been
the multiplicative K-group M K (A) by Karoubi |16, Section 7.3|. The group M K(A) is the
flat subgroup of our I?O(A) when F" = 0 for r > 0, where I is the filtration considered in
[16]; i.e.

MEK(A) = ker (I?O(A) £ Q.(A)ab> .

Therefore, our noncommutative differential K-theory generalizes Karoubi’s multiplicative
K-theory and promotes it to the context of differential extensions of K-theory in the non-

commutative framework.

4.2. Cycle maps. We show that the noncommutative differential K-group IA(O(A) recovers
what is known as the even differential K-theory of a manifold (Theorem below). Fur-
thermore, there is a universal cycle map from the group IA((‘;(A), constructed by using the
DGA of universal noncommutative differential forms, into the group I?O(A), defined with
respect to an arbitrary DGA Q4(A) on top of A. For example, one such DGA could be the
de Rham complex if A is smooth functions over a manifold (Definition [4.14)).

In this subsection, we will use notations and constructions of the geometric model of
differential K-theory discussed in Section In particular, recall the notation 9t(X) as in
Definition [2.2 as well as M(£24(A)) in Notation [£.3]

Lemma 4.9. Let X be a compact smooth manifold, set A := C*°(X;C), and let ,(A) =
QR (X; C) be the de Rham complex of X. The assignment
M(X) = M(Qe(A))
(B, V, (wak-1)rez+)cs = [(T(E), V, ((27i) wap—1)rez+ ) Jkes

is an isomorphism of commutative monoids that is natural in X.

(4.10)

Proof. To streamline notations in our proof, we will omit subindices in the sequence of odd
degree differential forms modulo exact forms. For example, w denotes a sequence (wag_1)rez+,
C-w means ((27i)*wor_1)rez+, and C™-w represents ((274) Fwor_1)rez+. Here, the use of the
letter C'is to express that a constant is multiplied (for each k). Now, suppose (Ey, Vg, wp) and
(E1, V1,wq) are equivalent I?O—generators. We claim (I'(Ey), Vo, C-wp) and (I'(E4), Vi, Cw;)
are equivalent IA(O—generatorS of Q4(A). Since there exists a smooth vector bundle G — X
with connection V¢ and an isomorphism EyBG 4 E1®G, we obtain (I'(G), V) € Fgpp(X)
(cf. Example and an isomorphism of A-modules ¢ : ['(Ey) & I'(G) — I'(Ey) & I'(G).
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Since ¢* (V1 @ V¢) = ¢*(V1 @ V), Remark implies (271)*CSk(Vo @ Ve, Vi @ Vi) =
KCS,(Vo @ Vg, Vi @ V). Hence, the assignment is well-defined.

We next show that is surjective. Take any [(M, D,w)] € M(Q(A)). Since I'*"
from Proposition is an equivalence of categories, there is a (E,V) € Bun’(X) such
that o : [(E) = M and V = (a®id)o Doa~'. Then (4.10) maps [(E, V,C™ -w)] € M(X)
to [(T(E),V,w)] € M(.(A)), which is equal to [(M,D,w)] because a 1"V = D, and
KCS(D,a 1"V) =0 mod Im(d). Thus the map is onto.

We next show that is injective. Suppose (Mo, Do, C - wy) and (M, Dy, C - wy)
are equivalent Ko-generators of 2(A). Then there exists a (M, Dy) € Fgpp(X) and an
A-module isomorphism ¢ : My @ My — M; @ M, satisfying KCS(Dy @ Dy, D1 @ Ds) =
wop — wy; mod Im(d). Again, since I'°" is an equivalence by Proposition , for each
(M;, D;) € Fgpp(X) there exist (E;,V;) € Buny(X) and a; : [(E;) = M, satisfying
Vi = (a; ®1id) o D; o o for i = 0,1,2. The isomorphism ¢ induces a vector bundle
isomorphism ¢ : Ey @ Fy — Ey @ Ey satisfying (o @ ag) o ¢ = ¢ o (ap B ap). We note that
(V1@ V) = ¢ (a1 @ a2)* (D1 @ Do) = (g ® a2)*¢* (D1 @ Ds). Hence by Lemma [3.25)]
KCS(Do @® Dy, " (D1 @ Dy)) = KCS(Vo @ Va, ¢*(Vy @ V3)), which is equal to C'- CS(V &
Vo, 9*(V1 @& V3)) by Remark Hence, ([4.10]) is one-to-one.

Finally, verifying that the given map is a monoid homomorphism that is natural in X

follows similar calculations to those we have already seen. 0

Since a natural isomorphism of commutative monoids induces a natural isomorphism of

corresponding Grothendieck groups, we obtain the following theorem.

Theorem 4.11. Let A = C*(X;C). The equivalence Bun (X) ShN Fgpy°(X)
from (A.14) and Proposition induces a cycle map cycle : IA(O(X) — [A(O(A), which

is an isomorphism of abelian groups natural in X.

The noncommutative differential K-group I/(\'O(A) is therefore far more general than the
differential K-theory of a compact smooth manifold. The construction is valid for Fgpp(A)
of finitely generated projective A-modules with connections associated to a unital K-algebra
A and any choice of DGA €,(A) on top of A.

As we have seen in Remark , the universal property of the complex QU(A) of universal
noncommutative differential forms induces a map on noncommutative de Rham homology
groups and a compatibility between Karoubi’s Chern characters. We would like to extend
those observations to noncommutative differential K-groups by constructing a cycle map by
using the universality of noncommutative differential forms.

Let A be a unital algebra over C and M € Fgp(A). Let QU(A) be the complex of universal
noncommutative differential forms and Q4(A) any DGA on top of A. Using these DGAs we
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can consider two different connections on M and hence two different categories of finitely
generated projective A-modules with connection Fgpp.(A) and Fgpp(A), respectively.

