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ABSTRACT. Let K be a finite extension of Q, and let p be a continuous,
absolutely irreducible representation of its absolute Galois group with values
in a finite field of characteristic p. We prove that the Galois representations
that become crystalline of a fixed regular weight after an abelian extension are
Zariski-dense in the generic fiber of the universal deformation ring of pg. In
fact we deduce this from a similar density result for the space of trianguline
representations. This uses an embedding of eigenvarieties for unitary groups
into the spaces of trianguline representations as well as the corresponding
density claim for eigenvarieties as a global input.

1. INTRODUCTION

The density of crystalline representations in the generic fiber of a local deforma-
tion ring plays an important role in the p-adic local Langlands correspondence for
GL2(Q,) and was proven by Colmez [Co| and Kisin [Ki4] for 2-dimensional represen-
tations of Gal(Q,/Q,). This density statement was generalized by Nakamura [Na2]
and Chenevier [Chl] to the case of 2-dimensional representations of Gal(Q,/K)
for finite extensions K of Q, resp.. to the case of d-dimensional representations of
Gal(Q,/Q,) and finally the general case was treated in [Na3].

In this paper we prove a slightly different density result in the generic fiber of a
local deformation ring. The above density statements make heavy use of the fact
that the Hodge-Tate weights of the crystalline representations may vary arbitrarily.
Contrary to this case, we fix the Hodge-Tate weights but vary the level, or, more
precisely, we allow finite (abelian) ramification and allow the representation to be
potentially crystalline (more precisely crystabeline).

Note that this density statement is of a different nature than the density of
crystalline representations. The density of crystalline representations holds true in
the rigid generic fiber (Spf R;)"® of the universal deformation ring R; of a given
residual Gal(Q,/K)-representation p. In contrast to this result, the density of
potentially crystalline representations of fixed weight only holds true in the "naive"
generic fiber Spec(R;[1/p]), as the set of representations with fixed (generalized)
Hodge-Tate weights is Zariski-closed in the rigid generic fiber (Spf R;)"®.

In the special case of 2-dimensional potentially Barsotti-Tate representations of

Gal(Q,/Q,) our result gives a positive answer to a question of Colmez [Cd.

A proof of this result (for 2-dimensional representations of Gal(Q,/Q,)), using
the p-adic local Langlands correspondence, was announced previously by Emerton
1
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and Paskunas. Our approach does not make use of such a correspondence and works
in all dimensions and for arbitrary finite extensions of Q,. We were motivated by
the case of 2-dimensional potentially Barsotti-Tate representations, as for these
representations an automorphy lifting theorem is known [Ki2]. We hope to apply
our density result to patching techniques in the future.

More precisely our results are as follows. Let K be a finite extension of @, and
let G = Gal(Q,/K) denote its absolute Galois group. Fix a continuous absolutely
irreducible representation p : Gx — GLg(F) with values in a finite extension F
of F,. As the representation is assumed to be absolutely irreducible the universal
deformation ring R; of p exists.

Theorem 1.1. Let p { 2d and let K be a finite extension of Q. Let 7 : Gx —
GL4(TF) be an aboslutely irreducible continuous representation which has a poten-
tially diagonalizable lift and let Rz be its universal deformation ring. Assume that
r#E7(1). Letk = (ki) € [l,.x00, Z% be a regular weight. Then the represen-
tations that are crystabeline of labeled Hodge-Tate weight k are Zariski-dense in
Spec Rx[1/p].

Similarly to the proof of density of crystalline representations we use a so called
space of trianguline representations. This space should be seen as a local Galois-
theoretic counterpart of an eigenvariety of Iwahori level. Indeed it was shown in
[He2| that certain eigenvarieties embed into a space of trianguline representations
in the case K = Q. This result is generalized to the case of an arbitrary extension
K of Q, in section below. In fact we prove the following density result for
eigenvarieties which might be of independent interest.

Let E be an imaginary quadratic extension of a totally real field F' such that
[F: Q] is even and let G be a definite unitary group over F' which is quasi-split at
all finite places. Let Y be an eigenvariety for a certain set of automorphic represen-
tations of G(Ap) as in [Ch3l 3] which comes along with a Galois pseudo-character
interpolating the Galois representations attached to the automorphic representa-
tions at the classical points of Y. Given an absolutely irreducible residual represen-
tation p : Gal(Q/E) — GL4(F) there is an open and closed subspace Y; C Y where
the pseudo-character reduces to (the pseudo-character attached to) p modulo p.
This gives rise to a map Y; — (Spf Rj;)" to the rigid generic fiber of the universal
deformation ring R of p.

Theorem 1.2. Fiz an algebraic irreducible representation W of G(F®gR). Let f €
Rj such that f vanishes on all classical points z € Y corresponding to irreducible
automorphic representations I1 with Il = W. Then f vanishes in T'(Y;, Oy ).

We prove Theorem [I.1] by extending Theorem [I.2] to the space of trianguline
representations X (p., ), using a map f : Y; — X (pu,) constructed in Theorem
below. Here p,,, is the restriction of p to the decomposition group at some place wo
of E. The second step in the proof of Theorem [I.I] then is to realize a given residual
representation p : Gx — GL4(F) as the restriction to the decomposition group at
wo of a Gal(Q/E)-representation arising from an automorphic representation of
G(Ap). This construction was already carried out in [GK] or [EG] for example.
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2. THE SPACE OF TRIANGULINE REPRESENTATIONS

Let Qp be an algebraic closure of Q,. Let K C @p be a finite extension of Q,
and let K denote the maximal unramified subextension of @, in K. We fix a
compatible system ¢, € Q, of p"-th roots of unity. Let K, = K(e,) C Q, and
Ko = U, K,. We will write G, = Gal(Q,/L) for any subfield L C Q,. Finally
we write I' = 'y = Gal(K/K). We define the Hodge-Tate weights of a de Rham
representation as the opposite of the gaps of the filtration on the covariant de Rham
functor, so that the Hodge-Tate weight of the cyclotomic character is +1.

We choose a uniformizer w € Ok and normalize the reciprocity isomorphism
reck : K* — W2 of local class field theory such that w is mapped to a geometric
Frobenius automorphism. Here W?(b is the abelization of the Weil group W C Gk
and the reciprocity map allows us to identify Oj with a subgroup of Geb. the
maximal abelian quotient of Gx. Further we write € : Gx — Z¢ for the cyclotomic
character.

Let X be a rigid analytic space and recall the definition of the sheaf of relative
Robba rings Rx = Rx, k for K. If the base field K is understood we will omit the
subscript K from the notation. This is the sheaf of functions that converge on the
product of X with some boundary part of the open unit disc over Ky, see [Hell
2.2] or [KPX|, Defintion 2.2.3| for exampleﬂ If X = Sp L for a finite extension L of
Qp we will write Ry, = Ry i for (the global sections of) this sheaf. This sheaf of
rings is endowed with a continuous Ox-linear ring homomorphism ¢ : Rx — Rx
and a continuous O x-linear action of the group I'. Recall that a (¢, T')-module over
a rigid space X consists of an R x-module D that is locally on X finite free over
Rx together with a ¢-linear isomorphism ® : D — D and a semi-linear I'-action
commuting with ®.

Let us write Uy, for the open unit disc over a p-adic field L and U, ;, C Uy, for the
admissible open subspace of points of absolute value > r for some r € p2 N[0, 1).
Given such an r we write R for the sheaf

XDOU+r— F(U X UT,K(”OUXU

rKo)
and we write R} for the sheaf RS of functions converging on the product X x Ug, .

Given a family of G -representations V over a rigid space X, the work of Berger-
Colmez [BeCo| and Kedlaya-Liu [KL] associates to V a (¢, I')-module Dlig(V) over
Rx.

IThe sheaf Rx is denoted by %; rig in [Hel]
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Given a (p,I')-module D over X, we write H} (D) for the cohomology of the
complex

o o(D) = [pA £ pa g pATBenid)

D2,
where A C T is the p-torsion subgroup of I" and v € I'/A is a topological generator.
It is known that the cohomology sheaves H;I(D) are coherent Ox-modules for

i =0,1,2 see [KPX], Theorem 4.4.5].

2.1. The parameters. In this section, we recall the construction of the space
(¢, T')-modules of rank 1 over R essentially following [Co]. This is first step toward
a construction of the space of trianguline representations.

Let W = Homeont (OF, Gy (—)) be the weight space of K. This functor on the
category of rigid analytic spaces is representable by the generic fiber of Spf Z, O]
Further let 7 = Homeont (K%, G, (—)). There is a natural projection 7 — W given
by restriction to Q. The choice of the uniformizer w gives rise to a section of this
projection and identifies 7 with G,, x W via 6§ — (§(w), 5|le<). Especially T is
representable by a rigid space.

We recall how the (¢, T')-modules of rank 1 over a rigid space X are classified by
T(X), see [KPX| Theorem 6.1.10] (and also [Nall 1.4] for the case X = Sp L in the
context of B-pairs).

Let X be a rigid space over Q, and let D be a rank 1 family of K-filtered ¢-
modules over X. Recall that this is a coherent Ox ®q, Ko-module that is locally
on X free of rank 1 together with an id ®¢-linear automorphism ® : D — D and a
filtration Fil* on D = D ®k, K by Ox ®q, K submodules that are locally on X
direct summands as O x-modules.

