RAMIFICATION AND NEARBY CYCLES FOR /-ADIC SHEAVES ON
RELATIVE CURVES

HAOYU HU

ABsTrRACT. Deligne and Kato proved a formula computing the dimension of the nearby cycles
complex of an f-adic sheaf on a relative curve over an excellent strictly henselian trait. In this
article, we reprove this formula using Abbes-Saito’s ramification theory.
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1. INTRODUCTION

1.1. Let R be an excellent strictly henselian discrete valuation ring of residue characteristic p > 0,
S = Spec(R), s (resp. 7, resp. 7j) the closed point (resp. the generic point, resp. a geometric
generic point) of S. Let X be a smooth relative curve over S, z a closed point of the special fiber
X,, X the strict henselization of X at x, U a non-empty open sub-scheme of X,, and u: U — X,
the canonical injection. Let A a finite field of characteristic £ # p, and .# a locally constant
constructible étale sheaf of A-module on U. The spaces of nearby cycles of #

U (u) = Hy (Xg,wF) (i >0)

vanish when i > 2 ([SGATI] XIII, [Fu] 9.2.2) and the dimension of W9 (w.%) is easy to compute.
The aim of this article is to reprove a Deligne-Kato’s formula that computes the dimension of

Ul (u.7) |Laull, Katoll, [Kato2] using Abbes-Saito’s ramification theory [AST][AS2].

1.2. Let p be the generic point of the special fiber X;. We denote by x(p) the residue field of p,

which is the fraction field of a strictly henselian discrete valuation ring. Assume first that .# can

be extended to a locally constant constructible sheaf .% on an open sub-scheme U of X containing
1
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p. Then Deligne computes the dimension of W1 (u1.%). Let sw, (% be the Swan conductor of the

pull-back of .# on Spec(x(p)) and let
o(s) = swy, (% + rank(.%).

On the other hand, for any ¢ € X;; — U, let sw;(.#) be the Swan conductor of the pull-back of .7
on Spec(Ox, +) xx U, and let

)= > (swi(F)+ rank(F)).

teX,—Uy
Then, Deligne’s formula is (|[Laul] 5.1.1)
(1.2.1) dimp U0 (w.Z#) — dimy UL (w.Z) = o(s) — o(n).

1.3. Kato generalized Deligne’s formula for any .%. His formula has the same form as .
The definition of the invariant ¢(n) is the same as above, but ¢(s) cannot be defined by the same
method. He provided two definitions of ¢(s). The first one uses a ramification theory for valuation
rings of rank two, that he developed for this purpose [Katol]. The second one uses his notion of
Swan conductors with differential values [Kato2]. Both methods rely on Epp’s partial semi-stable
reduction theorem [Epp|. In this article, we define the invariant ¢(s) in terms of ramification
theory of Abbes and Saito [AS1] [AS2]. The case when .# has rank 1 is due to Abbes and Saito
([AS4] Appendix A).

1.4. Let K be a complete discrete valuation field, Ok its integer ring, my the maximal ideal of
Ok and F the residue field of Ox. We assume that F' is of finite type over a perfect field Fj
of characteristic p. We denote by K a separable closure of K, by Oz the integral closure of Ok
in K, by F the residue field of Oz, by v the valuation of K normalized by v(K*) = Z and by
G the Galois group of K/K. Abbes and Saito defined a decreasing filtration G% ., (r € Qx0)
of Gk, called the logarithmic ramification filtration. For any rational number r > 0, we put
G;Qflog = Upsr G% 1og- Then P = G(I){Jflog is the wild inertia subgroup of Gk (JAS1] 3.15). For any
rational number r > 0, the graded piece
Gr{og GK = TI.(,log/G;(Jflog

is abelian and killed by p ([Sa2] 1.24, [Sa3] Th. 2).

For any r € Q, we denote by mZ- (resp. m’% ) the set of elements of K such that v(x) > r (resp.
v(z) >r). Let QL (log) be the F-vector space

Qp(log) = (Vyp, ® (F @z K*))/(da —a®a; a € OF),

where a is the residue class of a in F'. We have a canonical exact sequence of finite dimensional
F-vector spaces
0 — QF — QL(log) = F — 0.

For any rational number r > 0, there exists a canonical injective homomorphism ([Sa2] 1.24, [Sa3]
Th. 2), called the refined Swan conductor,
rsw : Homg, (Grj,, G, Fp) — Q- (log) ®p m%T/m%r-i-.
Let M be a finite dimensional A-vector space on which P acts through a finite discrete quotient,
M = @reonM(r)
the slope decomposition of M (cf. , and for any rational number r > 0,

M(T) — GBXM)((T)
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the central character decomposition of M ("), where the sum runs over finitely many characters
X 1 Gripg Gk — AY such that A, is a finite extension of A (cf. . Enlarging A, we may
assume that for all rational number 7 > 0 and for all central characters y of M), A = Ay. We
fix a non-trivial character ¢o : F, — A*. Since Grj,, Gk is abelian and killed by p, x factors

uniquely through Grfog Gk —F, Y9, AX. We denote abusively by x : Grfog Gk — F,, the induced
character. We fix a uniformizer m of Ox. We define Abbes-Saito’s characteristic cycle of M and
denote by CC%(M) the following section (4.12.1))

CChp(M) = @ @ (swir) @ a" )i M ¢ (Q(log) @p F)® dima /M
r€Q>0 xeX(r)

1.5.  In the following, we assume that p is not a uniformizer of K (i.e. either K has characteristic
p or K has characteristic zero and p is not a uniformizer of Og). Let L be a finite Galois extension
of K of Group G. We assume that L/K has ramification index one and that the residue field
extension is non-trivial, purely inseparable and monogenic ; we say that the extension L/K is of
type (IT) (c.f. . Let M be a finite A-vector space on which Gk acts through G. We prove that,
for any rational number r > 0, and any central character x : Grfog Gg —TFpof M ("), we have 1)

rsw(x) € Qp @pm_ /m"

Hence, we have CCy, (M) € (k. @ F)®™, where m = dim 4 M/M(O) (5.10). On the other hand,
using Kato’s theory of Swan conductors with differential values, we can define Kato’s characteristic
cycle KCC 1y (M) (3.17.1). Our main result (10.7.4) is the following equality

(15.1) Oy (M) = KCCy 1) (M),
Using Kato’s theory, we deduce a Hasse-Arf type theorem ((10.5))

CCy, (M) € (Q4)™ C (U 05 F)™,
and an induction formula ((10.6.1)) for Abbes-Saito’s characteristic cycle.

1.6. Under the assumptions of we can now give the new definition of ¢(s). Firstly, by Epp’s
results [Epp|, we can reduce to the case where % is trivialized by a Galois étale connected covering
U " of U such that the special fiber of the normalization X' of X in U’ is reduced. We denote by
O x,p the completion of Ox p, by K, the fraction field of (’)X p and by %, the representation of
Gal(K,*P/K,) corresponding to the pull-back of . on Spec(Ox ) x x U. The latter factors through
the Galois group of a finite Galois extension L, of K, which is of type (II) over an unramified
extension of K,. We fix a uniformizer = of R and a non-trivial character o : F, = A*. We still
have CCy, (%) € (Q}i(p))‘@m (cf. . We denote by ord, the valuation of x(p) normalized by
ordy (k(p)*) = Z and abusively by ord, : Q}Q(p) —{0} — Z the map defined by ord, (adf) = ord, (),
if a, f € k(p)* and ord,(B) = 1. The latter can be uniquely extended to (Q}C(p)) " — {0} for any
integer r > 1. We denote by ., the restriction to Spec(r(p)) of the direct image of .#, by the
map Spec(K,) — Spec(@)gp). It corresponds to a representation of Gal(x(p)/k(p)). The invariant
©(s) is defined by

(1.6.1) o(s) = —ordy(CCyy (Fy)) + sWs(Fp) + rank(Fy).

In fact, Kato’s second definition of ¢(s) ([Kato2] 4.4) is obtained by replacing CCy,(.%,) by

KCCyy(1)(#p) in (1.6.1). Hence, from (L.5.1), we deduce that Deligne-Kato’s formula (1.2.1])
holds true with our definition (cf. [11.9).
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1.7. Deligne-Kato’s formula has already had important applications. For instance, Deligne’s
formula could be used in Laumon’s work on local Fourier transform ([Lau2] 2.4.3) and Kato’s
formula was recently used in the work of Obus and Wewers on local lifting problem [OW]. We
would like to mention that Laumon’s formula of the rank of the local Fourier transform is a direct
application of the formulation of Deligne-Kato’s formula using . Indeed, it was reproved in
(JAS4] Appendix B) by reducing to the rank 1 case by Brauer theorem.

1.8.  This article is organized as follows. We briefly introduce Kato’s swan conductor with differ-
ential values and Abbes-Saito’s ramification theory in §3 and §4, respectively. We study in §5 the
ramification of extensions of type (II). We recall tubular neighborhoods and normalized integral
models in §6. We study the isogeny associated to an extension of type (II) in §7 in the equal char-
acter case and in §8 in the unequal characteristic case. Using the results of these two sections, we
prove the main theorem[5.9)in §9. In §10, the heart of this article, we compare Kato’s characteristic
cycle and Abbes-Saito’s characteristic cycle. The last section is devoted to Deligne-Kato’s formula
by using Abbes-Saito’s characteristic cycle.

Acknowledgement. This article is a part of the author’s thesis at Université Paris-Sud and
Nankai University. The author would like to express his deepest gratitude to his supervisors
Ahmed Abbes and Lei Fu for leading him to this area and for patiently guiding him in solving
this problem. The author is also grateful to Fonds Chern and Fondation Mathématiques Jacques
Hadamard for their support during his stay in France.

2. NOTATION

2.1. In this article, K denotes a complete discrete valuation field, O its integer ring, mg the
maximal ideal of Ox and F' the residue field of Og. We assume that the characteristic of F is
p > 0. We fix a uniformizer 7 of Ox. Let K be a separable closure of K, G the Galois group
of K over K, O the integral closure of O in K, F' the residue field of Oz and v the valuation
of K normalized by v(K*) = Z. We denote by FE /K the category of finite étale K-algebras. For
any object K’ of FE/K, we denote by O the integer ring of K’ and by mg the radical of Og-.
2.2. For a field k and one dimensional k-vector spaces Vi,...,V,,, we denote by k(Vy,..., Vi)
the k-algebra
@ vero-ovpn
(215eenyiom ) EZ™

and by (k(V1,..., Vi) its group of units. An element of (k(V4,...,V,,))™ is contained in some
vector space V;2" @---®@ V2 Such an element z will be denoted by [2] and we adopt the additive
notation, i.e. [z] +[y] = [z -y] and —[x] = [x71]. If for each 1 < i < m, e; is a non-zero element of
V;, we have an isomorphism

EVi, oo Vi) S kX, X, X8 X0, e X,
and hence an isomorphism

(2.2.1) B(Vi, ..., Vi) 5 kX @ 2™,

3. KATO’S SWAN CONDUCTORS WITH DIFFERENTIAL VALUES

3.1. In this section, we fix a finite separable extension L of K of ramification index e contained
in K. We denote by Oy its integer ring and by F the residue field of Op,.
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3.2.  We denote the group (F(mg/m2%))* by Rx and the group (E(mz/m2))* by R (cf. .
The canonical isomorphisms

(3.2.1) E®p (mg/my) = mg /mgt,
(3.2.2) (mg/m7)® = mf /mg,

induce an injective homomorphism of F-algebras
F(mg /mf) — E(my/m])
and hence an injective homomorphism Rx — Ry..

