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Abstract. The topological string of the type A with a two-dimensional target space is stud-
ied, an explicit formula for the string partition function is found and the target space field
theory reproducing this partition function is proposed. This field theory has an infinite set
of additional deformations overlooked by the standard definition of the topological string.
It can be in turn coupled to gravity, thereby realizing the “worldsheets for worldsheets”
idea. We also exhibit the wave function nature of the string partition function and suggest
a new relation to quantum integrable systems.
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1. Introduction

Topological strings are a continuous source of inspiration for gauge and string
theorists. They can be studied on their own, for the purely mathematical reasons.
Sometimes the amplitudes of the topological string can be viewed as the subset
of the “physical” superstrings. The topological strings produce exact all-string-loop
results [1], from which one hopes to gain some intuition about the quantum theory
of gravity, perhaps even at the non-perturbative level. For example, the topological
strings give a realization of the quantum space foam picture [2]. The topological
strings of the A and B [3] type play a crucial role in describing the compactifica-
tions [4] of the type II string theories on Calabi—Yau threefolds [1], which gives rise
to the A/=2 theories in four dimensions. The partition function Z(z) of a topo-
logical string, of A or B type, depends on a set of couplings ¢, which correspond
to the cohomology of the target space of string theory, valued in some sheaf. For
example, for the B model on a Calabi-Yau manifold X of complex dimension d,
the coupling constants ¢ belong to

d
Hp(X)= @ HP (X, A1Tx)~HI™*(X),
p.q=0
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while for A model the couplings are valued in
Hy(X) =ilusz’ g0 HP (X, AT ~ H (X)),

In addition, every operator O, describing these couplings, comes with the so-called
gravitational descendants o3 (0),k=1,2,.... Thus the full set of couplings of the
topological string is an infinite dimensional space

Ly Hyp p(X)

of the positive loops t(z) valued in Hy p(X) where we are using a formal variable
z to label the gravitational descendants:

ak(0)<—>(’)®zk, k>0

In the case d =3 the gravitational descendants decouple for k > 0, except for the
dilaton oq(1), which corresponds to the string coupling constant i. The (discon-
nected) partition function of the topological string on a threefold

o0
Zx(t:hy=exp D W92F, 1),
g=0

where r € Hy p(X), is a generating function of the genus g topological string dia-
grams. For the B model these diagrams can be identified with the Feynman dia-
grams of a certain quantum field theory on X, the so-called Kodaira—Spencer field
theory [1]. For the A model the analogous theory, the so-called theory of Kahler
gravity [5] is expected to be non-local and is constructed only in the large volume
limit where the non-local effects are exponentially suppressed. We shall construct
the Kéhler gravity theory for the two-dimensional X and will find that it is a local
theory of an infinite number of fields.

Duality CY versus R*: topological string—supersymmetric gauge theory. The duality
between the topological strings on local Calabi—Yau manifolds and the chiral sec-
tor in the four-dimensional N'=2 and A =1 supersymmetric gauge theories keeps
attracting attention. The simplest example of that duality is the geometrical engi-
neering of [6]. One starts with an ADE singularity, i.e. a quotient C2/I'g, fibered
over a CP! so that the total space is a (singular) Calabi-Yau manifold. By resolv-
ing the singularities one obtains a smooth non-compact Calabi—Yau manifold X¢.
If one views the IIA string on X x R3 as a large volume limit of a compactifi-
cation on a Calabi—Yau manifold with the locus of ADE singularities over an iso-
lated rational curve, then the effective four-dimensional theory will decouple from
gravity. Moreover one can be model the effective theory on the four-dimensional
N =2 theory with the MacKay dual ADE gauge group G, where the resolution of
singularities of X corresponds to fixing a particular vacuum expectation value of
the adjoint scalar. Then the prepotential of the low-energy effective theory is given
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by the genus zero prepotential of the type A topological string on X (more pre-
cisely, it is the prepotential of the five-dimensional gauge theory compactified on
a circle which arises in this way [7,8], in order to see the four-dimensional prepo-
tential one has to go to a certain scaling limit in the CY moduli space [6]).

Duality 'S versus R*: topological string—supersymmetric gauge theory. Another
remarkable duality between the chiral sector of the four-dimensional /=2 theo-
ries and the topological strings on the two-dimensional manifolds was discovered
in [9] and further studied in [10]. It is based on the comparison of the instan-
ton calculus in the four-dimensional gauge theory [11] and the Gromov—Witten/
Hurwitz correspondence of [12]. The physics of that correspondence involves the
theory on a fivebrane wrapped on a Riemann surface. One can actually stretch the
validity of the duality beyond the realm of the physical superstrings. The conjec-
ture that the powerful S-duality holds at the level of the topological strings [13]
leads to the topological string version of M-theory, or Z-theory [14,15].

The duality of [9] (see also a paper on the mathematically related subject [16]
and recent works on the duality with A =1 four-dimensional theories [17,18])
identified the disconnected partition function of the topological string on CP! in
the background with the arbitrary topological descendants of the Kéhler form
ok (w) turned on. The couplings #” (up to a k-dependent factor) are identified with
the couplings of the operators

/ d*y tr okt?

in the /=2 gauge theory:

9] 00 @
w k 4. 44 k+2
E 7 /ok(w)ekzgo Lo /d xd™® tr® (1.1)

k=0 ¢ RAI4

where in the left hand side we write the worldsheet couplings. In this paper we
shall deepen the duality discovered in Ref. [9]. In particular, by replacing CP' with
a genus i Riemann surface ¥ one gets a relation between the N'=2 theory with &
adjoint hypermultiplets and the Gromov—Witten theory of X, which is natural in
view of the work [19].

Duality X versus X topological string—two-dimensional gauge theory. About 15 years
ago Gross has suggested [20] to attack the problem of finding the description of
a large N gauge theory in terms of some string theory via the analysis of the
two-dimensional gauge theories. By carefully analyzing the large N° t Hooft limit
of the two-dimensional pure Yang—Mills theory on a Riemann surface Gross and
Taylor [21] have identified many features of the corresponding string theory, while
[22,23] have proposed a new kind of topological string theory. An important aspect
of the construction of [22,23] was the realization of the fact that the topologi-
cal Yang—Mills theory (which is the perturbative limit of the physical Yang—Mills
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Figure 1. Quantum gravity in target space versus worldsheet.

theory) can be described by the Hurwitz theory. The latter counts ramified cover-
ings of a Riemann surface X. In this paper we shall find a different version of the
string field theory, the one corresponding to the type A topological strings on a
Riemann surface X. It will turn out to be a kind of an infinite N gauge theory,
but most likely not the ordinary ’t Hooft large N limit of the gauge group with
the finite dimensional gauge group like SU(N) or SO(N).

Worldsheets for worldsheets. In [24] Green has proposed to study the two-dimen-
sional string backgrounds as the worldsheet theories of yet another string theories.
With the advent of the string dualities a few interesting examples of this construc-
tion were found. For example, M-theory fivebrane wrapped on K3 becomes a het-
erotic string on T>. This is not exactly a realization of the [24] idea as we are
using the localized soliton to generate the string. One could try to study the CY4
or Spin(7) compactifications of the Type II string [25]. but this is difficult due to
the lack of the detailed knowledge of the moduli spaces of these manifolds. In
this paper we shall approach this problem in the context of the topological string
(Figure 1).

Very large phase space of the topological string. In the conventional formulation
of the A model to every cohomology class e, € H*(X) of the target space X one
assigns an infinite sequence of observables oy (ey), k=0,1,2,.... The correspond-
ing couplings # parameterize the so-called large phase space. For k=0 one gets
the small phase space. Viewed from the worldsheet, the observable o (ey) is the kth
descendant of e,. However, if we think of these observables in terms of the target
space we should say that oy (ey) is the dim(X) —deg(e,)-descendant of some local
BRST invariant observable Oy:

ok (€a) ~ / ey A QI —dere) (1.2)
X

The gravitational descendants of the top cohomology class of X therefore corre-
spond to the zero-observables O,EO) of the target space theory, and as such they are
the simplest to study. This is why we shall use as the starting point the so-called
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stationary sector of the theory [12], where only the couplings of these observ-
ables are turned on. The observables which are the hardest ones to study are the
descendants of the puncture, i.e. the descendants of the unit operator. They corre-
spond to the dim(X)-observables constructed out of O. In the standard paradigm
of the topological field theory they correspond to the deformations of the space—
time Lagrangian L.

When the topological theory is the twisted version of the supersymmetric field
theory, these deformations correspond to the F-terms (for the B model) or to the
twisted F-terms (for the A model) of the supersymmetric theory. In two dimen-
sions they are the (twisted) superpotential deformations, in four dimensions they
are the prepotential deformations.

However, the operators Oy do not exhaust the full set of the (twisted) F-terms.
Indeed, the products of the local observables Oy and O; cannot be expressed, in
general, as the linear combination of Oy’s. Thus the target space theory (twisted)
superpotential can be deformed by the terms like Oy = Ok, Oy, - - - Oy, for any par-
tition k =(ky >kp>--->k,). In analogy with the gauge theory which we shall make
more precise, the observables Oy correspond to the single trace operators, while the
products Oy, for £(x) > 1, correspond to the multi-trace operators:

L— L+ T0, (1.3)

The couplings 7, parametrize a formal neighbourhood of a point 7 =0 in the
moduli space M of the target space theories (which is the moduli space of the
F-terms of some supersymmetric field theory). The tangent space to M at T =0
is the Fock space

ToM=H=a,S"L.C (1.4)

of a single bosonic oscillator: Oy <> a_k. It has two bases labelled by the partitions,
the bosonic and the fermionic one. The bosonic basis corresponds to the operators
O,. The fermionic basis (¥,) is the basis which diagonalizes the chiral ring:

Oy - W, =& (M)W, (15)

At the origin t=0 of the deformation space the eigenvalues &, (A) are the char-
acters x,(x) of the representation A of the symmetric group S evaluated on the
conjugacy class « (cf. [12]). As we move away from the origin, these characters are
replaced by some interesting formal power seria in 7.

The target space theory can be also coupled to the topological gravity. Then
the full space of deformations of the target space theory will be parameterized by
the couplings T¢", where « labels the cohomology of X, n labels the gravitational
descendants in the sense of the topological gravity on X (in the problem studied in
this paper, X is a two-dimensional manifold and » is a non-negative integer), and
k is a partition labelling the multi-trace operators:



212 NIKITA A. NEKRASOV

S—>S+ZZT“"/U,,(OK)/\ea (1.6)

o,k n=0

We shall call the space of all these couplings the Very large phase space. We shall
write an expression for the partition function of the topological string on the Very
large phase space in genus zero (i.e. for target space being a two-sphere). The prob-
lem of finding the special coordinates on the Very large phase space, which is in a
sense equivalent to the problem of constructing the full quantum gravity dressed
string theory partition function, is beyond the scope of the present paper. The for-
mulation of the problem for the general target space X looks more important then
the possible solution of the problem we can anticipate from the gauge theory anal-
ogy for X =13, a Riemann surface.

