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Abstract

In this article, divided in two parts, we show how to build main aspects of the article [1] but with the
cubical geometry. This first part is devoted to build the contractible S-operad B0

C equipped with a cubical
C0-system, where S is the monad of free strict cubical ∞-categories on cubical sets. Actions of this monad
are on cubical sets with no notions of reflexivities (the classical and the connections) in order to be sure
that it is cartesian (see [14]). In our approach, classical reflexivities plus connections, appear in the level of
algebras. This operad is free on this C0-system (which itself is a specific cubical pointed S-collection). We
exhibit some simple coherences cells of B0

C and show how they provide more richness compare to its globular
analogue (see [1]).
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Introduction
In this article, divided in two parts, we show how to build main aspects of the article [1] but with the cubical
geometry. This first part is devoted to build the contractible S-operad B0

C equipped with a cubical C0-system,
where S is the monad of free strict cubical ∞-categories on cubical sets. Actions of this monad are on cubical
sets with no notions of reflexivities (the classical and the connections) in order to be sure that it is cartesian (see
[14]). In our approach, classical reflexivities plus connections, appear in the level of algebras. This operad is free
on this C0-system (which itself is a specific cubical pointed S-collection). We exhibit some simple coherences
cells of B0

C and show how they provide more richness compare to its globular analogue (see [1]). In the second
part of this article (see [13]), we use it as a fundamental step to associate to any topological space X its

fundamental cubical weak ∞-groupoids Π∞(X), and this endows a functor Top ∞-CGrp
Π∞(−)

which
has a left adjoint functor CN∞. This pair of adjunction (CN∞,Π∞(−)) should put an equivalence between the
homotopy category of homotopy types and the homotopy category of ∞-CGrp of cubical weak ∞-groupoids
equipped with an adapted Quillen model structure. This was shown to be true but in the context of the Cisinski
model structure on the category of cubical sets with connections (see [19]).
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my natural interactions with Ross Street and Mark Weber.

1 Cubical sets
See also [11] for more references on cubical sets.

1.1 The cubical category
Consider the small category C with integers n ∈ N as objects. Generators for C are, for all n ∈ N given by

sources n
snn−1,j // n− 1 for each j ∈ {1, .., n} and targets n

tnn−1,j // n− 1 for each j ∈ {1, .., n} such
that for 1 ≤ i < j ≤ n we have the following cubical relations

(i) sn−1
n−2,i ◦ snn−1,j = sn−1

n−2,j−1 ◦ snn−1,i,

(ii) sn−1
n−2,i ◦ tnn−1,j = tn−1

n−2,j−1 ◦ snn−1,i,

(iii) tn−1
n−2,i ◦ snn−1,j = sn−1

n−2,j−1 ◦ tnn−1,i,

(iv) tn−1
n−2,i ◦ tnn−1,j = tn−1

n−2,j−1 ◦ tnn−1,i

These generators plus these relations give the small category C called the cubical category that we may
represent schematically with the low dimensional diagram :
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· · ·C4 C3 C2 C1 C0

s43,1

t43,1

s43,2

t43,2

s43,3

t43,3

s43,4

t43,4

s32,1

t32,1

s32,2

t32,2

s32,3

t32,3

s21,1

t21,1

s21,2

t21,2

s10

t10

and this category C gives also the sketch ES of cubical sets used especially in 2.2, ?? and ?? to produce the
monads S = (S, λ, µ), W = (W, η, ν) and Wm = (Wm, ηm, νm) on CSets, which algebras are respectively cubical
strict ∞-categories, cubical weak ∞-categories and cubical weak (∞,m)-categories.

Definition 1 The category of cubical sets CSets is the category of presheaves [C; Sets]. The terminal cubical
set is denoted 1. 2

Occasionally a cubical set shall be denoted with the notation

C = (Cn, s
n
n−1,j , t

n
n−1,j)1≤j≤n, n∈N

in case we want to point out its underlying structures.