3.3. Kato’s theory applies if the extension L/K is of one of the following types ([Kato2], 1.5):
(I) L/K is totally ramified (i.e. F = E) ;
(IT) the ramification index of L/K is 1 and the residue field extension E/F is purely inseparable
and monogenic.
Observe that in both cases, Oy is monogenic over Og. These two cases do not cover all finite

separable extensions.

In the remaining part of this section, we assume that L/K is of type (II). We denote by p™ the
degree of the residue extension E/F. We choose an element h € Oy, such that its reduction heE
is the generator of F/F and a lifting a € O of @ = h?" € F.

Lemma 3.4. Let V be the kernel of the canonical morphism Q. — QL. Denote by o the morphism
E — F, b b", by ¢ the morphism F — F, b b*", and by ¢ the morphism E — E, b bP".

(i) The F-vector space V is of dimension 1, generated by da. -
(ii) The E-vector space Q}E/F s of dimension 1, generated by dh.

(i) The canonical morphism F ®, g Q}E/F — Q},/qs(F) = QL associated to F — E % F is

injective with image V.
(iv) For any 1-dimensional E vector space W, the morphism

E®ppW — W'y @z sy &

is an isomorphism.
(v) There exist a canonical E-linear isomorphism

(3.4.1) E®pV 5 (Q,p)%",
that maps y ® da to y(dh)®P".

Proof. (i), (ii), (iv) are obvious. We have two canonical exact sequences of differential modules
corresponding to the extensions ¢ : F — E % Fand ¢: E % F — E,

F®or le‘_?/F E) Q}’ - Q}"/Q(E) — 0,

E®p Qp)pmy = U = Qgyp — 0.
Since the canonical morphism QL — QF, factors as

Ok = Q) pmy = E O Q) = Qs

the image of F ®, g Q}E/F in QL is {0}. Hence the image of 3 lies in V. Since the kernel of

oL — Q}?/Q(E) is not zero (as it contains da) and since F ®, g QlE/F is of dimension 1, f is
injective. Hence 3 induces an isomorphism

B:F Qo p — V.
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From (ii) and (iv), we obtain an isomorphism

B : E®yuE Q}E/F — (Q}E/F)‘g”’n7 y @ zdh — yzP" (dh)®P".
We take for the isomorphism ' o (idgp ® 3) 1. O
3.5. Let V be the kernel of the canonical morphism QL — QL . We put

Sx.p = (Flmy/mi, V))* and S/ = (B{mp/mi, Q).
From (3.2.1)) and (3.4.1]), we obtain an injective homomorphism of F-algebras
F(mg /mi, V) < E(mg/m], Q) p),

which induces an injective homomorphism
(3.5.1) Sk, = Sp/K-

3.6. Let L’ be a subfield of L containing K, Of its integer ring and F’ its residue field. When
L' # L (resp. L' # K), the extension L/L’ (resp. L'/K) is of type (II) ; we consider Si/ 1 (resp.
S1//k) as a subgroup of Sy k containing Sk 1, by functoriality. If K # L' # L, the following
canonical maps

ker(Q} — QL)) — ker(Q} — QL),
Qpr = Qs

ker(Qp — Q) = Qg

are isomorphisms by considering dimensions, which give the following relations:
Sk, =Sk, CSpyxk =Sp0 C Sy = Sp/k-
3.7. Let i be the maximal integer such that Trz/x(m}) = Ok. The surjective homomorphism
Trr K - mi/mi;'l — Ok /my = F induces an E-isomorphism
my /m7 = Homp(E, F), b (a+ Try x(ab)),

and hence a basis of (my/m2)®~9) @5 Homp(E, F), that we call Kato’s different of L/K and
denote by ©(L/K) ([Kato2] 2.1).

3.8. Following Kato ([Kato2] 2.3), there is an F-linear map Trg, : QL — QL characterized by

Trg,/r (Cf) = %, Trp/r (xzd;> =0,
forany z € E* and 1 < < p™ — 1. Its image is V and it induces an isomorphism
(3.8.1) Q}E/F = Homp(E,V), w (a— Trg/r(aw)).
Hence we obtain a sequence of isomorphisms
(38.2) Homp(E, F) QL p @p VD QL @ ()57 = (0L ,) 20",

by which E(my /m}) ©p Homp(E, F) is a sub-E(my /m7 )-module of E(mr,/m?,Qyp ). Hence we
may consider D(L/K) (3.7) as an element of Sy, /.

Proposition 3.9 ([Kato2] 2.2). Let L' be a subfield of L containing K. If L =L' (resp. L' = K ),
we put D(L/L") =[1] (resp. D(L'/K) = [1]). Then, we have

(3.9.1) O(L/K)=9(L/L")+9(L'/K) € S k-
We consider D(L'/K) € Sk € Sp/k-
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3.10. In the rest of this section, we assume that the extension L/K is Galois of group G. For any
o€ G— {1}, we put

s¢(0) = [dh] = [h — o(h)] € Sk,
where the term [dh] corresponds to the element dh in Q1 /r and the term [h — o(0)] corresponds

abusively to the class of h — o(h) € (my/m2)®v(h=o(h) The definition of s (o) is independent of
the choice of the generator h ([Kato2] 1.8). We also put

(3.10.1) sa(l) == Y sc(0) € Sy
ceG—{1}

We have ([Kato2] (2.4))

(3.10.2) sa(1) = D(L/K).

Proposition 3.11 (|[Kato2] Prop. 1.9). Let H be a normal subgroup of G. Then for any element
T € G/H — {1}, we have

sq/u(T) = Z sa(o).

ceG
o—T

3.12. In the following of this section, let C' be an algebraically closed field of characteristic zero,
& a primitive p-th root of 1 in C and Z the integral closure of Z in C. For any finite group H,
we denote by Ro(H) the Grothendieck group of finitely generated C[H]-modules. For an element

X € R(H), let (x,1) = u% Y oem trx(0).

3.13. For an element x € R¢(G), we put

sa(x) = Z sa(0) @ try(0) € Spyx ®2 Z,
oeG
5(5) = Z [T]®€T€SL/K®ZZ.
refy CEx

Kato defined the Swan conductor with differential values of x as
(3.13.1) swe(X) = sa(x) + (dim x — (x, 1))(¢) € Sp/x ® Z.
For any r € F)X, we have swer (x) = swe(x) + (dimx — (x, 1))[r].

Proposition 3.14 ([Kato2] 3.3 (1)). Let H be a normal subgroup of G, ¥ an element in Re(G/H)
and ¥ the image of 9 under the canonical map Re(G/H) — Rc(G). Then, we have

sa(¥) = sq/u(¥) and  swe(¥') = swe(0).
Proposition 3.15 (JKato2] 3.3 (2)). Let H be a subgroup of G. For any 6 € Rc(H), we have
sq(Indf 0) = [G : H| (s (0) + dim 6 - D(L7 /K))

(3.15.1) swe(Indg 0) = [G : H] (swe(0) + (dim6 — (0,1)) - D(L7/K)) .
By (3.10.1), (3.10.2) and (3.9.1), equation (3.15.1)) can be written as

(3.15.2) swe(Ind$ 0) = (G : H] (svvg(@) — (dim#6 — (0,1)) ( Z ([dR] — [h — a(h)]))) .

ceG—H
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Theorem 3.16 (|[Kato2] 3.4). For any x € Rc(G), we have
SW&(X) S SK,L C SL/K Xz z

This is a generalization of Hasse-Arf’s theorem. It can be reduced to the case where G is cyclic
of rank p* and x is 1-dimensional by the induction formula [3.15] and Brauer theorem. Then the
proof relies on the higher dimensional class field theory of Kato ([Kato2] 3.6, 3.7).

3.17. For an element x € Rc(G), the Swan conductor with differential values swe(x) is given by
where

A= > [h—o(h)]® (dimex — try(e)) + (dime x — (x,1))e(6) € Ry @z 7.
ceG—{1}

From (3.4.1]) and we have {G[dh] = [da] and A € Rg. Hence, we get
swe(x) = [7°] + [A] — m[da] € Sk L,

where 7 is the uniformizer of Ok fixed in (2.1), ¢ is an integer, m = dime¢ x — (x,1) and A’ € F
such that [7°A’] = A. We define Kato’s characteristic cycle of x and denote by KCCe¢(x) the
element

(3.17.1) KCC¢(x) = Al(da)™ € (Qp)®™.

Remark 3.18 ([Kato2] 3.15). If the extension L/K is not of type (II), but there exists a subfield
K’ of L containing K such that K'/K is an unramified extension and L/K’ is of type (II), we
define

swe(x) = SWE(ReSgaI(L/K’) X)-

Denote by Ok the integer ring of K, mgs the maximal ideal of Og: and F’ the residue field
of Oks. Observe that swe(x) is fixed by Gal(K'/K) and that the Gal(K’/K)-invariant part of
F'(mg: /m3, ker(QL, — QF)) is F(mg/m% ker(Q} — Qf)). Thus swe(y) is still contained in
Sk,L-

Remark 3.19 (|[Kato2] 3.16). Let A be an algebraically closed field of characteristic ¢ ¢ {0, p}.
We denote by A’ an algebraic closure of the fraction field of the ring of Witt vectors W (A). Let x
be an element of R4(G) and let x be a pre-image of x in Ra/(G) (|Se2] 16.1 Th. 33). We denote

by é the p-th root of unity in A’ lifting of a primitive p-th root of unity £ in A. Then we put
swe(x) = swe(R).
This definition is independent of the choice of x because of ([Se2| 18.2 Th. 42) and (3.13.1)).

4. ABBES-SAITO’S RAMIFICATION THEORY

4.1. Abbes and Saito defined two decreasing filtrations G% and G ), (r € Qx¢) of Gk by closed
normal subgroups called the ramification filtration and the logarithmic ramification filtration,
respectively ([AS1], 3.1, 3.2).



RAMIFICATION AND NEARBY CYCLES FOR ¢-ADIC SHEAVES ON RELATIVE CURVES 9

4.2.  We denote by G% the group Gg. For any r € Qg, we put

ot = U G35, and  Cr" Gy = Gy /Gh.
SEQ>,

Let L be a finite separable extension of K. For a rational number r > 0, we say that the ramification
of L/K is bounded by r (resp. by r+) if G% (resp. G'%) acts trivially on Homg (L, K) via its
action on K. We define the conductor ¢ of L/K as the infimum of rational numbers r > 0 such
that the ramification of L/K is bounded by r. Then c is a rational number and L/K is bounded
by ¢+ (JAS1] 6.4). If ¢ > 0, the ramification of L/K is not bounded by c.

4.3. We denote by G%’log the inertia subgroup of Gi. For any r € Qxq, we put

G”I‘?log U GK Jog and GrlogGK - GK log/GK log*

5€Q>r

By ([AS]I] 3.15), P = G(?bg is the wild inertia subgroup of G, i.e. the p-Sylow subgroup of
GKkog- Let L be a finite separable extension of K. For a rational number r > 0, we say that
the logarithmic ramification of L/K is bounded by r (resp. by r+) if G, (resp. G 1og) acts

trivially on Homg (L, K) via its action on K. We define the logarithmic conductor ¢ of L/K as
the infimum of rational numbers r > 0 such that the ramification of L/K is bounded by r. Then
¢ is a rational number and L/K is bounded by c+ (JASI] 9.5). If ¢ > 0, the ramification of L/K
is not bounded by c.