Assume that X is defined over the normalization K™ of K inside @p and
assume that D is free. Then such a K-filtered p-module may be described as follows.
There exists a uniquely determined a € I'(X, O%) and uniquely determined &, € Z
for each embedding o : K < K"™ such that D = D(a; (ks ), ) where ®F0:@] acts
on D(a; (ks)s) via multiplication with a ® id € I'(X, Ox ®q, Ko)* and

0 itk

(2.1) (gr; D) @0x@q, Kidws Ox = {OX i =k,

for all embeddings o : K — @p.

Given k, € Z for each embedding o : K — Qp we consider the following special
K-filtered p-module D((k,),) over L = K™ whose filtration is given by (2.1))
and which has a basis on which ¢-acts via multiplication with [], o(w)ke.

Let X be a rigid space defined over K*°™ and let D be a K-filtered p-module
over X. Associated to D there is a (¢,I')-module Rx (D) of rank 1 as follows. We
write

D = D(a; (0)s) @k, D((ko)o)
for some k, € Z and a € T'(X, O%) and define

Rx(D(a;(0)5)) = D(a; (0)5) @ox@q, Ko RX;



DENSITY OF POTENTIALLY CRYSTALLINE REPRESENTATIONS 5

where ¢ acts diagonally and I' acts by acting on the second factor. Further
Rx(D((ko)o) = [ th-Rx € Rx[1]

with action of ¢ and I inherited from R x[1/t]. Here t = log([(1,€1,€2,...)]) € R+p
is the usual period of the cyclotomic character and

te = (to.s)or € Rignorm = | [T(Ukrorm, Ot enorn)
o./
is defined via

o(t) o=o.

- {1 o#o

Finally we set
Rx (D) = Rx(D(a; (0)5)) @rx Rx(D((ks)o))-

More generally, let 6 : K* — I'(X, O%) be a continuous character. Then there is a
(¢, T')-module Rx(d) of rank 1 associated to ¢ as follows, cf. [KPX| Construction
6.1.4]. Write 6 = 619 with 51|ij< = 1 and such that §5 extends to a character of

Gk . Then we set

RX(5) = Rx(D((Sl(w), (0),7)) PORx D! (52).

rig
We write §(D) for the character of K* such that Rx(6(D)) = Rx (D). Further,
given k, € Z, we write §((ky)s) = 8(D(k,)) for the character z — []_ o(2)k* and
Ow((ks)e) for its restriction to O. Finally we write e = §(1,...,1)|(1,...,1)] for
the cyclotomic character (seen as a character of K* or of Gg).

Lemma 2.1. Let § € T(L) for a local field L D K"™. Then
Hg,F(R(é)) #0<=0=0((—ky)o) for some (ks), € HU:K‘_}L Z>o,
H2 1 (R(0)) #0 <= b6 = 6((ko)s) for some (ko) € HU:K_}L L.

Especially H), -(R(9)) has L-dimension [K : Q] if and only if

6 ¢ {0((=ka)o)se-6((ko)o) | (ko) € T] Zs0}-

Proof. We only need to prove the first statement, as the other statements follow by
duality resp. by use of the Euler characteristic formula. The proof is the same as
the proof of [Col Proposition 2.1]. Compare also [Nall, Proposition 2.14].

As Rx C (T], t;*)Rx for k, > 0 the one implication is obvious. For the other
implication note that

k—1

Ri=| @ (I[tv)L | ot* R}

0,0=0 o

As the (¢, T")-cohomology is known to be finite dimensional over L, there are no
invariants under ¢ and I' in t*R(8) for & > 0. On the other hand (], tir) =
(I1, o(w)®) 1, tie and hence []ti L contributes to the ¢-invariants in R () if
and only if §(w) =[], o(w). O

g
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Notation 2.2. (i) Let us write Treg C 7T for the set of regular characters, i.e the
characters

6 ¢ {3((=ko)o)se - 8((ka)o) | (ko) € [T Z20

(ii) Let d > 0 be an integer. We define the set of regular parameters 7;Celg c T
to be the set of (d1,...,84) € T such that 0i/0; € Treg for ¢ < j. Note that by
construction T, # (Treg)?-

(iii) A weight 6 € W(Q,) is algebraic of weight (ko) if 6 = dw((ko)o)-

(iv) We say that § € W(Q,) is locally algebraic of weight (ko ), if § ® dw((—ks)o)
becomes trivial after restricting to some open subgroup of O%.

(v) An element k = (ky,)o € [], 7% is called regular if ko1 < kg < -+ <kggq for
all o.

(vi) Let k € T[], Z%. We say that (d1,...,8q4) € W4(Q,) is algebraic of weight k if
0; is algebraic of weight (k,;)s. An element 6 = (d1,...,0q) € W is called locally
algebraic of weight k if §; is locally algebraic of weight (ks ;)s. The set of weight
that are locally algebraic of weight k is denoted by Wféla c wi.

2.2. The space of trianguline (¢, ')-modules. Following the idea of Chenevier
[Chi] we construct a space of trianguline (¢, I')-modules with regular parameters.

Let d be a positive integer and consider the functor SdD that assigns to a rigid
space X the isomorphism classes of quadruples (D,File(D),d,v), where D is a
(p,I')-module over Rx and Fils(D) is a filtration of D by sub-R x-modules that
are stable under the action of ¢ and I' and that are locally on X direct summands
as Rx-modules. Further 6 € ’Eﬁfg(X) and v = (v1,...,v4) is a collection of trivial-
izations

Vi : Filis1(D)/ Fil;(D) — Rx (;).
Similarly, we consider a variant of this functor parametrizing non-split extensions,
cf. [He2|, that is, the functor S3° that assigns to X the quadruples (D, Fils(D), 0, v4)
where D and Fil, (D) are as above and § € T, such that locally on X there exist
short exact sequences

0 — Fil;(D) — Fil;11(D) — Rx(6;) — 0
that are non split at every geometric point € X as a sequence of (¢, I')-modules.
Finally v, is a trivialization
Vg : Filgy1(D)/ Filg(D) — Rx (84).
Proposition 2.3. Let § = (61,...,0q) € (ﬂeg)d(X) for some rigid space X and

let D be a successive extension of the Rx(d;). Then H;F(D) is a locally free
Ox-module of rank d[K : Q,].

Proof. Tt follows from [KPX| Theorem 4.4.5] that the cohomology is a coherent
sheaf and it suffices to compute its rank at all points. We proceed by induction on
d. The rank 1 case is settled by Lemma Consider the short exact sequence

(2.2) 0— Rx(6) — D — D' — 0.
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Then, by induction hypothesis, Hé,F(D’) is locally free of rank (d — 1)[K : Q]
and hence the Euler-characteristic formula [KPX| Theorem 4.4.5 (2)] implies that
H) (D) = H? (D') = 0. The claim now follows from the long exact sequence
associated to (2.2) and the fact that H] (Rx(d1)) is locally free of rank [K : Q]

and H? (Rx(61)) = 0 by Lemma O

Theorem 2.4. (i) The functors SdD and S3° are representable by rigid spaces.
(ii) The map S — T4, is smooth of relative dimension @[K 1 Qy).

(ili) The map Sy* — T2, is smooth and proper and

dim Sy =1+ [K : Q] (4%

Proof. The proof is the same as the proof of [Chll, Theorem 3.3] resp. [He2, Propo-
sition 2.3]. For the convenience of the reader we give a short sketch. The case d =1
is settled by S O = S =T. Now assume that Scllj_l and S3°, are constructed with
universal objects DE_l resp. D§* . Let U C T x SE_l resp. V C 83*, x T be the
preimage of ﬁgg CcTx 7;’5; ! under the canonical projection. Then Proposition
implies that

Eatr, (Ru(81), Di_1) = Hyr(Dg1(57 1))
resp.

Eatr, (Rv(01),Dgy) = Hyr(Dg2 1 (671))
are vector bundles of rank (d — 1)[K : Q,]. As the Tate-duality is a perfect pairing
[KPX| Theorem 4.4.5] we find that also

My = Eath, (DY, Ru(61))
resp.

My = Eaty, (D1, Ry (61))
are vector bundles of rank (d — 1)[K : Q,]. Now S} = Spec,, (Sym® My) is the
geometric vector bundle over U associated to My while S5* = Py (MY,) is the
projective bundle associated to My . Here Spec is the relative spectrum in the sense

of [Conl 2.2] and given a vector bundle £ the projective bundle P(£) = Proj(Sym® &)
is the relative Proj in the sense of [Conl 2.3].

The universal object DE then is the universal extension
0 — R(6) — DJ —DF |, —0

over ST. In the non-split context consider the geometric vector bundle S =
Spec,,(Sym® My) over V' associated to My . Then there is a universal extension

0 — R(6) — DI — DY, —0

over S’gs. Consider the open subspace SES\V C SL?S where the image of the zero
section 0 : V — 335 is removed. This space carries a natural action of G,, and
this action lifts to an action on the restriction of DJ° to S\ V by acting on R(6;).
Hence D% descends to a (¢, T')-module D3 over P(MY,) = (S35\V) /G,

The computation of the dimension follows from the construction as well as the
fact that S} is smooth over ’Effg and S7° is smooth and proper over ’Egg. O
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Let 7 € p2N[0,1) and consider the ring R" = R{@P. If n > 0, then there is a
morphism R" — K, [t] where the ring K,[t] is viewed as the complete local ring
at the point of U, k, corresponding to (the Gal(Q,/Kjp)-orbit of) 1 —¢,. If D, is a
(¢, T)-module defined over R}, for some p-adic field L and some r € p¢N [0, 1) and
it D=0D, ®ry Ry, then we define

Dar(D) = (Koo @1, Kn((t) ®ry D,)"
Fil' Dar(D) = (Ko @, t'K,[t] ®rg, D).

