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ABSTRACT

We introduce the Schlesinger transformations for the Gambier, linearisable, equation and by combining the
former construct the contiguity relations of the solutions of the latter. We extend the approach to the discrete
domain obtaining thus the Schlesinger transformations and the contiguity relations of the solutions of the
Gambier mapping. In all cases the resulting contiguity relation is a linearisable equation, involving free functions,

and which can be related to the generic Gambier mapping.

PACS numbers: 02.30.1k, 05.45.Yv

1. INTRODUCTION

Contiguity relations play a very important role in integrable systems. They extend to the nonlinear domain the
various relations which exist for the hypergeometric function and its degenerate forms. A contiguity relation (in
the sense we shall use throughout this paper) is a non-differential recursion relation of a function with respect
to a parameter at a fixed value of the independent variable. Moreover, as one would expect from the use of the
term contiguity, these are relations between neighbouring values of the parameter. Typically, for the equations
of the hypergeometric family this is a three-point recursion involving values of the parameter differing by +1.
We can illustrate this in the case of the Bessel function Z,, for which the well-known recursion [1] can be written

Zoi1(t) + %aza(t) 4 Za1(t) =0 (1)

It goes without saying that, if the function has several parameters, the contiguity relations may become more
involved, relating the values of the function along different directions in the parameter space.

In the case of nonlinear integrable systems, provided they depend on some parameter, it is also possible to
establish contiguity relations of the solution. The Painlevé equations are the prototypical example in this case.
Let us illustrate this with the example of Painlevé II:

2 =223 +tr+a (2)
The contiguity relation of its solutions has been known for quite some time. Indeed Jimbo and Miwa [2] have
shown that x,(t) satisfies a nonlinear recursion relation with respect to the parameter « of the form

a+ 1y a—1/

=222 +t (3)
Ta+1 + ZTqo To + Ta—1

The most interesting result is that these contiguity relations of continuous Painlevé equations are Painlevé
equations on their own right: they indeed define a large class of what are called today the discrete Painlevé
equations [3]. This being so, the discrete Painlevé equations do possess contiguity relations themselves. It turned
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out that in most cases the discrete Painlevé equations have the property of self-duality [4]: the contiguity relation
of some discrete Painlevé equations leads back to the same equation. This is in fact true not only for those
discrete Painlevé equations which are obtained from continuous ones but for almost all the others, with two
notable exceptions, the equations which in the Sakai classification [5] are related to the affine Weyl groups
Agl) X Agl) and Agl) X Agl) (although a partial self-duality is possible).

Linearisable equations consitute a substantial part of the integrable family and thus it is natural to wonder
whether their solutions may possess contiguity relations. At first sight this looks impossible since the freedom
in linearisable equations corresponds to the appearance of arbitrary functions of the independent variable and
not to parameters. However an important exception does exist, and in fact it concerns the “master” linearisable
equation among second-order integrable differential equations i.e. the one commonly referred to as the Gambier
equation [6]. In what follows we shall construct the contiguity relations of the Gambier equation and show
that, as expected, they lead to a linearisable discrete equation, in fact a special form of the Gambier mapping
[7]. Moreover since the generic discrete form of the Gambier equation is already known we shall repeat the
construction of the contiguity relation in a fully discrete setting obtaining again an equation belonging to the

same class of linearisable equations, i.e. a Gambier mapping.