The partition function Zx. In this paper we study the case where X is a
Riemann surface of genus A. The partition function Zx of the A-model on a
Riemann surface X is a function of an infinite set of couplings, t= (t,?‘) where
a=0,...,dimH*(X)—1=2h+1, eg=1, and k€ Z>(. We introduce some additive
basis e, of the cohomology of X, e, € H*(X, C). We have:

0 29—2 n
= qﬂ ZH / Neviea) Ayl (1)

Zx(t; h,q)=exp Z
g,n; =0 ka i=1 Mg,n(X,ﬁ) i=1

where we used the standard notations [26] for the moduli space M, ,(X, B) of
degree B genus g stable maps to X with n punctures, the evaluation maps:

ev; m% X (1.8)
defined as:

evi(C,x1, ..o, X5 @) =P (x;) (1.9)
where (C, xq,...,x,; ¢) is the stable map with the n punctures xi, ..., x,. Finally,

in (1.7) we use the first Chern class ¥; =61(T;’; C) of the cotangent line at the i’th
marked point. Following [27] it is convenient to think of the partition function Zx
as of the functional on the space of positive loops valued in H*(X). Thus, let us
introduce the H*(X)-valued function:

© o 2h+1
t(z):Ztnm, tn:zzgeaeﬂ*(X) (1.10)
n=0 ’ a=0

of a formal variable z. In addition we introduce several other functions, related to
t(z), the expansion coefficients of its antiderivative

2h—1

o (z—t(z))—%—zt (@)eq (1.11)
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and its Legendre transform:!

1
Ft(x)_xz(x)——z (x)+z (k+1)'tkzk+ (x), (1.12)
where z(x) € H*(X) solves:
x=1z(x) —t(z(x)) (1.13)

and is given by the following formal power series in t;’s:

z(x)—x—i-z [t ()] =x 4 t() + t(x) -t () 4+ - (1.14)
Note that
2(—1)=0 (1.15)
and
OF(x) OF(x)  z[x]*H!
o A T Tk (1.16)

Even though x € C = H(X), both z(x),F¢(x) € H*(X) are the inhomogeneous
cohomology classes, and can be expanded,

z(x)=z[x]-14---

(1.17)
Ft(x)=Ft(x)1+

where --- stands for the higher degree classes in H*(X).
We present our result in two forms:

The mathematical formula represents Zx(t) as a sum over partitions.” Given a par-
tition A= (k] >Apy>---), let f;(x) denote its profile function (Figure 2):

fx(X)=|x|+Z|x—ﬁ(?»i —i+D|=x—=h(; =)+
i=1
Flx — Fi(=i)] — |x — h(—i + 1) (1.18)

Define S, (t) e H*(X) as:
1
SA(t)=—/dxfx”(x)Ut(x)+

e(X)

//dX1dXz 1) £ (x2)Ge(x1, x2) (1.19)

n order to avoid the confusion we shall give the explicit formulae for the expansion of
1(2).s' (). 1*(z) later on.
2The basic notions of the theory of partitions are recalled in the Appendix A.
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Figure 2. A partition A=(6,3,1,1,1), its Young diagram(s), and profile in green.

where e(X)=c1(TX) is the Euler class of X,

X(X)=/€(X)=2—2h,
X

and the functions U; and G are the particular solutions to the finite difference
equations:

. (x * %h) —U (x B %h) =F¢(x) +e(X)- ((x+to)log (x+t0) _

z(x)
— (1 1 Nt
—§(§+§+-~-+7)ﬁz(x)), (1.20)

(the right hand side is a formal power series in x)

1 1 1 1
Gy (xl +-h,x2+ Eh) -Gy (xl - Eh’ X2+ —ﬁ) -

2 2
1 1 1 1
—Gt (X] + Eh, X2 — Eh) +Gt (Xl — Eh, X2 — Eh) =
=log (M), (1.21)
n

which we specify in the main body of the paper. The scale u is related to A. The
mathematical formula is:

1
Zeha) =Y (-0 e 5 [ S0
A X

(1.22)

The physical formula. The A model version identifies Zx(t) with the partition
function of a two-dimensional gauge theory on X. The gauge theory in question is
a twisted N/ =2 super—Yang-Mills theory with the gauge group G, to be specified
momentarily, perturbed by all single-trace operators, commuting with the scalar
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supercharge Q. More precisely, Zx is equal to the generating function of the cor-
relators of all 2,1, and 0-observables (we remind the relevant notions in the main
body of the paper), constructed out of the single-trace operators

O = Coeff i« Try e"?, (1.23)

that is:

oo 2h+2 dege
T u—

X k=0 a=1
T2 =122 —log (¢) + x (X)log (h)
=t -1

(1.24)

and the other times Tlf‘ =17. The gauge group G consists of certain unitary trans-
formations of a Hilbert space H. Its definition will be discussed in Section 4.

The physical formula. The B model version represents Zx(t) as a partition func-
tion of a Landau-Ginzburg theory with the worldsheet X. The A'=2 supersym-
metric Landau—Ginzburg theory without topological gravity is determined by the
following data: a target space, which is a complex manifold ¢/, a holomorphic
function W, and a top degree holomorphic form © on U. The target space U
is an infinite-dimensional disconnected space. Its connected components U, are
labelled by partitions A. Each component is isomorphic to C*°, the space of finite
sequences of complex numbers. The superpotential W, :U, — C is given by the reg-
ularized infinite sum

& 1 1 —
WA=Z|:(Ai—i+§) Z"_EZ%JFZ(kal)vZfH (1.25)

i=1 k=0

The top degree form is given by the formal product:
o0
Q= /\ de (1.26)
i=1
where
o0 ) o0
14> et =] [ +120).
i=1 i=1

Of course the infinite-dimensionality of various ingredients involved means that
this is not the conventional B model. However the theory provides a regulariza-
tion of the infinite products and sums above.
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Very large phase space extension. In the worldsheet formulation the Very large
phase space observables are non-local. In the topological string language, the
observable Og ... o(x1,...,x1) (ey) corresponds to the condition that the points
X1, ...,x; of the worldsheet are mapped to the same point f € X sitting in a cycle
representing [«] € H.(X), the Poincare dual of e,. As a cohomology class of the
moduli space of stable maps:

Oo.0....0(x1, ..., x1) (eq) =Poincare dual [(ev1 X evy X - x evy) ! [a]”] . (1.27)
Analogously, one defines the descendant observables:

Oki kot K15 - XD €)=Y AL AU Ay 0(x1, -, 1) () (1.28)

Note that the non-local string theories describing multi-trace deformations of
gauge theories were recently studied in the context of the AdS/CFT correspon-
dence [28].

On the very large phase space the function W, is perturbed by the generic sym-
metric function of z;’s:

o

WA=Z(Ai—i+%)2i —Oz-i-ZTKCDK
i=1 K

O =0, O, - O (1.29)

k=(k1=ky>--->kj)
where
o0
O = Coeff x D e, (1.30)
i=1

while the holomorphic top form is given by (1.26). The three point function on a
sphere is given by the regularized version of the Grothendieck residue:

Caﬂy:Z z q)a(ZA)CDﬁ(ZA)q)y(ZA) (1.31)

W
Az dWi(2)=0 Hessq™ (z2)

where «, 8, y are partitions, and HessQWA is the regularized determinant, defined as

a ratio of the determinant of the derivative map Det(dW),):det7 —> det7* and
Q2 viewed as an element of det®>7*, where 7 is the tangent space T),,U at the
critical point p; of Wj.

The couplings 7, in (1.29) are most likely not the flat (or special) coordinates T,
on the Very large phase space. The flat coordinates T, are obtained from 7, by a
formal diffeomorphism. The defining feature of these coordinates is the gradient
form of the three-point functions:

OF

Copy = 1.32
P = T, T 40T, (132
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for some prepotential function F(7'). The target space theory observables @, also
have their own gravitational descendants oy ().

2. Two-Dimensional Target X

Let X =% be a Riemann surface of genus 4. The cohomology of X is generated
by 1e H'(X), w; e H'(X), I =1,...,2h, and w e H*(X). The product of the odd
classes is governed by the intersection form n;;=—ny;,

wyNoy=nr; - w 2.1

We normalize:

/w:l, /ZD']/\G)‘JZY}[J (2.2)
X

X

Let e(X) € H2(X) denote the Euler class of the tangent bundle of X,

/e(X):2—2h

X

The moduli space M, ,(X; ) of holomorphic maps f:C — X of genus g(C)=g,
and degree f,[C]=p8¢€ Hy(X) has the (virtual) dimension:

dimM,,(X; B)=BQ2—2h)+2g—2+n=b+n (2.3)

where b=2(B8(1 —h)+g—1) is the number of branch points of a typical f. The
moduli space M, ,(X;B) is a compactification of the configuration space of b
points on X, and n points on C.

2.1. THE MATHEMATICAL DEFINITION OF THE CORRELATORS

There exists a mathematical definition of the observables of the topological string.
Unfortunately we did not succeed in fully deriving this definition (which we recall
immediately) from the field theory. Perhaps this difficulty is related to the difficulty
of finding the proper definition of the three-dimensional quantum gravity using the
gauge theory techniques [31].

Consider the moduli space (stack) of stable maps M, ,(X, ) of degree
B e Hy(X), genus g, with n marked points. This is the space of triples: (C; x1, x3, ...,
xn; @), where C is a compact connected complex curve with at most double point
singularities (i.e. the singularities which locally look like a coordinate cross xy =0
in C?), x; € C are distinct marked points on C which do not coincide with the
double points, ¢ : C — X is a holomorphic map, such that [¢(C)]=pB. There is a
(possibly disconnected) smooth curve C =11,C, which is obtained from C be sep-
arating the double points. The genus g of C is computed as from the topological
Euler characteristics 2 —2g= x1op(C). It is easy to express it in terms of the genera
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Figure 3. A typical genus zero B=11 stable map to X =CP!. The preimages of the points
0,1,00€ X and the degrees S, of the maps of the smooth components C, are shown explic-
itly. The double points are red.

of the components C,, the numbers v, of the preimages of the double points on
each Cy, and the number v of the double points on C:

2—2g=U+Z(2_2g(x_vot)
[

There are additional conditions on the allowed triples, which guarantee the
absence of continuous infinitesimal automorphisms. Namely, every component Cy
of genus zero must either have at least three marked or double points, or the
restriction of the holomorphic map ¢ on C, be non-trivial, 8, =¢[Cy]#0. Every
component C, of genus one, where ¢ is constant, must have at least one marked
or double point (Figure 3).