Theorem 4.4 (JAS2] Th. 1). For every rational number v > 0, the group Gri,,Gr is abelian and
is contained in the center of P/G .-

Lemma 4.5 ([Katz] 1.1). Let M be a Z[}%]—module on which P = G%‘log acts through a finite
discrete quotient, say by p : P — Autz(M). Then,

(i) The module M has a unique direct sum decomposition
(4.5.1) M= m"

r€Q>0
into P-stable submodules M), such that M(©) = MP and for every r > 0,
(M)C%i0e = (0 and (M(T)) Kiox — ).
(i) If r > 0, then M) = 0 for all but the finitely many values of v for which p(Gg{Jflog) #

P( %log)
(iii) For any r > 0, the functor M — M) is ezact.
(iv) For M, N as above, we have Homp_,0q(M " ),N(T')) =0ifr#£r.

The decomposition (4.5.1)) is called the slope decomposition of M. The values r > 0 for which
M) =0 are called the slopes of M. We say that M is isoclinic if it has only one slope.

4.6. In the following of this section, we fix a prime number ¢ different from p, a local Z,-algebra
A which is of finite type as a Z,-module and a non-trivial character v : F, = A*.

Lemma 4.7 (JAS5] 6.7). Let M be a A-module on which P acts A-linearly through a finite discrete
quotient, which is isoclinic of slope r > 0. So the P action on M factors through the group
PG,

log
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(i) Let X(r) be the set of isomorphism classes of finite characters x : Gri,,Gr — A such
that Ay is a finite étale A-algebra, generated by the image of x, and having a connected
spectrum. Then M has a unique direct sum decomposition

(4.7.1) M= P M,
x€X(r)
Each M, is a P stable sub-A-module such that A[G .| acts on M, through A,.
(ii) There are finitely many characters x € X (r) for which M, # 0.

(i) Fiz x € X(r), for all isoclinic M of slope r, the functor M — M, is ezact.
(iv) For M, N as above, we have Homp (M,, N,/) =0 if x # x'.

The decomposition is called the central character decomposition of M. The characters
X : GriogGr — A for which M, # 0 are called the central characters of M (JAS5] 6.8).

Let Py be a finite discrete quotient of P/ G?:log through which P acts on M and let Cy be the
image of GrfogG x in Py. By we know that Cy is contained in the center of P. The connected
components of Spec(A[Cp]) correspond to the isomorphism classes of characters x : Co — A,
where A, is finite étale A-algebra, generated by the image of x, and having a connected spectrum.
If p"C = 0, and A contains a primitive p"-th root of 1, then A, = A for every x such that M, # 0.

Lemma 4.8 ([Katz] 1.4, [AS5] 6.10). Let A be a A-algebra and M a left A-module on which P
acts A-linearly through a finite discrete quotient. Then,
(i) In the slope decomposition M = €D, M) each M is a sub-A-module of M. For any
A-algebra B, the decomposition of B @4 M is given by B®a M = @,.(B ®a M(r)).
(ii) If M is isoclinic, then in the central character decomposition M = €, M, each M, is a

sub-A-module of M. For any A-algebra B, the central character decomposition of B ® 4 M
s given by B ®4 M = @X(B ®a M,).

4.9. Let V be a finite dimensional F-vector space and we denote by V* its dual space. We consider

V as a smooth abelian algebraic group over F, i.e. Spec(Sym(V*)). Let W?lg(V) be the quotient

of m8%(V) classifying étale isogenies. Then W?lg(V) is a profinite group killed by p and the group

Hom(ﬂ'?lg(V), IF,) is canonical identified with the dual space V* by pulling-back the Lang’s isogeny
Al — Al: t — t? — ¢ by linear forms (cf. [Sad] 1.19).

4.10. For the rest of this section, we assume that F' is of finite type over a perfect subfield Fj.
We define the F-vector space Q1.(log) by

Q(10g) = (Up g, @ (F @z KX))/(da —a®a; a € OF).
Then we have an exact sequence of finite dimensional F-vector spaces
res

(4.10.1) 0— QL — QL(log) = F — 0,

where res((0,a ® b)) = a - v(b) for a € F and b € K*. If K has characteristic p, we put

Al 1 1
Qo /m =M Q0. /) 7y

n

We have an exact sequence of F-vector spaces

(4.10.2) 0= mg/mk = Qb @0, F — Qp — 0.
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If K has characteristic zero and p is not a uniformizer of Ok, we denote by Ok, the ring of Witt
vectors W (Fp) regarded as a sub-algebra of Ok . Then, we put

. 1
QOK/OK mQ(OK/m’;()/OKO
We have an exact sequence of F-vector spaces
(4.10.3) 0= mic/mi = Qb 0, ©ox F = Qp = 0.

For any rational number r, we put

my = {z € K|v(z) >}, %={$€F|U($)>T}’

@%Og = Hompg (Q}m(log),mr—/m%ﬂ),
(4.10.4) =D = Homp (Qf, mi/mY).

When K has characteristic p (resp. characteristic zero and p is not a uniformizer of O), for any
rational number r > 0, we denote by @ﬁ) the F-vector space

(4.10.5) 0\ = Homp (Qb, /5, ®oy F,mi/mE)

(resp. @(7 = Homp (QOK/OK Roy F, mK/m T‘+)) )

By (4.10.1), (4.10.2) and (4.10.3), when p is not a uniformizer of K, we have homomorphisms

() =(r) (r)
Gﬁlog —E5 = @

By (JAS2] 5.12), we have a canonical surjection

(4.10.6) wi‘b((a%)log) — Gr},,Gx.

Theorem 4.11 ([Sa2] 1.24,[Sa3] Th. 2). For every rational number r > 0, the canonical surjection
m factors through the quotient ﬂ'alg(@(l) ). In particular, the abelian group GrfogGK is killed

F\,log
by p and the surjection (4.10.6) induces an injective homomorphism
(4.11.1) rsw : Hom(Gr,, Gk, Fp) — Homz(mp/m22 + 0k(log) ® F).

The morphism (4.11.1) is called the refined Swan conductor.

4.12. Let M be a free A-module of finite type on which P acts A-linearly through a finite discrete

quotient. Let
M = @ M)
r€Qx0
be the slope decomposition of M and for each rational number r > 0, let
(r) — (1)
MY = @ Mxr
XEX(r)
be the central character decomposition of M. We notice that each My ") is a free A-module.

Enlarging A, we may assume that for all rational number » > 0 and x € X (r), A = A, . Each
x factors uniquely through (4.6| .

Grl,, Gr — F, 225 A%
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We denote abusively by x the induced character Grfog Gg — F,. We define the Abbes-Saito
characteristic cycle CCy, (M) of M by

(4121)  CO,(M) = @ Q) (swl) @)™ M € (Qf(log) @p F)® ma M,
r€Q>0 xeX (1)

5. RAMIFICATION OF EXTENSIONS OF TYPE (II)

5.1. In this section, we assume that the residue field F' of O is of finite type over a perfect field
Fy of characteristic p. Let L be a finite Galois extension of K of group G and type (II) , O
the integer ring of L and E the residue field of Op. We denote by p™ the degree of the residue
extension E/F. We choose an element h € Of, such that its residue class h € E is a generator of
E/F. We have Or, = Oklh]. Let f(T) € Ok[T] be the minimal polynomial of h:

(5.1.1) F(T) =T 4+ apn TP 7'+ +ag.

Notice that @y = h?" € F. We put

(5.1.2) c= sup wvh—o(h))+ Z v(h —o(h)),
oeG—{1} ceG—{1}

which is an integer > p™.

For any rational number r > 0, we denote by G" (resp. Gfog) the image of G (resp. G%Jog)
in G (JAS1] 3.1). Using the monogenic presentation Oy, = Ok|[T]/(f(T)), we obtain that, for any
rational number r > 1, G" = G}, (JAS1] 3.1, 3.2) and that the conductor of L/K is ¢ (JASI] 6.6).
By the normal subgroup G¢ of GG is commutative and killed by p. In the following, we put

1G¢ = p°.

5.2. For any integer j > 1, we denote by D7 the j-dimensional closed poly-disc of radius one over
K and by D7 the j-dimensional open disc of radius one over K. For a rational number r > 0, the
j-dimensional closed poly-disc of radius r is denoted by D7) = {(z1,...,x;) € D’|v(z;) = r}. Let

f:D1 — D!, x = f(x),

be the morphism induced by f. For any rational number r > 0, it is easy to see that f’l(Dl’(T))
is a disjoint union of closed discs with the same radius, i.e. there exists a rational number p(r) > 0

such that
Fot = ] (xj I DL(p(r))) ,
1<5<i
where the x;’s are zeros of f. The function p: Qx¢ — Q3¢ is called the Herbrand function of the
extension L/K. By (JAS2] 6.6), we have p(c) = sup,cg_13 v(h — o(h)) and

(5.2.1) G ={oeG;u(h—0o(h)) = p(c)}.
5.3. We denote by u the map
_ h—ao(h) .
(5.3.1) u:G—FE, o3 Y7 (ﬂvwww)’ it o#1,
uy =0, if o=1.

The restriction u|ge : G¢ — E of u to G is an injective homomorphism of groups. Indeed, for any
o € G° — {1}, we have v(h — o(h)) = p(c). Hence, for 01,02 € G°, we have

_(h—aioa(h)\ _ (h—01(h) + o1(h— 0s(h))
o= (22

qp(c) mP(e)

> = Uy, + Ugy-
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Proposition 5.4. The polynomial f.(T) = f(7*)T + h)/7¢ € L[T)] has integral coefficients. Its
reduction f. € E[T) is an additive polynomial of degree p® = $G° with a non-zero linear term.

Proof. We have
7P )T + h —o(h)

fe(T) =T H o(h—o(h)) € OL[T].
ceG—{1}
Hence
— 7T + h — o(h)
(5.4.1) fmy =1 J] ( — o) ) = [ w- J] @+uo).
ceG—{1} ceG—-G*° oceGe

Choose an F,-basis 71, ..., 75 of G¢, we get

I[I T+u) = JI @+jiun +-+jur,).

oceGe (jl,...,jS)E]F;
We conclude by the lemma below. O

Lemma 5.5. Let C be a field of characteristic p. For any integer r > 0, let x1, ..., x, be r elements
of C such that for any (ji,...,jr) € Fy — {0}, jiz1 + -+ + jrx, # 0. Then we have

(5.5.1) [ @+hz+-+jea)=1""+ Ao TP 4 M TP + AT € C[T],
(jlu»u»jr)G]Fg

where

Ao = H (j1$1+"'+jrxr) #0
(j1,0er) EF5— {0}

Proof. We proceed by induction on r. If r =1,
I (T +hi2) =17 —2f7'T,
j1€F,
which satisfies (5.5.1). Assume that (5.5.1) holds for (r—1)-tuples where r > 2, let (x4, ...,z,) € C”
be as in the lemma. We put
gr—1(T) = H (T+ j1zr+ -+ Jr1Tr—1).
(1seendr—1) R

Then, we have

H (T+]1171++]r$7«) - H (gr—l(T‘Fjrxr))
(J1,--,3r ) EFY Jr€F,
= I (or—a(D) +jirgr—r(ar))
ir€Fp
= g'(T) = g1 (@) gra (T),
which satisfies (5.5.1]) since g,.—1 does. O

In the following of this section, we assume that p is not a uniformizer of K.