1.2 Reflexive cubical sets
Reflexivity for cubical sets are of two sorts : one is "classical" in the sense that they are very similar to their globular

analogue; thus we shall use the notation (1nn+1,j)n∈N,j∈{1,..,n} to denote these maps C(n)
1nn+1,j // C(n+ 1)

which formally behave like globular reflexivity ([15]); the others are called connections and are given by maps

C(n)
Γ // C(n+ 1) where the notation using the greek letter "Gamma" seems to be the usual notation.

However we do prefer to use instead the notation C(n)
1n,γn+1,j // C(n+ 1) (γ ∈ {+,−}) in order to point out the

reflexive nature of connections.

Consider the cubical category C. For all n ∈ N we add in it generators n− 1
1n−1
n,j // n for each j ∈ {1, .., n}

subject to the relations :

(i) 1nn+1,i ◦ 1n−1
n,j = 1nn+1,j+1 ◦ 1n−1

n,i if 1 ≤ i ≤ j ≤ n;

(ii) snn−1,i ◦ 1n−1
n,j = 1n−2

n−1,j−1 ◦ s
n−1
n−2,i if 1 ≤ i < j ≤ n;

(iii) snn−1,i ◦ 1n−1
n,j = 1n−2

n−1,j ◦ s
n−1
n−2,i−1 if 1 ≤ j < i ≤ n;

(iv) snn−1,i ◦ 1n−1
n,j = id(n− 1) if i = j.

(i) 1nn+1,i ◦ 1n−1
n,j = 1nn+1,j+1 ◦ 1n−1

n,i if 1 ≤ i ≤ j ≤ n;

(ii) tnn−1,i ◦ 1n−1
n,j =1n−2

n−1,j−1 ◦ t
n−1
n−2,i if 1 ≤ i < j ≤ n;

(iii) tnn−1,i ◦ 1n−1
n,j = 1n−2

n−1,j ◦ t
n−1
n−2,i−1 if 1 ≤ j < i ≤ n;

(iv) tnn−1,i ◦ 1n−1
n,j = id(n− 1) if i = j.

These generators and relations give the small category Csr called the semireflexive cubical category where a
quick look at its underlying semireflexive structure is given by the following diagram :
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C0 C1 C2 C3 C4 · · ·
10
1

11
2,1

11
2,2

12
3,1

12
3,2

12
3,3

13
4,1

13
4,2

13
4,3

13
4,4

Definition 2 The category of semireflexive cubical sets CsrSets is the category of presheaves [Csr; Sets]. The
terminal semireflexive cubical set is denoted 1sr 2

Consider the semireflexive cubical category Csr. For all integers n ≥ 1 we add in it generators n− 1
1n−1,γ
n,j // n

for each j ∈ {1, .., n− 1} subject to the relations :

(i) for 1 ≤ j < i ≤ n, 1n,γn+1,i ◦ 1n−1,γ
n,j = 1n,γn+1,j+1 ◦ 1n−1,γ

n,i ;

(ii) for 1 ≤ i ≤ n− 1, 1n,γn+1,i ◦ 1n−1,γ
n,i = 1n,γn+1,i+1 ◦ 1n−1,γ

n,i ;

(iii) for 1 ≤ i, j ≤ n,

{
1n,γn+1,i ◦ 1n−1

n,j = 1nn+1,j+1 ◦ 1n−1,γ
n,i if 1 ≤ i < j ≤ n

= 1nn+1,j ◦ 1n−1,γ
n,i−1 if 1 ≤ j < i ≤ n ;

(iv) for 1 ≤ j ≤ n, 1n,γn+1,j ◦ 1n−1
n,j = 1nn+1,j ◦ 1n−1

n,j ;

(v) for 1 ≤ i, j ≤ n,{
snn−1,i ◦ 1n−1,γ

n,j = 1n−2,γ
n−1,j−1 ◦ s

n−1
n−2,i if 1 ≤ i < j ≤ n− 1

= 1n−2,γ
n−1,j ◦ s

n−1
n−2,i−1 if 2 ≤ j + 1 < i ≤ n ;

and{
tnn−1,i ◦ 1n−1,γ

n,j = 1n−2,γ
n−1,j−1 ◦ t

n−1
n−2,i if 1 ≤ i < j ≤ n− 1

= 1n−2,γ
n−1,j ◦ t

n−1
n−2,i−1 if 2 ≤ j + 1 < i ≤ n ;