2. CONSTRUCTING THE CONTIGUITY RELATIONS FOR THE GAMBIER EQUATION

Before proceeding to the case of the Gambier equation let us sketch the derivation of a contiguity relation
[8] in the case of Painlevé equations. The same procedure will be applied mutatis mutandis to the Gambier
case. The incontrovertible ingredient for the derivation of a contiguity relation is a Schlesinger transformation
which allows, starting from a solution x(¢, ), where « is a parameter, to construct the solution for z (¢, + 1),
where the parameter has increased by one unit. Next, one uses some symmetry of the equation which allows
to related z(t, o) to (¢, —a). Combining this to the Schlesinger one can construct the solution for x (¢, a — 1).
Let illustrate this in the case of P1;. We have

a+lp

r(t,a+1) = —x(t,a) — o/ (t,a) + 22(t, ) +1/2

(4)

and
z(t,—a) = —x(t, a) (5)

which leads to
a— 1
—2'(t, ) + 22(t, o) + /2

Eliminating 2’ between (4) and (6) gives precisely the contiguity relation (3).

z(t,a—1) = —z(t,a) —

The Gambier equation is a system of two Riccati equations in cascade. It is usually written as

Y =-y +by+c (7a)
x' = ax® +nxy +d (7b)
where n is integer. Eliminating y we obtain
— 127 —2d 2 2 2d d?
g =" x(n G >x’ax3(aba')x2+(nca>xdb+d’ (8)
n x n x n n n nx

Thus a Schlesinger transformation for the Gambier equation will related two solutions of (7) corresponding to
different values of n. In fact, as we have shown in [9] two different such transformations do exist corresponding
to An =1 and An = 2. Before proceeding to the Schlesingers a remark is in order concerning the equivalent of

(5). Tt is straightforward to check that the following property holds true

1

z(n,—d, —a) ©)

x(—n,a,d) =
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i.e. in order to obtain the solution for n we must invert the solution for n but in the same time permute a, d
and change their sign. Given the form of (7) we expect the Schlesinger transformation to be of the form
axy+ Pr+yy+0

= _ 10
o nxy + 0xr + Ky + A (10)

where T satisfies an equation of the form
' =az’ +nry+d (11)

It is easy to check that we have always an = 0 and yx = 0. Moreover the term xy cannot be present
simultaneously with the term y. We are thus left with four possible forms for z:

Bx+46 Bx+6 Bx+yy+96 and axy+ Bx+6
Ox +ry + X nry+0x+ X\ Ox + X Ox + A

)

It is straightforward to check that starting from the expression

g PO (12)
Oxr + Ry + A
one can obtain the remaining three by inverting x or  or both. We have introduced the “tilde” notation in
(12) in order to indicate that the parameters are “half-shifted” with respect to the shift of z. We now pursue
our analysis with expression (12). Two cases can be distinguished here: either B = 0 in which case we can
take 6 = 1 by division, or B # 0 in which case we can put B = 1. These two case define indeed two different
Schlesinger transformations corresponding to An = 2 and An = 1 respectively.

Let us start with the former. Substituting

1
O0r + ky + A
into (11) we find that the parameters of (13) must be chosen as
~ a n+l - 1 /d d
0=—=, fF=——= A=—|—=—-—— 14
a " d 2d ( d a ) (14)
whereupon we find that
n=n+2 (15)
and @, d are given by
d a
ﬁi =2b(n+1)— n— (16)

_ a” 3 a/2 J// 3 j/Q
2da = 2d 2 1 e 17
a=2dat2em+ 1)+ =5l T (17)
Having obtained & = x,,42 we must now compute = z,_o. We start from the expression (13), invert both
and Z and down-shift the parameters in n leading to

(3 -ww-2) (15)

n=mn-—2 (19)

%‘:

D =

We have obviously

while for the parameters of the Schlesinger we find readily

-1 1 [d o
Ce=t A= (5% (20
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where a, d are given by

=2b(n—1)—n— (21)

a’ 3a/2 d"’ 3d/2
2@@:2da—20(n—1)—‘;+§?+3—Edj

(22)

Thanks to the above relations all parameters of the two Schlesingers can be expressed in terms of the four
pameters of the Gambier equation. The contiguity relation is now obtained by eliminating y between (13) and
(18). We find formally

Tnt2Tn—2 + Tni2(faTn/Gns2 — hn + gn/an) + fn =0 (23)

where the f, g, h are functions of the independent variable (which is now n) obtained from the 0, x, A:
e Y VY (24)
- @7 g=—7 - Ng