If L contains K™, then Dqg (D) splits up into a product Dag (D) = [[, Ddr,+(D)
and Fil' Dgr(D) = [[, Fil) Dar(D) splits up into filtrations Fil’ Dagr(D) of the
Dar.+(D).

As usual we can extend the notions of being crystalline or de Rham to (p,I')-
modules.

Definition 2.5. Let L be a finite extension of Q, and let D be a (¢, I')-module of
rank d over Ry, = Ry k. Assume that D = D, ®gr R, for some (¢, T)-module D,
defined over R} and some r < 1.

(i) The (¢, T")-module D is called de Rham if Dgr (D) is a free L ®q, K-module of
rank d.

(i) The module D is called crystalline if Deys(D) = D[1/t]F is free of rank d over
L ®@p K.

(iii) The module D is called crystabeline if D @z, , Rp k' is crystalline for some
abelian extension K’ of K.

The following proposition is the generalization of [BeChl, Proposition 2.3.4] to
our context and its proof is essentially the same as in the case K = Q.

Proposition 2.6. Let L be a finite extension of Q, containing K"°'™ and let D be
a (¢, T')-module of rank d over Ry, that is a successive extension of rank 1 objects
Rr(d;). Assume that (51|le(, e 5d|OIx() is locally algebraic of weight —k = (—ke.;)
for some regular weight k. Then D is de Rham with labeled Hodge-Tate weights
—k.

Proof. Write R = J,,(L®q, Ky[t]) for the moment. We proceed by induction on d.
The case d = 1 easily follows form the fact that we may twist by characters § such
that 4| ox = = 1 and the fact that the claim is true for characters of g =7 X Oﬁ
by the definition of locally algebraic weights.

For simplicity we only treat the case p # 2. In this case the group I is pro-cyclic.

In the case p = 2 one concludes similarly after taking invariants under the 2-power
torsion subgroup A of T'.

Let v € T be a topological generator and let I'y = (y) C I'. We will prove by
induction on 1 < j < d that for r big enough, ([, t*-7 R ®x; Filj(D),)" # 0.
Suppose we have the result for j < d — 1 and consider the short exact sequence

0— [ Fili* Dar(Fila—1(D)) — H Fil%” DdR(D) =[] Fill" Re(da)
— Hl (FO7 Flld 1 ®’RT H taa ¢
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Hence it suffices to show that
H' (To, Fila—1(D), 0y (]] ta7*)R) = 0.

To do so we are reduced to compute the first cohomology of (], tk*)R @, §; for
i < d—1 which vanishes as [[ tf*e R®d; ~ [[, t*=¢~*+s R®§ with § a finite order
character, k; 4 — ks ; > 0 for all o and

i (v, (TL, #)7) = (I, ) /¢~ O(IT )R =0

if i, > 0 for all embeddings o. It follows that D has to be de Rham. O

Let wL'i:' : SdD — W9 resp. wy : SP — W% denote the projection to the weight
space.

Corollary 2.7. (i) Let w € Wﬁleg,alg be a regular algebraic weight. Then there is a
non-empty Zariski-open subset Z.,is(w) C w;l(w) such that all points of Zeyis(w)
are crystalline (o, T')-modules.

(ii) Let k € [, Z¢ be regular and let w € Wf(l’la be a locally algebraic weight. Then
there is a non-empty Zariski-open subset Zperis(w) C wy ' (w) such that all points
of Zperis(w) are crystabeline.

Proof. The proof is identical to the one of [Chll Theorem 3.14].

(i) As w = (w1, ..., wq) € WY is algebraic we may write R(5;) = R(D(6;)) for any
character §; € T restricting to w; on O. We write D(8;) = D(a;, (ky),) with
a; = 6;(0) [1, o(w) % and let

Zeris(w) = {(D, Filo(D), 6, v4) € wy*(w) | 4= # p @) for i < j}.

Let D be a (p,T")-module associated to some point in Z.is(w) then D is de Rham
by Proposition [2:6] above and hence potentially semi-stable. As D is a successive
extension of crystalline (¢, I')-modules it has to be semi-stable and we have to
assure that the monodromy acts trivial. However the monodromy operator maps
the ®f-eigenspace with eigenvalue \ to the ®f-eigenspace with eigenvalue pf\,
where f = [Ko : Q,]. As the possible eigenvalues of ®/ are given by the a; the
monodromy has to be trivial.

(ii) Let w = (w1,...,wy,) and let K’ be the abelian extension of K corresponding
to Nkerw; C O < G&. Then the same argument as above yields a Zariski-open
subset Zperis(w) C w ' (w) whose points are (i, I')-modules that become crystalline
over K'. O

Remark 2.8. In the case d = 2 the second claim of the corollary above especially ap-
plies to the weight k = ((0,1),,) that is to potentially Barsotti-Tate representations.
If d > 2 a corresponding statement for potentially Barsotti-Tate representations can
not hold true any longer. There are no regular weights for potentially Barsotti-Tate
representations in this case and the dimension of the flag variety parametrizing the
Hodge-filtrations for non-regular weights will be strictly smaller than the dimension
of the space of extensions of (p,I')-modules.

Lemma 2.9. Let L C Q, be a finite extension of the Galois closure K"™ of
K inside Qp and let V' be a crystalline representation of Gk on a d-dimensional
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L-vector space with labeled Hodge-Tate weights —k = (—ks ;) such that k is regu-
lar. Let D = Deyis(V) and assume that the [Ky : Qpl-th power of the crystalline
Frobenius ®¢is on WD(D) = D ®L®q, Ko @p 18 semi-simple. Let \i,...,\q be an
ordering of its eigenvalues and assume that for all o one has

[K:Qp]
[KO:QP]Val(Al) < k0—72 + Zo";ﬁa— ko",l

[K:Q] , , , R
e val (A X)) < ki + Z#U korit Y ijl kgr .

(V) such that

(2.3)

Then there is a triangulation 0 = Dy C D1 C --- C Dy = DIig
D;/D;_1 = D(6;) with §; : K* — L* given by

6i|(9}< Dz H o(z) ke
0i(w) = )‘iH o(w)ke,

Proof. Let D; C Djig(V) be the filtration induced by a filtration 0 = D{ C D} C

-+ C DIy = D = D¢uis(V) by @qis-stable subspaces such that the restriction of
Kol ¢ WD(D;) has eigenvalues A1, ..., ;. Then D; is stable under ¢ and T’

cris
and we need to compute the graded pieces. One easily sees that the graded pieces
are as claimed if the filtration DY, is in general position with all the Hodge filtrations

Fil} which is to say
(D} ®Kyor,001dQp) ® (Fil* ' Dk ®ker.00idQp) = D®Koor,0sidQ = WD(D).

However, one easily sees that this is assured by weak admissibility and condition

(2.3)- 0

2.3. Construction of Galois-representations. Let 5 : Gx — GL4(F) be an
absolutely irreducible continuous representation. Write R; for the universal defor-
mation ring of p and X for the generic fiber of Spf R; in the sense of Berthelot.

Let X be a rigid space and let T : Gx — I'(X,Ox) be a continuous pseudo-
character of dimension d. We say that T" has residual type p if for all z € X the
semi-simple representation p, : Gx — GLq(Og, ) with trp, = (T ® k(x)) ®p(x) Qp
(which is uniquely determined up to conjugation) reduces to (the isomorphism class
of) p modulo the maximal ideal of Og .

Then the rigid space X represents the functor that assigns to a rigid space X
the pseudo-characters T : Gx — I'(X, Ox) of dimension d and residual type p.

By [Hell, Theorem 5.2] there exists a natural rigid space S5**™™ which is étal

ns,adm
Sd

over §}° and a vector bundle V on together with a continuous representation

p: Gk — GL(V) such that D,
(¢, T)-module. Let us write S(p) C Sy***™ for the open and closed subspace where
the pseudo-character trp has residual type p. Then we obtain a canonical map

(V) is the restriction of the universal trianguline

5 S(p) — X5 x ﬁgg.

Theorem 2.10. The map 7, is finite and injective.

2T the set up of adic spaces the spaces S;’S’adm is an open subspace of S3°.
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Proof. The proof is the same as the proof of [He2l Theorem 3.1]. O

Let X™8(p) = Im(m;) C X5 x T4, which is a Zariski-closed subset and let X (p)
denote the Zariski-closure of X™8(p) in X; x T9. The space X(p) is called the
finite slope space in the following. The next proposition verifies [He2, Conjecture

3.15 (i)].

Proposition 2.11. The inclusion X**8(p) — X (p) is an open immersion. Further
the Galois representations p € X (p) are trianguline.

Proof. Let us write M = |X"8(p)| for the underlying point set of X"™(p) and
let x = (p,01,...,04) € M. Then Diig(p) is strictly trianguline with ordered
parameters 01, ..., 04 in the sense of [KPX] Definition 6.1.13]. Let X; = X™&(p)
denote the Zariski-closure of M in X; x ’Egg and Xo = X (p) denote its closure in
X5 % T<. Further we write p™ for the pullback of the universal Gg-representation
on X; to Xy and d1,...,04 for the pullback of the universal characters of K> on
T4 to X,. By |[KPX, Corollary 6.2.9], there exists a proper birational morphism
p : X5 — X, such that there is a (unique) increasing filtration Fil; on Djig (p*p"™) by
(p,T')-submodules which is a strictly trianguline filtration with ordered parameters
p*61,...,p*8q over a Zariski-open and dense subset U C X} containing p~1(M). As
the formation of X/ commutes with flat base change we are reduced to show that
U N (X5 x7a T2,) maps to X;. However this is obvious as X by construction is
exactly the set of all trianguline representations which are strictly trianguline with

ordered parameters (d1,...,0q) € ’Egg.