(vi) for 1 ≤ j ≤ n−1, snn−1,j◦1
n−1,−
n,j = snn−1,j+1◦1

n−1,−
n,j = 1n−1 and tnn−1,j◦1

n−1,+
n,j = tnn−1,j+1◦1

n−1,+
n,j =

1n−1;

(vii) for 1 ≤ j ≤ n− 1, snn−1,j ◦ 1n−1,+
n,j = snn−1,j+1 ◦ 1n−1,+

n,j = 1n−2
n−1,j ◦ s

n−1
n−2,j ;

(viii) for 1 ≤ j ≤ n− 1, tnn−1,j ◦ 1n−1,−
n,j = tnn−1,j+1 ◦ 1n−1,−

n,j = 1n−2
n−1,j ◦ t

n−1
n−2,j .

These generators and relations give the small category Cr called the reflexive cubical category and in it,
connections have the following shape :

C1 C2 C3 C3 C4 · · ·
11,−
2,1

11,+
2,1

12,−
3,1

12,+
3,1

12,−
3,2

12,+
3,2

13,−
4,1

13,+
4,1

13,−
4,2

13,+
4,2

13,−
4,3

13,+
4,3

14,−
5,1

14,+
5,1

14,−
5,2

14,+
5,2

14,−
5,3

14,+
5,3

14,−
5,4

14,+
5,4

Definition 3 The category of reflexive cubical sets CrSets is the category of presheaves [Cr; Sets]. The terminal
reflexive cubical set is denoted 1r 2
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2 The category of strict cubical ∞-categories
Cubical strict ∞-categories have been studied in [2, 21].

In [2] the authors proved that the category of cubical strict ∞-categories with cubical strict ∞-functors
as morphisms is equivalent to the category of globular strict ∞-categories with globular strict ∞-functors as
morphisms. Consider a cubical reflexive set

(C, (1nn+1,j)n∈N,j∈J1,n+1K, (1
n,γ
n+1,j)n≥1,j∈J1,nK)

equipped with partial operations (◦nj )n≥1,j∈J1,nK where if a, b ∈ C(n) then a ◦nj b is defined for j ∈ {1, ..., n} if
snj (b) = tnj (a). We also require these operations to follow the following axioms of positions :

(i) For 1 ≤ j ≤ n we have : snn−1,j(a ◦nj b) = snn−1,j(a) and tnn−1,j(a ◦nj b) = tnn−1,j(a),

(ii) snn−1,i(a ◦nj b) =

{
snn−1,i(a) ◦n−1

j−1 s
n
n−1,i(b) if 1 ≤ i < j ≤ n

snn−1,i(a) ◦n−1
j snn−1,i(b) if 1 ≤ j < i ≤ n

(iii) tnn−1,i(a ◦nj b) =

{
tnn−1,i(a) ◦n−1

j−1 t
n
n−1,i(b) if 1 ≤ i < j ≤ n

tnn−1,i(a) ◦n−1
j tnn−1,i(b) if 1 ≤ j < i ≤ n

The following sketch EM of axioms of positions as above shall be used in 2.2 to justify the existence of the
monad on CSets of cubical strict ∞-categories. It is important to notice that the sketch just below has only
one generation which means that diagrams and cones involved in it are not build with previous data of other
diagrams and cones.

• For 1 ≤ i < j ≤ n we consider the following two cones :

Mn ×
Mn−1,j

Mn Mn

Mn Mn−1

πn0,j

πn1,j

snn−1,j

tnn−1,j

Mn−1 ×
Mn−2,j−1

Mn−1 Mn−1

Mn−1 Mn−2

πn−1
0,j−1

πn−1
1,j−1

sn−1
n−2,j−1

tn−1
n−2,j−1

and the following commutative diagram (definition of snn−1,i ×
j,j−1

snn−1,i)