Given the relation of (23) to (13) and (18) its integration is obvious. Once x and z are given we use (18) to
compute y whereupon (13) becomes a homographic mapping between  and Z. A study of the degree growth [10]
of some initial condition of (23) using algebraic entropy technique leads, quite expectedly, to a degree sequence
0,1,2,3,4,5,6,... i.e. a linear growth with step 1, in perfect agreement [11] to the fact that (23) is a Gambier
mapping. At this point it is also interesting to perform a small experiment by requiring that the more general
mapping Tpn+o&n—2+ Tni2(knTn + e+ gn/xn) + frn. = 0 have the same degree growth as (13). We obtain readily
the constraint k,, = f,,/gn+2 which is thus the linearisability condition of (23).

We turn now to the second Schlesinger transformation. We start from

b
O0x + Ry + A
and substituting into (11) we obtain
~ ak né n ~d <
0= , R=——, A= - 0= —-b0+d 26
nt1 T (nl)d(d +> (26)
and
n=n+1 (27)

The parameters of the equation are given by

282n+2

(n+1)ad = (n+ 2)a(d+ ') + nd(a’ — ab) +a T (28)
and the relation _ - -
" n—-10 d (n—1)ad
- = - —=+-—7—+b 29
d n & né nn+1l) + (29)
while we find that 6 must be a solution of the Gambier equation
~ -1 512 ) _ 2\ -~ 2 ~ 2 ~ 2
=" Q-%C‘ @+b—w”+)y—“&ﬂww_dw?+ow—‘m>5+%—w—d~ (30)
n o4 5 n n n no

Having obtained T = x,,41 we proceed to compute z = x,,_1. As in the An = 2 we start from (25), solve for x
and down-shift the expression, whereupon we find

—0+z(ry+ )

— (31)

%‘:
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By substituting into (11) we obtain

[
I
|
QU
=N
LN
I
|®‘2§>
1>
I
3
/N
>
e ||
|
o
1D
+
Q
N~
—~
w
[N}
S~—

and

The parameters of the down-shifted equation are given by

_ -2
(n—1)ad = (n — 2)ad — nf(d' —b) — dQQQ% (34)
and ! 16 (n+1)db
a n+16 a (nt1)ab
E— w6 +m~9 771(7171) +b (35)
Finally # must be a solution of the Gambier equation
167 -2 2 2 2 2
gr L (n=2d oY g Ty e — (ne— 22 o ab—a — L (36)
~ n 0 n 0 -~ n ~ n -~ ~ n )~ no

By comparing (30) and (36) to (8) we conclude that —& and 1/0 satisfy the same Gambier equation as x.

In order to obtain the continguity relation in the An =1 case we eliminate y between (25) and (31). We find

1’n+1$n—1(9n + l/xn) + xn—i—l(gn-‘rlfnxn + hn + kn—l/xn) + fn(xn + kn) - O (37)

where

; )
==, g=—0, h=A-Af k=3 (38)
K

Just as in the An = 2 case equation (37) is linearisable and its integration is obvious using (25) and (31). The
degree growth of some initial condition, confirms the Gambier character of the equation since it leads to the
sequence 0,1,2,3,4,5.6,. ... Generalising (37) to zp+1Zn—1(9n+1/2n) +Tnt1(nTn+hn+1/z0)+ frn(zn+k,) =0
and requiring that the degree growth be exactly the same as for (37) leads to the constraints j, = f,gn+1 and
lp = kn—1 i.e. precisely the form of (37).