The last claim follows from [KPX| Theorem 6.2.12]. O

3. APPLICATION OF EIGENVARIETIES

In this section, we recall some facts on eigenvarieties attached to definite unitary
groups and prove a density statement about them which will be used in the proof
of the main theorem.

3.1. The eigenvarieties. The eigenvarieties that we are going to use are studied
in Chenevier’s paper [Ch3|. The result that we need is the analogue of the results
in [He2|, where the corresponding eigenvarieties were studied in [BeCh]. We recall
the set up of Chenevier’s paper.

Notation 3.1.

(i) We choose a totally real field F' such that [F : Q] is even and let E be a
CM quadratic extension of F. We write ¢ for the complex conjugation of
E over F and assume that there is a place vg of F' dividing p unramified in
E, such that vo = wowg splits in £ and such that F,, = E,,, = K. We fix
such an isomorphism and view the uniformizer w of K a an uniformizer of
Fy,-

(i) We fix an algebraic closure Q of Q and embeddings ts, : Q <+ C and
tp: Q= Q. Let I, = Hom(F,C) = Hom(F,R) denote the set of infinite
places of F. Given a place v of F' dividing p the set I(v) = Hom(F,,Q,) is
identified with a subset I (v) C I, via our choice of embeddings ¢, and

lp-
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(iii) Let d > 1 be an integer and let us write G for the unique unitary group
in d variables defined over F' which splits over E, is quasi-split at all finite
places and compact at all infinite places. The existence of such a group can
be deduced from the considerations of section 2 of [CI].

(iv) As wg splits in E, there exists an isomorphism G(F,,) = GL4(K) that we
fix for the following. We write S, for the set of places v of F' dividing p
and S}, = Sp\{vo}ﬂ

(v) Let T denote the diagonal torus in GL4(K) and denote by T its maximal
compact subgroup. Further we fix the Borel B C GL,4(K) of upper triangu-
lar matrices in order to have a notion of dominant weights. Let L C Q, be
a subfield containing o(F,,) for all o € I(vg). We define the weight space
for the automorphic representations to be

Waut = Homcont (T07 Gm(f)%

as rigid space over L. Especially we have a canonical identification Waut =
Wi,

(vi) Fix a finite set .S of finite places of F' containing S, and all places such that
G(F,) ramifies and fix a compact open subgroup H = [[, H, C G(Ar )
such that H, is maximal hyperspecial for all v ¢ S and such that H,,
is GL4(Og). Write 8" = S\{vo}. We define H = [], H, such that
H) = H, is v # v and H_ is the Iwahori-subgroup I of GL4(Ok) of
matrices whose reduction modulo wy are upper triangular. Further let
H™ = Op, [G(A% IH 9] denote the spherical Hecke-algebra outside of S.
Furthermore, we ask that H is small enough, ie for g € G(Ar ),

G(F)NngHg™ ' =1.

(vii) For each place v € S” we fix an idempotent element e, in the Hecke-algebra
OL|G(Fy) /| H,] and write e = (®yes €y) @1yun for the resulting idempotent
element of the Hecke algebra OL[G(AY )/ H™].

(viii) For 1 < ¢ < d, let t; = diag(1,...,1,w,1...,1) € T, where the uni-
formizer is at the i-th diagonal entry. Let T~ C T denote the set of
diag(z1,...,24) € T such that val(x1) > -+ > val(zy). We regard Z[T/T°]
as a subring of the Iwahori-Hecke algebra of G(F,,) with coefficients in
Z[1/p] by means of t + 1p, (1, . This subalgebra is generated by the
Hecke-operators 1 HogtHy, for t € T~ and their inverses. Finally let H =
H"™ @z Z|T/T"], which is a subalgebra of OL[G(AFf)//H'].

Let Wy, be an irreducible algebraic representation of [], . 81 wE Lo (v) G(F,) and
let A = A(W,S,e) denote the set of all irreducible automorphic representations
IT of G(AF) such that ®v€5;’weloo(v) IT,, is isomorphic to Wy, and e(Hf)H“/JO # 0.
Further define the set of classical points to be

e Ax:T/T° — Q; continuous }

such that II,, is a sub-object of Ind %)y

(31  z= {(H,x>

where the parabolic induction is normalized.

3Let just remark that here Sp is not exactly the same as in [Ch3)|



DENSITY OF POTENTIALLY CRYSTALLINE REPRESENTATIONS 13

Associated to these data there is an eigenvariety, that is a reduced rigid analytic
space Y (W, S, e) over L together with a morphism

k1Y (W, S, e) — W

and

7/1 = ﬂiun & wvg H— F(Y(Woo» S» 6), OY(WOO,S,e))
a morphism of algebras such that Y (W, S, e) contains a set Z as a Zariski-dense
accumulatiorﬁ subset. These data are due to the property that there is a bijection
between Z and Z sending a point z € Z on the pair (II,, x,) € Z according to the
following rule.

The evaluation ¥"*(z) : H"™ — k(z) is the character of the spherical Hecke-
algebra associated to the representation II¥. For w € I (vp), let i, denote
the algebraic character of T, obtained from II, ,, following the rule of [Ch3| §1.4].
Then, £(2) = [ler.(v) F1..- Let kz(z) be the unique charater T/T° — Q
such that k4 (2)(t) = k(2)(t) when ¢ is a diagonal matrix whose entries are powers
of wg. Finally the component %, of the morphism 1% is given by

_ d—1
Yo (z)|T1;) ‘lw,em,, Xz (t) - 5BU1/2(t)| det(t)| 2 Kkw(2)(t),
where dp, is the modulus character.
In what follows, we fix the data (W, S, e) and write simply Y for Y (W, S, e).

In [Ch3, §2], Chenevier constructs a space of overconvergent p-adic automor-
phic forms. More precisely, if V is an open affinoid of W2 one defines a cer-
tain ry > 1, and constructs for each r > ry an O(V)-Banach space denoted
eS(V,r) with a continuous action of H such that the operators U,,, corresponding
to diag(w?{l,wfgz, ..., 1) € Z|T/T®] C H acts as a compact operator. We say
that a charater of H is U,,-finite if the image of U,, is non zero. Then we have
the following interpretation of points of Y, which is a consequence of Buzzard’s

construction of eigenvarieties [Bu, §5].

Proposition 3.2. Lett € W(@p) Then there is a natural bijection between Q,-
points of Y mapping to t and Qp-valued U, -finite system of eigenvalues of H on

lim, eS(V,r) @o(v) k(t)-

3.2. The map to the finite slope space. In the above section we have recalled
the construction of an eigenvariety Y — W24t As above we write Z C Y for
the set of classical points . Let (II,x) € Z and let 7 = &, BC(II,) be the
representation of GL4(Ag) defined by local base change for GLy. Then by [Ch3,
Theorem 3.2, 3.3| there are Galois-representations prr : Gg — GL,,(Q,) attached to
the automorphic representations Il € Z such that the Weil-Deligne representation
attached to prr|g, equals the Langlands parameter of | - |*=%/2 where G, C Gg
is the decomposition group at v for v not dividing p.

Let B C G = Resg/q, GL4 denote the Weil restriction of the Borel subgroup of
upper triangular matrices and let T C B denote the Weil restriction of the diagonal
torus. Using the canonical isomorphism Gg, = IL GL4,g, an algebraic weight n

4Recall that a subset A C Y of a rigid space accumulates at a point x € Y if ANU is
Zariski-dense in U for every connected affinoid neighborhood U of z in Y.
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of (Gg,,Tg,) that is dominant with respect to By can be identified with a tuple
(No,15 -+ Nod)ocl(vy) € ngl(vo) Z% such that ny; > -+ > ng 4 for all 0. Note
that this algebraic weight is already canonically defined over the reflex field Ey, of
the weight n, i.e. over the subfield of Q, defined by

Gal(Qp/En) = {¢ € Gal(Q,/Qy) | No.i = Nypor.i for allembeddings o}

and hence especially over our fixed field L. Especially n defines an L-valued point
of WH.

Let z = (I, x) € Z and for o € I(vo) let n,1 > -+ > ngq denote the highest
weight of L, (), where v(0) = toot, '0 € Ino(vg). We say that z is regular (with
respect to vg) if ng1 >+ >Ny for all o € I(vg) and if

A g {1, pHR0,
where we set
Ai = 770110 (tvm’i) Ha U(w)ing’i'

We further say that z = (II, x) is uncritical if in addition condition (2.3) holds with
N, = Ag1—; and ko ; = npar1—; + ¢ — 1. We write Z'8 C Z for the set of regular
points and Z" C Z for the set of uncritical regular points.

Lemma 3.3. The subsets Z'°® and Z"™ are Zariski-dense in the eigenvariety Y
and accumulate at all classical points z € Z.