Lemma 5.6. Suppose ¢ > 2. Then, for any 1 < i < p™ — 1, we have v(a;) = 2 (5.1.1)).
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Proof. From the equation f(T') = [[,cq(T — o(h)), for any 1 <4 < p" — 1, we obtain
(5.6.1)  a; = (—-1)P"79 > o1(h)oa(h) - opn_i(h)

= (—1)®"D > (o1(h) —h+h)---(opn_i(h) — h+ h)

= (=1)®"-D <<p:> R 4 (pni_ 1> h””_i_lg(a(h) —h) + A) ,

where v(A) > 2. Since the integer (p:) is divided by p, v((p:)hpn) > 2. Hence it is sufficient to

show that
v ( Z(a(h) - h)) > 2.
oeG
Assume first that for any o € G — {1}, v(h — a(h)) = p(c), i.e. G G°. Tt suffices to treat

the case where p(c) = 1. In this case, §G = ¢ > 2 (5.1.2). From [5.1} G is an F,-vector space of
dimension n and we choose an IFj-basis 71, ..., 7, of G. By [5.3] we have

ZUU = Z (jlu'rl + +Jnu'rn)

oeG (J15-00n ) EFp

- pi(pz_ D, 4+ tur) =0,
which means that v(}_,cq_q1y(0(h) = h)) = p(c) +1 =2.

Assume next that for 0 € G — {1}, the v(h — o(h))’s are not equal. Let ¢’ be the smallest
jump of the ramification filtration of G and let #(G¢*) = p" for some integer n’ < n. Let
61 = 1,62, ..., G,n—ns be liftings of all the elements of G/GCIJr in G. Observe that for any ¢ € G—G<+
and o € GT, we have Uy = Uc. Hence

’
n n' n n

Z Z ZUSJ p" Zu‘J_O

GEG—G'+ J=2 oeGe+
Hence v(_,cq_ger+ (0(h) —h)) = 2. Meanwhile, U(Zaeccl+(0(h) —h)) = 2, hence we obtain the
inequality v(}_, co(o(h) —h)) = 2. O

Proposition 5.7. The composition of the canonical homomorphisms
walg(@@ ) = Gy, G = G°
factors through 71'alg m In particular, for any non-trivial character x : G¢ = Fp,, we
have 1sw(x) € QL @p m— c/m=’
The proof of this proposition is given in [0.3]

5.8. For a non-trivial character x : G° — F,, we denote by fcyx(T) the polynomial (5.3
(5.8.1) fex (@) =[] (T +uo)€F[T],
o€ker x

and by 7 € G a lifting of 1 € F,. Recall that fex is an additive polynomial with a non-zero linear
term (5.5, and that f.,(u,) is independent of the choice of 7.
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Theorem 5.9. For any non-trivial character x : G° — [, the refined Swan conductor rsw(x) is
given by

—C

Y
HoeG’—GC Ua) fgx(%)

The proof of this theorem is given in [9.4]

€ Qp ®p m°/mF

rsw(x) = —dag ® ( —

Corollary 5.10. Let M be a finite dimensional A-vector space with a non-trivial linear G-action.

Then, with the notation of we have (4.12.1))
CCyy (M) € (Qp @p F)®,
where 7 = dimy M/M© {4.5).
6. TUBULAR NEIGHBORHOODS AND NORMALIZED INTEGRAL MODELS

6.1. Let R be an Og-algebra. Following ([AS2] 1), we say that R is formally of finite type over
Ok if it is semi-local with radical mp, mp-adically complete, Noetherian and if the quotient R/mpg
is of finite type over F. We say that R is topologically of finite type over O if it is w-adically
complete, Noetherian and if the quotient R/7R is of finite type over F.

6.2. We denote by AFSp,. the category of affine Noetherian adic formal schemes X over Spf(Ok)
such that the closed sub-scheme X,.q defined by the largest ideal of definition of X, is a scheme
of finite type over Spec(F'). Let A be a finite flat algebra over Ok, and ¢ : Spf(A) — X a closed
immersion in AFSp,. For any rational number r > 0, following (|[deJ] 7.1 and [AM] 2.1), we
associate to i a K-affinoid variety X", called the tubular neighborhood of i of thickening r, as
follows. Let X = Spf(.A), I be the ideal of A which defines the immersion ¢ and ¢,s > 0 be two
integer such that r = t/s. Let A(I*/x') be the m-adic completion of the subalgebra of A ®p, K
generated by A and f/x' for f € I®. Then A(I*/7") ®0, K is a K-affinoid algebra which depends
only on r. We denote by X" the K-affinoid variety Sp(A(I*/7') ®o, K). For rational numbers
" > 1 > 0, there exists a canonical morphism X ™ _ X" which makes X" a rational sub-domain
of X". The admissible union of the affinoid spaces X" for r € Qx> is a quasi-separated rigid variety
over K.

Proposition 6.3 (Finiteness theorem of Grauert-Remmert, [BGR] 6.4.1/3, [AS1] 4.2). Let R be
a geometrically reduced K -affinoid algebra. Then, there exists a finite separable extension K' of K
such that the supremum norm unit ball (IBGR] 3.8.1)

(631) ROK, :{f6R®KK’;|f|Sup<1}§R®KK’

has a reduced geometric closed fiber Ro,., @0, F. Moreover, the formation of Ro,, commutes
with any finite extension of K'.

6.4. Let R be a geometrically reduced K-affinoid algebra. We consider the collection of Q-
formal scheme Spf(Ro,, ), where K’ and Ro,,, are as in as a unique model of Sp(R) over
O3. We call it the normalized integral model over Of. We say that the the normalized integral
model of Sp(R) is defined over K’ if the supremum norm unit ball Re,, has a reduced geometric
special fiber. We call this reduced geometric special fiber over F' the special fiber of the normalized
integral model of Sp(R) over O.

Proposition 6.5 (JASI| 4.4). Let X be a geometrically reduced affinoid variety over K, X its
normalized integral model over O and X the special fiber of X. Then the set of geometric connected
components of X and X are isomorphic.
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6.6. Let X be a geometrically reduced affinoid variety over K, X its normalized integral model
over Oz and X the special fiber of X. If X is defined over a finite Galois extension K’ of K, we
denote by Xp,., the normalized integral model of X over Og-. The natural K ’_semi-linear action
of Gg on X @ K’ extends to an Ok/-semi-linear action of Gx on Xp,,. If K" is another finite
Galois extension of K containing K’, then X/ o = X0, ®o,, Ok and the semi-linear action of

Gk on both sides are compatible. Hence, it induces an F-semi-linear action of G on the special
fiber X, called the geometric monodromy (JASI] 4.5).

7. ISOGENIES ASSOCIATED TO EXTENSIONS OF TYPE (II): THE EQUAL CHARACTERISTIC CASE

7.1. In this section, we assume that K has characteristic p and that the residue field F' of Ok is
of finite type over a perfect field Fy. For an object L of FE sk and an integer 7 > 1, we denote by

(Or/m} )®p, Ok the completion of (Or, /m} ) ®F, Ok relatively to the kernel of the homomorphism
(7.1.1) (Op/m}) ®p, Ox — Op/m;, a®b— ab,
and by OLQ/AE) r, Ok the projective limit

lim(Or /m7 )&k, Ok

We will always consider Oy, @ 1, Ok as an Og-algebra by the homomorphism

(7.1.2) Ok = 0L8R0k, ur 1ou,

(in the following, we always abbreviate 1 ® u by u) and we will consider it as an Op-algebra by
0L = OL®p0k, v—v® 1.

There is a canonical surjective homomorphism

(7.1.3) OL&r, 0K — Oy

induced by the surjections . We denote by Iy, its kernel.

Proposition 7.2 ([AS2] 2.3). Let L be an object of FE .

(i) The Ok-algebra OL<§F00K is formally of finite type and formally smooth over O and
the morphism (OL@)FOOK)/mOL@FOOK — Op/me, (7.1.3)) is an isomorphism.
(ii) Any morphism L — L' of FE, induces an isomorphism

(7.2.1) O ®o, (OL(gFOOK) = OL’§F00K~

7.3. Let L be an object of FE/K. By Spf((’)L@FOOK) is an object of AFSe, |i For
any rational number r > 0 and integer numbers s,¢ > 0 such that r = t/s, we denote by R’ the
K-affinoid algebra

(7.3.1) Ry = (OL&RO0x)(I} /') ®0, K,

by X7 = Sp(R7}) the tubular neighborhood of thickening r of the closed immersion Spf(Or) —
Spf(OL& R Ok) (71.3), (6.2), which is smooth over K ([AS2] 1.7). By there exists a finite

separable extension K’ of K such that the normalized integral model of X} over O is defined
over K’ (6.4). We denote by R} o , the supremum norm unit ball of R} ®@x K’ (6.3.1), by X7,
the normalized integral model of X} over O and by ?2 the special fiber of X7, 1'
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7.4. Let m be the dimension of the F-vector space Qk, which is finite. By (JAS2] 1.14.3), there
is an isomorphism of Og-algebras

(7.4.1) Ok[[To, .o Tr] = Ok ®r, Ok,

such that the composition of it and (7.1.3) O[Ty, ..., Tm]] — (’)KQ/AZ\)FOOK — Ok maps T} to 0.
Here the O-algebra structure of Ox®p, O is as in (7.1.2). If r is an integer > 1, we have an
isomorphism of K-affinoid algebras

(7.4.2) K(To/7" ooy Ty )77 =5 R
The normalized integral model X7, is defined over Ok, and we have an isomorphism
(7.4.3) O (To/m", ooy T /7") =5 (O @1, Ok ) Ik /7") = R 0, -
Hence the closed fiber TK is isomorphic to the affine scheme
Spec F[Ty /7" ..., Ty /7).
In general, for any rational number r» > 0, the K-affinoid variety X7 is isomorphic to DmAL(r)
and the rigid space Xg = U0 X} is isomorphic to D™+ .

By (JAS2] 1.13, 2.4), for any rational number r > 0, there exists a canonical isomorphism
?;( = @%) (4.10.5) which is compatible with the geometric monodromy on fl( and the natural

G k-action on @% (via its action on m%/m%r ). If r is an integer, it is constructed as follows.
Firstly, we have a natural ring isomorphism

o
(7.4.4) P 1/ 1 @0 mi" /md ™ = Rig o, /MR 0, D@2 be,
i=0
by (7.4.1) and ((7.4.3). Extending scalars, we have
(7.4.5) X = Spec <@ I /T @0, mKir/mKi”> .
=0

Then, from ([AS2] 1.14.3, 2.4), we have an isomorphism of free Og-modules
(7.4.6) by — Ic/Th, dt=T@I—101,
which induces the isomorphism X, — @%).