Mn ×
Mn−1,j

Mn Mn

Mn−1 ×
Mn−2,j−1

Mn−1 Mn−1

Mn

Mn−1 Mn−2

πn1,j

πn0,j

snn−1,i ×
j,j−1

snn−1,i snn−1,i

πn−1
0,j−1

πn−1
1,j−1

sn−1
n−2,j−1

snn−1,i

tn−1
n−2,j−1

which gives the following commutative diagram

Mn ×
Mn−1,j

Mn Mn−1 ×
Mn−2,j−1

Mn−1

Mn Mn−1

?nj

snn−1,i ×
j,j−1

snn−1,i

?n−1
j−1

snn−1,i

• For 1 ≤ j < i ≤ n we consider the following two cones :
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Mn ×
Mn−1,j

Mn Mn

Mn Mn−1

πn0,j

πn1,j

snn−1,j

tnn−1,j

Mn−1 ×
Mn−2,j

Mn−1 Mn−1

Mn−1 Mn−2

πn−1
0,j

πn−1
1,j

sn−1
n−2,j

tn−1
n−2,j

and the following commutative diagram (definition of snn−1,i ×
j,j
snn−1,i)

Mn ×
Mn−1,j

Mn Mn

Mn−1 ×
Mn−2,j

Mn−1 Mn−1

Mn

Mn−1 Mn−2

πn1,j

πn0,j

snn−1,i×
j,j
snn−1,i snn−1,i

πn−1
0,j

πn−1
1,j

sn−1
n−2,j

snn−1,i

tn−1
n−2,j

The previous datas gives the following commutative diagram of axioms

Mn ×
Mn−1

Mn Mn−1 ×
Mn−2

Mn−1

Mn Mn−1

?nj

snn−1,i×
j,j
snn−1,i

?n−1
j

snn−1,i

and for 1 ≤ j ≤ n we have the following commutative diagram of axioms
Mn ×

Mn−1

Mn Mn

Mn Mn−1

?nj

π1

snn−1,j

snn−1,j

which actually complete the description of EM

Definition 4 Cubical reflexive ∞-magmas are cubical reflexive set equipped with partial operations like just
above which follow axioms of positions. A morphism between two cubical reflexive ∞-magmas is a morphism of
their underlying cubical reflexive sets. The category of cubical reflexive ∞-magmas is noted ∞-CMagr

Remark 1 Cubical ∞-magmas are poorer structure : they are cubical sets equipped with partial operations
like above with these axioms of positions. A morphism between two cubical ∞-magmas is a morphism of their
underlying cubical sets.The category of cubical ∞-magmas is noted ∞-CMag 2

2.1 Definition
Strict cubical ∞-categories are cubical reflexive ∞-magmas such that partials operations are associative and
also we require the following axioms :
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(i) The interchange laws : (a ◦ni b) ◦nj (c ◦ni d) = (a ◦nj c) ◦ni (b ◦nj d) whenever both sides are defined

(ii) 1nn+1,i(a ◦nj b) = 1nn+1,i(a) ◦n+1
j+1 1nn+1,i(b) if 1 ≤ i ≤ j ≤ n

1nn+1,i(a ◦nj b) = 1nn+1,i(a) ◦n+1
j 1nn+1,i(b) if 1 ≤ j < i ≤ n+ 1

(iii) 1n,γn+1,i(a ◦nj b) = 1n,γn+1,i(a) ◦n+1
j+1 1n,γn+1,i(b) if 1 ≤ i < j ≤ n

1n,γn+1,i(a ◦nj b) = 1n,γn+1,i(a) ◦n+1
j 1n,γn+1,i(b) if 1 ≤ j < i ≤ n

(iv) First transport laws : for 1 ≤ j ≤ n

1n,+n+1,j(a ◦
n
j b) =

[
1n,+n+1,j(a) 1nn+1,j(a)

1nn+1,j+1(a) 1n,+n+1,j(b)

]
(v) Second transport laws : for 1 ≤ j ≤ n

1n,−n+1,j(a ◦
n
j b) =

[
1n,−n+1,j(a) 1nn+1,j+1(b)

1nn+1,j(b) 1n,−n+1,j(b)

]

(vi) for 1 ≤ j ≤ n, 1n,+n+1,i(x) ◦n+1
i 1n,−n+1,i(x) = 1nn+1,i+1(x) and 1n,+n+1,i(x) ◦n+1

i+1 1n,−n+1,i(x) = 1nn+1,i(x)

The category ∞-CCAT of strict cubical ∞-categories is the full subcategory of ∞-CMagr spanned by strict
cubical ∞-categories. A morphism in ∞-CCAT is called a strict cubical ∞-functor. We study it more specifically
in ?? with the perspective to weakened it and to obtain cubical model of weak ∞-functors.