Proof. The proof is the same as the usual proof of density of classical points. Let
us denote by Yy € W x G,, the Fredholm hypersurface cut out by the Fredholm
determinant of U,, = diag(ww?!,...,w,1). Let 2 € Z C Y be a classical point
and let U C Y be a connected affinoid neighborhood. After shrinking U we may
assume that there is an affinoid open subset V' C W% such that U — V is finite
and torsion free. As U is quasi-compact, there exist Cy, ..., Cy such that

C; > valy (g (tug1 - - - tug.)(2)) + 1

for all © € U, where val, is the valuation on k(z) normalized by val,(p) = 1. Let

us write A C V for the set of dominant algebraicﬁ weights ne1 > -+ > ng g such
that C; < ng; —ngi41 + 1 for all 4 and 0 : K — Q, and
(3.2)

-Cp — Z Ngr 1 <Ng,d—1+ 1+ Z Notd for all embeddings o

- E § o na”,j <na,d7i+ E o no” ,d+1— z+ E § Ng’ ,d+1—j
Jj=1

+1+ %[K :Qpl(i — 1)(i + 2) for all o,1.

Then one easily sees that A accumulates at the point x(z). It follows from [Ch3]
Theorem 1.6 (vi)] that the points 2’ € U such that x(z’) € A are classical, whereas
(3.2) assures that these points lie in Z""| as

K: K
[[Ko%p]]val()\l) < [K Qp] (C1 - Z Ne,ivaly(o(@))) = Kn%ﬂ] ) _Z Mot

and
ko2 + ZU¢U, kor1 =mnga-1+1+ Z[#U, g .d
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for all ¢ and similarly for the second required inequation. The claim now follows
from this as the map U — V is finite and torsion free. (]

Let us fix an identification of the decomposition group G,,, of Gg at wo with the
local Galois group Gg.

Proposition 3.4. Let II = 11, for some z € Z™8. For an infinite place v € 1
let ny1 > -+ > nyq denote the highest weight of 11,. Then the representation
prilgy is crystalline with Hodge-Tate weights ks = My(o),a41—i + 1 — 1, where
v(o) = LooLljlo'. Moreover the Frobenius ®cyis i that is the [Ky : Qpl-th power of
the crystalline Frobenius on

WD(pn|gK) = Dcris(pﬂ|gk) ®K0®Qpr Qp

is semi-simple, its eigenvalues are distinct and given by

Ai =ty (tog.i) [ [ o(@) ™" € k(2) € Q-

Proof. Tt follows from [Ch3l, Theorem 3.2] that the representation is semi-stable with
Hodge-Tate weights and Frobenius eigenvalues as described above. The condition

iiq £ pi[Kme]
J

assures that the monodromy operator has to vanish and hence the representation is
crystalline. Further the condition \;/A; # 1 assures that the Frobenius has distinct
eigenvalues and is apriori semi-simple. O

By [Ch3l, Corollary 3.9] there is a pseudo-character Ty : Gg g — I'(Y, Oy) such
that for all IT € Z"# one has T ® k(II) = tr pr;. Let us write Gg g for the Galois
group of the maximal extension Eg inside Q that is unramified outside S and fix
a continuous residual representation p : Gg s — GLg(F) with values in a finite
extension F of ), such that the restriction p,, = plg,, is absolutely irreducible.
We write R, s reps. Rj, ~for the universal deformation rings of p resp. p, and
let X5 resp. X5, denote their rigid analytic generic fibers. As we assume py,
(and hence also p) to be absolutely irreducible [Ch2, Theorem A and Theorem B|
implies that the universal deformation rings Rp,,, and Rj s agree with the universal
deformation rings of the corresponding pseudo-characters tr p,, resp. trp.

Let Y5 C Y denote the open and closed subset where the pseudo-character 7y has
residual type p. Then the restriction to the decomposition group Gx = G,y C G g
at wo induces amap f;:Y; = X5, . Let Ni/q, : K* — Q, denote the norm map

of K. We define g; : Y — G,,, by

2+ Yo (tog,ar1-i) - Nk g, (@)

Further we define a morphism

i—1

wy = (WY,i)i Y — Wd

by setting wy,; = t(Kyy,d+1-i)0((1 —¢,...,1 —14)), where ¢ : W — W denotes the
morphism induced by ¢(§)(z) = §(2)7 L.

Theorem 3.5. The map
f = (fﬁvav (gl)l) : Yf’ — xpwo X W X Gtrin = xﬁwo X Td
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factors over the finite slope space X (pu,) C X5, X T* and fits into the commutative
diagram

I os
Yo — X(Puy)

N

Wd

Proof. The subset X (pu,) C X5, ¥ T % is Zariski-closed an hence it suffices to check
that f(z) € X(pw,) for all z = (IL,, x») € Z""NY (p), as this subset is Zariski-dense
by Lemma [3.3] However this amounts to say that for z € Z"* the representation
pnz|Dw0 is trianguline with graded pieces R(d;), where §; : K* — @; is the

character
(5i|o}><( Pz H o ()Mo ari i1
(Sl(w) == 1/11)0 (Z)(tvo,d+1—i) HU o(w)i_ll

where as above v(o) = LOOLIjIU and we write (n,(,),;) for the highest weight of
II. 4 (s)- By our choice of Z"" this follows from Lemma and Proposition O

3.3. Variation on the density of trianguline representations. In order to
deduce density statements in the generic fiber of a local deformation ring from
density statements in the space of trianguline representations one needs to show
that the image of the space of trianguline representations is dense. This density
result is included in the work of Chenevier [Chl] and Nakamura [Na3|. In our
case the situation will be a bit more restrictive: we only can make a statement
about the components of the space of trianguline representation that are met by
the eigenvariety. Hence we need to sharpen these density result a bit. In order to
do so we need to compare the fibers of the space of trianguline representations over
dominant algebraic weights with Kisin’s crystalline deformation rings.

Let k = (k,;) be an algebraic weight. We assume that k,1 < kp2 < -+ < ks g
for all o. By the main result of [Ki3| there exists a closed subspace x;jz’k C X5,
parametrizing the representations that are crystalline of labeled Hodge-Tate weight
(—ko,i). Let Uéfj,k C X5,k denote the subset of points where the eigenvalues of
the [Ky : Qp]-th power of the crystalline Frobenius are pairwise distinct. Recall
further that we have a map w : S"(py,) — W to the weight space.
Proposition 3.6. The map w™'(k) — X, induces a map gi : w™'(k) = X,

which is étale over US™S | . Further g]:l(UgriS ) is open and dense in wt(k).
o wo>

Proof. By Corollary the map w™'(k) — X, generically factors over %f{izk
As Z{i{ii,k C X;,,, is Zariski-closed the first claim follows. It is further easy to see

that the preimage of Ugﬁs’k is open and dense. It remains to prove the claim on
étaleness which we prove by verifying the infinitesimal lifting criterion. Consider
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an affinoid algebra A with ideal I C A satisfying I? = 0 and the diagram
Sp(A/T) —=w™'(k)

L

Sp(A) yeris

Pwq K’
This diagram gives rise to a family of filtered ¢-modules over A and we write
(D, ®p) for the associated family of Weil-Deligne representations on Sp(A). Further
the upper arrow in the diagram gives us a filtration

0oCFl' c...cFI" 'cFl'=D=D/I
by subspaces that are locally on Sp(A) direct summands and stable under the
Frobenius 7 = ®p mod I and we have to prove that this filtration uniquely lifts

to a ®p-stable filtration Fil® of D such that locally on Sp(A) the Fil* are direct
summands of D. After localizing on Sp(A4) we may assume that D is free and that

all the Fil' are direct summands of D. We show that we can lift ml' uniquely to
a ®-stable direct summand of D. The rest will follow by induction. Let us chose
a basis é1,...,&q of D such that Fil' is generated by &1, ..., and take arbitrary
lifts e; of the &; in D. We write A = (a;;) for the matrix of ® in this basis. Then
the above implies that a;; € I for ¢ > j and that a;; # a;; for all ¢ # j, as this is
true modulo all maximal ideals of A by definition of U;fuis,k. We have to show that

0
there exists uniquely determined Ay ..., g € [ and a u € A* such that
d d
‘I’((il + Z /\jEj) = u(el + Z)\jej)'
j=2 j=2

However, this comes down to showing that
d
(A= pE)es + Y A\j(A—pE)e; =0
j=2
has (up to scalar) a unique solution with \; € I which is an easy consequence of
ai; € I for i > j and ay # aj; for @ # j. O

Corollary 3.7. Let X(p,Woo,e) C X(puw,) denote the Zariski-closure of those
connected components of X (puw,) 8 that are met by the image of the map f defined
in Theorem . Then the image of X (p, Weo, €) in X;,, is Zariski-dense in a union
of irreducible components of X5, .
Proof. Let us write X for the Zariski-closure of the image of X (p, Wy, e) for the
moment. Following the proof of [Chll 4.5] and [Na3| Theorem. 4.3], we are reduced
to show that there exists a crystalline point p € X*™ such that X (p, W, e) contains
all possible triangulations of the representation p. Here X®™ C X is the smooth
locus which is Zariski-open and dense in X.

We first claim that the image of the eigenvariety produces many crystalline points
such that all possible triangulations are contained in X (p, Wy, ¢€). Let z = f(y) €
X (p, Woo, €) for some y = (II, x) € ZNY} C Y such that the image p, of 2 in X5,
is regular crystalline and uncritical in the sense of . Then the triangulations are
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in bijection with the orderings of the Frobenius eigenvalues as the representation is
regular and hence there are exactly d! such triangulations. We claim that all these
possible triangulations of p lie in f(Y};). Indeed, as II,, is unramified, there are d!
distinct characters x; : Ty, /TSU such that II,, appears in the parabolic induction
Indng(K)xi and as the representation is uncritical it follows that the parameters
of the triangulation are prescribed by the character x;.