Recall the DGA map & : QI(A) — Q.(A4), apd"a;---d"a, — apday---da, from Re-
mark (1). The map ® induces a functor

® : Fgpp.(4) — Fgpp(A4)
(M,D) — (M,®D)
((M(),Do) — (Ml,Dl)) — ((MQ,(I)D()) — (Ml,(I)Dl))

Lemma 4.12. Let A be a unital algebra over C and ,(A) a DGA on top of A. The
assignment

O M(Q25(A)) = M(Qe(A))

[(M, D, w)]kes = [(M, @D, Pw)]kcs
is a homomorphism of commutative monoids uniquely induced by the map ® : QU(A) —
Q. (A).

Proof. Recall notations from Section[3} The DGA map @ : Q2(A) — Q4(A) induces the DGA
map @y, : (Ae @ QU(A),0") = (Ae ®QW(A),d) sending w @ 0 to w @ @0, and the homotopy
operator K commutes with ®. That is K o ®,, = ® o K. Since ®ch™*(D) = ch®*(®D), we
conclude PKCS(D) = KCS(PD), where D is a polynomial path of connections with respect
to the DGA QU(A) and where ®D is the associated polynomial path of connections with
respect to 2q(A) induced by &.

Now suppose (My, Do, wp) and (M7, D1, w;) are equivalent [A(O—generators of QU(A) as real-
ized by some (N, D) € Fgpp.(A) and an A-module isomorphism My @ N % M; @ N. Then
PKCS(Dy & D, Dy & D) = KCS(®PDy & ¢D,dD; & PD), and the triples (Mg, PDy, Pwy)
and (M;, ®D;, dw;) are equivalent Ko-generators of Q(A) with the choice (N, ®D) and the
same A-module isomorphism . Thus, the assignment in the statement of this lemma is well-

defined. It is readily seen that the map is a homomorphism of commutative monoids. O

Remark 4.13. By a similar proof, any morphism Z,(A) — Q,(A) of DGA’s on top of A
induces a homomorphism M(Z,(A)) — M(Q(A)) of commutative monoids.

Since a monoid homomorphism induces a homomorphism on their Grothendieck groups,
we have the following cycle map. We will use the notation }?S(A) to denote the group
completion of M(22(A)).

Definition 4.14. Let A be a unital algebra over C and Q,(A) any DGA on top of A. The
universal cycle map is the map cycley, : KU(A) = Ko(A) induced by the canonical DGA
map ¢ : QU(A) — Q.(A4).
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4.3. Hexagon diagram.

Notation 4.15. Let A be an algebra over K. We denote by P the category whose objects
are pairs (M, ¢) consisting of M € Fgp(A) and ¢ € Aut(M). A morphism from (M, ¢) to
(M',¢') is an isomorphism ¢ : M — M’ satisfying that ¢/ o p = p 0 ¢.

Definition 4.16. Let A be an algebra over K. The algebraic Ki-group of A is the free

abelian group generated by the set of isomorphism classes of P modulo the following relations:

(1) (My ® My, 1 @ ¢2) = (M, d1) + (My, ¢).
(2) (M, ¢10¢) = (M, p1) + (M, $2).

Definition 4.17. Let A be an algebra over K and fix a DGA Q,(A) on top of A. Consider
a triple (M, D, ¢) consisting of (M, D) € Fgpp(A) and ¢ € Aut(M). The straight line path
joining D and the pullback connection ¢*D is a polynomial path of connections (see Defini-
tion and Remark [3.5). The total odd Chern character form of a triple (M, D, ¢) is
chi®(M, D, ¢) := KCS(t + (1 —t)D + t¢* D).

Definition 4.18. Let A be an algebra over K and fix a DGA Q4(A) on top of A. The total
odd Chern character is the assignment
chi® . K (A) — HIY(A)
(M, ¢)] — [KCS(t — (1 —t)D + t¢* D)].

where D is an arbitrary connection on M.

Proposition 4.19. Let , be a DGA on top of Alg. The assignment chi® : K;(A) —
HI® (A) is a group homomorphism that does not depend on the choice of connection and is

natural in A.

Proof. Let (M, ¢) and (M’,¢') be equivalent pairs under an isomorphism ¢ : M — M’ so
that ¢’ o o = ¢ 0 ¢. Choose connections D on M and D" on M’. Then

KCS(t+— (1 —t)D +t¢p*D) = KCS(t — (1 —t)D + tp*D") + KCS(t — (1 — t)p* D" + tp*¢™ D’)
+KCS(t— (1 —t)p*¢" D" +t¢p*D) mod Im(d)
by Lemma |3.21] applied to paths schematically depicted as
D~ T ¢D

L]

SO*D/ . SO*QS/*D/
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The third term in these expressions can be simplified to (all terms modulo the image of d)
KCS(t — (1 —t)p* ¢ D' +t¢* D) = KCS(t — (1 — t)¢p*p* D' +t¢* D) since ¢’ o p = p o ¢
=KCS(t — (1 —t)p*D' +tD) by Lemma[3.25
= —KCS(t — (1 —t)D +te*D’) by Lemma 2.
Combining this with the previous equation gives
KCS(t — (1—t)D+t¢p*D) = KCS(t — (1—t)p* D'+t ¢™*D") = KCS(t — (1—t)D'+te™ D’)

by another application of Lemma . This proves that Ch{<8L is well-defined on the set
isom(P) of isomorphism classes of P. By the universal property of the free group functor,
there exists a canonical extension to the free group of isom(P). To prove that it is well-
defined on K7(A), it therefore suffices to show that the normal subgroup generated by the
relations in Deﬁnitionm get sent to zero under chi®. Note that chi*([(MyDM,, ¢1D¢,)]) =
ch¥a([(My, ¢1)]) + ch¥*([(My, ¢)]) by the additivity of trace on block sum (cf. Lemma,
and ch}**(M, ¢y 0 ¢9) = ch*(M, ¢1) + chi*(M, ¢) follows from Lemma . This shows
that ch’® descends to a unique group homomorphism on the quotient K;(A).