2.2 The monad of cubical strict ∞-categories
In this section we describe cubical strict ∞-categories as algebras for a monad on CSets. We hope it to be a
specific ingredient to compare globular strict ∞-categories with cubical strict ∞-categories

Consider the forgetful functor : ∞-CCAT U // CSets which associate to any strict cubical ∞-
category its underlying cubical set and which associate to any strict cubical ∞-functor its underlying morphism
of cubical sets.

Proposition 1 The functor U is right adjoint 2

Its left adjoint is denoted F

Proof We are going to use Sketch Theory as explain in [8] : Actually it is not difficult to see that the category
∞-CCAT and the category CSets are both projectively sketchable. Let us denote by EC the sketch of ∞-CCAT
and ES the sketch of CSets. Main parts of EC are described just below and we see that EC contains ES, and that

this inclusion induces a forgetful functor ∞-CCAT U // CSets which has a left adjunction thanks to
the sheafification theorem of Foltz [10]. Now we have the commutative diagram

Mod(EC) //

iso

��

Mod(ES)

iso

��
∞-CCAT U // CSets

which shows that U is right adjoint.
The description of EC started with the description of EM in 2. We carry on to it in describing the sketch

behind the interchange laws, which shall complete main parts of EC :

• In the first generation of EC we start with three cones :
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Zn ×
Zn−1,i

Zn Zn

Zn Zn−1

ρn0,i

ρn1,i

snn−1,i

tnn−1,i

Zn ×
Zn−1,j

Zn Zn

Zn Zn−1

ρn0,j

ρn1,j

snn−1,j

tnn−1,j

Eijn

Zn Zn Zn Zn

Zn−1 Zn−1 Zn−1

πn00
πn10

πn01 πn11

tnn−1,i
snn−1,i

snn−1,j
tnn−1,j

tnn−1,i
snn−1,i

• Then we consider the following commutative diagrams :

Eijn

Zn ×
Zn−1,i

Zn Zn

Zn Zn

πn00

pn1000 πn10

ρn1,i

ρn0,i
snn−1,i

tnn−1,i

Eijn

Zn ×
Zn−1,i

Zn Zn

Zn Zn

πn01

pn1101 πn11

ρn1,i

ρn0,i
snn−1,i

tnn−1,i

Eijn

Zn ×
Zn−1,j

Zn Zn

Zn Zn

πn11

pn1011 πn10

ρn1,j

ρn0,j
snn−1,j

tnn−1,j

Eijn

Zn ×
Zn−1,j

Zn Zn

Zn Zn

πn01

pn0001 πn00

ρn1,j

ρn0,j
snn−1,j

tnn−1,j
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• We consider then (still in the first generation) the following two commutative diagrams :

Eijn

Zn ×
Zn−1,i

Zn Zn ×
Zn−1,i

Zn

Zn ×
Zn−1,j

Zn

Zn Zn

Zn−1

pn1000

cn1

pn1101

?nn−1,i ?nn−1,i

ρn1,j ρn0,j

snn−1,j tnn−1,j

Eijn

Zn ×
Zn−1,j

Zn Zn ×
Zn−1,j

Zn

Zn ×
Zn−1,i

Zn

Zn Zn

Zn−1

pn1011

cn2

pn0001

?nn−1,j ?nn−1,j

ρn1,i ρn0,i

snn−1,i tnn−1,i

• Finally we consider the following commutative diagram of interchange laws

Eijn

Zn ×
Zn−1

Zn Zn ×
Zn−1

Zn

Zn

cn1 cn2

?nn−1,j
?nn−1,i

�

The monad of strict cubical ∞-categories on cubical sets is denoted S = (S, λ, µ). Here λ is the unit map of