Let us write k, = w(z) and z1,...,2z4 € X(p, Wy, e) for the distinct points in
the preimage of the p.. Then there exist open neighborhoods U; C X (p, W, €) N
w™!(k) of the z; such that U; N U; = 0. As the map gi, from Proposition is
étale at all the z; it follows that the image of the U; in U;;is’kz is open and after
shrinking the U; we may assume that U, = gi_(U;) = gx, (U;) for all ¢, j. It follows
that all the crystalline representations p € U, have the property that X (p, W, €)
contains all their possible triangulations.

The claim now follows from the observation that U, as z runs over all classical
regular, uncritical crystalline points of the eigenvariety is Zariski-dense in X and
hence contains a point of the smooth locus X*™. O

3.4. A density result for the space of p-adic automorphic forms. Now we
introduce the Banach space of p-adic automorphic forms of tame level H" and
prove that a an element of R s vanishing on this space, vanishes on the eigenvariety
Y (W, S, €); too.

Recall that we have fixed a finite extension L of Q, with ring of integers O and
uniformizer wy,. If H =[], H, C G(AFr,) is a compact open subgroup such that
H, C GL4(F),) for v|p, we can define, for Wy a finite O-module with a continuous
action of GL4(OF ® Z,) and define

Sw,(H,0) = {f : GUI\G(AF) — Wo | f(gh) = h~"f(g) for all h € H}.
If H =1],,, H", we can define

Swy(H™,0) = lim  Sw,(H"H,,0),
HyyCG(OF,,)

where the limit is taken over all compact open subgroups of G(OF, ).

Let Sy, (H",©) be the w-adic completion of Sy, (H", ). When W, is the
trivial representation, we omit it from the notation.

If k is a dominant algebraic weight, we write Wy for the irreducible representation
of Gg, = (Resk/q, GLa)g, of highest weight k relatively to our choice of Borel
subgroup. Note that this representation is already canonically defined over the
reflex field Fy of the weight k and hence especially over our fixed field L, because
we assumed that L contains all the o(K). Finally we write Wy for the representation
of GL4(K) or GL4(Ok) given by composing the embedding

GLy¢(K) — HU GL4(L) = (Resg g, GLq)(L)
x+— (0(x)),.

with the evaluation of Wy on L-valued points (and similar for its restriction to

GL4(Ok)).
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Recall that W, is the representation of [], g [],c Lo (0) G(F,) fixed in sec-

tion Using ¢, and tx and choosing L big enough, we can view W, as

a representation of ], .q G(F,) and put an L-structure on it. Let us write
P

Si(H", L) = Syo(H",0) ®p L, where W is a stable Op-lattice of the repre-
sentation W ®p, We of G(OF ® Z,).

If H is a compact open subgroup of G(A) we write H(H) for the image of H""
in End(Sk(H, L)).

Now we fix H as in section and assume moreover now that all places v|p
are split in F and H, is maximal at theses placeﬂ Recall that we fixed a Galois
representation p which is automorphic of level H, i.e. there exists z € Z such that
p is isomorphic to the reduction mod wy, of prr.. Let m be the maximal ideal of
H"" such that for v ¢ S, the conjugacy class of p(Frob,) coincides via the Satake
correspondence with the morphism H(G(F,), H,) = OL[G(F,)//Hy) — H(H)/m ~
kr. Let H,, C G(OF, ) be a compact open subgroup and Hw(H,,) be the image
of H in End(S(HY Hyy, O)m)-

Then there is a unique continuous map 6 : R; — Hw(H,,) with the following
property: Given a morphism ¢ : Hy (H,,) — Q, of Op-algebras, the deformations
p of p corresponding to 108 are such that for v ¢ S, the conjugacy class of p(Frob,)
coincides via the Satake correspondence with the morphism

H(G(F,), Hy) — Hu(Hy) 2 Q.
By unicity, these maps glue into a map
0:R; — @Hm(Hvo)
Ha,,
giving a continuous action of R, on S(H",O)y.
Now we can fix an idempotent e as in section such that eSx(H, L)m # 0. We

will prove that if an element ¢t € R; vanishes on eS(H", L)y, then it vanishes on
Yﬁ = Y(WOO7 S7 6)’5 too.

Lemma 3.8. There exists a GL4(Ok) x H"™-equivariant homeomorphism
Sk(H™, L) ~ Wi @1 S(H", L),
supposing that H"" acts trivially on Wi.

Proof. 1t is sufficient to prove it before the localization in m, by H""-equivariance.
Then we can use the following list of GL4(Og) x H" -isomorphisms

Wy @o, S(H™,0) =lim(W/w}) ®o, S(H™,0/w}))

n

= lm(Wy/w}) @o, (lim S(H,,H"™,0/w}))

n Hv0

= ﬂlhﬂ(swg/mg (H’UoHvov O/WZ)
n Hvu

= SK(H™,0p).

5This restriction is only here to be able to apply the idempotent e at the spaces Sy (H, L).
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d

Proposition 3.9. The GL4(Ox)-representation S(H",0)y, is isomorphic to a
direct factor of C(G(Ok),L)" for some r > 0, where C(G(Ok), L) denotes the
space of continuous L-valued functions on G(Ok).

Proof. Using Lemma [3.8] it is sufficient to prove it when k = 0. Then we re-
mark that the Banach space So(H, L) is the Banach space of continuous func-
tions G(F)\G(Ap,)/H" — Ws. Let g1,...,g a list of representative elements
of G(F)\G(AFr¢)/H, we have G(F) N g;Hg~' = {1} for each i, proving that
G(F)\G(Ar.;)/H™ is isomorphic to GLq(Og)". This proves that So(H",L)
is GL4(Ok)-equivariantly isomorphic to C(GL4(Ok),L)" with r = 7/ dim W.
Using the fact that @HUO H(H,,,Or) and its action on S(H", L) commutes to

GL4(Ok), we can conclude that SO(H”O,L)m is isomorphic to a direct factor of
C(GL4(Ok),L)". O

From Lemma there is an H""-equivariant isomorphism

Si(H, L)w ~ Homgr,,(0,0) (Wit, S(H", L))
This implies that if t € R; vanishes on Sk(H Yo L) it will vanish at each point of
Z C Yp. These points being Zariski-dense in Y, the function ¢ vanishes on Yj.

3.5. A density result for the eigenvariety. Now we fix k a regular weight. We
say that a closed point y € Y} is crystabelline of Hodge-Tate weights k if its image
in X(p) is crystalline on an abelian extension of K and its Hodge-Tate weights
are given by k. The purpose of this section is to prove that if ¢ € R; is zero on
the subset of points of Y which are crystabelline of Hodge-Tate weights k, then ¢
induces the null function on Yj.

Recall that we have fixed a Borel subgroup B C GL4(K) and let us write N C B
for its unipotent radical. Further we write Ny = N N GL4(Ok).

Definition 3.10. Let II be an irreducible smooth representation of G(F,,). We
say that II has finite slope if the operator U,, has a non zero eigenvalue on the
space II™Vo. If II is an irreducible automorphic representation of G(Ar), we say
that IT has finite slope if II,,, has finite slope as a smooth representation of G(Fy,).

The following result tells us that finite slope automorphic representations of
G(AF) give rise to closed points of Y.

Proposition 3.11. Let II be an irreducible automorphic representation of G(Ap)
of finite slope. Then there exists a point z € Y (Qp) such that 1, |yum = |-
Moreover, if ®welm(vo) I, is isomorphic to Wy, then the Galois-representation
attached to z becomes semi-stable of weight k, when restricted to the Galois group
of an abelian extension of K. If moreover, for n, = wy,(2)0w((ks;)), we have
1 # n; for i # j then this Galois representation is even potentially crystalline of
weight k.

Proof. By assumption, there exists f € S (Hvo, L)No which is an eigenvector of
H x L[T] such that the character of H is ¥ and the eigenvalue of U, is non zero.
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Let x be the character of T giving the action of T° on f. By |[Loe, Proposition
3.10.1], we have

eS(H™, L)a°[x] = lim eS(x, 7)

By Proposition there exists a point z of Y/(Q,) such that 1, |z = ry|pun.
The claim about becoming semi-stable after an abelian extension follows easily using
the map to the finite slope space and the fact that the fibers over regular locally
algebraic characters have this property. By Theorem the character (1;); gives
the action of the inertia on the Weil-Deligne module of this Galois representation,
which is non monodromic under the last assumption of the proposition. O

This proposition shows us that if we want to prove that an element t € H"™"
vanishing on all crystabelline points of type k of Yj is zero, it is sufficient to
prove that an element ¢ € H"" vanishing on all Sx(H", L)n[II;] with II an ir-
reducible automorphic representation of finite slope such that elly # 0, then ¢ = 0
on eSy(H", L)y.

To produce sufficiently automorphic finite slope representations we can use the
following result. Now we write I,, for the level n Iwahori subgroup of GL4(Ok)
i.e. elements of GL4(Ok) such that the entries below the diagonal are divisible by
w™, and By = BN1I, and Ny = NN By. Recall that the level of a smooth character
X : OF — C* is the least integer n such that 1 + @" "' O is contained in ker(y).