A few remarks are in order here before proceeding to the examination of the discrete case. First, in all our
analysis above we had not made any reference to the Painlevé property. Indeed, as is well known [7] requiring
that the Gambier equation possess the Painlevé property puts constraints on the functions a, b, ¢,d. However
these constraints are not necessary for the derivation of the Schlesinger transformation and thus for the contiguity
relation. The integrable character of the latter does not depend on the singularities of the solution of x in the
complex plane of the continuous variable. Carrying this argument one step further we claim that there is no
need for n to be an integer (a Painlevé property prerequisite). The only requirement for the contiguity relation
is that An be integer. In fact, we could have taken for n an arbitrary function of ¢ and the main conclusions
would have been the same but we preferred to keep n constant in our derivation so as not to overburden the
calculations unnecessarily.

3. CONTIGUITY RELATIONS FOR THE GAMBIER MAPPING

The discrete version of the Gambier equation has been proposed and studied from the point of view of singularity
confinement in [7] and in [12]. The main idea behind the discretisation is to follow the Gambier construction
setting up the mapping as two (discrete) Riccati equations in cascade. Thus the Gambier mapping can be
presented as a system of two homographic mappings where the solution of the first one enters linearly in the
coefficients of the second one. Given that a full homographic freedom does exist for the variables of both
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mappings one can wonder whether an arrant simplification of one of the mappings would not simplify the task
at hand. This is the attitude we shall adopt in what follows. We shall work with a Gambier mapping of the
form

Yn = Yn—1 (39a)
Tn(any + by) + ey + dy,
{En(fny + gn) + hny + kn

where (39a) means that y is simply a constant and we have assumed a generic form for z (one of the 8 functions

Tn+1 = (39b)

can be set to unity by simple division). In what follows we shall be interested in the singularities of x due to
y. From (39b) we find readily that x,,11 is independent of z,,, something we refer to as “loss of the memory of
the initial condition”, whenever

(any + bn)(hny + kn) - (fny + gn)(cny + dn) =0 (40)

Since (40) is quadratic for y a singularity for = appears when y happens to take the value of one of the two roots
of (40), which we represent formally as ¢,, and 1,,. Next we simplify (39b) using the homographic freedom for

. We finally obtain
mn(pny + Tn) + Qn(y - wn)
xn(y - d)n)

This precise choice of (41) means that if for some n we have ¢,, = y and z,, is regular, x,; is infinite and the

Tn4+1 = (41)

subsequent xs have a “fixed” value, by which we mean that it is independent of the initial condition. On the
other hand if x,, happened to be exactly equal to —gp,(¢n —¥n)/(Pndn +15) (which means that the values of all
previous as are “fixed”) then for x,,11 we would find an indeterminate form of 0/0 type which would allow to
introduce a degree of freedom akin to an initial condition. Similar conclusion can be drawn for the singularity
at v,. If for some n we have ,, = y and x,, is generic, the subsequent s are fixed. However if it happens that
2y = 0 then for z,11 we find an indeterminate form allowing to introduce a degree of freedom.

The two singularity-related quantities ¢,, and 1, need not be related in any way. However, if it happens
that ¢, = ¥,4+n and this common value is precisely that of y, then we can have the following singularity
pattern. The variable x enters the first singularity at ¢, with a generic value. It loses a degree of freedom,
i.e. assumes “fixed” values for the subsequent N steps. If, provided the p,,g,,r, are adequately chosen, it
enters the second singularity with precisely the value 0, it will exit while recovering the lost degree of freedom
and thus the singularity is confined [13]. While the Gambier mapping has been studied in this spirit in [7] and
[12], the singularity confinement approach need not concern us in what follows. Just as in the continuous case
the contiguity relation was derived independently of the Painlevé property, in what follows we shall derive the
Schlesinger transformations and the contiguity relation without any reference to the confinement property of
the singularities of the mapping.