S : 1CSets
λ // S and µ is the multiplication of S : S2 µ // S

3 The cubical higher operad of cubical weak ∞-categories

3.1 The monoidal category of cubical pointed S-collections
In [14] we will prove that the free cubical strict ∞-categories monad S = (S, λ, µ) on CSets built in 2.2 is
cartesian. Thanks to this cartesianess we can build the monoidal category S-Collp of pointed S-collections

If S is a cartesian monad on a category G then S-collections are kind of S-graphs defined in [18], where
their domains of arities is an object S(1) such that 1 is a terminal object of the category G. The category of
S-collections is denoted S-Coll. The category of pointed S-collections is also defined in [18] and is denoted
S-Collp. In this section we accept the following result

Conjecture The monad S = (S, λ, µ) (see 2.2) of strict cubical ∞-categories on cubical sets is cartesian

Thus we can work with the locally finitely presentable category S-Collp of pointed S-collections (n ∈ N). An
object of S-Collp is denoted (C, a, c; p), and described by a commutative diagram in CSets

1

λ

}}
p

��

id

��
S(1) C

a
oo

c
// 1

The category S-Collp is monoidal and described in [18]. Monoids in it are S-operads.
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Definition 5 The category of S-operads is given by the category of monoids of the monoidal category S-Collp.
We denote is by COper. 2

Sometimes we shall call it cubical operads in order to make clear the geometry involved for this kind of higher
operads.

3.2 Cubical contractions
Consider a pointed S-collection (C, a, c; p), and for each n ≥ 1 and for all integer k ≥ 1, we define the following
subsets of Cn × Cn

• Cn = {(α, β) ∈ Cn × Cn : an(α) = an(β)}

• Csn,j = {(α, β) ∈ Cn × Cn : snn−1,j(α) = snn−1,j(β) and an(α) = an(β)}

• Ctn,j = {(α, β) ∈ Cn × Cn : tnn−1,j(α) = tnn−1,j(β) and an(α) = an(β)}

and also we consider C0 = {(α, β) ∈ C0 × C0 : α = β}
Then (C, a, c; p) is equipped with a cubical contractibility structure if they are extra structures given by

maps :

([−;−]nn+1,j : Cn // Cn+1 )n∈N;j∈{1,...,n+1}

([−;−]n,−n+1,j : Csn,j // Cn+1 )n≥1;j∈{1,...,n}, ([−;−]n,+n+1,j : Ctn,j // Cn+1 )n≥1;j∈{1,...,n}

such that

• If 1 ≤ i < j ≤ n+ 1, then

sn+1
n,i ([α, β]nn+1,j) = [snn−1,i(α), snn−1,i(β)]n−1

n,j−1, and t
n+1
n,i ([α, β]nn+1,j) = [tnn−1,i(α), tnn−1,i(β)]n−1

n,j−1

• If 1 ≤ j < i ≤ n+ 1 then

sn+1
n,i ([α, β]nn+1,j) = [snn−1,i−1(α), snn−1,i−1(β)]n−1

n,j , and t
n+1
n,i ([α, β]nn+1,j) = [tnn−1,i−1(α), tnn−1,i−1(β)]n−1

n,j

• If i = j then
sn+1
n,i ([α, β]nn+1,j) = α and tn+1

n,i ([α, β]nn+1,j) = β

• an+1([α, β]nn+1,j) = 1nn+1,j(an(α)) = 1nn+1,j(an(β)),

• ∀α ∈ Cn, [α, α]nn+1,j = 1nn+1,j(α).

and such that
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• for 1 ≤ j ≤ n we have :