Now, the moduli space of stable maps has n natural line bundles L;, i=1,...,n.
The fiber of L; over (C;xi,...,x,;¢) is simply Tx";C, the holomorphic cotan-
gent bundle at the i’th marked point. In addition, there are n evaluation maps:
evi : My, (X, B)— X,

evi(Cs X1, ..., Xn; @) = (x;) 2.4

Let ¥; =c1(L;) denote the first Chern class of the line bundle L;. It is a degree
two cohomology class of M, (X, B). One defines the observables of the topolog-
ical string:
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€ € H*(X) —> 01 (€q) (xi) =] () AP} (2.5)

The mathematical definition of the topological string partition function at genus g
is given by (1.7).

2.2. THE STATIONARY SECTOR

The stationary sector of the topological string on X is defined as the restriction
on the set of couplings t*. Namely, we turn on the gravitational descendants only
for the top degree form, 7 #0 for k>0 only for «, s.t. [y e, #0. In the case of
X =X this means that the only non-vanishing times are t,‘("zt,th. The logarithm
of the partition function gives the free energy of the topological string, which has
a genus expansion:

oo
Zx(t h.g)=exp > W 2F (% q) (2.6)
g=0

where the genus ¢ free energy (the contribution of the connected genus g world-
sheets) ]-";( (t®; ¢), in turn, has the worldsheet instanton expansion:

o
1
X g0, N _
Fyaia)= 2, a" 3 5 i1 x
BeZ= n=0 " k
X / ev’fw/\W{” Ao AevEim A ke (2.7
M (X.)

In the case X =X the topological string computes the Hurwitz numbers [12], i.e.
the number of coverings of X with given branching conditions.

This number can be computed [12] by the simple harmonic analysis on the per-
mutation group — the structure group of the covers.

The two-sphere. We first state the result for = =CP'. Let

0 xk+l
k=0
then the partition function
1
Zepit?ihg) = D (=M ZP (i h) (2.9)
2

is the sum over the partitions A, which label the representations of permutation
group. The partition A contributes to (2.9) as follows:

CP! 0 dimA ? < o $k
Z)L (t ,h): W eXp ];tk h Ck+1()\.) (210)

where cx(A), k>0 are the Casimirs of the partition A, defined in the Appendix.
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Higher genus. For the genus 4 Riemann surface the result is but a small modifica-
tion of (2.9):

Zs(t h,g) =Y (—)MZ¥ ;b
A

(2.11)
ZF(; h)=(

dima > 2" e
W) exp fo)hkckﬂ(?»)
: k=0

Unlike the genus zero partition function, which converges for all values of g, ty’
and is a formal power series in #;” for k>0, the higher genus partition function is
a formal power series in qetff for 1> 1 and has a finite radius of convergence in
ge't for h=0.

2.3. THE NONSTATIONARY EXTENSION ON X = CP!

We now turn on the descendants oy (1) of the unit operator, with the correspond-
ing couplings (tkl),‘:io. We continue with X = CP'. Recall the Virasoro constraints
obeyed by Zy, derived in [32]:

L2y =0, k>—1, (2.12)

where Lj; are given by (A.1-3). Equations (2.12) can be viewed as the infi-
nite-dimensional version of the heat evolution equation. Now, since the initial
condition (2.10) is a superposition of the plane waves® in the r®-space, the t!-
dependent solution to the Virasoro constraints is also a linear combination of the
plane waves:

1
Zepi (1% h )= ()M 2P (1)
A

1 = (2.13)
ZEP (!, 1%; h)y =exp (Zr(/\; h, el + : > ek b, rl))
k=0
where now:
k1 by V) = Coeff st Co(us hy 1Y) (2.14)

are the u-expansion coefficients of the regular part of the t!-evolved Chern char-
acter

G b =S it b]
Wb th=>"e (2.15)

i=1

3An analogue of e/k*.
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where the formal function z[x] is defined by (1.13) and (1.17). Finally the r-func-
tion is expressed in terms of the profile f;(x) of the partition A:

1 1
r0sh =g / / drerdes £ (o) £ (2) G (x1, ) + o / dx f7/(6) A (x)

(2.16)
where the kernel G; and the function A; are given by the explicit formula
z[x1] - z[%2]
Gi(x1,x2) =15 Ix, [log (#)] (x1, x2) + Yp(x1 — x2)
X1—X
2.17)

A(x) =TI, {(xwo)log( ) i[z ]11[x]]

which uses certain integral operator Z, and a special function yx(x). Both are
described in the Appendix, together with the derivation of the formula (2.16).
The t“-dependent part of (2.13) can also be expressed using the profile f;(x) as
follows:

/ dv £/ () T L] (2.18)

The formula (2.13) is equivalent to (1.22) for X =CP'. To show that, use (1.16) to
relate the integral f x Ut to Z[F¢] and (2.16).

2.4. THE GENERAL TWO-DIMENSIONAL TARGET SPACE

Now let us consider the general genus /4 two-dimensional Riemann surface ¥ as
our target space, X = X. The topological string partitlon function depends on
I=1,...,
another infinite sequence of coupling constants: (sk) k=01, 2 . They correspond to
the odd-dimensional cohomology classes w; € H'(Z) of & and their gravitational
descendants.
We fix the s/-dependence by solving the generalizations of the Virasoro con-

straints [32]. The result is:

3l ] —
Zs (t; h, q)zZA:(_q)\AIe(Z—Zh)r(A,h,t ) % Cxp(ﬁ gtl?ck+l()‘; A, t1)+

2h
1 k+1 1
+ g Z( 1) 3 st it (2.19)

k120 1.7=1
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where 77 is the intersection pairing (2.1) and gi(x; /i, t!) are the new invariants of
1;’s*defined as:
g (A; h, thy = Coeff i Ty (u; b, t1) (2.21)
where (we introduce a nilpotent variable 9, 9 =0):
1 1 - LlZ[h()n’—i+l)+19]
Coous B th) + 95, (s b, £y =D LTI (2.22)
i=1

The u-expansion coefficients of this function are well-defined as the formal
power series in t!. Indeed, for the empty partition =0 one has:

1
Yo (u; t]):ﬁ €""™7/ (x) + negative in u terms
e —e T x=0
© b (2.23)
1 2
So(u; tht = ™ yz(:) _(Zgg)! 2929 (expuz(x)—1)=7 [e“Z[x]z/(x)]
= x=0

where the numbers by, are given in the Appendix. For A #0 the difference %; — X
is a finite sum of exponents in u.
From (2.23) we derive:

g0 t) =T [0 ()] (2.24)

3. Two-Dimensional Gauge Theories

In this section we prepare the grounds for identification of the field theory on
¥ whose partition function reproduces the disconnected topological string parti-
tion function. This field theory is a twisted version of a two-dimensional A =2
supersymmetric Yang-Mills theory. We shall first remind the relevant notions of
the two-dimensional Yang-Mills theory with the gauge group a compact Lie group
G, then discuss its N =2 supersymmetric version, then discuss their relation, and
then discuss the modifications needed to reproduce the string partition function.

3.1. TWO-DIMENSIONAL PURE YANG-MILLS THEORY
Group theory notations

Let G denote a compact Lie group, g=_LieG its Lie algebra, T C G its maximal
torus, and tC g its Lie algebra, i.e. the Cartan subalgebra of g. Let »r =dimt denote

4Th(:y are the regularized sums

k
g th~ i yl" , (2.20)
kb= 1=tV ()




TWO-DIMENSIONAL TOPOLOGICAL STRINGS REVISITED 223

the rank of G. We have Cartan decomposition: g=t@®ny &n_. Let VW denote the
Weyl group of G, Ay the set of positive roots, A=A, UA_ the set of all roots.
Each root o € A1 corresponds to an element e, €ny, also sometimes called a pos-
itive root and to an element e_, en_, called the negative root. The root ¢, being
an eigenvector for the adjoint action of t on g also defines an element of t*. Let
o denote half the sum of the positive roots:

p:% > a (3.1)

OlEA+

which we view as an element of t*. Finally, Ay, Ct* denotes the weight lattice. It
contains the root lattice A,, which is integrally generated by e, € t*, o € A. The
quotient Ay /Ay is isomorphic to the center Z(G) of G.

We shall be using the notation ¢ for vectors in g, ¢ for vectors in t. An Ad(G)-
invariant function F(¢) on g is uniquely determined by its restriction f(¢) on t,
where it defines a W-invariant function. As such, it can be also expressed in terms
of the Chevalley generators (elementary symmetric polynomials in the case of
G=SU(@r+Y1), o1,...,0.:

Cit"Y =Cloy, ..., 0] (3.2)

We shall sometimes use the same notation for the W-invariant function f on t and
for the function on t/W:

An important role is played by the identity:

doyA---Ndo, = H (a, @) dpi A+ ANdy 3.4

aeAy

Two-dimensional gauge theory

Let P a principal G-bundle over X. Let ad(P)=g x 44 P be the adjoint vector bun-
dle over ¥ (with fibers isomorphic to g). The principal G-bundles P over X are
classified topologically by the elements ¢p € H2(S, 71(G)). If G is a simply con-
nected cover of G, then c¢p can be represented by an element zp of the center
Z(G) (one trivializes the bundle P over the complement X\p to a point p€ %,
and then the obstruction to trivialize P is a small loop in G, which lifts to a path
in G. The endpoints of that path are related by the element zp € G). Given a dom-
inant weight A € A} consider the corresponding highest weight G-module V,. The
character of zp in V; will be denoted as

x.(P)=try, (zp) (3.5)

The fields of the two-dimensional gauge theory are: the gauge field A, a
fermionic one-form i, valued in the adjoint bundle, and a scalar ¢, also in the
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adjoint representation. Mathematically, A is a connection in some principal G-
bundle P over a two-dimensional Riemann surface %, v € I'(ITad(P) @ Q1(2)),
¢ €T(ad(P) @ Q°()). The field ¢ is the momentum conjugate to A, sometimes
called the electric field.

The action of the theory is defined with the help of the H*(X)-valued Ad(G)-
invariant function® W on g:

s:/W(¢+w+FA) (3.6)
)

where Fy eI'(ad(P)® Q%(X)) is the curvature of the connection A. Being G-invari-
ant, the function W is uniquely determined by its restriction onto the Cartan sub-
algebra t, where it defines a VW-invariant function €.