While we shall not require the confinement property, we shall still, for the derivation of the Schlesinger transfor-
mation, work under the asumption ¢,, = ¥, 4+, which introduces naturally the parameter N. We must stress
here that nothing imposes an integer value for N (and thus no confinement is guaranteed for the mapping).
Let us focus first on the AN = 2 case. We assume that « is generic up to some index n, infinite at n + 1 and
becomes fixed from n + 2 onwards. At the other end, for some other solution, we assume that z is fixed up to
n + N where it assumes the value 0 and then becomes generic from n + N + 1 onwards. For the x obtained
through the Schlesinger transformation, denoted by Z, we require that it be generic up to n — 1, become infinte
at n and be fixed from n + 1 onwards. At the other end, we assume that z is fixed up to n + N + 1 where it
assumes the value 0 and becomes generic from n + N + 2 onwards.

We have thus two singularities situated at a certain distance, which increases by 2 as a consequence of the
Schlesinger transformation. Assuming that & becomes infinite at n + 1 and requiring that Z become infinite
already at n can be guaranteed if the quantity (y — ¢,,) appears in the denominator of Z. At the other end, if
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we assume that 2 exits the singularity by being 0 at n + N (and thus assuming an indeterminate form 0/0 at
n+ N +1) then Z must become 0 at n+ N + 1 and indeterminate at n+ N + 2. This means that the numerator
of Z must contain the factor (y —,,—1). Putting this together and requiring a Z homographic in = we arrive at

the ansatz -
T, = Y—Yn Ojnxn'f'?n (42)
Y= Pn ApTp +p
and require that Z satisfy the equation
_ "En _n + Fn + _n - ¥n—

Zn(yY — dnt1)
where we have used the fact that ¢ = ¢,, 1 and ¢ = 1, _;.

A straightforward argument allows us to calculate the parameters of (42). Let us assume that 1, = y and that
we have a solution where z is generic up to n. In this case, at n + 1 it will become fixed and takes the value
Znt1 = (Pnn+7n)/(¥n—dr). However, from the basic assumption of the Schlesinger, Z must be generic at n+1
an assumption on the surface incompatible with the form of (42), where the numerator vanishes. However this is
not the problem. The requirement that Z be generic at n+ 1 means simply that the denominator of Z must also
vanish, so as to lead to a indeterminate form 0/0, i.e. Fp4+1Zn41 +Sn+1 = 0 for the value x,,+1 we just computed.
Without loss of generality we can choose ¥, = ¢p—1 — Vn—1, Sn = Ppn_10n_1+7Tn_1. Similarly let us asume that
Znt1 s generic while ¢,, = y. Clearly in this case we must have @, (pndn + mn) + ¢n(dn — ¥n) = 0. But for the
existence of the Schlesinger we must have a generic Z,, and for this the only possibility is that a,x, + 5n =0 for
the x,, just obtained. Thus we have &, = p, ¢, +7n, By, = Gn(¢n, —1p) up to an arbitrary global factor, which, in
order to eliminate denominators we have chosen equal to (pp—2®¥n—2+7n—2)(Prn-1Pn-1+Tn—1) — Gn—1Wn—2Wn_1-
The parameters of (43) are now easily obtained. We find,

ﬁn = pn(pn—ﬂ/}n—l + Tn—l)(pn+1¢n+1 + 7/'n—i-l) + Qn+1(pn—lwn—l + rn—l)wn—Q—I - QH(pn+l¢n+l + rn—‘—l)‘*’n—l

Tn = rn(pnflwnfl + Tnfl)(pn+1¢n+1 + rn+1) - ¢nQn+1(pn71wnfl + Tnfl)wnJrl + ann(Pn+1¢n+1 + rn+1)wn71
(44)
Qn = (dn ((pn72wn72 +71n72)(pn71¢n71 +rn71) - qnflwn72wn71) ((pnwn +Tn)(pn+1¢n+1 +rn+1) —Gn4+1WnWn+1

where we have put w, = ¢, — V.