To see the naturality, let B be an algebra over K and A % B an algebra map. We see

that Q,(¢)(chi*(M, ¢)) = [KCS(t — (1 — t)Dy + t(¢*D),)] by Lemma . O
Notation 4.20. Let Im(chi®) be the subgroup of the abelian group Q,4q(A) generated by
all total odd Chern character forms. We shall write (2 xa(A) for the abelian group generated
by Im(chy™) + Qg (A).
Definition 4.21. Let A be an algebra over K and fix a DGA Q4(A) on top of A. Define

@ Qoad(A)/ Qs (A) = Ko(A)

[w] = [(Ov 0, w)} - [(07 0, O)L

where O denotes the zero module {0} and 0 the trivial connection on O.

Lemma 4.22. Let Q, be a DGA on top of Alg. Then the map a : Qy4a(A4)/Qxa(A) —

IA(O(A) is a group homomorphism natural in A.

Proof. Suppose w — 1 = chi*(M, D, ¢) for some pair (M, ¢) € P and an arbitrary choice of
connection D on M.

a([w]) = [(0,0,w)] - [(0,0,0)]

(0,0, + ch*(M, D, 6))] + [(M. D,0)] - [(M, D,0)] — [(0,0,0)]
[(0,0.0)] + [(M. D, eh*(M, D, $))] - [(M, D,0)] = [(0,0,0)]
1(0,0.m)] = [(0,0,0)] = a([n]).
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So the map is well-defined. It is clearly a group homomorphism, and by Lemma @,

the map is natural in A. O

Proposition 4.23. The sequence
0 = Qoaa(A)/Quyrca (A) 5 Ko(A) = Ko(A) — 0
is exact. Here, a and I are from Definition [4.21] and Proposition [.6], respectively.

Proof. We first prove the injectivity of the map a. Let w € Q.qq(A) and suppose
a([w]) = [(0,0,w)] — [(O,0,0)] = 0. Then there exists (M, D) € Fgpp(A) and an A-module
automorphism ¢ : M — M such that w = KCS(t + (1 — t)D 4 t¢*D) = chi*(M, D, ).
Hence, w = 0 mod Q,x:(A), proving injectivity of a. Now we verify ker I C Im(a). Sup-
pose [(My, Do, wo)] — [(My, Dy,w1)] € I?O(A) satisfies [My] = [M;] in K¢(A). Then there
exists an A-module M and an A-module isomorphism ¢ : My ® M — M; & M. Take any
connection D on M and note that [(M; & M, Dy & D,w;)] = [(My & M, Dy & D, 0)], where
0 =w; +KCS(t— (1 —1t)(Dy® D)+ t¢p*(D; @ D). Hence,

[(My, Do, wo)] — [(My, D1, wi)] = [(Mo © M, Do & D,wo)] — [(My @® M, Dy & D,w,)]
(Mo @ M, Dy ® D, wy)] — [(Mo© M, Dy @ D, 0)]
[(0,0,w0)] = [(0,0,0)] = a([wo — 0]).

It is clear that [ oa = 0. Finally, I is onto by the fact that every finitely generated projective

A-module admits a connection. O

Lemma 4.24. The assignments
HIE (A) S MEK(A) MEK(A) S Ky(A)
[w] = [(anvw)] - [(07070)] ) [(M07D07w)] - [(M17D1377>] = [MO] - [Ml]’

and  HI(4) 55 Quq(A)/ Qe (A)
[w] — w+ Qepica (A)

are group homomorphisms. Here, O denotes the zero module {0}, 0 denotes the trivial
connection on O, and MK (A) := ker(R) (cf. Remark [4.§).

Proposition 4.25. The following facts hold regarding the maps I and R from Proposi-
tion [4.6] Pr from Proposition [4.7], a from Definition £.21], and «, 8, and r from Lemma [4.24]
(1) Roa=d.
(2) aor = inclo o, where incl : MK (A) — Ko(A) denotes the inclusion.
(3) = 1Toincl
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(4) The following sequences are exact:

HIR(A) SME(A) D Ko(A) 25 HIR (4)

even

H(A) QQOdd(A)/Qchi(a(A) 4 Im(R) Pr, ppar (A)

even

Proof. We shall give proofs for ker(3) C Im(a) and ker(ch®®) C Im(3) in . All other
claims are straightforward. To prove the former, suppose [(My, Do, wy)| — [(My, D1, w;)] €
ker(8). This means that there exists M € Fgp(A) and an A-module isomorphism
o My M — M, & M. Take an arbitrary connection D on M and let ¢ :=
KCS(t — (1 —t)(Do @ D) +te*(Dy; & D)). Then

(Mo, Do, wo)] — [(My, Dy, wi)] = [(Mo, Do, wo)] — ([(Mi, D1,wo — C)] + [(0, 0, —wo + ¢ + w1)])
[(Mo, Do, wo)] — ([(Mo, Do, wo)] + [(O, 0, —wo + ¢ + w1)])

= a([wo — ¢ — w1)).

We have to verify that wy — ( — w; represents an odd degree de Rham homology class. This

follows from
d(wo — ¢ — wy) = —ch®*(Dy) — (ch™*(Dy & D) — ch™*(Dy ® D)) + ch™*(Dy) = 0.

To prove ker(ch™®) C Im(), suppose ch®* ([My] — [M;]) = 0. If we choose connections
Dy and Dy on My and My, respectively, then ch™*(Dy) — ch®*(D,) = d¢ for some odd degree
form &. Hence, [(My, Dy, 0)] — [(My, D1, €)] € ker(R). Therefore,

[Mo] — [Mi] = I ([(Mo, Dy, 0)] — [(My, D1,€)]) by Proposition [4.6

I
ﬁ ([(M(), Do, 0)] — [(Ml, Dl, f)]) by Proposition .