Proposition 3.12. Let y = ®?:1 Xi be a smooth character of T° such that for
1 <i<n-—1, the level of x; is stricly bigger than the level of x;+1, then there exists
an open subgroup I(x) such that I(x) = (I(x) N N)T°(I(x) " N), I(x) N B = B°
and if we write x for the composite I(x) — T — C*, then the pair (I(x),x) is
a type for the inertial conjugacy class of (T, x), more precisely, if © is a smooth
irreducible representation of GL4(K), then

Homj(x,7) #0 <= 7 = Indng(K)(n)

with  a character of T such that n|y = x. Moreover, in this case, ® has finite
slope.

Proof. Let n; be the level of x; and define I(x) as the subgroup of I of matrices
(@i j)1<i,j <d such that @™ |a; ; for j < i. It is immediate to check that x can be
extended in a character of (). It is enough to prove that (I(x), x) is a type for the
GLg4(K)-inertial equivalence class of (T, x). In this aim, we use the characterization
of part 2 of the introduction of [BK|. The only non trivial condition is (iii). We
follow closely the arguments of [BK| where the situation is much more general.
Let z be the element of 7' whose diagonal entries are (w" 1, w" 2 ... @, 1) and
f» the element of H(G, x) with support I(x)zI(x) such that f.(z) = 1. We only
have to prove that f, is an invertible element of H (G, x). Let f,—1 be the element
of support I(x)z~'I(x) such that f,-1(z7!) = 1. We want to prove that g =
f.—1 % f. has support in I(). The support of g is contained in I(x)z~1I(x)zI(x).
Now remark that I(x)zI(x) = [luer)/(r00ner(x)»-1) @21 (x) and that each class
of I(x) modulo I(x) N zI(x)z~! contains an element of N N I(x) = Ny, so that
I(x)z"' 1(x)zI(x) = I(x)z"*NozI(x) C I(x)NI(x). By [BH, Prop. 11.1.2], it
is then sufficient to check that if an element v € N intertwines the character x,
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then u € Ny. We can restrict us to the case d = 2. Let uw = (} %). Suppose that
x ¢ Ok and choose n = n; —v(x) with n; the level of x;. If u intertwines y, an easy
computation shows us that we must have x1(a +zw"c)x2(d — zw™c) = x1(a)x2(d)
for each (a,d,c) € Of x 05 x Og. Asny > na+1, we have yao(d—zw"c) = x2(d),
so that we have x1(1 + zw™c) =1 for all ¢ € Ok, which contradicts the fact that
ny = n + v(x) is the level of x;. O

Let 7° be the set of smooth characters 70 — C, of the form x; ® - -+ ® xq such
that the level of y; is strictly bigger than the level of y;41 for 1 <i<d—1.

Proposition 3.13. Let B be the Banach space of continuous function O — C,
and for n € N, let B>,, denote the subspace generated by the characters O — C,
of finite level bigger than n. Then B, is dense in B.

Proof. As the space of smooth functions from Oy — C,, is dense in B and a basis
of this space is given by the set of all characters of finite level as a basis, the closure
of B>, in B is a subspace of finite codimension. If it is strictly included in B,
there exists a continuous map A : B — C, which is U-equivariant for some open
subgroup U C Oj acting trivially on C,. Then X gives rise to a non trivial Haar
measure on U which can not exist. O

Corollary 3.14. Let C(T,C,) denote the space of continuous C,-valued functions
on T°. Then the subspace of C(T°,C,) generated by the elements of T° is dense.

Proposition 3.15. E|Let C(No\ GLq(Ok),C,) denote the space of Cp,-valued con-
tinuous functions on GL4(Ok) which are left invariant under No. Then the sub-
space

3" mdi1 O ) (x) ¢ C(No\ GLa(Ok), C)

X€ETa
is dense.

Proof. If x € T°, the character y of T° uniquely extends to a character y of I(x)
which is trivial on I, " N and I, N N. Let’s name such a function a character
function for the moment. More generally for g € GL4(Ok), the function x(-g) of
support I(x)g~! is named a right translated character function. For x € 79, the
space Indii”;(oK)(X) is exactly the subspace of C(Ny\ GL4(Ok, C,)) generated by
the right translated character functions. Let f : GL4s(Og) — C, be a continuous
function, invariant on the left under NVy. We have to prove that we can approximate
f by right translated character functions. Let g1, ..., g, a system of representatives
of the quotient I;\ GL4(Ox). Let fi = f(- g;")|n, so that f = 7, fi(-gi)-
Now fix 1 < i < r. Fix € > 0. As Iy is compact, we can find n > 1, such that
for h € I, N N, we have ||f; — fi(- h)|| < e. Let hy,...,hs € I; a system of
representatives of (I,, N N)\(I; N N), which is also a system of representatives of
I,\Ii, and define f;; = fi(- hj_l)|1n. Let f]; be the function on I,, defined by

1 i(ntN) = fi;(t) for (n,t, N) € (NNIL,) xT° x (NN1,). As (NN1,) is a normal
subgroup of (N N Iy), we have ||f;; — fiill < e Using Corollary for each

6V. Paskunas informed us that he has more general versions of this result in his forthcoming
work with M. Emerton
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(i,7) € [1,7] x [1,s], we can find elements f; ; € Ty, such that 1fi o — fiill <e
Now we can write each f;; as >, a;jkXij,k With I(Xi k) C In. We extend each
Xi,j.k t0 I(Xi ; k) as previously described. As I(x; k) C I, we can write f; ; as a
finite sum of right translated character functions. If f =37, . fi ;(- h;g:), we have

IIf = fll <€ and f is a finite sum of right translated character functions. O

Now we can conclude the proof.

Proposition 3.16. Let t € R; such that t is zero on each eSk(H"I1(x),Cp)mlx]
such that x € T°, then t =0 on eS(H, L)No.

Proof. We know that Y, Ind}» (%) (x) is dense in C(No\ GLy(Ox), C,) and that

Si(H", L)y is isomorphic to a direct summand of C(GLg4(O),L)" for some r.
It follows that S; = S’k(HUO,L)m®LCP is isomorphic to a direct summand of
C(GLd(O[{), (Cp)r. We can write C(GLd(OK), (CP)T =51 ® 8.

As the functor F' = @, Homy(y)(x, —) commutes with finite direct sums, we
know that F(S;) @ F(S2) is dense in [C(GL4(Ok),Cp)"]No. As the functor of
Ny-invariants commutes with direct sums, we conclude that F'(S7) C S{V ° must
be dense. By assumption, ¢ vanishes on F(S7), hence on S’{VO, which contains
S’k(H vo_ L)No. Finally we conclude by remarking that

Si(H", L)No = Wy @, S(H™, L)No.

m

O

Corollary 3.17. Let f € R; be a function vanishing on all points of Y5 which are
crystabelline of Hodge-Tate weights k. Then the image of f in I'(Y;, Oy) is zero.

3.6. Conclusion. Let us summarize what we have proven so far using eigenvari-
eties. The following definition will be useful.

Definition 3.18. Let X be a rigid space and R be a ring together with a ring
homomorphism 3 : R — I'(X, Ox).

(i) A subset Z C X is called R-closed if Z = {z € X | ¢(f)(x) =0 for all f € I}
for some ideal I C R.

(ii) A subset U C X is called R-open if its complement is R-closed.

Further we have an obvious notion of the R-closure of some subset Z C X and a
notion of R-density.

Let k = (ky:)o € [I,Z% be a regular algebraic weight and Xi(pw,) denote
the Rj, -closure of the set of potentially crystalline points of X (pu,) which have
labelled Hodge-Tate weights k. We have finally proved the following result.

Theorem 3.19. The image of Y (W, S,€)5 is contained in Xy (pu,)-

4. THE MAIN THEOREM

Let us fix a continuous representation 7 : Gx — GL4(F) fulfilling the condition
of Conjecture A.3 of [EG], which is automatic if d = 2. We also assume that p does
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not divide 2d. We need to embed our local situation into a global one. For this we
use the results of the appendix of [EG].

Corollary A.7 of [EG] tells us that we can find F a totally real field, E a totally
imaginary quadratic extension of F' and a continuous irreducible representation
p:Gr — Ga(FF,) (see for example [EG §5.1] for the definition of G4) such that

o 4[F:Q];

e cach place v|p of F splits in E and F, ~ K;

for each place v|p of F, there is a place ¢ of E dividing p and such that
ﬁ'QF{, =T

p is unramified outside of p ;

p 1 (GL4(F,) x GL1(Fp)) = Gk ;

p(GE(,)) is adequate (in the sense of [Thol §2|)

p is automorphic, we will explain now what this means.

Let v1 be a placﬂ of F which is prime with p and satisfies the same hypothesis as
in [EG, §5.3]. We define the compact open subgroup H = [[, H, C G(A) so that
H, ~ GL4(Ok) it v|p, H, C G(F,) is maximal hyperspecial if v { p and v # vy, and
H,, an open pro-f-subgroup of G(F,,) for ¢ the residual characteristic of v;. We
say that p is automorphic if Sy (H, L); # 0 for some irreducible locally algebraic
representation W of G(Or ® Z,).