We can expand:

W=W+S8w +T%

3.7
Q=w+s'w; +1% 37

The functions W, S!, T® are the Ad-invariant functions on g- W and T® are
bosonic functions, while S’ are fermionic. These functions are uniquely deter-
mined by their restrictions w,s!, r® on t. These functions w, s, r® are W-invari-
ant. Again, w, t“ are bosonic while s! are fermionic.

The space of fields (¢, ¥, A) has a canonical measure:

WDADwDQS (3.8)
where G denotes the group of gauge transformations of P. We identify ¢ as an
element of the Lie algebra of G, and, as this group has a Haar measure, we can
define D¢ /Vol(G) to be simply the restriction onto the Lie algebra, identified with
the tangent space at the identity in the group, of the normalized Haar measure on
the group. The remaining measure DA D is the canonical Berezin measure on the
split superspace.
The gauge theory partition function is:

1
Z(W; Z,P):W/DADw&p exp/W(¢+lﬂ+FA) (3.9)
)

Of course, (3.9) does not exhaust all the possible correlation functions of the phys-
ical two-dimensional Yang-Mills theory. We cannot study the expectation values
of the Wilson loops, for example. However, by differentiating (3.9) with respect

5Note that W can be viewed as an element of HE;(E), where G acts on X trivially. Moreover,
one can consider a generalization where the center Z(G) of G acts on X. It would be interesting
to relate this possibility to the constructions of [33].
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to the parameters of W one gets the generating function of the correlators of the
Q-invariant obserables, where Q acts as follows:

3.2. SUPERSYMMETRIC YANG-MILLS THEORY

The fields of the two-dimensional N =2 supersymmetric Yang-Mills theory are:
a complex adjoint scalar o, its conjugate &, the gauge field A, and the gluinos,
i.e. the adjoint-valued fermions A, A_, A4, A_, where + denote the worldsheet chi-
rality:

he Tl (KE P @ad(P))

3.2.1. Lagrangian and global symmetries

The Lagrangian of the pure N =2 super-Yang-Mills theory is (vol, =x1):

1
L:ﬁ/ tr (FA/\*FA+DAJ/\*DAE+[G,E]2VOIg+
£ X
NN Y WA S, DO NSyl o Wl YN 1< x_]) 3.11)

The theory has four supercharges Q4, O+, which obey the A'=2 superalgerba:

(Q+. Qi}=P, {Q-. Q0 }=P-,
{Q-i-’ Q—}:Os {é-l—s@—}zoy (312)
{Q+7§7}:O’ {§+’ Q7}=0

where P = H &+ P are the left and right lightcone translations respectively. The
theory has a global U(1)4R-symmetry, under which A’s have charge +1, A’s have
charge —1, the supercharges Q, Q have the opposite charges, the scalar o has a
charge +2, and & has a charge —2. The theory has another global U(1)y R-sym-
metry, under which (A, A_) have charge +1, and (A_, ;) have charge —1, while
the rest of the fields is neutral. The supercharges Q,, Q_ have charge —1, while
Q_, Q4 have charge +1.

3.2.2. Topological twist

The twisted super-Yang—Mills theory has the same set of fields except for
their Lorentz transformation properties are modified. The Euclidean rotation
group of the twisted theory is the diagonal U(1) subgroup in the product
U rorentz x U(l)y of the symmetry groups of the original physical super-
Yang—Mills theory. Since only the fermions of the original physical theory are
charged under U(l)y, only the fermions change their Lorentz spin upon twist.
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The fields (A4, A—) become the (1,0) and (0, 1) components of the adjoint-valued
one-form v = v,dz + ¥=dz, while A+ become the scalars, which we shall denote as
x £ 1. Out of the four supercharges, two, Q, and Q_, become scalars and two
become a one-form. Let us denote the twisted version of Q. as QI’O while the
twisted version of Q_ as Q%!. In fact, only the sum Q= Q"0+ Q%! is a scalar.
The difference, 0= Q"% — Q%! is a pseudo-scalar, it changes sign under the world-
sheet parity. The topological supercharge Q acts as follows:

QA=vy, Q¢ =Dso, Qo=0
Ox=H, QH=[x, 0] (3.13)
Qo=n, QOn=[o,0]

where we introduced the auxiliary field H, a scalar in adjoint representation.
On-shell, H=«F4. The other charge Q acts as follows:

QA=xy, Q¥ =xDjso, Qo=0
Ox=+[0.5], Qo =xx (3.14)
On=+H, QH=x[n.0]

The action of the twisted theory:

1 ~
S=@|Q, |:Q,/ tr (E*FA—l—Xr)):H:
1

1
=—Q/ tr\x{Fa—=*xH )| +¢y*xDso+nx[o,7] (3.15)
2g2 2
upon elimination of the auxiliary field H reads, in components:

1
2—2/ tr (Fa A*xFa+ Dao AxDac + [0, E]zvolq)+
. ‘

Hr (X ADaY =Y AxDan+ x x[x, o1+ n*[o, n]+ ¥ Ax[¥,T]) (3.16)
Explicitly, the current of the Q operator, Q=¢ J has the form:
J=tr (HY 4+ Do + x x Dpo))

The twisted theory has the observables O, which are annihilated by the Q
operator. As all the metric dependence in (3.16) comes from the Q-exact terms,
the correlation functions of these observables are metric independent, i.e. they are
topological. The main observation of [34] was that these correlation functions can
be computed, up to a certain subtlety, by a two-dimensional gauge theory (3.9)
where essentially ¢ is identified with o, while the quartet of fields x, H,o,n is
eliminated.
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3.2.3. Physical versus topological observables

The observables of the topological theory are the Q-invariant gauge invariant func-
tionals of o, ¥, A. Indeed, the quartet x, H,o,n does not contribute to the coho-
mology, as one can explicitly see by adding a term:

ifQ/ troy (3.17)

to the action, sending 7 to infinity, thereby making yx, H,o,n infinitely massive.
Thus we are left with the observables which are: local observables, which are the
gauge invariant functions of o:

00 = p(a) (3.18)

and their cohomological descendants:

oP
/033)=/@w“, CeH (D)
C C

1 &P OP
2) a b a
=/[ = —F
/OP /280“80bw N +8a“

) )

(3.19)

Here a,b=1,...,dimg are the Lie algebra indices. The main property of the
sequence (9(0),(95)1),(95,,2) of local operators, constructed out of a single gauge
invariant P is that they obey the descent equation:

doW=( 0,04 (3.20)

which implies that

2) 10 1 ()] 0) /(2
/t( '0p) +sV A0y +1P 0% (3.21)
)

is a Q-invariant deformation of the Lagrangian of the theory (3.11) for the c-
number valued closed differential forms (-2 e Heven (%), s(D e godd ().

W—W+:Pp, 45D p 4O p, (3.22)

In the language of the two-dimensional A'=2 theories, the 2-observables (9;2,) cor-
respond to the twisted superpotential terms, the Q-exact term (3.17) comes from
the conjugate twisted superpotential term W = %?trﬁz.

Now, by identifying the field o of the supersymmetric Yang—Mills theory with
the field ¢ of the ordinary Yang-Mills theory one embeds the latter as a subsector
of the former. Moreover, the correlation functions of the Q-invariant observables
of the physical Yang-Mills theory are identified with the correlation functions of
the Q-invariant observables of the A =2 twisted theory, modulo small subtlety
which we discuss later.
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3.2.4. Gauge theory partition function

The result which can be derived following the strategy of [34], is

Z(W; 3, P)= > mP)exp/szeff (®2) + (P51, 1+ p)
vt J

o i}
— (@) =A+p, ®LecH (Z;1)
Op

1 oo PR Oy
QT =9 — _¢(2)logDet|| — —— ——
26( log et‘ Jo Jpdyp Oo
(3.23)
An equivalent form of the answer (3.23):
Pw \ !
Detta 2 _
Z(W;Z,P)= P — Y exp’
Z+m )| | Betgradipy )
reAy
=0
ow
a—(¢A)=(/\+p), pret
%
174
(o) = t()—l Os! os! Pw
Q)=1"¢ THJa &pl _&o&p
(3.24)

We now remind three possible derivations of (3.23) and (3.24).

Nonabelian derivation. The idea of this derivation [34] is to make a field redefini-
tion under the path integral to reduce the problem to the case W = %t (¢, ¢) and
then use the known results on the two-dimensional pure Yang—Mills theory.

dimG h—2
Vol(G
=2 ((f) d:)m(R)) exp D17 erc(Ry), (3.25)
k

reP,

the sum being over the dominant weights of G, i.e. the set of all irreducible rep-
resentations (there are some subtleties when 71(G) #0, see [34]).

Abelianization. The idea of this derivation [35] is to project the nonabelian fields
onto the abelian ones, integrate along the fibers of the projection, and then analyze
the effective abelian theory.

Localization. The idea of this derivation is to first look at the path integral with
fixed o, and then use the localization onto the fixed locus of the Q-symmetry,
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i.e. onto the space of gauge fields, preserved by the gauge transformation gener-
ated by o, see [36]. For generic o this set is empty. Indeed, the equation dqpo =0
implies at the generic point on X that the gauge field A belongs to the maximal
torus of G determined by o, and that all the gauge-invariant functions of o are
constant:

opP

dogﬁ’)_a—d a=0

Thus the path integral over all fields but o is a distribution in the functional
space of o’s, supported at the locus of the constant (up to a gauge transforma-
tion) fields [37]. The determinants one sees in (3.23) and (3.24) are the standard
Bott-Duistermaat-Heckmann type products of weights of the action of o on the
normal bundle to the Q-fixed locus.