Hence, [My| — [M;] € Im(f3), as needed. O
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Corollary 4.26. In the following diagram for [A(O(A), all square and triangles are commu-

tative and all sequences are exact.

0 \ / 0
ME(A) ———+ Ko(A)
7” o / chXa
HE(A) o Ry(4) o HE(4)

Here, Q,xa(A) := Im(R) is the subgroup of d-closed even forms whose de Rham homology

class is in the image of Karoubi’s Chern character.

APPENDIX A. THE SERRE-SWAN THEOREM AND ITS DIFFERENTIAL REFINEMENTS

In this appendix, we shall review the Serre-Swan theorem and its variants. Secondly, we
extend those results to include the data of connections in their respective categories. As an

application, we provide an algebraic formulation of the Narasimhan—-Ramanan theorem.
A.1. Review of Serre-Swan theorem.

Definition A.1. Let X be a topological space and A a sheaf of rings on X. A sheaf of
A-modules M on X is a sheaf of abelian groups on X such that for each open U C X,

(1) M(U) is an A(U)-module and

(2) (a-m)ly =aly -m|y forall a € A(U), m € M(U), and V C U.
A morphism of A-modules f: M — N is a morphism of sheaves such that fi;: M(U) —
N(U) is A(U)-linear for each open U C X.

Definition A.2. An A-module M is free if M = @),
is the rank of M. An A-module M is locally free if there is an open cover {U; C X}je;s

A for some set I, in which case ||
such that M|y, is free for every j € J. A locally free A-module M has bounded rank if
the open cover can be chosen so that rk M|y, < n, for some fixed integer n and all j € J.

In what follows, X will be a smooth manifold, and we take A = C'§ to be its sheaf of

smooth functions.
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Notation A.3. Let X € Man. We denote by Lfb(X) the full subcategory of the category
of sheaves of C'P-modules consisting of locally free sheaves of C'5-modules of bounded rank.
Recall that Bun™°(X) denotes the category of finite rank complex vector bundles over X with
bundle maps that are fiberwise isomorphisms and Fgp™ (C>(X)) denotes the category of
finitely generated left C'*°(X)-modules with C°°(X)-linear isomorphisms (see Notation [2.4)).
In the remainder of this appendix only (and not the body of the paper), Q2% denotes the

sheaf of smooth complex-valued de Rham k-forms over X.
For each manifold X, the diagram

Bun®(X) — Fgp™*(C>(X))

(A.4) P l /

Lfb(X)

commutes. Here, the vertical map assigns to a vector bundle its sheaf of local sections. It is
locally free and of the same rank as the vector bundle. The diagonal map I'y assigns to a
sheaf of C'¥-modules its C*°(X)-module of global sections. The horizontal map I' is also a
global sections functor.

The following result is a smooth version of the Serre-Swan theorem.
Proposition A.5. Each of the arrows in (A.4]) is an equivalence of categories.

Proof. See Nestruev [31, Theorem 11.32]. O

This proposition belongs to a family of several related results. Serre’s original theorem
was formulated for an affine scheme X [37]. It asserted an equivalence between the cate-
gories of locally free sheaves of Ox-modules and finitely generated projective modules over
its coordinate ring I'(X, Ox). Swan extended Serre’s result replacing X by a paracompact
topological space of bounded topological dimension and Ox by its sheaf of continuous func-
tions [41]. Several other variations exist. See Morye [27] for a general theorem from which

many classical results follow.
A .2. Differential refinements of the smooth Serre—Swan theorem.

Definition A.6. Let X be a smooth manifold. A connection on a sheaf of CP-modules M
is a C-linear mapED: M — M®cs QL satisfying D(vf) = D(v) f+v®df for every U C X,
v e M(U), and f € C°(U). If M and N are C¥-modules with connection, denoted by

14The notation D is used in this appendix only to refer to a connection on a sheaf. This notation is not

to be conflated with that of a polynomial path of connections, which only appears in the body of this work.
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Dy and Dy, respectively, a morphism F': M — N is compatible with the connections
if the diagram

M N
Dm L L Dy
M ®ce O . N @ce Uk
®C%°ldﬂg(

commutes. In a formula, this means that
Dy F(v) = (F ®cg idgr ) (Dmv)
holds for all local sections v of M.

Notation A.7. Let Lfbp(X) denote the category of locally free sheaves of C'-modules
of bounded rank endowed with a connection. Morphisms are C'§-linear homomorphisms
compatible with the given connections. Recall, Fgpp°(X) denotes the category of finitely-
generated projective modules with connection over C*(X;C) = C*°(X) with respect to the

DGA Q% (X;C) (ctf. Notation [2.4] Definition and Example [2.11)).

The tensor product of vector bundles and tensor product of modules over C*°(X) make
Bun®°(X) and Fgp™°(C*>(X)) into symmetric monoidal categories. Recall that if M and
N are sheaves of A-modules, we define M ® 4 N as the sheafification of the presheaf U +
M(U) @ 4wy N(U). In general, the sheafification step in the definition of tensor product
of sheaves is essential, and the global sections functor is not monoidal. In the context of

C¥-modules, however, the situation is simplified.

Lemma A.8. Given sheaves of C¥-modules M and N, there is a natural isomorphism of
C*°(X)-modules

M(X) @cm ) N(X) = (M @cge N)(X).

Before proving the lemma, we recall some notation and fundamental facts. Let M, N and

Z be sheaves of C¥-modules.

(1) The set of homomorphisms M — A is denoted Homege (M, N). It has a natural
structure of a C°°(X)-module: for any f € C*(X), F' € Homge (M, N), and an
open set U of X, set (f - F)(U) := flyF(U).