– sn+1
n,j ([α;β]n,−n+1,j) = α and sn+1

n,j+1([α;β]n,−n+1,j) = β

– tn+1
n,j ([α;β]n,+n+1,j) = α and tn+1

n,j+1([α;β]n,−n+1,j) = β

– sn+1
n,j ([α;β]n,+n+1,j) = sn+1

n,j+1([α;β]n,+n+1,j) = [snn−1,j(α); snn−1,j(β)]n−1
n,j

– tn+1
n,j ([α;β]n,−n+1,j) = tn+1

n,j+1([α;β]n,−n+1,j) = [tnn−1,j(α); tnn−1,j(β)]n−1
n,j

• for 1 ≤ i, j ≤ n+ 1

– sn+1
n,i ([α;β]n,γn+1,j) =

{
[snn−1,i(α); snn−1,i(β)]n−1,γ

n,j−1 if 1 ≤ i < j ≤ n
[snn−1,i−1(α); snn−1,i−1(β)]n−1,γ

n,j if 2 ≤ j + 1 < i ≤ n+ 1

– tn+1
n,i ([α;β]n,γn+1,j) =

{
[tnn−1,i(α); tnn−1,i(β)]n−1,γ

n,j−1 if 1 ≤ i < j ≤ n
[tnn−1,i−1(α); tnn−1,i−1(β)]n−1,γ

n,j if 2 ≤ j + 1 < i ≤ n+ 1

• an+1([α;β]n,γn+1,j) = 1n,γn+1,j(an(α)) = 1n,γn+1,j(an(β))

• ∀α ∈ Cn, [α, α]n,γn+1,j = 1n,γn+1,j(α).

Such S-collection (C, a, c; p) is called contractible where its contractibilty structure is usually denoted by :

([−;−]nn+1,j)n∈N;j∈{1,...,n+1}, ([−;−]n,γn+1,j)n≥1;j∈{1,...,n};γ∈{−,+}

A morphism of pointed contractible S-collections is given by a morphism of S-Collp :

(C, a, c; p) (C ′, a′, c′; p′)
f

which preserves their structures of contractibility, i.e it is given by a map :

C C ′
f

such that :

f([α;β]nn+1,j) = [f(α); f(β)]nn+1,j and f([α;β]n,γn+1,j) = [f(α); f(β)]n,γn+1,j

The category of pointed contractible S-collections is denoted CS-Collp.

Proposition 2 (G.M. Kelly) Let K be a locally finitely presentable category, and Mndf (K) the category of
finitary monads on K and strict morphisms of monads. Then Mndf (K) is itself locally finitely presentable. If T
and S are object of Mndf (K), then the coproduct T

∐
S is algebraic, which means that KT ×

K
KS is equal to

KT
∐
S and the diagonal of the pullback square

KT ×
K
KS p1 //

p2

��

KS

U

��
KT

V
// K

is the forgetful functor KT
∐
S −→ K. Furthermore the projections KT ×

K
KS −→ KT and KT ×

K
KS −→ KS

are monadic. 2

But the following forgetful functors are monadic :
COper S-Collp

U

CS-Collp S-Collp
V

11



Lets denote by B the monad on S-Collp which algebras are cubical higher operads, and denote by TV the
monad on S-Collp which algebras are pointed contractible S-collections. We are in the situation of the above
proposition, which shows that algebras of the sum B

∐
TV is the following pullback in CAT :

COper ×
S-Collp

CS-Collp CS-Collp

COper S-Collp

V

U

This pullback is denoted CCOper for short. It is the category of contractible cubical higher operads. The left
adjoint functor F of the monadic forgetful functor :
CCOper S-Collp

W

gives free contractible cubical higher operads. In particular it gives the free contractible cubical higher operad
B0
C on the specific pointed S-collection (C0, a0, c0; p0) that we shall describe in the next section. This operad

B0
C is the cubical analogue of the operad of Michael Batanin, the one which algebras are the globular weak
∞-categories. Similarly algebras for this cubical operad B0

C are cubical weak ∞-categories.

3.3 The cubical operad of cubical weak ∞-categories
Cubical pasting diagrams or Cubical trees are cells of the free cubical strict ∞-category S(1) on the terminal
object 1 of CSets. For example 1(n) ?nj 1(n) for j ∈ {1, ..., n} are basic examples of cubical trees, and they are
such that

snn−1,i(1(n) ?nj 1(n)) =

{
1(n− 1) ?n−1

j−1 1(n− 1) if 1 ≤ i < j ≤ n
1(n− 1) ?n−1

j 1(n− 1) if 1 ≤ j < i ≤ n

Now we are going to build a specific pointed S-collection (C0, a0, c0; p0) which is the underlying pointed
S-collection of the contractible cubical higher operad B0