7.5. Let L be a finite Galois extension of K of group G and conductor » > 1. By (JASI] 7.2),
the natural action of G on (’)L§> 7, Ok induces an Ox-linear action of G on X} making it an étale
G-tosor over X%.. In particular, X7 and X, are étale G-tosors of X% and Xy, respectively. The
geometric monodromy action of Gk on ?2 commutes with the action of G'. Let ?210 be a
connected component of X;. The stabilizers of ?270 via these two actions are G" and G’ , respec-
tively. Then, we get an isomorphism G” —» Aut(gz’o /%) and a surjection G — Aut(gz,o JESS
which implies that G” is commutative (cf. [AS2] 2.15.1). Composing with Xy ~» @%), the étale

covering ?270 — @%) induces a surjective homomorphism (JAS2] 2.15.1)

mP(OY) » Gi" Gk — G
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7.6. In the rest of this section, let L/K be a finite Galois extension of type (II) and we take
again the notation and assumptions of [5.1 and By (7.2.1) and the proof of (JAS2] 1.6), for any
rational number r > 0, we have an isomorphism

(761) ;{ ®0K§FOOK (0L®FOOK) l> 7?’TL

It induces, for any rational numbers r > r’ > 0, an isomorphism
Ri @ry RE = RY,

which gives a Cartesian diagram of rigid spaces

(7.6.2) X —— X,

where X =
We put

rs0 Xk and Xz = Ur>0 X7.

E(T) =T + (apr 1 @ DT o4 (a0 © 1) € (OxBr, Ox)IT)
From (|7.2.1)) and (7.6.1]), we have a surjection
7L RE(T) =Ry, T—heol,

which induces an isomorphism that we denote abusively also by
(7.6.3) 1Lt Ry AT)/E(T) = R

In other terms, we have a co-Cartesian diagram of homomorphisms of R, -algebras
(7.6.4) Ry <2 Ry A(T)
|k
Rie <—=Ri(T)

where ¢(T) = £(T) and 7, (T') = 0. Hence, taking the union of the K-affinoid varieties associated
to each of the K-affinoid algebras in (7.6.4) for r € Q~(, we have a Cartesian diagram

(7.6.5) X; — s Xy x D!
L
Xy —%5 X4 x D
where iy, f and ik are the morphisms induced by 7, ¢ and 7.

7.7. In the following, for any 0 < i < p™ — 1, we denote by «; the element a; —a; ® 1 € Ik (7.1).
When the conductor ¢ > 2, for each 1 < i < p™ — 1, v(a;) = 2 (5.6). Let a, = 7 2a; € Ox. We
denote by o} the element a; — a; ® 1 € Ix and by § the element 7 — 7 ® 1 € Ix. Then, we have

o; = (a; — a}) (2B — B?) + 72al.

. / 1
Since o, B € Ix C ™R o, We have a; € 7M1 R% o .
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When ¢ = 2, we have p = 2, 1G = 2, p(c) = 1 and af = 77 'a; € Og. We denote by o the
element af — af ® 1 € Ix. Then we have
ar = (af —a7)B + maf.
Since af, B € R o, we have ay € 7R o, and a1 /¢ = af /7° € R 0, /TR 0 -
We put
fo(T) = D (ai/7)-T" € R 0, [T].
0<i<pn—1
We have
BT)= (1)~ Y, T = f(T)-nf(T).

0<i<pr—1

In the rest of this section, we fix an embedding L — K.

Proposition 7.8. The K-affinoid X§ has §(G/G) = p"~*° geometric connected components. Let
01,y .oy Opn—s be liftings of all the elements of G/G° in G. We have

(7.8.1) in(X§) < [ X& x (oj(h) + DVPD) € Xge x D',

1<j<pn—s

and each disc of the disjoint union contains exact one geometric connected component of X¥.

Proof. By the Cartesian diagrams (7.6.2)) and (7.6.5)), we have
in(X§) =f1(ig(X)) C Xg x D' C X x D
Taking in account the isomorphisms and , for any point
(tosrtm,t) € Xfe x D' =[] X x (ox(h) + DHP)),

1<k<pn—=

we have v(f(t)) < ¢ and v((a;/7)(to, ...tm)t') = 0. Hence v(f(t) — 7°fo(to, ..., tm,t)) < ¢ which
means f(tg,..,tm,t) = (t1, .oy tm, E(t0, oy tm, t)) & ix(X&). Thus holds. By the proof of
(JAS2] 2.15), X¢ has exactly p™~* geometric connected components. Moreover, for any 1 < j <
p"°, f(oj(h)) —mfo(0, ..., 0,0;(h)) = 0, hence each disc X§ x (oj(h)+ D"(P(9)) contains at least
one geometric connected component of X7 . O

In the following, we denote by ¥270 the connected component of ?2 corresponding to the
connected component X7 , of X7 containing (0,...,0,h) € X§ x D' defined over L.

Proposition 7.9. There exists a canonical Cartesian diagram
(7.9.1) Xy o= AL
T
old "o aL
where f. is defined in , such that if € is the canonical coordinate of Alf, we have

*(g) o daO & 7T_C, Zf c > 2,
H T\ (afhdr +dag) @ 772, if c=2.
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Moreover, for any o € G°, the following diagram

(7.9.2) Xy o= AL

=C
%L,O VH Alﬁ
where d3,(§) = € — uy (5.9), is commutative.

Proof. We consider the K-affinoid algebra RS, (resp. R$) as a sub-ring of the L-affinoid algebra
% @k L (resp. RS ®x L). By (7.8), we have

X§ =i (X x (h+ DY) 0 X5,
Hence X7 , is presented by the L-affinoid algebra
(7.9.3) (RS @ LYT)/(n"OT" + h—h®1).
By the isomorphism , is isomorphic to

(RS @ LYT,T'Y/(E(T), 7" O)T" + h - T),
which, after eliminating T by the relation 7T 4+ h — T = 0, is
(7.9.4) (RS @k LYT'))(E(x"OT" + h)).
In both cases, by [5.4] and [7.7] we have
£(r” T + h)/7° € R0, (T"),
£(rP T + h) /7t ¢ RS o, (T').
Then the image of R% , (I") by the canonical surjection
(R ®x L)(T') = (R @k L)(T')/(E(x* T + h)),

is

(7.9.5) S0, T/ (E@OT + h)/n¢).
Extending the scalars from O, to F, we obtain the following F-algebra:
(i) if ¢ > 2,
(7.9.6) (R0, ®o, F)T'/(fo(T') = ao/7°) ;
(i) if e =2,
(7.9.7) (R0, ®o, F)T']/(f2(T") = (0 + afhB) /72).

From isomorphisms ([7.4.4)), (7.4.6) and the canonical exact sequence (4.10.2)), we know that when
c > 2 (resp. ¢ = 2), ap/m (resp. (o + a/hB)/n2) is a non-zero linear term in F ®p, R o,
Hence (7.9.6) and (7.9.7) are all reduced. Then, by (JASI] 4.1),
SPE(RS 0, {T")/ (E(n”)T" + ) /n¢))
is the normalized integral model of X7 , defined over O. Hence ?270 is defined by the F-algebra
(7.9.6) (resp. (7.9.7))) when ¢ > 2 (resp. ¢ =2). We put
viXpo— AL =Spec(F[¢]), v*(&)=T"

It follows form the isomorphism X5 ~» @%) li that (7.9.1) is Cartesian.
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For any o € G¢, let y,(x) be a polynomial b,.a” + - -+ + by € Ok |[z], where r < p™ — 1, such that
Yo (h) = (h —a(h))/mP©) € Or. We denote by y, the polynomial
Yol@) = (b ® 12" + -+ (b © 1) € Ric[a].
The action of o on R (T)/£(T) (isomorphic to RS (7.6.3)) is given by : T+ T — (1) @ 1)y(T).
Hence the action of ¢ on (7.9.4)) is given by
T — T — yg(w”(c)T’ +h) — ((Wp(c) ®1— w”(c))/w/’(c))yg(w”(c)T’ + h)

and the induced action on (7.9.5) is given by the same formula. Since 7°(¢) ® 1 — 7*(¢) € 7¢ e

and ¢ > p(c), the reduction of (77(9) @ 1 — 7P(¢)) /wP() to the geometric special fiber is 0. For any
0<j<r bj®l—b; € ™R o, Then, the reduction of y,(7*'T" + h) to the geometric special

fiber is ((5.3)

yg(’frp(c)T’ + h) = ya(ﬂ'P(U)T’ + h) = yg(h) = Uy
Hence, diagram (8.13.2)) is commutative. O

8. ISOGENIES ASSOCIATED TO EXTENSIONS OF TYPE (H): THE UNEQUAL CHARACTERISTIC CASE

8.1. In this section, we assume that K has characteristic 0 and that the residue field F' of Og
is of finite type over a perfect field Fj. Let Ky be the fraction field of the ring of Witt vectors
W (Fy) = Ok, considered as a subfield of K. We denote by m the dimension of the F-vector space
QL which is finite.

8.2. Let L be an object of FE/K. We call an Og,-presentation of Cartier type of O a pair
(Ar,j: AL — OL), where Ay, is a complete semi-local Noetherian O, -algebra formally smooth
of relative dimension m + 1 over Ok, and j a surjective homomorphism of O, -algebra inducing
an isomorphism Az /my, — O /my such that the kernel of j is generated by a non-zero divisor
of .AL.

Let Ly, Ly be two objects of FE i and (Ar,,j1 : A, = Or,), (Ar,.j2 : Ar, = Or,) two
Of,-presentations of Cartier type. A morphism (g,g) from (Ag,,j1) to (AL,,Jj2) is a pair of
Ok,-homomorphisms g : Or, = O, and g : A, — Ar, such that the diagram

(8.2.1) A~ 0,

ALz i> OLz
is commutative. We say that (g, g) is finite and flat if g is finite and flat and if the diagram (8.2.1])
is co-Cartesian.

Proposition 8.3 (JAS2] 2.7, 2.8). (i) Any object of FE/K admits an Of,-presentation of
Cartier type.

(i) Letg: Ly — Ly be a morphism of FE i, and (AL, j1), (AL, j2) two Ok, -presentations of
Cartier type. Then there exist a morphism g : Ar, = Ap, such that (g,8) is a morphism
of Ok, -presentations of Cartier type.

(iii) Let g : L1 — Lo be a morphism of FE/K and (g, ) a morphism between O, -presentations
of Cartier type (Ar,,j1) and (Ar,,j2). If a uniformizer my of Kq is not a uniformizer of
any factor of Oy, , then (g,8) is finite and flat.
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8.4. Let L be an object of FE/K, and (Ar,j : Ap — Or) an Og,-presentation of Cartier type.
We denote by (AL/mTAL)(@oKO Of the formal completion of (Az/m’y, ) ®o,, Ok relatively to the
kernel of the homomorphism

(8.4.1) ('AL/mT.AL)®OKO Ok —>OL/m’("9L7 a®b+— ab,
and by Ap, @o «, Ok the projective limit

(8.4.2) AL@OKO Or = %iLn((AL/m;\L)@oKO Ok).

We will always consider Ap, @o «, Ok as an Ok-algebra by the homomorphism

Ok — ALQ%OKOOK, u— 1®u,

(in the following, we always abbreviate 1 ® u by u) and we will consider it as an A-algebra by
Arp — AL§0K0 Ok, v—v®1.

There is a canonical surjective homomorphism

(8.4.3) AL@OKO Ok — Op,

induced by the surjections . We denote by Iy, its kernel.