Lemma 4.1. There exists an irreducible algebraic representation Wy, of the group
HUES’ H’LUGIOC (’U) G(FU) Such that S(HUO,L)ﬁ # 0

Proof. By definition, we know that there exists an irreducible locally algebraic
representation W of G(Or ® Z,) such that Sy (H,L); # 0. Let S(H?,L); =
lim MHPCG((?F@Z,,) S(HYH,,Or/w});. Wesee, asin sectionthat Sw(H,L); ~

Homg(opez,) (W™, S(HP, L);) and that, as a G(Or®Z,)-representation, S(H?, L),
is isomorphic to a non zero direct factor of C(G(Or ® Zy,),L)" for some r > 1.
We can then find an irreducible algebraic representation W of [, .o, G(F),) such

that Hompy __ c(r,) (W™, S(H?, L); # 0 and choose for W the irreducible alge-

braic representation of J[,cq [,er.(n) G(F0) associated to W as explained in

section then we have S(H", L), ~ Homyy, _, G(Fv)(WUO,S'(Hp, L);. O
P

4.1. A result of density in crystalline deformation spaces. Fix k a regular
algebraic weight such that Homgqr,, (o, ) (W), S(H", L);) # 0. In this section we
will use patching techniques to prove that the Rz-closure of automorphic points of
X&) is a union of connected components of %f,fif

There exists a complete noetherian local ring RFD pro-representing the functor
D: on the category of local Artinian W (IF)-algebras (A, m4) with residue field T,
where D;(A) is the set of continuous homomorphisms r : Gx — GL4(A) reducing
to # modulo the maximal ideal of A. Let r™ be the universal homomorphism

5. Gx — GLy4(RE). By Kisin’s result [Ki3] there exists a reduced p-torsion

"The introduction of this auxiliary place is only needed for the patching construction which
will be used in the forthcoming lines
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free quotient RY') = of RY such that a continuous ¢ : RY — Q, factors through
R D' if and only if ¢ 07" is crystalline of Hodge-Tate weight k. If 7 is absolutely

cris,]

irreducible, the natural map R;rllf — R~ is formally smooth. We say that
a Q,-point of Spec( ;rllf ’D) is automorphic if the corresponding deformation of 7

is automorphic. Further an irreducible component of Spec( ;flif’lj[l /p]) is called

automorphic if it contains an automorphic point. Our goal in this section is to use
the usual patching construction to prove the following result.

Theorem 4.2. Let X be an automorphic component of Spec( ffli(s’m[l/p]). Then
the set of automorphic points in X is Zariski dense.

Let %?ulf’m be the union the components of the rigid analytic generic fiber I;rif =

of Spf R;flif’u that correspond to automorphic components of Spec( ;rED[l/p])
When 7 is absolutely irreducible, we can define in the same way, }C?uﬁ inside X7
Corollary 4.3. The set automorphic points in f{;”ﬁm is Rr-dense in %;uﬁu If 7
is absolutely irreducible, the set automorphic points in .’{?“kt is Rr-dense in }:?“12

Given a rigid space X over Q, we write |X| for the underlying point set of X.
Similarly we write | X| for the set of closed points of a Qp-scheme X. Let R be a
complete local Noetherian Z,-algebra with finite residue field and let X denote the
generic fiber of R in the sense of Berthelot. Further let X = Spec R[1/p]. Then we
have | X| = |X] as if we write R = Zp[T1,...,T.]/(f1,.-., fm) then both sets are
identified with the Gal(Q,/Q,)-orbits in

{x = (x1,...,2p) € @p | |z;] <1 and fj(z) =0},

compare also [dJ, Lemma 7.1.9]. Further a subset Z C |X| = |X| is dense in X if
and only it is R-dense in X. This proves that the theorem implies the corollary.

Proof of the Theorem. Define R,, as the universal ring pro-representing the functor

of lifts of pla, . Let R°¢ = RE®U€SPR§LS’D and Reo g = R°°[z1,...,2,4]. Then

the patching construction (see [Thol, §6]) gives us, for g big enough, a R, ,-module

M of finite type whose support in Spec R 4 is a union of irreducible components.

Let R be the quotient of R'°¢ corresponding to one of these irreducible components.

Then M is a faithful R[z1,...,z,]-module. Moreover, M, is constructed as an

inverse limit of spaces M,,, where M, is a quotient of a space of automorphic forms,

on which the action of R 4 factors through a ring of Hecke operators.

Lemma 3.4.12 in [Ki2] shows that the irreducible components of Spec R'°“[[x1, ..., z,]
are of the form Spec(Q),c S,Ufv1} R!) where R! is an irreducible component of

RETE’D if v[p and of RE of v = v;. Now fix v|p, and R/, an automorphic irre-

ducible component, of RY'y = This means that there exists an irreducible compo-

nent R'[z1,...,x4] of R°[zy,...,x,] containing R,. If ¢ € RS vanishes on
each automorphic point, then ¢ acts trivially on the spaces Mn,7and so on M.
Now M, being a faithful R-module, the image of ¢ in R is zero, which implies that
t =0 in R, since R) is p-torsion free. O
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4.2. End of the proof. Fix a regular weighﬂ k = (koi)o € [, Z% and recall the
subset Wfila C W, In this section we prove the following theorem which will imply
the desired result on the density of potentially crystalline representations of fixed
weight. The data of F, E, G, H, p are checking the properties of section [3.1] so
that we can consider the eigenvariety Y; =Y (W, S, €); with S = S, U{v;} and e
a well suited idempotent.

Theorem 4.4. Let X C X*8(T) be the union of connected components intersecting
the image of the eigenvariety Y;. Then the subset o.}*l(Wl‘ila) N X is Ry-dense in
X.

Proof. Let us write X’ C X for the Ry-closure of wil(Wﬁ’la) N X. It then follows
from Corollary (resp. Theorem [3.19) that

f(¥,) = f(Y)nX c X"

Given any regular algebraic weight k’ in the image of wy let us write Xy for the
intersection of w™!(k’) with X. Let y € Y5 be a classical regular point mapping
to z € Xy and let Z denote the connected component of Xy containing x and let
Z C Z be the Zariski-open (and dense) subset of crystalline points.

By construction Z maps under the projection to X7 to a connected component Z’
of X7\ Further the component Z " is an automorphic component, as by assumption
the representation defined by x extends to an automorphic Galois representation.

Let t € R; be an element vanishing on X’ and consider its image, still denoted by
t, in R’ the quotient of Rffllj, corresponding to Z'. Let 2’ € Z’ be an automorphic
point corresponding to a crystalline Gx-representation r... By definition, we can
find an irreducible cuspidal automorphic representation Il of an unitary group G,
of some level H C H as in section such that (pr)w, =~ r». Then there exists
a triple (Wy, S,e) and a character y of T/TY such (II, x) € Z the set of classical
points of the eigenvariety Y (Ws, S,e) and hence Theorem implies that the
image of (II, x) € Y (W, S, €)5, in X(7) is in fact contained in X’. By Corollary
[4.3]the image ¢ in R’ is zero. As the map of Z in X, factors through Z’, the elements
t vanishes on Z, which implies that Z C X’.

We can now conclude. There is a quasi-conpact neighborhood U of f(y) inside
X such that U is isomorphic to a product of an open subset U; € W? with a rigid
space Us which we may chose to be connected. This is true, as (by construction)
locally around y the space X™2(7) looks like a product of an affine space with GZ,.
After shrinking U; we may also assume that Y; N U surjects onto U;. As U is
quasi-compact, there exist C1,...,Cy such that

Ci Z Valaz(wvo (tvo,l cee tvo,i)(x)) +1

for all x € U, where val, is the valuation on k(x) normalized by val,(p) = 1. Let
us write Z; C Uy for the set of dominant algebraic weights n,1 > -+ > n, 4 such
that C; <ng; —ngip1 +1foralliand o: K — @p. Then Z; is Zariski dense in
U; and hence w=1(Z;) NU is Zariski dense in U.

8not necessarily as in preceding section
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It remains to show that X’ contains w™!(Z;)NU. A point z € f(Y;)NU mapping
to k’ € Z; is classical by the choice of C; and [Ch3| Theorem 1.6 (vi)]. Applying
what preceeds with the point z and the component of Xy containing {k'} x Us
we find that {k’} x Uy C X’. This implies that X’ contains w™!(Z;) N U which is
Zariski dense in U, hence U C X'.

We have proven that X’ contains all connected components of X that meet f(Y3).
Changing the eigenvariey Y; we find that X' = X. O

Theorem 4.5. Let p 1 2d and let K be a finite extension of Q,. Let T : Gx —
GL4(F) be an absolutely irreducible continuous representation which has a poten-
tially diagonalizable lift and let Ry be its universal deformation ring. Assume that
r# ). Letk = (kio) € [1,.x00q, 7% be a regular weight. Then the represen-
tations that are crystabeline of labeled Hodge-Tate weight k are Zariski-dense in
Spec Rx[1/p].

Proof. The assumptions that 7 is absolutely irreducible and 7 2 7(1) imply that
Z = Spec Rz[1/p] is smooth and irreducible.

Let X C X(7) be the subset defined in Theorem [4.4] Our assumptions imply
that the X is non-empty and hence Corollary implies that X has dense image in
Z. Let t € R; be a function vanishing on all crystabelline points of weight k. Then
Corollary implies that it vanishes on X N w‘l(Wl‘ila) and hence by Theorem
is vanishes on X. The claim follows as X has dense image in Z. (Il

As already mentioned above the extra assumptions on 7 are known to be true in
the 2-dimensional case (see Remark A.4 in [EG]|). This gives the following result.

Corollary 4.6. Let p # 2 and let K be a finite extension of Q,. Let 7 : Gx —
GL2(F) be an absolutely irreducible continuous representation such that ¥ % 7(1).
Let Ry be its universal deformation ring and let k = (ki) € [l,.x00q, 72 be a
reqgular weight. Then the representations that are crystabeline of labeled Hodge- Tate
weight k are Zariski-dense in Spec Rz[1/p].
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