At this point it is interesting to show that the evolution along the “bar” direction is dual to that along the
n direction and thus the Gambier mapping is self-dual in this sense. Indeed, starting from equation (42) we
introduce a new variable by X,, = x,, + On /4n and find an equation of the form

X(Py+R)+Q(y— V)

X = X(y—®)

(45)

where ® = ¢,,, ¥ = 9,1 and P,Q, R are given in terms of the basic parameters, i.e. an equation of the form
(41). Similarly, if we introduce the same translated variable into (42) and use the expressions of v and ¢ we

find for the Schlesinger
y—VYAX,+B

y_—dTX, +A
where the A, B,T", A are expressed in terms of the p, q,r, ¢, 1, i.e. an equation of the same form as (41). Notice
that ¥ at the numerator of (46) is just ¥,.

X1 = (46)

Having seen that the quantities «, 3,7, d can be expressed in terms of those of the Gambier mapping we can now
obtain, formally, the contiguity relation by writing (32) and the equivalent relation in the down-bar direction
and eliminating y. We find thus

232+ 8) (2(6n-1 — 60) (32 + ) +wloz + 8)) = @z + ) (2n-1(12 +0) + (s — )0z +5))  (47)
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which is precisely a Gambier mapping. In fact the most general Gambier mapping, obtained by equation (39)
would have contained 7 arbitrary functions up to a homographic transformation of x, which would have reduced
the number of functions to just four. Equation (47) is expressed in terms of p, ¢, 7, ¢, 1 up to a gauge in x which
would have reduced the number of arbitrary functions to four. Thus we may conclude that (47) is a generic
Gambier mapping.

We turn now to the AN = 1 case. The general idea is the same as that of the case AN = 2 we examined
above. We assume again that x is generic up to some index n, infinite at n + 1 and becomes fixed from n + 2
onwards. Similarly for the z obtained through the Schlesinger transformation, denoted by Z, we require that it
be generic up to n — 1, become infinte at n and be fixed from n + 1 onwards. Thus we conclude that (y — ¢y,)
must appear in the denominator of Z. We can thus introduce the ansatz

1 apan + By

— L, 48

Tn

where the introduction of A will become clear in the following paragraph. If now we assume that x,,41 is generic
while ¢,, = y, then z,, must be chosen such as z,,(pn¢n, + ) + gn(¢dn — ¥n) = 0. Since for the existence of
the Schlesinger we must have a generic Z,,, the only possibility is that &,x, + B, = 0 for the just obtained.
Thus we have &, = (pndn + rn)fn—1 and Bn = gn(¢pn — ¥n) fn—1 where f is an arbitrary global factor and the
shift in the index is more convenient for the subsequent calculations.

We turn now to the other end, where ¢,y = y. At this end we assume that if a singularity exists for z, the
same singularity will exist at the same point for Z. Thus we ensure that AN = 1. When the singularity consists
in x,4n being generic and z,4ny41 fixed the requirement that T behaves in the same way is automatically
satisfied. So let us now consider the singulatiry where x,, v becomes 0 and at the next step it recovers a degree
of freedom through an indeterminate form 0/0. Requiring that Z become 0 at the same point leads to the
constraint .
5o B

Had we not introduced A it would have been impossible to ensure the vanishing of Z. Using the expression of

(49)

ﬁ we can obtain simply Ay = —qnfn_l/gn.
Next we require that T satisfy the equation

fn(ﬁny + T_n) + (jn(y - 7/}71)
jn(y - ¢n+1)

(50)

J_Cn—i-l =

where here we have used the fact that ¢ = ¢,,1 but 1) = 1),,. This allows us to compute the quantities f, p, ¢
and 7. We find

Pn = *Snfn—i-l + q?z+1fn (52)
n+1
In = Gnfrnt1fa—1 (53)
Tp = ;(Snfn-i-l(gn-i-ﬂbn +pn¢n + Tn) - Qn-‘rlwn-‘rlfn) (54)

6n+1
The interesting feature of the AN = 1 case (compared to the AN = 2 one) is that here the parameter § that

appears in the Schlesinger does satisfy a homographic equation

gnJrlSn +pn5n —qn =0 (55)

involving the parameters of the equation for xz. It goes without saying that since the two singularities are not
treated in the same way the Gambier mapping cannot be self-dual with respect to the transformations induced
by the AN =1 Schlesinger.