The case of G=U(N). In this case the formulae (3.23) and (3.24) can be made
rather explicit. The gauge invariant functions W, S/, T® are the Sy-invari-
ant functions w(gi,...,on), s'(@1, ..., 0n), t“(¢1,...,¢n) of the N eigenvalues
i (¢1,...,0n) of the N x N anti-Hermitian matrix ¢. The principal G-bundles P
over X are classified by a first Chern class ¢ (P). Instead of computing the parti-
tion function (3.9) for fixed P it is convenient to sum over all topological classes
of P, with the Upsilon angle term

e% J5 trFa
to distinguish them. The Upsilon term is actually a particular deformation of W:
9
W—W+ _—tro (3.26)
2

so that we shall not write it out explicitly. The partition function (3.9) with these
modifications understood, can be written, more explicitly, as:

ZW; 2)= Vo l(g) / DA;jDYij D HDetF(QO(E)@gu) (o =) >
i#]
N N
ow 1 82w
xexp/za—(/)idAii+§ Z/a 09 Vi At
y i=l b=l
N
1 ow  Ow\ (Vij A
! /( __) (_+A--AA~ +
2 IJZ=: 5 Opi Op; G =@ o
2h N Os I
+ 2/3 Vii Aoy +/tw(§0)w (3.27)
=ity b

where we fixed the gauge ¢ =idiag(¢y, ..., ¢n), and used

ow ow PwW Pw 1—68ix (0w Ow
=07 A =0ij0km Kb
i Opi  0jO0di Op; Oy, ®i — Pk
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which can be derived using the well-known formulae from the quantum mechani-
cal perturbation theory:

3ijéji
Sp;i =8¢ii + E @ +... (3.29)
it i —@j

In (3.27) we have the Faddeev—Popov determinant

I1 Detr(qo(s)we;) (@i =) (3.30)
i#]

associated with the gauge fixing. The structure group G=U(N) of the gauge bun-
dle reduces to the maximal torus T = U (1) commuting with ¢. The diagonal
components A;; of the gauge field are the corresponding abelian gauge fields. The
fluxes

ni=L./dAii (3.31)

are to be summed over. The line bundle &;; we see in (3.30) and (3.27) is associated
with the root e; —e;. It has the first Chern class n; —n;. Upon integrating out A;;
and y;; for i # j one gets a determinant in denominator, similar to (3.30), except
that the operator of multiplication by ¢; —¢; acts on the one-forms twisted by &;.
The integral over A;; in the given topological class fixes ¢ to be a constant on %°
The integral over the bosonic fluctuations of ¢;, and A;; is almost cancelled by the
integral over the fermionic fluctuations of ;. The mismatch is due to the differ-
ence of the number of the zero modes: there are i zero modes’ of 1//3’1 and there is
one zero mode of ¢;. As fr the determinants of the &; fluctuations, the difference
of the number of the corresponding zero modes is dimH*(2) ® &;; —dimH*! () ®
Ej=1—h+n; —nj. Assembling all the factors, taking into account the contri-
bution of the sources s’,r®, and ignoring the (VolU (N))Zh_2 factors we arrive at

6In comparing with [34] it is useful to remember that the Hessian of W on LieU(N) can be
expressed through the derivatives of w(gq,...,¢N):

al g‘zl - %}
C l 0 /
x R (3.32)
I1 ( oy )

i#j=1

W
O dpP

Pw
Op; Op j

2
N N
Dety p—1 i.j=1

TWe use (0, 1)-components to account for the difference between the Pfaffians and the determi-
nants.
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[cf. (3.24)]:

1
Z(W;Z)=—N, E /d¢1~~d<ﬂzv (Deti,j
R

. . =Lij o1 5.J
y eZm > gT'fin;+t“’(<P)—%7)IJ (3271}) g%lg;f/ _

Pw
0 Op

h
) H ((pl _(pj)l—h-‘rn,'—nj «

i#]j

h—1
Pw 1 ~
= Z Det, j W H (901 _(pj) et<(p> (333)
. Vi 0P j oy
=9
5 Ow o1
i —=Ai—it o, A=A =A2>---AN)
8(p,» 2
- 1 ~Lij 9s! s’
(@) =1(p) — =n1s (& —
W =1"@) =g (PPw) T 555
Note that we can write:
) 1
Qi =2 )\.i—l-i-z (334)
where z[x] is the function, which is the formal inverse to
N-1
ow 1 ,
= — 3.35
Yy =>" O K1 (3.35)
k=0
with
1
Or= ki P~ (3.36)
where we represented the symmetric function w(gy,...,@y) as the function of
Ol s ey ONZ

w(‘ﬂla-«-,(PN):W(OI,~-~,ON)

The subtlety. The correlation functions of the supersymmetric Yang-Mills theory
are perturbative in the couplings «”. Indeed, these correlation functions are given
by the integrals over the finite-dimensional moduli space Mg of flat connections,
where the operators (’)g) are identified with the Donaldson classes, obtained by the
slant products of the characteristic classes of the universal bundle over Mg x X
with the homology classes of X.

The correlation functions of the “physical” Yang—Mills theory are more compli-
cated — in addition to the integrals over Mg, which are the correlation functions
of the N =2 theory, they also get some contributions from the “higher critical
points” of the Yang-Mills function. These contributions are non-perturbative in
the couplings ¢ in (3.25) and can be separated from the result of the topological
theory by analyzing the Poisson resummation of (3.25) as in [34].
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4. The Synthesis

We are now approaching our main point. The partition function (1.22) has exactly
the form (3.23), (3.24), (3.33) where the role of the gauge invariant functions W is
played by the power-sum symmetric functions:

w(<ﬂ)=—z (k+1)' [ Zfﬂk+1
SI((/)):Z (k—i-l)' S Z¢k+1 “4.1)

1 () = Z(k-q—l)' ¢ Zwkﬂ

where the gauge invariant operator k, tr¢* in the U(N) gauge theory is replaced
by the t'-evolved Chern character cx(i; 7, t') = Coeff uk tr e"? where

¢=z[hE]

and the infinite matrix E is in the formal neighborhood of the operator L( acting
in the first quantized Hilbert space of the single free fermion on a circle:

1 o0
=~ diag (A,- iy 5) 4.2)

i=l1

Indeed, the evolved Plancherel measure expr(i; /i, t!) can be interpreted as the reg-
ularization of the infinite N version of:

[1,= )=

1
r(d; A, th ~ —zlog Det

Opi O j i) P
=——Zlog (1- () )+Zlog i — ;) ~
i<j
1 (d 1 du fuzlhi—i+3 +ie) —iuzlhj—jtg—i
o _ (% . - i ) J ]+2 ie]
2 (ds §=0 F(S)/ u Ze Ze
0 i J &0
4.3)

while the gi(%; A, 1) symmetric functions (2.21) are the regularization of the sums

k

(\; h tl)"’lz ¥
gk s Iy k! '
i

w” (i)

which we see in

1 k—+1

1 Lij 9s! 8s ©:
_ 82 J i
2’7”( w) i O 2" Z k'l' — w(gi)
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Thus, we can identify the target space theory of the topological string with a
generalization of the two-dimensional gauge theory, a kind of U(oco) theory. The
precise definition of the gauge group G should involve some sort of a formal func-
tional analysis, which we are not aware of. It is amusing to note, however, that the
G-invariant functions on the Lie algebra of G are given by the regularized traces
related to Dixmier traces. We are thus suggesting our string field theory may serve
as a definition of the quantum theory with the spectral action, as in [38].

The topological string amplitudes at fixed 8 and g are the finite polynomials in
the couplings #’, due to the dimensional counting. Given the remark at the end
of the previous section we are forced to claim that it is the N'=2 supersymmet-
ric theory (in its twisted form) which should be identified with the string field the-
ory, rather then the ordinary Yang—Mills theory (in this sense we are not giving the
string theory of the large N two-dimensional QCD, as studied in [20]). However,
should a non-perturbative definition of the topological string theory come along,
one might wish to reconsider this identification. In particular, it may happen that
the “instantons”, i.e. the non-trivial Yang-Mills connections of the Hilbert space
gauge group G are precisely the non-perturbative corrections to the topological
string amplitudes.

Multi-trace deformations

The partition function (1.22) does not map to the full gauge theory partition func-
tion. What is lacking are the multi-trace deformations

Z 7 tr k1 tr g2 - -« tr pkr

W W
T k! k!

k=(k1=ky=--->kp)

They correspond to the non-local (on the worldsheet) enumerative invariants of the
topological string, defined in (1.27) and (1.28).

Equivariant gauge theory in two dimensions

When the topologically twisted A'=2 supersymmetric gauge theory is studied on
a worldsheet with isometries, the theory can be deformed by modifying its scalar
supercharge by making it into the equivariant differential.

Physically this is equivalent to studying the theory in the Q-background [11].
The supercharge Q is modified to Qy, which acts as follows:

OvA=vY, Qvy¥=Dpo+iyFy
Qvx=H, QvH=[x,0l+twvDax (4.4)
Qvo=n, Qyn=l[o,0]l+iyDsoc

The square Q%, is a gauge transformation generated by o +(yA and a transla-
tion Ly along the vector field V (recall that Ly A=ty Fa+ D4 (ty A)). The gauge
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theory action in the Q-background is given by (V is another isometry, which
commutes with V, [V, V]=0):

S=égv/ v (x (Fa=3xH)+v*(Da7 —i5Fa) +

( _‘v‘ﬁ) ( 01—ty DAC + 1y Dac +1yiy FA)) 4.5)

Given the two-dimensional nature of our problem we can only work on the two-
dimensional sphere S?, and take V =€8¢,V=E(9¢. The dependence on € is Qy-
exact. We take the limit € — co, and throw away the terms Qv (x Fa+ (n —t¥) x
[0,5]). The path integral would localize onto the V-invariant gauge field configu-
rations, whose field strength is concentrated near one of the two fixed points on X.
For the gauge group U(N) the corresponding partition function is given by:

2000 =3 [ dondow [T (8+ 5m) (0~ 3ni) %
neZN

i<j

1 o0
xexp - > Zxkchk(c‘,'o) — xichi(Ex) (4.6)
k=0 i=1

where ¢,’j=(]§,’ —¢j, njj=n; —nj and

N N
Ch(fo)zze(fbﬁ%m), ch(goo):Ze("”"%"")

i=1 i=1

are the localized Chern classes of the gauge bundle, n; are the Chern classes of the
line bundles L;. In the limit ¢ — 0, with x; = %t,:, x; =—ét,} +1, (4.6) goes over
to: (3.33).

Given the general pattern of the string theory/gauge theory correspondence, we
should test our proposed target space theory on the new ground. Namely, the
equivariant Gromov—Witten theory of CP! was studied in [39] and the partition
function was shown to be given by a particular t-function of a 2-Toda hierar-
chy. Can one reproduce this result using the equivariant version of the super-
Yang-Mills theory? This question is addressed in [29].

5. Quantum Gravity in the Target Space

So far we discussed the standard type A topological string on X. The target space
turns out to be a topological field theory. The reason is rather simple. Indeed, the
type A amplitudes are independent of the complex structure of X and depend only
on its Kéhler class. In two dimensions the only diffeomorphism invariants of a
symplectic manifold X are the topology of X and the area, i.e. the Kéhler class.
The topological field theory in two dimensions comes with its moduli space
M of deformations. At a given point 7 of the moduli space M of the topolog-
ical field theories this is a commutative associative algebra Ay, and a functional
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(-):Ar — C. In fact, the tangent space TrM is isomorphic to Ar, thereby making
M the so-called Frobenius manifold [40]. In our case the algebra is the algebra of
(formal) functions on the space of partitions {A}. It has a basis Ok, k=0,1,2,...,
where the function O evaluates to (we set h=1):

> _itl
O(T, &) = Coeff « Ze“T[)" +4] (5.1)
i=1
with the formal function z7[x] which depends on 7 € M in the way we describe
below, and the functional:

(O)p =D (=M O(T, 2) (5.2)
A
Note that in the standard definition of the topological field theory the factor
(=) in (5.2) corresponds to the insertions of 0-observables, and is not usually
considered. The infinite-dimensional nature of the space of deformations of our
theory makes the g-factors necessary.