Proposition 8.5 (J[AS2] 2.9). Let L be an object of FE/i, and (A,j : A, — Of) an Ok, -
presentation of Cartier type. Then,
(i) The Ok-algebra AL§0K0 Ok is formally of finite type and formally smooth over O and
the morphism AL@X\)OKO OK/mAL§0K0 on Or/mo, (8.4.3) is an isomorphism.
(i) Let L' be another object in FE;y and (Ar/,j' : A — Ops) an Ok, -presentation of Cartier
type. If a uniformizer my is not a uniformizer of any factor of Or, then, any morphism
(Ar,7) — (Ar/,j") induces an isomorphism

(8.5.1) Ap ®4, (ALBoy, Ox) = AL®oy, Ok

Proof. Part (i) is proved in (JAS2] 2.9). For part (ii), we may assume L and L' are fields. We
denote by e the ramification index of the extension L'/L. For any integer r > 1, we have the
following canonical commutative diagram

pry

()
(Ar/mYy,) ®oy, O Op/my,

o o |

A —— (Ap /m?y Ap) ®o,, Ok 0w,

Ar

such that each square is Cartesian. We denote by (Ar:/m’ AL’)@OKO Ok the formal completion
of (Ar, /m;‘L Arr) R0k, Oy relatively to the kernel of g;/. Since Ay, is a Noetherian local ring, by
iii) and Nakayama’s lemma, Ay is a finite free Ap-module. Then, we have

Ap XA (AL/mTAL)@OKOOK = (AL’/mTALAL’)@OKOOK-
After taking projective limit on both sides, we obtain

(8.5.2) A @4, (ALBoy, Ox) = lim((Ap /mly, Ap)Boy, Ox).
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By the proof of (J[AS2] 2.7.3), we obtain that my , C my, A € my,,. Hence, for any integer
r > 1, we have two surjections

(A /m% @0y, Ok — (A /mly, Ap)®o,, Ok — (Ar/mly )@0,, Ok,
which imply

(8.5.3) lim((Ap /mYy, Ar)Bo, Ok) = ApBo, Ok-
Combining (8.5.2) and (8.5.3)), we get (ii). O

8.6. Let L be an object of FE/K, and (Ar,j : AL — Op) an O, -presentation of Cartier type.
We will introduce objects analogue of those defined in §7, and denote them by the same notation.
For any rational number r > 0 and integer numbers s,¢ > 0 such that r = t/s, we denote by R},
the K-affinoid algebra

R}, = (ALBoy, Ox){Iic/7') @0y K,
by X7 = Sp(R}) the tubular neighborhood of thickening r of the immersion
SpE(OL) — Spf(ALBoy, OK),

which is smooth over K (JAS2] 1.7). By there exists a finite separable extension K’ of K
such that the normalized integral model of X7 is defined over K' (6.4). We denote by R}  , the
supremum norm unit ball of R} @ K’ , by X’ the normalized integral model of X| over
O and by x} the special fiber of X7 .

8.7. In the following of this section, we assume that p is not a uniformizer of K. By (JAS2] 1.14.3),
there is an isomorphism of O-algebras

(8.7.1) Ok [[To, s Tl = Ak @0y, Ok

such that the composition of it and (8.4.3) Ok|[Ty, ..., Ti]] — AK§0K0 Ok — Ok maps T; to 0.
If r is an integer > 1, we have an isomorphism of K-affinoid algebras

(8.7.2) K(To/7" oy Ty )77 =5 R
The normalized integral model X7, is defined over Ok, and we have an isomorphism
(8.7.3) Ok (To /7", ooy T /7" 5 (A B0y, Ok ) Ik /77 = R 0,

Hence the geometric closed fiber ?TK is isomorphic to the affine scheme
Spec F[To /7"y ..., Ty /7).
In general, for any rational number r > 0, the K-affinoid variety X}, is isomorphic to DmALr)

and the rigid space Xx = J,., X is isomorphic to pm+1 1D
By (JAS2]| 2.11.2), we have an isomorphism

(8.7.4) (Ix/T3) @ox F = Qo 10y, @oxc F

such that for any x € O and T a lifting in Ak, the image of (1@ 2z —2®1)® 1 is de ® 1. From
(JAS2] 1.14.3, 2.11.2), for any rational number r > 0, the inverse of gives an isomorphism
§;( = @%). When r is an integer, the construction of the isomorphism is similar to the equal
characteristic case .

Remark 8.8. From (8.7.4]), we notice that for any element & € ker(Ax — Ofk), the class (Z ® 1)®1
vanishes in (Ix/I1%) ®o, F. It is equivalent to say that 7 ® 1 € I% + 7lk.



24 HAOYU HU

8.9. Let L be a finite Galois extension of K of group G and conductor ¢ > 1. Let (g,g) be a
finite and flat morphism from (Ag,jk : Ax — Ok) to (AL,]L AL — Op) (8.2). B ,

g induces a finite flat morphism g ® id : AKQ%@K O — AL®OK Ok . Hence, for any ratlonal
number r > 0, it gives a morphism of smooth K- affinoid varieties X7 — X5 (JAS2] 1.6) which
induces morphisms X7 — X} and ?;( — %TL For any o € G, there is a morphism g, making the
following diagram commutative iii)

(8.9.1) A0,

«| F

AL =0y
The pair (0, g,) induces automorphisms of X7, X} and ?2 Notice that, g, is not unique in
general and may not be an Ag-homomorphism. Hence the automorphisms of X7, X} and ?2
induced by all possible g, may not be uniquely determined by o € G. Luckily, by ([AS2] 2.13),
the induced automorphism of X; 1 1s X; x-invariant and independent of the choice of g,. Hence
X} — X is a finite é¢tale G-torsor ([AS2] 1.16.2). The geometric monodromy action of Gx on %L
commutes with the action of G. Let X; 1,0 be a connected component of X; 1- The stabilizers of X; L0
via these two actions are G° and G, respectlvely ([ASQ] 2.15.1). Then, we get an ISOmOI‘phlbm
G = AUt(%L,O/:{K) and a surjection G§ — Aut(%ho/%K) which imply that G¢ is commutative
(cf. [AS2] 2.15.1). Composing with X = 6%), the étale covering ?CL’O — @%) induces a surjective
homomorphism ([AS2] 2.15.1)
TP (OL)) - Gr° G — G°.

8.10. In the following of this section, we assume the finite Galois extension L/K of type (II) and
we take again the notation and assumptions of |5.1f and Let (g, g) be a finite and flat morphism

as in Let h be a lifting of h € O, in Ar. Since Ak is a Noetherian local ring, by (iii) and
Nakayama’s lemma, we have that Ay, is a finite free Ax-module of rank G and that Ap = Ag/[h].
Let

F(T) =T +apn 1Tpn_1 + - +do € Ag[T]),
be a lifting of f[T] € O |[T] such that h is a zero. We have an isomorphism

(8.10.1) Ag[T)/(f(T)) = AL, T+ h.
By (8.5.1) and the proof of (J[AS2] 1.6), we have an isomorphism
(8.10.2) K ® oy, ox (A1B0,0) = RY,

It induces, for any rational numbers r > v’ > 0, an isomorphism
which gives a Cartesian diagram of rigid spaces
(8.10.3) X —— X,

oy
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where X =, .o X and Xz =, .o X}. We put

r>0
E(T) =T + (@ @ DI ™ 4+ + (a0 @ 1) € (A Doy, Ox)[T].
From (8.5.1)) and (8.10.2)), we have a surjection

7L R (T) Ry, T hol,

r>0

which induces an isomorphism that we denote abusively also by
(8.10.4) L Ry (T)/E(T) = RS

In other terms, we have a co-Cartesian diagram of homomorphisms of R-algebras

(8.10.5) Ry <~ Ry(T)

b

Ry < Ry (T),

where ¢(T) = £(T) and 7 (T) = 0. Hence, taking the union of the K-affinoid varieties associated
to each of the K-affinoid algebras in (8.10.5) for » € Q5, we obtain a Cartesian diagram

(8.10.6) X, —E o Xy x D!

L,k

Xx —55 Xy x DY,
where i, fand i k are the morphisms induced by 77, ¢ and 7.

8.11. In the following, for any 0 < ¢ < p™ — 1, we denote by «; the element a; —a; ® 1 € I and
fix T € Ag a lifting of 7 € O. When the conductor ¢ > 2, for each 1 < i < p™ — 1, v(a;) > 2
(5.6). Let a’ = n72a; € Ok and a, € Ay a lifting of a}. Then we have a; = 72, + ¥;, where
Ui € ker(Ax — Ogk). We denote by o) the element a) —a;, ® 1 € Ix and by S the element
T —7T®1 € Ig. Then, we have
a; = (a; — a}) (21 — %) + 7w’ + g ® L.
Since o}, B € Ix C TR o, and §;®1 € Ije+nlx C 7RG o, (8.8), we have o € TR (.
When ¢ = 2, we have p = 2, G = 2, deg f = 2 and p(c) = 1. Let @/ € Ak be a lifting of
a! = 77 lay;. We have oy = 7ay + 2z, where 2z € ker(Ax — Ox). We denote by of the element
af —ay ®1 € Ix. Then we have
a; = (af —af)B+mal +71 @ 1.

Since of, € TR o, and 2, ® 1 € I + nlxg C 7' R o, we have a; € 7R, , and

a1 /76 = afB/m¢ € R o, /TR 0 -

Put B _
fo(T) = D (ai/7) T € R 0, [T).
0<i<pn—1
We have

BT =f(T)— > ol = f(T)— 7 (T).

0<i<pn—1

In the following, we fix an embedding L — K.
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Proposition 8.12. The K -affinoid X§ has 4(G/G°) = p™~* geometric connected components. Let
O1y ey Opn—s be liftings of all the elements of G/G® in G. We have

in(X§) < [  X& x (oj(h) + DVPD) € Xge x D
1<j<pn—s

Proof. The proof is the same as in the equal characteristic case ((7.8)). O

In the following, we denote by ?20 the connected component of ?CL corresponding to the
connected component X7 , of X7 containing (0,...,0,h) € Xf x D! defined over L.

Proposition 8.13. There exists a canonical Cartesian diagram

(8.13.1) Xy o——=AL

T

(e) _H 1
OF — Am

where f. is defined in (5.4.1) and if € is the canonical coordinate of AX

Fr we have

“(€) = dag ® 7€, if ¢>2,
H T\ (afhdr +dag) @ 72, if c=2.

Moreover, for any o € G€, the following diagram

—
(8.13.2) Xy ——=AL

?2’0 s Alf,

where d(€) = € —u, (5.9), is commutative.
Proof. We consider the K-affinoid algebra RS, (resp. RS ) as a sub-ring of the L-affinoid algebra
RS, @k L (resp. R ®k L). By (8.12)), we have

Xg o = ig (X§ x (h+ D0 0 X5
Hence X7 , is presented by the L-affinoid algebra
(8.13.3) (RS @K LWT'))(x"OT + h —h®1).
By the isomorphism (8.10.4)), (8.13.3|) is isomorphic to

(R @i LT, T'))(E(T), 7T + h=T),
which, after eliminating 7 by the relation 7?()T" + h — T =0, is
(8.13.4) (RS @i L)T'Y/(E(xOT" + h)).
In both cases, by 5.4 and 811} we have
F(xPOT' + h)/7° € R0, (T"),
E(rPOT + h) /7t ¢ R 0, (T').
Then the image of R o, (1") in (8.13.4) through the canonical surjective map
(R @ LI(I") = (Ric @xc L(T")/E(x*OT" + 1)),
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is

(8.13.5) o, (T E@OT + h)/7°).
Extending scalars from Of, to F, we obtain the following F-algebra:
(1) if e> 2,
(8.13.6) (Ri.0, @0, )T/ (J(T') — ag/7°).
(ii) if c= 2,
(8.13.7) (R0, ®o, P)T'/(F(T") = (a0 + a{hB)/72).