Again the quantities «, 3,0 can be expressed in terms of those of the Gambier mapping. Thus the contiguity
relation can be obtained formally by writing (48) and the equivalent relation in the down-bar direction and

eliminating y. We find thus

(F-N@+d) @-Ne+d
Gz + artp o on TP (56)

again a generic Gambier mapping.

4. CONCLUSIONS

In this paper we have addressed the question of the existence of contiguity relations for linearisable equations.
At first sight a difficulty does exist since for the contiguity relations one needs solutions obtained for values
of some parameter differing by an integer value, and it is not clear where a parameter can be inserted given
that the linearisable equations contain free functions of the independent variable. In the case of the continuous
Gambier equation the dilemma is solved by the fact that this equation is traditionally written in a form con-
taining an explicitly integer parameter. Working with this form we have been able to introduce the Schlesinger
transformations. This interesting feature of the Gambier equation is that two different Schlesingers are possible
corresponding to steps of the integer parameter An = 1 and 2. In both case we were able to derive the contiguity

relation in an explicit form.

The discrete Gambier equation presented another challenge since in this case no integer parameter is present.
The way to solve this problem was to consider the singularity structure of the system. Typically a Gambier map-
ping has two singularities situated at arbitrary values of the independent variable. The essence of a Schlesinger
transformation is the introduction of a new variable that would have singularities at points differing by an
integer number of steps from the ones of the initial variable. Again, just as in the continuous case, we found
that there exist two possibilities corresponding to AN = 1 and 2. The contiguity relation in both cases is a
Gambier mapping. Moreover in the AN = 2 case we have shown that the system is self-dual, i.e. the evolution
along the independent variable is governed by an equation of the same form when one considers the evolution

induced by the Schlesinger transformation along the virtual parameter N.

As we have explained in the end of section 2 the parameter n appearing in the Gambier equation does not have
to be integer and in fact need not even be a constant. This is an indication that one may be able to introduce
parameters in linearisable equations which, if properly chosen, would make possible to lead to Schlesinger-like
transformations and thus ultimately to contiguity relations.

ACKNOWLEDGMENT

P. Guha would like to express his gratitude to IHES for their warm hospitality.

REFERENCES

1 A. Abramowitz and 1. Stegun, Handbook of Mathematical Functions, Dover (1965).
[2] M. Jimbo and T. Miwa, Physica 2D (1981) 407.
[3] A. Ramani, B. Grammaticos and J. Hietarinta, Phys. Rev. Lett. 67 (1991) 1829.
[4] A. Ramani, Y. Ohta, J. Satsuma and B. Grammaticos, Comm. Math. Phys. 192 (1998) 67.
[5] H. Sakai, Commun. Math. Phys. 220 (2001) 165.
[6] E.L. Ince, Ordinary Differential Equations, Dover, London, (1956).
[7] B. Grammaticos and A. Ramani, Physica A 223 (1996) 125.

9



[8] A. Fokas, B. Grammaticos and A. Ramani, J. of Math. Anal. and Appl. 180 (1993) 342.
[9] A. Ramani, B. Grammaticos and S. Lafortune, Lett. Math. Phys. 46 (1998) 131.

[10] J Hietarinta and C-M. Viallet, Phys. Rev. Lett. 81, (1998) 325.

[11] A. Ramani, B. Grammaticos, S. Lafortune and Y. Ohta, J. Phys. A 33 (2000) L287.

[12] B. Grammaticos, A. Ramani and S. Lafortune Physica A 253 (1998) 260.

[13] B. Grammaticos, A. Ramani and V. Papageorgiou, Phys. Rev. Lett. 67 (1991) 1825.

10