(2) The sheaf of homomorphisms from M to N assigns to an open set U C X the
C*(U)-module Homeg (M|y, N|y). This sheaf is denoted Homgeo (M, N), and it
has a natural structure of a Cg-module. Note that Homegs (M, N) is the set of
global sections of the sheaf Hom oo (M, ).
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(3) The previous construction is the internal hom in the category of sheaves of C§-

modules, in the sense that there is a natural isomorphism (hom-tensor adjunction)
Homeg (M ®cg N, Z) = Homege (M, Homee (N, 2)).
Proof of Lemma[A.§ Consider the map
(A.9) Homege (M, N) — Homee (x) (M(X), N(X)),

which sends a sheaf homomorphism to the associated map on global sections. We claim that,
because all sheaves involved are fine, is an isomorphism of C'*°(X)-modules. To show
that is injective, suppose that F': M — N is such that Fx: M(X) — N(X) vanishes.
We need to show that Fy: M(U) — N (U) vanishes for any open U C X. Fix 0 € M(U),
let U’ C X be open with closure contained in U, and let p be a function with support in U

and p|y» = 1 Then po defines a global section of M, and
Fy(o)lv = Fu(polv) = Fx(po)|ur = 0.

Since, by the sheaf property of N, any section over U can be reconstructed from its restric-
tions to each open U’ with closure in U, we conclude that F|; = 0 and therefore F' = 0.

To show that is surjective, fix Fx: M(X) — N(X). We want to find a sheaf
homomorphism F: M — N that acts as Fyx on global sections. Fix ¢ € M(U) and
consider, for any open U’ with closure in U, a function p as above. Then we claim that the
section Fy(po)|yr € N(U’) is independent of p. In fact, let p’ be another admissible choice,
and set n = p — p/. Then we want to show that Fx(no)|y» = 0. Choosing a function £ that
is identically 1 in U’ and has support in the set {z € X | n(x) = 0}, we can write

Fx(no)lpr = &lv - Fx(no)|vr = Fx(&no)|v =0,

since the section £no vanishes globally by definition of £&. Now, using the sheaf property of
N to glue these coherent values Fx(po)|y € N(U’) as U C U varies over all open subsets
with closure in U, we obtain an element Fy (o) € N(U). This recipe, applied to the open
X, gives us the original Fx, and the naturality condition Fy(o)|y = Fy(o|y) is satisfied for
all V' C U. This proves is surjective.
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Finally, let Z be an arbitrary sheaf of C¥-modules. Then the lemma follows from the

Yoneda lemma and the following natural isomorphisms:

Homee (x) (M ®@cg N)(X), Z2(X)) = Homeg (M @cp N, 2)
= Homcg (M, Homeoo (N, Z))
= Homgeo (x) (M(X ), Homesge N, 2))
= Homew () (M(X), Homem () (N(X), Z(X)))
= Homee (x) (M(X) ®c=(x) N (X), Z(X)).
Above, Hom o denotes the sheaf of homomorphisms between C¥-modules (which is again a
Cg-module), while Homese denotes its global sections, that is, the C°°(X)-module of sheaf

homomorphisms. Each of the above identifications is justified by the isomorphism (A.9)), the

adjunction between Homeeo(x) and ®ce(x), or its analogue for Homog(o and ®cg. O

Corollary A.10. Suppose that the sheaves of C¥-modules M and N are locally free of
bounded rank. Then so is their tensor product M ®cs N. Thus, Lfb(X) is a symmetric

monoidal category. Moreover, I"y is a symmetric monoidal functor.

Proposition A.11. The functor T'o.: Bun®*(X) — Lfb™(X) from (A.4) is symmetric

monoidal.

Proof. Let E,F € Bun™(X). The natural bilinear map E x F — E ® F induces, on
local sections, a map I'oe(E) @cge Tioe(F) = Tioc (£ @ F). We need to show that this is an

isomorphism. Taking stalks, this gives a map
<A12> FIOC(E>x ®C§§l FIOC(F>{L‘ = (FIOC(E> ®C§<° FIOC(F>>:1: — FIOC(E & F)z

The isomorphism on the left-hand side follows from the fact that the tensor product preserves
colimts. Next, by taking stalks at z € X, we get [',.(E), = CF, ® E,, where E, is the
fiber of ' at x and all other subscripts x denote stalks. Using this, and the corresponding
fact for F' and £ ® F', we see that is an isomorphism. A map of sheaves inducing

isomorphisms on stalks is an isomorphism, as desired. 0

Corollary A.13. The functor I': Bun®™*(X) — Fgp™°(X) is symmetric monoidal. In par-

ticular, given vector bundles £ and F over X, there is an isomorphism
NE®F)ZT(E) ®cex) I'(F)

of C*°(X)-modules.
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Proof. The natural isomorphism (A.4]) between I' and the monoidal functor I'y o I'j,. gives
the former the structure of a monoidal functor. For a more direct proof, not involving sheaf

tensor products, see Nestruev [31, Theorem 11.39]. O
Recall that a connection on a vector bundle £ — X is a C-linear map
V:I'(E) - T(E®T"X)

satisfying the familiar version of the Leibniz rule. By Corollary (with F' being the
cotangent bundle 7*X of X), V determines a connection on the C*°(X)-module I'(E). This

assignment extends to a functor
(A.14) r": Buny (X) — Fgpp°(X),

which on morphisms does the same as the functor I' of (A.4]).
Similarly, applying Lemma to the case N' = QL we see that a connection on a C'¥-

module M determines a connection on its global sections I"x(M). Thus, we get a functor
I'e: Libp(X) — Fgpp® (C>(X)).

Lemma A.15. Let M be a sheaf of C¥-modules and M = M(X) the C*(X)-module of
global sections. Then a connection D on M uniquely determines a connection D on M

characterized by the property that Dx = D.