The space of deformations has the coordinates, the couplings 7. On the large
phase space where only the single trace deformations t,: Oj+1 are turned one, the
formula (5.2) holds, with the function zr[x] our old friend (1.14). On the very
large space, where all the multi-trace deformations are included, the formula (5.2)
holds when written in terms of the effective couplings # (7, A) which are defined
analogously to (3.35): first define

OWr
t(T, 1) = 5.3
A ool (5.3)
where
Wr=03=D TO -+ Oty (5.4)
K
then form

k+1

_ = 1 2
m(z)-%tk(m) D

define zr[x] to be the formal inverse to x — 7, (x), and then impose the consis-
tency equations (cf. [41]):

o0
|
= Coeff 1 Y T3] (5.5)
A i=1

Ok

The two-dimensional topological field theory can be coupled to the topological
gravity. This is the target space gravity.

We can describe its observables directly in target space. We can also discuss its
worldsheet definition. The latter is potentially interesting for more realistic quan-
tum gravity theories.
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The target space definition is the following. Consider the moduli space My of
complex structures on X. The topological string amplitudes are independent of the
choice of the complex structure on X. However, one can generalize them, so that
they would define the closed differential forms on Mx. Moreover, we can consider
non-compact Riemann surfaces X, i.e. curves with punctures. The worldsheet real-
ization of this idea is analogous to the construction in [42] for the three-dimen-
sional targets X. Green has proposed in [24] to study the two-dimensional string
backgrounds as the theories of worldsheets for yet another string theories. Our
construction is the first almost practical realization of this idea.

6. Conclusions

In this paper we have calculated explicitly the full partition function

o0
Z(t; q, h)=exp thg_2]-'g(t; q) 6.1)
g=0

of the topological string of type A with the general two-dimensional target
space X. The couplings t= (t;);2, take values in H*(X), ¢ is a formal parameter
counting the worldsheet instantons, and % is a topological string coupling constant.

The first surprise is that the disconnected partition function Z has an additive
form. It is given by the sum

ZZZ(—Q)WZA (6.2)
A

over all partitions A= (A1 >Ap>--->Apu) >0). The contribution Z, is a general-
ized “plane wave” on the space of the couplings. It is natural, therefore, to view
it as a kind of a wavefunction, obtained by the quantization of the loop space
of the cohomology of the target space, in agreement with [27]. That the discon-
nected partition function of the type A topological string on the three-dimensional
Calabi—Yau manifold is a wavefunction of some seven-dimensional theory has been
suspected for a long time [43-46]. Our topological string has the non-critical target
space, which explains the need for the use of the gravitational descendants. What
about the Chern—Simons nature of the target space theory? Our theory looks like
a two-dimensional gauge theory with the infinite-dimensional gauge group G. It is
tempting to try to rewrite this theory as a higher-dimensional gauge theory.

One possible approach is inspired by the Donaldson-Thomas/Gromov—
Witten correspondence [47]. Consider a three-dimensional non-compact Calabi—
Yau manifold, the total space Xy of the vector bundle Klz/2 ® C? over ¥. The
topological string on Xy can be defined by means of the T=C* x C* equivariant
Gromov—Witten theory, where the torus acts on the fiber. If one chooses a one-
dimensional torus C* C T which preserves the holomorphic top degree form on
X5, then the corresponding Gromov—Witten invariants will be those of ¥ [9]. On
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the other hand, the correspondence [2,47] would map those to the correlation
functions in the six-dimensional “U(1) gauge theory”. Thus the infinite-dimen-
sional gauge group G in two dimensions may well come from the U(l) gauge
group (or rather its noncommutative version) in six dimensions.

Another surprise is the need to extend the definition of the topological string.
The gauge theory which we identified with the target space theory has many more
gauge invariant deformations then we see in (1.22).

It is also interesting to compare the form (1.22) of the string partition function
with that of more general A'=2 supersymmetric gauge theories in two dimensions.
It has been recently suggested [48] that the equations W (z;) =0, with W depend-
ing on A;’s as in (1.25) can be interpreted as Bethe equations for some quantum
integrable system. In that language the couplings t,: can be viewed as the effective
couplings, which result in integrating out some massive matter fields. If some of
the matter fields are kept in the Lagrangian, one may hope to get the gauge the-
ory describing topological string on more interesting target spaces. For example, it
is tempting to conjecture that the G version of the theory studied in [49-51] would
describe the (equivariant) topological string on T*X.
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Appendix A. Toolbox: Partitions, Measures, Casimirs, Useful Functions

Recall that partition is a finite sequence of non-negative integeres:

A= =k= =2 >0). (A.1)
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semester of 2007 and completed at the KITP at UCSB during a program on Fundamental Aspects
of String theory, in 2009.

9THES seminars in June 2007, the conference on Algebraic Geometry and String theory at
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A.1. PARTITION MEASUREMENTS

The number ¢, of non-negative integers in A is called the length of the partition A,
while the sum A1 +A+---+ Ay, =|A| is called the size of the partition . We shall
identify A with an infinite sequence A; >A>>--- by setting Ay, 41 =XAs42="---=0.

The Casimirs cg(A) are defined as follows. Introduce the generating function
¢, (1), called the Chern character of the partition A:

=3¢ () (A2)

i=1
For the empty A:
1

HN=——r A3
0= ah (5) (A-3)
The small ¢ expansion of ¢, (¢) gives the Casimirs ci(A):
1 o
=- 1) ik A4
GO=—+> &t (A.4)

k=1

Explicitly,

()L)_M < k_l(k . l)lkkl A5
o _(k+1)+zz l)(—z+2 ; (A.5)

i=11=0
For example:
M) =1A| 1
=T

1 (A.6)
(V)= 3 ZA,» Ai—2i+1)

The numbers by in (A.5) are essentially the Bernoulli numbers, by, = 0,
by, = (21729 — 1) By

by 1

— = Coeff 4-| ———~ , A7

k! 2 sinh (3) (A7)
For example, bg=1, b2=—1—12, by = %), b6=—1§%, bgz%.
A.2. PLANCHEREL MEASURE
The factor

dima \?
200 By
20im=(350) (A9)
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in (2.10) is the so-called Plancherel measure on the space of representations of the
symmetric group S;. It can be written as a product over the boxes of the Young
diagram of the partition A of the hook-lengths

wosh=T]

Oea

(hhp)?

The Plancherel measure can also be viewed as a regularized version of the infinite-
dimensional version of the Vandermonde determinant of the matrix with the eigen-
values yizki—i+%, i=1,2,...

o0

dimA j
A9
2! H J—i (A9

1<i<j

The latter product is understood as follows. First, split the product over j as the
product over 1 <j </, and then as the product over j > ¢;:

2

d|i)1L1|1!A _ H 1—[

i=1|i<j<t,

(A.10)

—i+j 1"—‘”[ A—z+j
j—i
j=0+1

The first product is finite. The second product looks infinite, but in fact almost all
terms cancel, leaving only a finite number of terms in the denominator:

ﬁ(ki—i+j)_ﬁ D)
j—1 jzlj—i-|-€)L A —i4+L)!

—1
j=06+1 J

With the help of the Chern character ¢, we can rewrite the Plancherel measure as
follows:

00
;L—rI'lj“:exp i _ FL/ S du {c; (hu) ¢, (—hu) — co (hu) co (—hu)}
' (A.11)
where the operation {...}; is defined as:
e} =™, Re(x)>0 (A.12)

and zero otherwise. By writing ¢, (fiu) =co (hu) 4 Sc; (hu), where

£ .
Sck(hl/t) :Z (eh”)\i _ 1) ehu<*l+§)

i=1
is a finite sum of exponents, we show that

8¢y (hu) — §cy (—hu)

2sinh (%)

¢y (hu) c;, (—hu) — ¢ (hu) co (—hu) = — + 8¢, (hu)dcy (—hu)
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v

Figure 4. Multi-trace operators on the worldsheet.

is also a finite sum of exponents.' Thus the integrand in (A.11) is well-
defined.

A.3. PROFILE REPRESENTATION

To advance further the representation (A.11) is not very convenient. As is routinely
done in the theory of random partitions, one assigns to the partition A a piece-wise
linear function fj (x), which is the Young diagram rotated by 135° and completed
by two semi-infinite lines

Explicitly [see Figure 4; (1.18)]:

1 1
Fr () =1x[+gx (x—i- Eh) — i (x — Eh)

5o (- 2) o (42

p=>"

i=1
where ¢, is the length of the partition A, i.e. the number of non-zero terms A; > 0.
The function f;(x) equals |x| for sufficiently large |x|. Using f;(x) we rewrite the

(A.13)

10Recall the formula for the SU (2) character: for deZ,

sinh (14

o\
. h
sinh (T”) T—d

N

Il
xu
M-

[

K

>

=
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Chern character ¢, (hu) as follows:
o ()= ———— /dx " (x)e"* (A.14)
4smh 7“

or, using gy (x):

¢ (hu) =co(hu) + = / dx g§ (x)e"* (A.15)

Substituting (A.14) into (A.11) and changing the order of integration we get the
following “two-body interaction” representation of the Plancherel measure:'!

1 =D

1200 =200 _ o E5 o / / dedn £/ ©) £ () ynE — ) (A.16)

where we use

A4. THE yj, (x)-FUNCTION

The yp-function [52] accompanies many computations in topological string theory.
It is defined, for Re(x + /) >0, Rei >0, by the explicit integral:

hS ® d —Uux

T'(s) e efn (A7)
N u : u

s=0 ) 4 sinh (7)

The function (A.17) obeys:

I 1 d
Yr(x)=¢ (= )+%

e +1) + v (r = B) = 2 () =log () (A.18)

and has the following asymptotic expansion as x/i— 0o:

x2

3 A
=25 (1oe (3) -3) + 5t (5 )+Zm() (A.19)

The strange-looking constant ¢’(—1) ~ —0.165421'? in front of the integral in
(A.17) is introduced so as to have:

1
yr(0) = —Elogh (A.20)

1Use the relation:

~ F(s)/ *Co(ﬁu)co( hu) =—¢'(— 1)——logh

l—y—log@m) | (2
— 1  thnz

12Which can also be written as P
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We shall also need the “positive-frequency” part of yp(x):

Ye(X) 4 =yr(—x)=

d K ld ux
——— /” £ ° . for Re(x) <0, Re(h)#£0
ds I'(s) (e%—e*%)z
0 s=0
(A.21)
and zero otherwise. The right hand side of (A.21) defines a function yx(x) on the

whole complex plane of the parameters (x, h) by analytic continuation. It solves
the following finite difference equation:

Ya(x +h) + yr(x —h) = 2yp(x) =log(—x) (A.22)

which allows to extend the definition (A.21) to Re(x) >0. In addition, it is an even
function of h:

Y=h(X) =yr(x) (A.23)

The limit x — 0 can be evaluated directly,'® since the integral in (A.21) converges
for Re(x +h) <O0.