C which algebras are weak cubical ∞-categories. This
collection is build as follow :

• C0(1) contains a cell u1 such that s1
0(u1) = t10(u1) = u0, and for each integer n ≥ 2 we have an n-cell

un ∈ C0(n) which is such that : ∀j ∈ {1, ..., n}, snn−1,j(un) = tnn−1,j(un) = un−1. Arities and coarities of
such cells are easy : ∀n ∈ N, a0

n(un) = c0n(un) = 1(n)

• C0
n contains, for all n ≥ 1 and all j ∈ {1, ..., n} an n-cell µnj which is such that :

–


snn−1,j(µ

n
j ) = un−1, t

n
n−1,j(µ

n
j ) = un−1

snn−1,i(µ
n
j ) = tnn−1,i(µ

n
j ) = µn−1

j−1 if 1 ≤ i < j ≤ n
snn−1,i(µ

n
j ) = tnn−1,i(µ

n
j ) = µn−1

j if 1 ≤ j < i ≤ n
– an(µnj ) = 1(n) ?nj 1(n)

• The pointing
C0

S(1) 1

1

a0 c0

λ(1) id

p0

is given by p0
n(1(n)) = un.

Definition 6 The free contractible cubical higher operad B0
C on the pointed S-collection (C0, a0, c0; p0) described

just above, is the operad for cubical weak ∞-categories. Its underlying monad is denoted (B0
C , η

0, ν0)1. The
category of cubical weak ∞-categories is denoted B0

C-Alg 2

1We use this short notation, but the reader has to have in mind that it means in particular that the underlying cubical set of the
operad B0

C is the value of this monad on the terminal object 1 of CSets
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Let us give simple examples of cells in B0
C : consider the 1-cells x = γ(µ1

0;µ1
0 ?

1
0 u1) and y = γ(µ1

0;u1 ?
1
0 µ

1
0).

Because the couple (x, y) belongs to C−1,0 ∩ C
+
1,0 we get the following 2-cells in B0

C :

u0 u0

u0 u0

[x, y]12,1[u0,u0]01

γ(µ1
0;µ1

0?
1
0u1)

[u0,u0]01

γ(µ1
0;u1?

1
0µ

1
0)

u0 u0

u0 u0

[x, y]12,2γ(µ1
0;µ1

0?
1
0u1)

[u0,u0]01

γ(µ1
0;u1?

1
0µ

1
0)

[u0,u0]01

u0 u0

u0 u0

[x, y]1,−2,1γ(µ1
0;u1?

1
0µ

1
0)

γ(µ1
0;µ1

0?
1
0u1)

[u0,u0]01

[u0,u0]01

u0 u0

u0 u0

[x, y]1,+2,1[u0,u0]01

[u0,u0]01

γ(µ1
0;u1?

1
0µ

1
0)

γ(µ1
0;µ1

0?
1
0u1)

These coherences show that if G is an object of CSets, and if :
B0
C(G) Gv

is a B0
C-algebra, then for any string in G(1) :

a b c d
f g h

where :
X = (h ◦10 g) ◦10 f := v(γ(µ1

0;µ1
0 ?

1
0 u1); η0(h) ?1

0 η
0(g) ?1

0 η
0(f))

Y = h ◦10 (g ◦10 f) := v(γ(µ1
0;u1 ?

1
0 µ

1
0); η0(h) ?1

0 η
0(g) ?1

0 η
0(f))

the contractions of the operad B0
C derive the following 2-cubes in G :

a d

a d

[X,Y ]12,11a

(h◦10g)◦
1
0f

1d

h◦10(g◦10f)

a a

d d

[X,Y ]12,2(h◦10g)◦
1
0f

1a

h◦10(g◦10f)

1d

a d

d d

[X,Y ]1,−2,1
h◦10(g◦10f)

(h◦10g)◦
1
0f

1d

1d

a d

d d

[X,Y ]1,+2,1
1a

1a

h◦10(g◦10f)

(h◦10g)◦
1
0f

These simple examples show us how cubical weak ∞-categories provide more richness of coherences than the
globular weak ∞-categories.
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