From the isomorphism (8.7.4) and the canonical exact sequence (4.10.3|), we know that when ¢ > 2
(resp. ¢ = 2), ap/m¢ (resp. (ap +ayhB)/m?) is a non-zero linear term in R », ®o, F. Hence
(8.13.6) and (8.13.7) are all reduced. Then, by (JAS] 4.1),

Sp(Ric 0, (T')/ (E(@" T + h) /7))

is the normalized integral model of X7 , defined over Or. Hence ?CL’O is defined by the F-algebra
(8.13.6) (resp. (8.13.7))) when ¢ > 2 (resp. ¢ = 2). We put

v:X] o — AL =Spec(Flg]), v*(&) =T
It follows form the isomorphism ?} — 9%) that (8.13.1]) is Cartesian.
For any o € G, let yo(z) = bya" + -+~ + by € Oklz] be a polynomial, such that y,(h) =

(h — o (h))/x?) € Op. We denote by gy (x) = bya” + -+ + by a lifting of y,(z) in Axl[z] and by
v(x) the polynomial

F(2) = (b, @ )a" + - + (b ® 1) € (Ax B0y, Ox)[2]-

Let g, : A — Ar be a homomorphism as in (8.9.1). We denote by g, the induced morphism of
g, on (8.13.5). By (8.10.1), we have

pm—1
ker(A;, — Op) = €P ker(Ax — O )b’
=0
Hence, we have g, (h) = h—77(97,(h)+&(h), where ¢ is a polynomial with coefficients in ker(Ax —
Ok). Then, we have
go(T") = T' = 5o (n" T + h) + A(T"),
where
A(T') = —((79 @ 1 — 7°) /n? N Fo (xP T + h) + E(@ T + h) /),

and ¢ is a polynomials with coefficients in J = {Z® 1 € .AQ%@KO Ok; @ € ker(Ax — Ok)}. Since
JC 1 R 0, (8.8), 701 -9 € 1°Ri¢ 0, and ¢ > p(c), it is easy to see that the reduction
of A(T") to ?270 is zero. For any 0 < j < r, we have b; ® 1 —b; € ™R o, Then

Yo (mPOT + h) = G (7POT" + h) = y,(h) = u,-.
Hence, by ([AS2] 2.13), the diagram (8.13.2) is commutative. O
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9. THE REFINED SWAN CONDUCTOR OF AN EXTENSION OF TYPE (II)

9.1. In this section, we assume either that K has characteristic p or that it has characteristic 0
and that p is not a uniformizer of K. Let L be a finitely generated extension of K of type (II) and

we take again the notation and assumptions of [7-9 and

Proposition 9.2. The fibre product ?CL’O X g E%) (4.10.4) is a connected affine scheme.
i

Proof. The image of dag®1 and (a]hdm+dag)®1 by the canonical map from Q%QK/FO Roy F (resp.

Q%DK/OKO Roy F) to QL ®@p F is dag ® 1, which is a non-zero element. So we have a Cartesian

diagram
(9.2.1) 3 X 5%> —— AL
L,k
=(©) W 1
B AL

where p*(§) = dag ® 7 °. Since day ® 7~ ¢ is a non-zero linear term in the affine space E%),

X5 ) X e E9 is connected. O
L,0 @%) F
9.3. Proof of[5.7] By (JAS2] 5.13), both in the equal and unequal characteristic case, we have a

commutative diagram

(9.3.1) w%b(@%flog) —— i (0l9)
'Yli L'ﬁ

The surjection ~; factors through w?lg(G%)log) 4.11). By and [8.13] 79 also factors through

nflg(@;ﬁ). Combining (9.3.1)) and the following canonical commutative diagram

(0% ) ——mh(ER) ——mi*(e))

F,log F F
O, ) — TEER) —— i (e),
we obtain that
(9.3.2) T (O g) —= M (ER) —— ()
G%’ C%C
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is commutative. The composition of morphisms 7' (E%)) — 78 (@%)) — G° corresponds the

isogeny X, Lo X O(q Ex ) :E (cf. - Hence, by (9.3.2] , we have a commutative diagram

lg /—=(c —c —c
(9.3.3) Hom(r}®(2'9),F,) ——= Q) ®p m_* /m <+

| |

Hom(G*, F,) —> Hom(n{"* (0, ).F,) —— Q}(log) @ m? /m "

which conclude

9.4. Proof of|5. . Since the surjection 7} (:;f)) — (€ is obtained by pulling-back the isogeny
fo: Al — Al by ' (cf. - ), which is an étale G°-torsor with the action of G¢ given by d,, for

o€ Gc , m With notation in we denote by qu(g) the polynomial

fc,x(f) = ( H uo) (&P — 75;1(1‘7')5) € F[ﬁ]

ceG—-G*©

Observe that fc,x(f_c,x (€)) = f.(&), hence the isogeny f, is the composition of two isogenies

Al fex Al fex Al

For any o € ker x, f:’x(é —Uy) = f:’x(é“), i.e. fexds = fey. Hence the isogeny fc’x : Alﬁ — Alf
is an étale (G°/ker x)-torsor. Then, the surjection Wflg(E%)) — G° % F, corresponds to the
pull-back of fc’x by ¢/ and the Fj-action on this torsor is given by 1* : £ — & — fc,X(UT)~ We have
the following Cartesian diagram

¢ fc,X
(9.4.1) F, 4>A%4>A1f

idl Azl lM

L
FPHAIFHAIF

where L denotes the Lang’s isogeny defined by L*(§) = & — £. The morphisms A\, A2 and ¢ are

given as follows
= 5/( > c X(UT)
ceG-G*©

f/fc x(ur),

(b(l) = —fep(ur).
The sign is chosen in order that, for any o € G°, the translation by ¢(x(o)) is induced by d-.

Consequently, 7 alg (= (C)) -G F, Corresponds to the pull-back of L by A\;u/. Hence the image

of x € Hom(G*,Fp) in Qf @p m_ /m_CJr is

,n.*C
(oeq-ce to) fEx(ur)
Then the theorem follows from ({9.3.3)).

—dag ®

S QF KRE m“/m
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10. COMPARISON OF KATO’S AND ABBES-SAITO’S CHARACTERISTIC CYCLES

10.1. In this section, let L be a finite Galois extension of K of type (II) and we take again the
notation and assumptions of [5.1] and Let C be an algebraically closed field of characteristic
zero. We fix a non-trivial character ¢ : F, = C*. Any character x : G° = C* factors uniquely

through G¢ — F, Yo, 0%, We denote by X the induced character G¢ — F,,.

Proposition 10.2. Let x : G — C* be a character of G such that its restriction to G¢ is non-
trivial. Let T € G° be a lifting of 1 € F), in G° through X : G = F,,. Then Kato’s swan conductor

with differential values swy,1y(x) is given by (5.3), (5.8)

sWayo(1)(X) = [7°] + [—f_f,x(“r)] + Z [us] — [dao] € Sk,L.

ceG—-G*©
Proof. By definition , we have
(10.2.1)  swy,y(x) = Y (h—om)] -[dA]) @ (1 - x(0)) + Y [r] @ vo(r)
oceG—{1} refy
= Y [h—oMed-x@)+ > Fed(r)+
oeGe—{1} refy
Yo h—o)]= Y [h-om)]®x(o)-
ceG-Ge ceG-Ge
Y. [dh® (1 - x(0)).

ceG—{1}

Choose an F,-basis 71 = 7,72, ..., 75 of G° such that (1) =1 € F, and, that for any 2 < j < s,
X(7;) = 0. Then, by 5.5 we have

(10.2.2) > h—ah)]@ 1 -x(e)+ > [r] @o(r)

ceGe—{1} T'E]F;;

= [wPHE) 4 Z [J1tr, + -+ Jour,] @ (1 —bo(51)) + Z [r] @ to(r)
(1o 1 €F5 — {0} PR

= [rPRCE] 4 Z [fex(rur)] ® (1 —o(r) + Z [r] © ¢bo(r)
refy reFy

= [T+ 3 (fex(un)] + 1) @ (1= () + Y [1] @ tho(r)
reFy refy

= [P Y [fexun)l @ (L= to(r) + Y 7]
refy refy

_ [WP(C)ﬁGC] + [_fgi(uﬁ)] €Sk

Let 01 = 1,02...,0,n-< be a lifting of all the element of G/G° in G and denote by J the set
{o2,...,0pn-s}. Observe that for any ¢ € J and o € G°, we have

[h —ca(h)] =[h—<(h)+<s(h—0o(h))] =[h—c(h)].
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Hence
(10.2.3) S h-omexe) = 3% h-so(h)] @ x(so)
oEG-G® seJ oeGe
= Z Z [h —<(h)] ® x(s)x(o) = 0.
seJ ceGe

Moreover, by the isomorphism (3.4.1]), we have

(10.2.4) > [dhl @ (1 - x(0)) = §G[dh] = [dag] € Sk, L.
oceGe—{1}

Hence, combining (10.2.1)), (10.2.2)), (10.2.3)) and (10.2.4)), we obtain that

swyo) (M) = [@ 4 [= 2 (ur)]+ Y [h—o(h)] @1 —tG[dR]
ceG-G*©
= [+ [+ D [ue] — [dao).
ceG—-G*©

0

Lemma 10.3. Let M be a finite dimensional C-vector space with an irreducible linear action of
G. Then, there exists a subgroup H of G satisfying G C H and a I-dimensional representation 0
of H, such that M = Indg 0.

Proof. Since M is irreducible and G is nilpotent (hence super-solvable), there exist a subgroup H
of G and a 1-dimensional representation 6 of H, such that M = Ind$ 6 (|[Se2] 8.5 Th. 16). Let
Resgc M = @, M; be the canonical decomposition of Resgc M into isotypic G°-representations
(cf. [Se2] 2.6). Since G° is contained in the center of G, any o € G defines an automorphism of the
G°-representation Resgc M. In particular, for any i, ¢ induces an automorphism of M;. On the
other hand, since M is irreducible, G permutes transitively the M;’s. Hence Resgc M is isotypic.
By ([Se2] 7.3 Prop. 22), we have

(10.3.1) Res&. M = ResS. Ind% 0 = @ Ind%cmgc Res? .. 6.
H\G/Ge¢

We notice that, if HNG® # G°, since G° = HNG*® G°/HNG¢, Ind%, . Resf . 0 is isomorphic
to the tensor of the regular representation of G¢/H N G® with Res% .. # which is not isotypic. O

Theorem 10.4. Assume that p is not a uniformizer of K. Let M be a finite dimensional C-vector
space with a linear action of G. Then,

(10.4.1) CCyy (M) = KCCyy(1) (M).