Appendix B. Virasoro Constraints

It is shown in [32] that the following operators:

9 1.0
L= —ﬁ—kﬁfofo +

0 0
+Z(n+1 o7 i atlw) (B.1)

1=0

0 1 gy
LO__ﬁdl_ﬁtOtO_

8 0
a +2Ztl+law

Z( — U+ Dt aaw) (B.2)

1310 particular,

o0

d © uslgue—hu d . _, 1 5 ,

{/ H} R L s SR
5=
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and for k> 0:

Ly= —(k+1)!

let1

0
=2(Dgr1hi+155 o

0 o P
+Z((1)k+1t[ + (4 Dyt 5 )+
1=0 oty Tkl

i d
2 " Dkr1 (hiyr = by )t} o T
1=0 lei—1
= &
2 Wk —] — 7
+h Z(z+1) (k—1—1)! T (B.3)
1=0
where
(a+b-1)!
(a)b—W,

annihilate the full string partition function of the topological string on X =CP!:
LiZ=0, k>-1 (B.4)

Let V denote the subalgebra of the Virasoro algebra, generated by (B.1)—(B.3).

B.1. GEOMETRIZATION OF THE VIRASORO ACTION

Let 7,1{ =t,: — k.1 (the dilaton shift). The constraints (B.4) become more transparent
if we express them in terms of the functions y(z), t*(z):

Y@=zt =~ Ztkk,

k+1

Z
zw(z)=zt,g’
= (k+1)!

(B.5)

Now the transformation z > z 4 €;z¥*! generates the transformation on the func-
tions (y, t®), which is equivalent to the first and the third lines in (B.3). In fact,
let us introduce a useful notation:

= —(k+1)!

+
Tkt

0
+Z((l>k+1r, + U+ Dt 5.5

k+l Tkt

) k>-1 (B.6)



244 NIKITA A. NEKRASOV

The presence of other terms in (B.3) means that the partition function Z is not
just a V-invariant functional of y(z) and 7®(z), but rather a section of a line bun-
dle. Let us introduce an auxiliary function z[x], the formal inverse of y(z):

yexD)=x, zly(x)]=x (B.7)

The Lagrange inversion theorem gives the formula for z[x]:
()t
+Z ( o Er)l), ) (B.8)

We have the following identities, for fixed x, and k> —1:

Vi@ =x 1oy, Vezlx]=—zx) (B.9)
Also, for k> —1, we have

Vit () =y 10y (v) (B.10)
which imply, again for fixed x:

Vit?(z[x]) =0, k>-—1 (B.11)
For k=—1 and fixed x, y:

V_t9(y)=0yt”(y) —tg,  V_qtzlx]) =—15 (B.12)

B.2. USEFUL FUNCTIONS AND OPERATORS

The function:

S 1

= > T g gy - (B.13)
=0

where
l
h,:Zl, ho=0 (B.14)

m

m=1

obeys, for fixed x:

~1z x]kH Lo
ViY(x)=— Z Zm—i—l (B.15)

m=0

In particular:

VoY@ =—tzx]7 . VoY) =-> 7] ol
1=0 (B.16)

[e¢)
i hisr—h
ViY(x)=— ;}—"(*l’_l)l L, k>0
=0
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with the convention
hgas —hy—
Bt =hi-1) o ks o (B.17)
((E=8))
We shall also use a related function:

Y =T @)+ (x+11) (log(x 1l — 1) — 1! logz[x] (B.18)

which obeys:

1
Vo) = ?}log(x+t°)

z[x]

Voy(x) = x+1)

Vi (x) = Vi () +152" (x) (B.19)
and
V) =0 (B.20)

Finally, v (x) has a power series expansion in x near x =0 whose coefficients are
power series!* in (t,:).

141ndeed, we can rewrite ¥(x) as:

1 o)
W(x):(x+té)(log(x+t0)—1)—271‘};;2[)6]1 (B.21)
=1

z[x]

First, we expand ¢ near x:—t& in powers of (x+ta):

e x+t1 k
Y = +13) log(l—tll)—l—zwk(t)(l l?) (B.22)
!

k=1

1
. . . L~ 1,

It is easy to see that the coefficient v (t) is a homogeneous degree k polynomial in 7; = ﬁ
1

2<k<p+1, where we assign a degree k—1 to 7. The first few coefficients are:
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We use in our computations the following linear operator Z:

T = / FE)dE +BLf1(x) (B.24)

0

where

bog 2g—1 £(2g—1)
29 )‘h f (x) (B.25)

i [ faHiE - fa—i
B =5 [ 1+exp(2”f) Lag = Z
0

The operator (B.24) is well-defined when acting on the formal power seria f(x)
whose coefficients are in turn the formal power seria in t,: with a certain bound
on the growth, which is obeyed in our construction.

Let us list a useful formula:

Txl=o — -2 (B.26)

The crucial property of the B-operator is that it commutes with the Virasoro
generators Vi. The operator 7 fails to commute with Vi in the following
manner:

TIVi f O =VRZ[f (O +7 181 f(—1}) (B.27)
Finally,
1 1
1 f] (x+§h) —I1f] (x——h) f(x) (B.28)

Footnote 14 continued

3.
1//1(t)=71t2

5., 11
Yo () = —gtz—%l@ (B.23)
V3O = — o - iaTy - T
R T e T I

Now expand (B.22) in x. The coefficients are the power series in I,}.
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As an example of application of the operators Z and B, we can express the loga-
rithm of the I'-function in terms of the ordinary logarithm,!> for i=1:

F(x—i—%)
V2

the last equality holding for t(} =0.

log =x (log(x) — 1)+ B[log(x)]=Z[log] (x), (B.30)

Appendix C. Plane Wave Ansatz

Let us substitute the ansatz

Z=> 2 (C.1)
)
where
Z) =exp |:2r(k; h,th+ ! i k1 (A R, tl):| (C2)
h k=0

and impose the Virasoro constraints:
Ly Z=0, k>-1 (C.3)

We get a system of equations (omitting the arguments A,% and t!):

(p+k+1)!
Vicpr1=— e, .k p)£(=1,0)
| p: (C4)
V—lcl—_ﬁt(}
and
V_ir=0
Logg I
Vor:—ﬁtoto—ﬁz 1€l
=1
1 ! (C.5)

Vkr=—§ lzl:l!(k—l)!cmk—z—

(k+1)! -
- —z 1),( hicri —hi DT eeyr, k>0

15Use the following properties of I'-function:

log T (x + %) =log (I;((Zx))) —(2x— %)log(Z) +logv/2m

(B.29)

B
log F(x):( )log(x)—x+log«/2n+z = (23’1_1))‘172”’
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C.1. EVOLUTION OF THE CHERN CHARACTER

It is convenient to organize the c,’s into a generating function:

o0
ooz B )T =" g1 s by thuh ! (C.6)
k=0

The Virasoro constraints (C.4) translate to the equations:
1
ViCo (u; By tht = —ud 10, (u; B thT — %rgmsk,_l (C.7)

The equation (C.7) implies that the Laplace transform of C; (u;t!)* is obtained
from that of C;(u;0)" by a diffeomorphism, which sends the function y to w(y).
The correction term o8 _; indicates some kind of anomaly, which we shall make
explicit immediately.

First of all, let us rewrite the #’-dependent part of (C.1) for the stationary sec-
tor, i.e. for w(y)=y, in terms of v:

1 o
R; (0,°)= : > i1 (A h,0)=
k=0
£

=B[v(x)]+71—iZ[v (ﬁ()\i—i-i-%))—v(h(—i-l—%))] (C.8)

i=1

Now, with t! turned on we replace (C.8) by

1 o0
R, (t‘ , tw) == > 1k O bt
k=0

£

= TIG 1 0 —v() (€9)

i=1

w=z(n(mivg)) =z (n(-e3))

The first term in the right hand side of (C.9) is due to the “anomalous” term t&t(‘)“
in the expression for L_j. One might be tempted to interpret (C.9) as a spectral
decomposition of an operator acting in a superspace, with both a discrete and a
continuous spectra. For the purposes of the conventional spectral theory it would
be wrong, since the “density” of the imaginary eigenvalues is imaginary. In a sense,
the “continuous” part of (C.8) is a regularized contribution of the infinite branch
of the discrete spectrum:

ZU(Zi)’\“I[U(Z[x]] (C.10)

i=1
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A quick way to understand (C.9) is to study the exponential generating function:

Cl(u;O)zgexp (uh(ki—i—i-%)) (C.11)

The notation (C.13) is not accidental. Indeed, the generating function C; (u;0)*

differs from C; (u; 0) only by the term %:

05 00
; i+l itk 1
C;L(u;O):z(e”m’—l) e l+z>+zl;e"h< =G0+ (C1Y)
1= 1=
Looking at (C.12) we see that the Laplace transform is a distribution supported at
the discrete set A ={ y? =h; —i+ %)}l‘.’il. The (inverse) diffeomorphism z=w!
maps this set onto the set: z(A)={ y; =z(h(A; —i + %))}j’il. The inverse Laplace
transform of the delta-distribution supported at that set gives:

00 17
Crus t) =" e =Co(us th) + D [ — 1] (C.13)

i=1 i=1
The expression (C.13) is rather tame, its small u expansion can be evaluated with
the help of the Euler—-Maclauren trick:'®

Ll I o 1\ k
Co(us t )ZEZ(_I) n +> e (0: thu (C.14)
k=0 k=1
16
Co(u; t1)=z;e“1f =1 e_efhox et?lx]
= x=0

assuming Reu >0 and t]} infinitesimal

1

0 0
1 . 1
= / gy + B [em] )= 5 / ezlxl gy +I[e“z] (0)
—00 —00

The singular part of the u expansion of Co(u;tl) near u=0 comes from the integral:

1
-1 0

/e“Z[X]dxz/e“yw”(y)dy

—00 —00
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We summarize:

£,
1 1 1
. 1 . 1 - k R B _ Lk I
ck(k,h,t)—ck(o,h,t)—i—h E z [h(k, l+2)] Z |:h( l+2

i=1
0 1 th=T[0] ©

C.2. PROFILE REPRESENTATION

Using the profile f;(x) of the partition A we can rewrite (C.9) as:

|
R, (tl,t“’)zz—h/ dx f/ )

with v(x) being a formal power series in x,

1 X
v(x)=Z[voz](x)= - / v(z(x"))dx"+ Blv(z[x])],

!
solving:
+ lh 171 =v(zlx])
vixts vix—gh)=vilx
as a consequence of (B.28). The function v(x) satisfies:
1 w1
Viv(x) = _ﬁsk,—lt() Iy

We summarize:

1
pp(A; th= 2 / dx f)i/(x)I[ZpH](x)

C.3. EVOLUTION OF THE PANCHEREL MEASURE

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)

The Plancherel measure evolves along the t,g-directions to the generalization of the
Vandermonde determinant. Now that we know the evolution of the Chern charac-

ter (C.20) the equations (C.5) become simple:
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1
Vol‘()»;tl)=—2 o1y — 2hz , / dx f/ (I 1x) =

== 25200+2h/d Ji(x) ( (x+1)7— )—I | —

Vir(L: t‘)———/d #(x )Z h"*’ lh)l' ! ~‘I[zk*’] (x) — (C.21)

— / / dxydx f/(en) fy. (xz)Zz[z’“1<x1)z[z"*’*‘]<x2> :
=0
k>0

The geometric series le+1 ]; =1 sums up to

k+1 k+1
STk _y, |1oe (FLZ22
— 7] — % =—V | 108
71 —22 2132

This observation suggests the following solution to (C.21):

1 1
r(nth = S / / dxydxy £/ (x1) f (x2)G(x1, x2; t1) + o / dx £/ () Z[¥](x)
(C.22)

where the kernel G is given by:

G(xy, x; th =TT [IOg (%)] (x1, x2) + yr(x1 — x2) (C.23)

References

1. Bershadsky, M., Cecotti, S., Ooguri, H., Vafa, C.: Kodaira—Spencer theory of grav-
ity and exact results for quantum string amplitudes. Comm. Math. Phys. 165, 311-428
(1994). arXiv:hep-th/9309140

2. Igbal, A., Nekrasov, N., Okounkov, A., Vafa, C.: Quantum foam and topological
strings. arXiv:hep-th/0312022

3. Witten, E.: Mirror manifolds and topological field theory. arXiv:hep-th/9112056

4. Candelas, P., Horowitz, G., Strominger, A., Witten, E.: Vacuum configurations for
superstrings. Nucl. Phys. B 258, 46 (1985)

5. Bershadsky, M., Sadov, V.: Theory of Kaéhler gravity. Int. J. Mod. Phys. A 11, 4689—
4730 (1996). arXiv:hep-th/9410011

6. Katz, S., Klemm, A., Vafa, C.. Geometric engineering of quantum field theories.
arXiv:hep-th/9609239

7. Nekrasov, N.: Five dimensional gauge theories and relativistic integrable systems.
arXiv:hep-th/9609219

8. Lawrence, A., Nekrasov, N.: Instanton sums and five-dimensional gauge theories.
arXiv:hep-th/9706025

9. Losev, A., Marshakov, A., Nekrasov, N.: Small instantons, little strings and free
fermions. arXiv:hep-th/0302191



252 NIKITA A. NEKRASOV

10. Marshakov, A., Nekrasov, N.: Extended Seiberg-Witten theory and integrable hierar-
chy. arXiv:hep-th/0612019

11. Nekrasov, N.: Seiberg—Witten prepotential from the instanton counting. arXiv:hep-
th/0206161, arXiv:hep-th/0306211

12. Okounkov, A., Pandharipande, R.: Gromov-Witten theory, Hurwitz numbers, and
Matrix models, I. arXiv:math/0101147

13. Nekrasov, N., Ooguri, H., Vafa, C.: S-duality and topological strings. arXiv:hep-
th/0403167

14. Nekrasov, N.: A la recherche de la M-theorie perdue. Z theory: Chasing M/F
theory. Lectures given at Strings 2004, Paris, France. C. R. Phys. 6, 261-269 (2005).
hep-th/0412021

15. Dijkgraaf, R., Gukov, S., Neitzke, A., Vafa, C.: Topological M-theory as unification
of form theories of gravity. Adv. Theor. Math. Phys. 9, 603-665 (2005). arXiv:hep-
th/0411073

16. Li, W.-P, Qin, Z., Wang, W.: Hilbert schemes, integrable hierarchies, and Gromov—
Witten theory. arXiv:math/0302211

17. Ferrari, F.: Extended A =1 super-Yang-Mills theory. arXiv:hep-th/0709.0472

18. Kanno, H., Moriyama, S.: Instanton calculus and loop operator in supersymmetric
gauge theory. Phys. Rev. D 77, 126001 (2008)

19. Katz, S., Morrison, D.R., Plesser, M.R.: Enhanced Gauge Symmetry in Type II String
Theory. Nucl. Phys. B 477, 105-140 (1996). arXiv:hep-th/9601108

20. Gross, D.J.: Two Dimensional QCD as a String Theory. Nucl. Phys. B 400, 161-180
(1993). arXiv:hep-th/9212149

21. Gross, D., Taylor, W.: Two dimensional QCD is a string theory. Nucl. Phys. B 400,
181-210 (1993). arXiv:hep-th/9301068

22. Cordes, S., Moore, G., Ramgoolam, S.: Lectures on 2-d Yang-Mills theory, equivari-
ant cohomology and topological field theories. Nucl. Phys. Proc. Suppl. 41, 184-244
(1995). hep-th/9411210

23. Cordes, S., Moore, G., Ramgoolam, S.: Large N two dimensional Yang-Mills
theory and topological string theory. Comm. Math. Phys. 185, 543-619 (1997). hep-
th/9402107

24. Green, M.B.: World sheets for world sheets. Nucl. Phys. B 293, 593-611 (1987)

25. Green, M.B., Shatashvili, S.L. (1995) (unpublished)

26. Kontsevich, M., Manin, Yu.: Gromov—Witten classes, quantum cohomology, and enu-
merative geometry. hep-th/9402147

27. Givental, A.: Gromov—Witten invariants and quantization of quadratic hamiltonians.
arXiv:math/0108100

28. Aharony, O., Berkooz, M., Silverstein, E.: Multiple-trace operators and non-local
string theories. JHEP 0108, 006 (2001). arXiv:hep-th/0105309

29. Alexandrov, A., Nekrasov, N.: Equivariant topological string on P!, gauge theory, and
Toda hierarchy (to appear)

30. Nekrasov, N.: Two dimensional topological strings and gauge theory, IHES-P/08/17.
http://www.ihes.fr/jsp/site/Portal.jsp?page_id=65

31. Witten, E.: Three dimensional gravity revisited. arXiv:0706.3359

32. Okounkov, A., Pandharipande, R.: Virasoro Constraints for target curves. arXiv:
math/0308097

33. Dijkgraaf, R., Witten, E.: Topological gauge theories and group cohomology. Comm.
Math. Phys. 129, 393 (1990)

34. Witten, E.: Two dimensional gauge theory revisited. arXiv:hep-th/9204083


http://www.ihes.fr/jsp/site/Portal.jsp?page_id=65

TWO-DIMENSIONAL TOPOLOGICAL STRINGS REVISITED 253

35.

36.

37.

38.

39.

40.
41.

42.
43.
44.
45.

46.
47.

48.

49.

50.

51.

52.

Blau, M., Thompson, G.: Lectures on 2d gauge theories: topological aspects and path
integral techniques. In: Presented at the Summer School in High Energy Physics and
Cosmology, Trieste, Italy, 14 Junuary-30 July 1993 (1993). hep-th/9310144

Gerasimov, A.: Localization in GWZW and Verlinde formula. hepth/9305090
Nekrasov, N.: Four dimensional holomorphic theories. PhD Thesis, Princeton Univer-
sity, UMI-9701221 (1996)

Connes, A.: The action functional in noncommutative geometry. Comm. Math.
Phys. 117, 673-683 (1998)

Okounkov, A., Pandharipande, R.: The equivariant Gromov-Witten theory of Pl
arXiv: math/0207233

Dubrovin, B.: Geometry of 2d topological field theories. arXiv:hep-th/9407018
Dijkgraaf, R., Witten, E.: Mean field theory, topological field theory, and multimatrix
models. Nucl. Phys. B 342, 486-522 (1990)

Witten, E.: Chern-Simons Gauge Theory As A String Theory. Prog. Math. 133,
637-678 (1995). arXiv:hep-th/9207094

Witten, E.: Quantum background independence in string theory. arXiv:hep-th/9306122
Shatashvili, S. (1993) (unpublished)

Gerasimov, A., Shatashvili, S.: Towards integrability of topological strings I
three-forms on Calabi-Yau manifolds. arXiv:hep-th/0409238

Verlinde, E.: Attractors and the holomorphic anomaly. arXiv:hep-th/0412139

Maulik, D., Nekrasov, N., Okounkov, A., Pandharipande, R.: Gromov-Witten theory
and Donaldson-Thomas theory LII. arXiv:math/0312059, arXiv:math/0406092
Nekrasov, N., Shatashvili, S.: Quantum integrability and supersymmetric vacua.
arXiv:0901.4748; Supersymmetric vacua and Bethe ansatz. arXiv:0901.4744

Moore, G., Nekrasov, N., Shatashvili, S.: Integration over the Higgs branches. Comm.
Math. Phys. 209, 97-121 (2000). arXiv:hep-th/9712241

Gerasimov, A., Shatashvili, S.L.: Higgs bundles, gauge theories and quantum groups.
Comm. Math. Phys. 277, 323-367 (2008). arXiv:hep-th/0609024

Gerasimov, A., Shatashvili, S.L.: Two-dimensional gauge theories and quantum inte-
grable systems. arXiv:0711.1472. In: Donagi, R., Wendland, K. (eds.) From Hodge
Theory to Integrability and TQFT: tt*-geometry. Proceedings of Symposia in Pure
Mathematics, vol. 78, pp. 239-262. American Mathematical Society, Providence
Nekrasov, N., Okounkov, A.: Unpublished result from the first Simons Workshop
(2004)



	Two-Dimensional Topological Strings Revisited
	Introduction
	Two-Dimensional Target X
	Two-Dimensional Gauge Theories
	The Synthesis
	Quantum Gravity in the Target Space
	Conclusions
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