Proof. Set Dy : M(X) TN M(X) @coe(x) QX)) = (M @cg Q%)(X) to be D followed by
the isomorphism from Lemma Our goal is to show this extends to a unique connection
Dy: MU) = M(U) @ceey QH(U) = (M @c Q')(U) on each open U C X.

Let U C X be open and 0 € M(U). Assume for the moment that o admits an extension
o' € M(X) to a global section. Then we set Dyo := (Dxo’)|y. Note that this is independent
of the choice of ¢’. To see this, pick a different extension ¢” € M(X) of o, so that o' —¢” =0
on U. For each = € U, we can choose a function p € C°°(X) with support in U and such that
p =1 in a neighborhood of z, so that p(¢’ — ¢”) = 0 on all of X. Then, in a neighborhood

of x, we have
0=Dxp(c' —d")=dp® (¢ —0") + pDx(c' — 0") = Dx (o’ — o).

By the sheaf property (or, more specifically, the fact that sections agree if they agree locally),
we see that Dyo is well-defined.

Now, in general, a section o € £(U) may not admit a global extension. Nevertheless,
for each x € U, there exists an open neighborhood U’ C U of z such that |y has a
global extension to X. Thus, using global extensions of restrictions o|ys for small open
disks U’ C U and using the sheaf condition, we get a unique Dy with the property that
Dy(o|y) = (Dxo)|y for all global sections o € M(X).
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It remains to check that Dy satisfies the Leibniz rule. This holds if and only if it holds for
all sections with compact support in U. Now, the condition Dy (o|y) = (Dxo)|y, and the
fact that Dy satisfies the Leibniz rule, shows that the same is true of Dy . O

con: Bung (X) — Lfbp(X). Given a vector bundle with

loc

connection (F, V), we set ['{%(E, V) := (€, D), where € := I',.(F) is the sheaf of sections

loc

of E, and D is the connection obtained via Lemma from the connection on I'*(E, V).
At the level of morphism, I'fo"

[A4] One can check that this is compatible with the connections constructed in Lemma[A.T5]

To sum up, we obtained a diagram of groupoids and functors

We now define a functor I’

performs the same assignments as its counterpart in diagram

iso reen iso
Buny (X) — Fgpp’(X)

(A.16) rige l / :
F(}Z?I)

Libp(X)

which commutes up to isomorphism. The reason this diagram does not commute on the nose
is because the definition of a connection involves the tensor product and these functors are

only monoidal up to isomorphism.

Proposition A.17 (Differential Serre-Swan theorem). Each functor in (A.16) is an equiv-

alence of categories.

Proof. The forgetful functors mapping the triangle to its version (A.4]) without con-
nection are faithful, since morphisms in the former are morphisms in the latter satisfying
additional conditions (to preserve connections, in each of the three different senses). It
follows that all functors in are faithful.

By a similar argument, ['°" is full. We now verify that ['°" is essentially surjective. Take
any (M, D) € Fgpi°(X). The essential surjectivity of the horizontal map in gives us
an isomorphism « : I'(F) = M for some E € Bun™ (X ). We define a connection V on E
by the composite

o~ 1®id
e

V:iT(E) S M3 M Q(X) T(E) @coe(x) QY(X) = T(E @ T*X).

Since D satisfies the Leibniz rule, so does V. Furthermore, a defines an isomorphism of
modules with connection « : (I'(E),V) — (M, D) by construction of V. This proves that
'™ is essentially surjective.

We conclude that I'Q" is essentially surjective and full since I'°" is essentially surjective

and full and the former factors through the latter. We already know they are faithful, and

con

on is an equivalence as well. [

it follows that ['" and I'Y" are equivalences. Therefore, I'
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Definition A.18. Let M € Fgp(A) and Q.(A) a DGA on top of A. A Grassmann
connection on a M is a connection D on M for which there exists an n € N, an embedding
i: M — A" and a projection p : A" — M such that D := (p ®id) o d o i, where d is the

standard connection on A™.

Remark A.19. A Grassmann connection is also called a Berry connection in the physics

literature [38] and a Levi-Civita connection by Karoubi |15].

Corollary A.20 (Narasimhan and Ramanan). Let X be a manifold and A = C*>(X;C).

Then any connection on a finitely generated projective A-module is a Grassmann connection.

Proof. Suppose (M, D) € Fgpi’(C*(X;C)). From the proof of Proposition on es-
sential surjectivity of T there exists (E,V) € Bung (X) together with an isomorphism
a : T(E) 5> M such that V = (! ®id) o D o . By the theorem of Narasimhan and
Ramanan [29,30,34], V = (p ® id) o D o i, where p: X x C¥ — F is a projection such that
Im(p) = E and i : E — X x CV is an embedding. Therefore D = (e« ® id)opodoioa™,

which is a Grassmann connection. O

APPENDIX B. ON GROTHENDIECK FIBRATIONS AND THE EXTENSION OF SCALARS

Naturality of the noncommutative Chern character necessitates the need to introduce the
extension of scalars. Since naturality is a categorical notion, it is important to describe the
extension of scalars from a functorial viewpoint, and, for this reason, it is helpful to review
Grothendieck fibrations and opfibrations. This justifies some of the terminology we have
been using, such as cocartesian morphisms. We also make everything explicit since taking
opposite categories can be quite confusing due to the many ways in which it can occur. Our
references include [24}26,40].

Definition B.1. Let £ and X be two categories and let £ = X be a functor. A morphism
u vin € is cartesian iff for any morphism x EN 7(u) in X and any morphism w - v in

& such that 7(8) o f = m(7), there exists a unique morphism w <+ u in £ such that

m(a)=f and foa="r.
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A visualization of the data in Definition is often helpful{™

w Y

& o~

/

= V)

X \f~\ 4

m(u) —n(8)— m(v)

Note that the conditions necessitate m(w) = = so that one can think of the morphisms in £
as lying above the morphisms in X’ via the functor 7. In Example [B.4] we will see that a
cartesian morphism is a fibrewise isomorphism in the setting of vector bundles over smooth
manifolds.