Proof. From the definitions, we may assume that M is irreducible. We denote by ¢y the unique
slope of M. By definitions and[3.14] both sides of will not change if replacing G' by G /G0
Hence we may assume further that the unique slope of M is equal to c¢. By M = Indg 0
where H is a subgroup of G containing G° and 6 is a character of H. Since the slope of M is
¢, the restriction of § to G¢ is non-trivial (10.3.1)). We notice that [G : H] = dimc M. Choose
an Fp-basis 71, ...,7s of G¢ such that 6(m;) = 1 € F, and, for any 2 < j < s, 0(7;) = 0. Let
¢ =plc)+>,em—q1y v(h—o(h)). Since L/LY is still of type (II), we obtain that the conductor of
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L/L7 is ¢/, that H® = G° and, denoting by p’ the Herbrand function of L/LY, that p/'(¢') = p(c).
Using (10.2)) for the group H and the representation 6, we have

(10.4.2) swyo) (0) = [1°] + [P 5(ur) + Y [uo] — H[A).

Meanwhile, we have
(10.4.3) = 3 ([dR] — [h = o(h)]) = GH — tG)[dR] + [T+ Y .
ceG—H ceG—H

Hence, combining (10.4.2), (10.4.3) and the induction formula for Kato’s swan conductors
(13.15.2)), we have

swy,1)(M) = [G: H] (Swwo(l)(e)— > ([dh}—[h—a(h)]>

ceG—H

(G- H] <[WC]+[—f§9(un)]—[d&o]+ > [ua]>-

ceG—-G*©

Hence Kato’s characteristic cycle KCCy, (1)(M) is given by
(—d&0)®[G:H]

( (HGGG—GC uU) 75@(“‘71)

On the other hand, Res&, M = @G/H ResZ. 6 (10.3.1). Hence the Abbes-Saito’s characteristic
cycle CCy, (M) is given by
(10.4.4)

CCyo (M) = (rsw(Resg.(0)) @ 7¢)

KCCyy1)(M) = QL)ele:H],

O] € (

[G:H] . (—ddo)®[G:H]
o 7] G:H
((Moeq-ge uo) 59(“71))[

So, we have CCy, (M) = KCCy,1)(M). O

i € (Q}:‘ QF F)@)[G:H].

Corollary 10.5. Assume that p is not a uniformizer of K. Let M be a finite dimensional A-vector
space with a linear action of G and r = dimy M/M(O). Then, we have

CCy, (M) € (Qp)" C (Qp @F F)'

It is a Hasse-Arf type result for Abbes-Saito characteristic cycle. We should mention that
T. Saito ([Sad] 3.10) and L. Xiao [Xiao| proved independently analogue results for smooth varieties
of any dimension over perfect fields.

Corollary 10.6. Assume that p is not a uniformizer of K. Let H be a sub-group of G, and N a
finite dimensional C-linear representation of H. We denote by r the dimension of N and by r' the
dimension of N(©. Then, we have

(d&0)®([G¢H]*1)

(161)  CCy,(Ind§ N) = OCy, (V)20 @ e © Q)G

(HJEGfH Ue

Indeed, ((10.6.1)) follows from the induction formula for Kato’s swan conductor with differential
values (3.15.2)) and
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Remark 10.7. Assume that p is not a uniformizer of K. Let L’ be a finite Galois extension of
K of group G’ which contains a sub-extension K’ of K such that K’/K is unramified and L'/ K’
is of type (II). We denote by P’ the Galois group of the extension L’/K’ and by F’ the residue
field of Oks. Let A be a finite field of characteristic ¢ # p which contains a primitive (§P’)-th
root of unity and let N be a A-vector space of finite dimension with a linear-G’ action. We fix a
non-trivial character ¢ : F, — A*. By @l and we can still define KCCy1)(N) € (Q})®",
where 7 = dimy N/N (. On the other hand, the wild inertia subgroup P of G acts on N through
P’ we can define CCy(N) ([#12). By ([Sa2] 1.22) and ([Sa3] 3.1), we have

(10.7.1) CCy(ResE N) = CCy(N) € (2k(log) @ F)®"

~

through the canonical isomorphism QL (log) @ F' = QL (log). Moreover, let A’ be the algebraic
closure of the fraction field of the ring of Witt vectors W(A), N’ a pre-image of the class of
ResIGD; N in the Grothendieck ring R/ (P’) ([Se2] 16.1 Th. 33) and ¢’ : F,, — A" the unique lifting
of ¢ : F, = A*. By [4.8] we deduce that

(10.7.2) CCy (N') = CCy(Res N).
From [10.4] we have

(10.7.3) CCy (N') = KCCy(p)(N).

By (10.7.1), (10.7.2) and (10.7.3), we conclude that

(10.7.4) CCy(N) =KCCy)(N) € (Qp)®".

11. NEARBY CYCLES OF /-SHEAVES ON RELATIVE CURVES

11.1. In this section, we denote by S = Spec(R) an excellent strictly henselian trait. Assume that
the residue field of R has characteristic p and that p is not a uniformizer of R. We denote by s
(resp. m, resp. 7) the closed point (resp. generic point, a geometric generic point) of S. A finite
covering of (S,7,s) stands for a trait (S’,7,s’) equipped with a finite morphism S” — S. Let A
be a finite field of characteristic £ # p and fix a non-trivial character v : I, = A*.

11.2. We define a category %s as follows. An object of €5 is a normal affine S-scheme H for
which there exist an S-scheme of finite type and a closed point = of X, such that X — {z} is
smooth over S and H is S-isomorphic to the henselization of X at x. A morphism between two
objects of €s is a generically étale finite morphism of S-schemes. Let (57,7, s’) be a finite covering
of (S,7,s). Then for any object H of €s, H xg S’ is an object of €y ([Katol] 5.4).

11.3. Let H be an object of 5. We denote by P(H) the set of height 1 points of H, by
P,(H)=P(H)NH,, P,H)=PH)NH,.
We have ([Katol] 5.2, [AS4] A.6):

(i) H, is geometrically regular over n and for any p € P,(H), the residue field x(p) of H at p
is a finite extension of the fraction field K (S) of S.

(ii) Hy is a reduced henselian noetherian local scheme over s of dimension 1, hence Ps(H) is a
finite set.

We denote by ﬁs the normalization of H,, which is a finite union of strictly henselian traits. We
put
(5(H> = dimk(ﬁgs/ﬁm)-
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11.4. (JAS4] A.7, A8). Let H be an object of €g, U a non-empty open sub-scheme of H, and
Z a locally constant constructible étale sheaf of A-modules over U. For a triple (H,U,.#) and
a finite covering (5,1, s) of (S,n,s), we denote by (H,U, #)g the triple (H',U’, #') where
H = H®g S, U’ is the inverse image of U in H' and .#’ is the inverse image of .% on U’. We
call the triple (H,U, %) stable if there is an étale connected Galois covering U of U such that

(i) The pull-back of .Z to U is constant.
(ii) The normalization H of H in U belongs to €s and the residue field of H at all points of
H, — U, are finite separable extensions of k(7).

Proposition 11.5 ([Katol] 6.3). Let (H,U, %) be a triple as|11.4}
(i) If (H,U, %) is stable, (H,U, #)g is stable for any finite covering S’ of S.
(ii) For any triple (H,U, %), there exist a finite covering (S’,n',s’) of (S,n,s) such that
(H,U, F)g is stable.

Proposition (i) follows form ([Katol] 5.4) and proposition (ii) follows form |[Epp].

11.6. Let (H,U,.#) be a stable triple. For p € P(H), we denote by @H,p the completion of

the local ring of H at p and by x(p) its residue field. For p € P,(H), we denote by H,, the

integral closure of H, in x(p), which is a strictly henselian trait. Let ords , be the valuation of x(p)
associated to ﬁsm normalized by ord, ,(x(p)*) = Z. We denote also by ord, , : Qi(p) —{0} = Z
the valuation defined by ords ,(adf) = ords ,(a), if a, 5 € k(p)* and ord, ,(8) = 1. It can be
canonically extended, for any integer r > 0, to (Q}Q(p))@ — {0}. Following (J[SGATI| XVI, [Laul]
and [Katol] 6.4), we call total dimension of .# at a point p € P(H), and denote by dimtot,(.#)

the integer defined as follows:
(i) For p € P,(H), we put
dimtot, (F) = [k(p) : k(n)](swp(F) + rank(F)),

where sw, (%) is the Swan conductor of the pull-back of # over Spec(@Hyp) xgU.

(ii) For p € P,(H), we denote by K, the fraction field of @Hm- Since the triple (H,U, %)
is stable, there exists a finite Galois extension L, of K of ramification index one, such
that the representation .7, of Gal(K,"/K,) defined by .7 factors through the quotient
Gal(Ly/Ky). Notice that Ly, /K, factors through a field K}, such that K /K, is unramified
and L,/Kj is of type (I) (3.3)). Fixing a uniformizer 7 of R (also a uniformizer of Kj),

we have CCy, (%) € (Qi(p))m (cf. . We denote by .Z,, the restriction to Spec(x(p))

of the direct image of .# under Spec(K,) — Spec(@H,p) and by dimtots (%) the sum of
rank(.%,) and the Swan conductor of .7, over Spec(x(p)). We put

(11.6.1) dimtot, (F) = —ord, , (CCy, (Fp)) + dimtot, , (F ).
We notice that ords ,(CCy,(.#)) dose not depend on the choice of vy (10.4.4) and the
choice of 7.
We put
(11.6.2) on(H,UF) = Y dimtoty(F),
peEH,—U
(11.6.3) e (HU,Z) = > dimtoty(F)
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Lemma 11.7 (|[Katol] 6.5). Let (H,U, F) be a stable triple , (S',1',s") a finite covering of
(S,n,s). We put (H',U',%')=(H,U, F)g.
(i) For any p € Ps(H) and for the unique p’ € Py(H) above p, we have
dimtot, (F) = dimtot, (F').
(ii) For any p € Hy, — U, we have

dimtot, (F) = Z dimtot, (F'),
p/

where p’ runs over the points above p.

11.8. Let (H,U,.%) be a triple (11.4). By there exists a finite covering (S’, 7, ") of (S, 7, s)
such that (H,U, #)g: is stable. We put

Son(Hava) = @n'((H7U7y)S’)a
@S(H,U,y) = QPS’((Hvva)S’)'
By they don’t depend on the choice of the covering (5’7, ).

Theorem 11.9 (Deligne, Kato). Let (H,U,.%) be a triple , = the closed point of H, u: U —
H,, the canonical open immersion. Then we have

(11.9.1)  dimp (V0 (wF)) — dimp (V2 (w1 F)) = s (H,U, F) — 0, (H,U, F) — 25(H) rank(.F).
Proof. Indeed, for a stable triple (H,U, #) and any p € P,(H), dimtot, (%) is the same as Kato’s

definition in ([Kato2] 4.4) by (10.7.4)). O

Remark 11.10. The theorem [11.9] is proved by Deligne if .# is unramified at every point of
P,(H) (JLaul] 5.1.1). In the general case, Kato proved the theorem with two different definitions
of the invariant ps(H,U,.#) ([Katol] 6.7, [Kato2] 4.5). T. Saito give another proof with another
definition of ¢s(H,U,.#) ([Sall) which corresponds to the latter definition of Kato ([Kato2] 4.5).
If % is of rank 1, Abbes and Saito gave a definition of ps(H,U, %) (JAS4] A.10) using the refined
Swan conductor in their ramification theory [AS3|, which coincides with Kato’s latter definition
([Kato3] remark after 6.8). Here, using Abbes and Saito’s ramification theory, we give the definition
of 9,(H,U, F) for any rank sheaf .Z which is equal to Kato’s latter formula (10.4)).
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