A closely related definition is that of a cocartesian morphism.

Definition B.2. Let £ and X be two categories and let £ = X be a functor. A morphism
u & vin € is cocartesian iff for any morphism x i 7(u) in X and any morphism w <- v

in &€ such that f o 7(3) = 7(v), there exists a unique morphism w <~ u in £ such that
w(a)=f and aof=n.

Cocartesian morphisms are visualized as:

w vy
= ~
E ~
Jla >
U —3 (%
™
x (%)

X \ 4

m(u) < (8)— m(v)
In other words, a cocartesian morphism in £ = X is a cartesian morphism in £ % X,

Definition B.3. Let 7 : £ — X be as in Definition [B.I] Let &£, be the subcategory of £
consisting of the objects u in &€ such that m(u) = z and 7(8) = id, for all morphisms u LY
with 7(u) = © = 7(v). The category &, is called the fibre of m over x and the morphisms
in &, are called vertical morphisms of © over x. Given a morphism x ER y in X and an
object v in &, a cartesian lifting of f with target v is a cartesian morphism u B, v such
that 7(8) = f. A functor 7 : £ — X is a fibration iff for any morphism z ER y in X and an
object v in &, a cartesian lifting exists. Dually, given a morphism z L y in X and an object

v in &, a cocartesian lifting of f with source v is a cocartesian morphism u < v such

15The morphism § has been bolded to emphasize that it is the morphism that is cartesian.
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that 7(8) = f. A functor 7 : £ — X is a opfibration iff for any morphism x L y in X and
an object v in &, a cocartesian lifting exists. When 7 is either a fibration or an opfibration,
€ is called the total category and X is called the base. Given a fibration (opfibration)
& 5 X, the collection of cartesian (cocartesian) morphisms form a fibration (opfibration)
cart(£) & X (cocart(€) & X).

Example B.4. Let Man denote the category of smooth manifolds and smooth maps. Let
Bun denote the category of smooth vector bundles over manifolds. Namely, an object of
Bun is a triple (X, E,7), with X a smooth manifold and E = X a smooth vector bundle.
A morphism (X, E,7) — (Y, F, p) consists of a pair of smooth maps (X ERN Y,E % F) such

that ¢ is a fibrewise linear map and such that the diagram

@

E F

L)

X Y
f

commutes. Then the projection map Bun — Man, sending an object (X, E,7) to X and
a morphism (X, E, ) e, (Y, F,p) to f, is a Grothendieck fibration. Indeed, to every
morphism X Ly in Man, and to every vector bundle (Y, F, p) over Y, the pullback bundle,
defined by the categorical pullback

fE F
f*pl lﬂ
X Y

f

in the category Man, is a cartesian morphism over f. This follows immediately from the
universal property of the pullback—see the visualization after Definition [B.I] This same
universal property shows that all cartesian morphisms are of this form. Thus, cart(Bun)
can be identified with the category of vector bundles as objects and smooth maps on the

base with fibrewise isomorphisms on the vector bundles as morphisms.

Example B.5. Let Ring denote the category of unital rings and unital ring homomorphisms
(henceforth, all rings will be assumed unital in this appendix). Let Mod denote the category
of modules. Namely, an object of Mod is a pair (R, M) consisting of a ring R and a right R-
module M. A morphism (S, N) — (R, M) is a pair (¢, ¥) with S “ Ra ring homomorphism
and N - M a Z-linear map such that U(ns) = V(n)y(s) foralln € N and s € S. Then the
forgetful functor Mod — Ring sending a pair (R, M) to R and (1, ¥) to ¢ is an opfibration.

Indeed, to every ring homomorphism S ¥ R and to every right S-module NV, a cocartesian
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lift is given by the extension of scalars right R-module N ®¢ R := N ®z R/, together with
the Z-linear map N LN ®gs R defined by sending n € N to n ® 1z. This is cocartesian

because to any other ring ) and right ()-module L together with morphisms as in

e

R<~—v—8§ ,

the unique morphism N ®g R 5 L in Mod is uniquely determined by the assignment
N@gR>n®@r— ®(n)é(r).

A quick calculation shows that this descends to a well-defined morphism N ®g R S Lin
Mod satisfying the required commutativity conditions. Its uniqueness follows from the fact
that it is actually completely determined by its action on elements of the form n ® 1z, which
must be given by ®(n) in order for the top diagram in Mod to commute. Furthermore, all
cocartesian morphisms are of this form. More precisely, if N > M is another cocartesian
lift of ¢, then M is canonically isomorphic to N ®¢ R in the category Mod. This follows
from the fact that any two target objects of cocartesian lifts are canonically isomorphic (this
follows from the usual arguments of canonical uniqueness of objects defined via universal
properties).

Thus, the category of cocartesian morphisms cocart(Mod) is equivalent to the category of
modules and morphisms where the morphisms always map into a module that is canonically
isomorphic to an extension of scalars of the first module along the ring homomorphism in
the base.

Fibrations and opfibrations are occasionally constructed from functors via the
Grothendieck construction, though elements of this construction were known earlier by
Yoneda and Mac Lane (cf. [22, page 44]).

Lemma B.6. Let X be a category and let AP % Cat be a pseudofunctor, also called a
weak 2-functor (for definitions, see [17,33]). Then the following structure defines a category
[ e
(1) An object of [ € is a pair (X, E) with X an object of X and E an object of €x.
(2) A morphism from (X, F) to (Y, F) is a pair (f,«), with X Lya morphism in X
and £ = ¢;(F) a morphism in €.
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(9:8)

(3) The composite of a composable pair of morphisms (X, E) e, (Y, F) — (Z,G) is

given by the composite X %1 7 in X and

E % & (F €/ (€,(G)) L2 €,0r(C)

in €x, where c(s 4 is the compositor natural isomorphism from the data of a pseud-
ofunctor.
(4) The identity morphism associated to a pair (X, E) in [ € is given by £ =5 &4, (EF),

where € is the unitor natural isomorphism from the data of the pseudofunctor €.

/Qz”—%x

(X,E) — X

Furthermore, the assignment

((X, E) Y9y, F)) o (X ER Y)

defines a functor. This functor is a fibration in which a cartesian lift of X £ Y with target
F in @y is the pair (f,ide,(r)). Finally, a morphism (X, E) Yo, (Y, F') is cartesian if and
only if E < &;(F) is an isomorphism in €y.

Definition B.7. Given a pseudofunctor AX°P AN Cat, the fibration [ €& T X from
Lemma [B.6]is called the Grothendieck construction/fibration associated to €.

Example B.8. The extension of scalars briefly described in Example [B.5] can be described
as a pseudofunctor € : Ring — Cat sending a ring R to the category of right R-modules
¢(R) := Mod(R) and sending a ring homomorphism S % R to a functor Mod(S) N
Mod(R) defined as follows. To each S-module N, the functor assigns the R-module N ®g R.
To each morphism of S-modules N & N’, it assigns the canonical extension N ®g R 5
N’ ®g R determined uniquely by the R-action on elements of the form n ® 1. The reason
¢ is a pseudofunctor, as opposed to a (strict) functor, is that to a pair of composable ring

homomorphisms S YRS @, there is a natural isomorphism

Mod(R)
SN

Mod(Q) Mod(S)

Ceoy
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that is not necessarily the identity natural transformation. Indeed, to an S-module N, it

provides the isomorphism

(N®sR)®rQ — N ®5Q
nRr®q—nE(r)g

in Mod(Q). The inverse is given by sending n ® g to n ® 1z ® g. Secondly, given a ring R,

there is a natural isomorphism

idMod(R)
—
Mod(R)  ||n  Mod(R)
\/

Ciap

given on a right R-module M by the isomorphism M — M ®r R sending m € M to m® 1x.
We leave the other verifications of the definition of a pseudofunctor to the reader.

We now apply the Grothendieck construction to € : (Ring®”)°® — Cat, where the double
“op” is taken to more directly apply Definition . This gives a fibration [ & ¢ Ring®,
where the objects of [ € are given by pairs (R, M) with R a ring and M a right R-module.
A morphism from (R, M) to (S,N) in [ € is a pair (¢°P,«) with R Y S a morphism
in Ring®”, which corresponds to a ring homomorphism S “, R, and a right R-module
morphism M % N ®g R. The projection e % Ring® takes an object (R, M) to R and

a morphism (¢°P, «v) to ¥°P.

In what follows, we will compare the three fibrations from Example [B.4] Example [B.5]
and Example [B.8 To do this, we need to make sense of morphisms of fibrations.

Definition B.9. Let £ = X and F % Y be two fibrations. A fibred functor from 7 to p
consists of a pair of functors (5 Lr e g y) such that the diagram

E—L1 -7
7
X——)

commutes and such that every cartesian lifting in 7 gets sent to a cartesian lifting in p.

Example B.10. In Example , we showed that the extension of scalars Ring S Cat
defines a fibration [ & =% Ring®. Let Man S Ring? be the functor that takes the ring
of smooth functions. More precisely, it takes a smooth manifold X to the ring of smooth
functions C*°(X) on X. It sends a smooth map X %Y to the pullback ring homomorphism
C>(Y) EAN C*(X). Second, let Bun 5 [ € be the functor that sends a smooth vector
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bundle (X, E,7) to the pair (C*(X),T(r)), where I'(r) is the C°(X)-module of smooth
sections of the vector bundle £ 5 X. To describe what this functor assigns to a morphism
(X, E,7) AELON (Y, F, p), we first note that associated to any such morphism in Bun is a
uniquely determined morphism of bundles (X, E, ) ELIN (X, f*F, f*p) coming from the

universal property of the pullback

This map induces a map of C*°(X)-modules I'(7) = I'(f*p) given by sending a section s to
& o s. This does not yet define a morphism in f ¢. To obtain such a morphism, note that

there is a natural C*°(X)-module map
D(p) @owqr) C(X) = T(f"p)
t@n— (X Sz w1<t(f(a;))>?7(m)),

which is obtained by taking a section ¢ of p to the section of f*p by composing the appropriate

morphisms in the diagram

[F F
» »
f*pl I T(t) Pl It
/ /
X Y

and using the fact that v is a fibrewise isomorphism (and then just multiplying by the
function n). This module map is an isomorphism satisfying many convenient proper-
ties, which are described in |31, Theorem 11.54]. For example, by sending the morphism
(X, E,7) HELON (Y, F, p) in Bun to the pair

T(1) 3 T(f*p) 15 T(p) ®cmoy) C(X)

in [ €&, the assignment Bun L [ € defines a functor for which the diagram

Bun f ¢

|

Man T— Ring®

T
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commutes. Furthermore, a cartesian lift in Bun — Man, which corresponds to the pullback
bundle, gets sent to the extension of scalars module by [31, Theorem 11.54|. Thus, I" defines
a fibred functor.

A similar situation happens when working with (unital) algebras and right modules over
them. In particular, the analogue of this fibred functor is fully faithful when one takes the

subcategory of finitely generated projective modules.

Example B.11. In Example [B.5, we showed that Mlod — Ring is an opfibration. Hence,
Mod® — Ring is a fibration. The subcategory of cartesian morphisms in this fibration is

equivalent to the subcategory of cartesian morphisms of [ & ¢ Ring® from Example

by the comments in Example [B.5 More precisely, if N Y. M is a cocartesian lift of S % R,

then there exists a canonical R-module isomorphism M 5 N® s R. This module isomorphism

defines a cartesian morphism in [ €.
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